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Abstract 

Fueter’s Theorem offers a method that conveys certain holomorphic functions 
in one complex variable to quaternionic regular (monogenic) functions. Ever 
since the theorem was proved in 1935, it underwent several main generalizations. 
Those are not only based on its own interest, but also motivated by applications
found in other areas of mathematics, such as functional calculus of operators.
This article serves as a survey on Fueter’s Theorem, its generalizations and
applications.
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Introduction

Fueter’s Theorem and its generalizations, on one hand, are quite artificial: one uses 
a uniform format to construct new monogenic and new harmonic functions, but 
one can only mathematically prove each particular case, and one does not really 
understand why one can do so in general. On the other hand, this is an extremely 
interesting subject showing beauty and application of mathematics. Mathematical
beauty is its ideality: what one could expect would eventually be proved true,
and is something you admire and enjoy, and you can even use. Fueter’s Theorem
and its generalizations (called as the Fueter type theorems) possess all these
aspects. In the next section, “Fueter’s Theorem” is presented. In the section “Direct 
Generalizations of Fueter’s Theorem to Rn

.” Sce’s and Qian’s generalizations of 
Fueter’s Theorem to Euclidean spaces Rn

1 . are introduced. Sce’s generalization is 
based on integer powers of the Laplacian in odd dimensions n.. Qian’s generalization 
uses the Fourier multiplier definition of fractional po wers of the Laplacian in any
dimension n.. Consistency of the two different approaches in their common parts
is recalled. Section “Generalizations of Fueter’s Theorem of Axial T ypes with
Monogenic Factors” presents the generalizations initiated by Sommen, called as 
Fueter’s Theorem with a harmonic factor. After Sommen’s initialization for n being 
odd, Kou and Qian joined in, and work out together with Sommen the cases for 
n being even. Qian and Sommen subsequently proposed an analogous mechanism 
to derive harmonic functions in higher dimensions. With Peña Peña’s joining to
work, the subjects for multi-dimensions are further developed that cover the Fueter
type Theorems of poly-axis types and with harmonic factors. Section “Applications 
of Fueter’s Theorem and Its Sce–Qian Generalization” summarizes applications 
of Fueter’s Theorem and its generalizations. Apart from generating kernels and 
Clifford–Hermite and Clifford Gegenbauer Polynomials, we provide in detail the
applications in constructing H∞

.-functional calculi of Dirac operators on Lipschitz 
perturbations of the higher dimensional spheres. This essay ends in the section
“Conclusion” with some information on inverse Fueter’s Theorem that has been 
pursuing mainly by Colombo and Sabadini et al. Although it is still ongoing, a
significant part has been done with applications on functional calculus of non-
commutative operators.

Fueter’s Theore m

Fueter’s Theorem concerns the r eal quaternionic space

. H = {q = q0 + q1i + q2j + q3k | ql ∈ R, l = 0, 1, 2, 3},

where i, j,k. are the usual quaternionic imaginary elements satisfying

.ij = k, jk = i, ki = j, ij = −ji, jk = −kj, ki = −ik,
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and 

. i2 = j2 = k2 = −1.

We usually write q = q0 + q, q = q1i + q2j + q3k.. We will use the quaternionic 
conjugation defined by q = q0 − q .. H. forms a non-commutative real algebra and 
a four-dimensional linear algebra. Easy computation shows that it is divisible: For
0 q ∈ H. there holds 

. q−1q = qq−1 = 1,

where 

. q−1 = q

|q|2 , |q|2 = q2
0 + q2

1 + q2
2 + q2

3 .

Associated with the quaternionic space there is quaternionic analysis which is 
similar to complex analysis. In particular, in H. there is a Cauchy’s theory: There 
are analogous subjects, including the Cauchy kernel, the Cauchy Theorem, and 
the Cauchy integral. In quaternionic analysis the analogy of comple x holomorphic
functions are quaternionic regular functions, that is defined through the quaternionic
Cauchy–Riemann operator (also called Dirac differential operator)

. D = ∂0 + i∂1 + j∂2 + k∂3.

Precisely, if f is a quaternionic-valued function i n a quaternionic variable and Df =
0. in a domain of the space, then f is said to be left-regular in the domain, and if
f D = 0,. right-regular in the domain. For a detailed exposition of quaternionic 
analysis the reader is referred to Sudbery [48] or Delanghe et al. [13]. 

Frobenius proved that besides the real and the complex number systems the 
quaternionic system is the only other linear algebra of finite dimension that at the 
same time is a divisible algebra. It is observed that there exists a remarkable relation
between holomorphic functions in the complex system and regular functions in
the quaternionic system. The formulation of this relation is the so-called Fueter’s
Theorem.

Theorem 1 (Fueter’s Theorem [15]). Let f0 = u + iv . be a complex holomorphic 
function defined in a domain (i.e., an open and connected subset) . in the upper-half 
plane. Denote by f̃0 . the so-called induced function, defined in the subset

. ˜ = {q = q0 + q | (q0, |q|) ∈ }
of H. by 

.f̃0(q) = u(q0, |q|) + q

|q|v(q0, |q|).
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Then f̃0 . is both left- and right-quaternionic regular in the relevant domain ˜ . i.e., 

. f̃0(q) = f̃0(q)D = 0, q ∈ ˜

where . is the Laplacian for the four real variables ql, l = 0, 1, 2, 3.. 

When the closure of . contains a nonempty open interval (a, b). on the real-axis, 
then the closure of the induced set ˜ . contains the same interval (a, b). on the q0 .-axis. 
In the case the function f0 . should be assumed to be holomorphically extendable to 
the symmetric, or, in other words, intrinsic, domain ∪ ∗ ∪ ( ∩ ∗)o,. where 

. 
∗ = {z ∈ C | z ∈ },

the over bar −
. denotes the taking-closure operation applied to sets in C,. and the 

over circle o
. denotes the taking-interior operation. 

The concepts of intrinsic sets and intrinsic functions naturally fit into this theory.
In the complex plane C. a set is said to be intrinsic if it is open and symmetric with
respect to the real axis; and a function f0 . is said to be an intrinsic function if it 
is defined in an intrinsic set satisfying f0(z) = f0(z). in its domain (see [41]). By 
writing f0(z) = u(x, y) + iv(x, y),. where u and v are real-valued, z = x + iy,. 

the property of f0 . involving complex conjugation is equivalent to the fact that u is 
even and v is odd in the second argument. In the case, in particular, f0 . is real-valued 
on the real line. For more information concerning intrinsic functions in relation t o
Fueter’s Theorem and its generalizations, the reader is referred to [34] and [36]. 

As example, by taking f0(z) = 1/z,. the induced function for a quaternionic 
variable is

. f̃0(q) = q0

q2
0 + |q|2 + q

|q|
−|q|

q2
0 + |q|2 .

Applying the Laplacian in the four real variables q0, q1, q2, q3 . to both sides of the 
abo ve relation, we obtain

. f̃0(q) = −4
q

|q|4 ,

which is a constant multiple of the Cauchy kernel

. 
1

2π2

q

|q|4

in the quaternionic space [48]. From this observation, it is, in fact, sufficient, to 
conclude Fueter’s Theorem. The only other example t hat appeared in the literature
before the applications given in [35] is f0(z) = log z. [48].
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Direct Generalizations of Fueter’s Theorem toRn
. 

We assume that the reader is familiar with the standard knowledge of Clifford
algebra and analysis. We use the notation R(n)

. (C(n)). for the real (complex) Clif ford
algebra generated by e1, . . . , en,. with the p roperties eiej + ej ei = 2δij , i, j =
1, 2 . . . , n.. Let f0 . be an intrinsic function. We deal with only holomorphic intrinsic
functions f0.. Introduce the f unction

. f̃0(x) = u(x0, |x|) + x

|x|v(x0, |x|),

called the induced function of f0 . in Rn
1 = {x0+x | x0 ∈ R, x = x1e1+· · ·+xnen ∈

Rn}. which is defined in the induced intrinsic domain ˜ . in Rn
1 :. 

. ˜ = {x = x0 + x | (x0, |x|) ∈ }.

Denote by τn . the Fueter mapping

. τn(f0) = κ−1
n

n−1
2 f̃0, κn = (2i)n−1 2 n − 1

2
.

When n is odd, the introduced mapping τn . is a point-wise differential operator. 
When n is even we require that the intrinsic function f0 . is a meromorphic function 
in the whole space Rn

1,. and τn . is defined by the F ourier multiplier operator

. τn(f0) = R[(2π i| · |)n−1)F(f̃0)],

where F . and R. are, respectively, the Fourier and inverse Fourier transformations, 
gi ven, respectively, by

. Ff (ξ) =
Rn

1

e2πi x,ξ f (x)dx

and 

. Rg(x) =
Rn

1

e−2πi x,ξ g(ξ)dξ

(see [34]). 
The Fourier multiplier definition for τn . is applicable also for n being odd. We

show in [34] that the two definitions for τn . for n being odd are identical.
As the very first generalization of Fueter’s Theorem, Sce published his result for 

n being odd case in 1957, corresponding to the point-wise differentiation case.
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Theorem 2 (Sce’s Theorem [15]). If the space dimension n is odd, and f0 =
u + iv . is a complex holomorphic function in a domain . in the upper half p lane,
then τn(f0). is both left- and right-monogenic in the relevant domain ˜ . in Rn

1,. i.e., 

. D(τn(f 0)(x)) = (τn(f 0)(x))D = 0, x ∈ ˜

. ˜ = {x = x0 + x | (x0, |x|) ∈ }.

Next, Qian generalizes Sce’s result to the cases n being even in [34] by using  
his Fourier multiplier definition of the Fueter mapping. Let f0 . be a meromorphic 
intrinsic function in the whole complex domain. Expanding f0 . into its Laurent series 
at zero, one can see that τn(f0). is reduced to a series ∞

k=−∞ akτn((·)k),. where 
the coefficients ak . are real. Thus, it suffices to only consider f0(z) = zk,. where 
k is any integer. Recall that the Kelvin inversion I (f )(x) = E(x)f (x−1),. where 
E is the Cauchy kernel E(x) = x/|x|n+1,. maps the left- and right-monogenic 
functions to, respectively, left- and right monogenic function. W e define, for any
positive integer k,. 

. P (−k) = τn((·)−k), P (k−1) = I (P (−k)), k = 1, 2, . . .

We sometimes write P (−k)
. and P (k−1)

. as P
(−k)
n . and P

(k−1)
n . to indicate the 

dependence on n.. We hav e

Theorem 3 (Qian [34]). Let k be a positive integer . Then for any dimension
number n,. (i) P (−1) = E;. (ii) P (k−1)(x) = (−1)k/(k −1)!( ∂

∂x0
)k−1E(x);. (iii) Both 

P (−k)
.and P (k−1)

.are monogenic; (iv) P (−k)
n . is homogeneous of degree n+1−k .and 

P
(k−1)
n . is homogeneous of degree k−1;. (v) cnP

(−k)
n−1 (x0 +x1e1 +· · ·+xn−1en−1) =

∞
−∞ P

(−k)
n (x)dxn,. where cn = ∞

−∞(1 + t2)−(n+1)/2dt;. (vi) P (−k) = I (P (k−1));. 
(vii) if n is odd, then P (k−1) = τn((·)n+k+2).. 

The approach of using Fourier multiplier operators is related to the Bochner type
relation (for the restricted case j = α = 1.): In the tempered distribution s ense (see
[46]), writing briefly ( ) .̂ as F( ),. we hav e

.
Qj(·)

| · |j+(n+1)−α
ˆ(ξ) = γj,α

Qj (ξ)

|ξ |j+α
, j ∈ Z+, 0 < α < n + 1, (1) 

where Qj . is a polynomial, harmonic, and homogeneous of degree j,. and 

.γj,α = ijπ(n+1)/2−α 2 + α/2)

2 + (n + 1)/2 − α/2)
.
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The relation (1) is equiva lent to

. 
Rn

1

Qj(x)

|x|j+(n+1)−α
φ̂(x)dx = ijπ(n+1)/2−α 2 + α/2)

2 + (n + 1)/2 − α/2)

Rn
1

Qj(x)

|x|j+α
φ(x)dx,

where j ∈ Z+, 0 < α < n + 1,. and φ . is any test function in t he Schwartz class
in Rn

1 .. 

The theorem asserts that if we have a Laurent series f0(z) = ∞
k=−∞ akz

k,. 

where aks . are real, then for each n there i s a corresponding monogenic function
τn(f )(x) = ∞

k=−∞ akP
(k).. In such a way every holomorphic function on an 

annulus in the complex plane is associated with a monogenic function on an annulus
in Rn

1 .. In fact, the term akP
(k)

. is identical with the projection of the sum of 
the monogenic f unctions onto the space of homogeneous monogenics of degree
|k| − n − 1. or degree k,. depending on k being negative or positive. Both series play 
roles as convolution kernels functions on, respectively, Lipschitz perturbations of 
the unit circle and the unit sphere. This formulation is shown to be crucial in the 
singular integral operator study in the two contexts (see next section). The assertion
(vii) amounts to say that when n is odd, the effects of the pointwise differential

operator κ−1
n

n−1
2 f̃0 . and Fourier multiplier operator τn(f0). are the same. Due to 

the result (vii) we can refer Sce’s and Qian’s generalizations together as the Sce-
Qian generalization or the Fueter Theorem in Rn

1 .. 

Generalizations of Fueter’s Theorem of Axial T ypes with
Monogenic Factors

The breakthrough of the Fueter type Theorems with monogenic factors is due to
Sommen [45]. 

Theorem 4 (Sommen [45]). Let n be an odd positive integer. Let f0 . be a holomor-
phic function in an open and connected set . in the upper-half complex -plane. Let
Pk . be any polynomial in x . of homogenicity k,.where k is a non-negative integer, and 
left-monogenic with respect to the homogeneous Dirac operator D = n

l=1 el
∂

∂xl
,. 

i.e., DP(x) = 0,. then 

. D
k+n−1

2 f̃0(x)Pk(x) = 0.

When k = 0. the above result reduces to Fueter’s Theorem. 
Kou, Qian, and Sommen extend the above result to more cases including one for

n being even positive integers.
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Theorem 5 (Kou et al. [19]). Let n be any positive integer, f0 . be an intrinsic 
function defined in an intrinsic domain . in the complex plane. Let Pk . be any 
function in x . of homogenicity of degree k and left-monogenic with respect to the
homogeneous Dirac operator D = n

l=1 el
∂

∂xl
,. then 

. D
k+n−1

2 f̃0(x)Pk(x) = 0, x ∈ ˜

whenever k+ (n−1)/2. is a non-negative integer. If n is even, then the monogenicity 
of the above expression also holds for k being any non-negative integer and Pk(x). 

a homogeneous left monogenic polynomial of degree k.. 

In dealing with the case n being even, again the Fourier multiplier method is 
employed. We need to first extend the relation (1) to t he cases Re(α) > −j, j ∈
Z+,. where Z+

. is the set of positive integers. In a symmetric form it was proved as

Lemma 1 ( [19]). For − j < β, α < (n + 1) + j, α + β = n + 1, j ∈ Z+,. we 
have 

. πβ/2 j + β

2 Rn
1

Qj(x)

|x|j+β
φ̂(x)dx = ıjπα/2 j + α

2 R1
n

Qj (x)

|x|j+α
φ(x)dx,

where φ . is in the Schwartz class in Rn
1 .. 

To prove the even dimensional case in Theorem 5, we, in particular, need the 
following intertwining relation which itself i s based on the fundamental solution
results of the operator k+(n−1)/2

. [26]. 

Lemma 2 ( [19]). Let n be an even positive integer. For s = k + (n−1)/2,.we have 

. 
s)

x

|x|(n+1)−2s
g(x−1) = αn,s

x

|x|(n+1)+2s+2
sg)(x−1),

where αn,s . is a constant depending on n and s,. and g is any infinitely diff erentiable
function in Rn

1 \ {0}.. 

The induced function f̃0 . from an initial complex holomorphic function i s of the
type A(x0, |x|)+ x

|x|B(x0, |x|),. where A and B satisfy the Riesz system. I n general,
a function defined in Rn

1 . with values in the related Clifford algebra has the form

. f (x) =
S

fS(x0, x1, . . . , xn)eS, x = x0 + x,

where fS .’s are scalar-valued, S runs over all ordered sets S = (s1, . . . , sj ). with 
1 ≤ s1 < · · · < sj ≤ n, eS = es1 · · · esj ,. or S = ∅, e∅ = 1,. and eS . is called a
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reduced basis product with order |S| = j.. The formal polarization of the function f,. 

denoted by f̃ ,. called induced function from f,. is a function in Rq1+···+qn

1 ,. defined by 

. f̃ (x0, x
(1), . . . , x(n)) =

S

fS(x0, r1, . . . , rn)
x(s1)

|x(s1)| · · · x(sj )

|x(sj )| ,

where x(sk) ∈ Rqk , rk = |x(sk)|, k = 1, . . . , n.. such a form is called an axial
type (function) of order m,. where m = max{|S| | fS 0}.. When m = 1,. we 
regard it as an axial type of order 1;. and when m > 1. an axial type of order
m > 1. or poly-axial type. In particular, if m = 2. we call it biaxial type (see also
[6]). If an induced function f̃ . happens to be monogenic, then the coefficients fS . 

satisfy a system of equations, usually called Vekua system, of which the simplest 
form, corresponding to axial type of order 1 (in other words, to para-vector-
valued f̃ .), is the Riesz system corresponding to complex holomorphic functions
f0,. or the conjugate harmonic system [18, 47]. We also encounter functions with
the form

. f̃ (x0, x
(1), . . . , x(n))Pk(x0, x

(1), . . . , x(n)),

where Pk . is a monogenic function, homogeneous of degree k..We call such functions 
axial type with a monogenic factor. Accordingly, the result of Sommen and that 
of Kou–Qian–Sommen can be regarded as axial type order 1 generalizations of 
Fueter’s Theorem with a mono genic factor.

The next is a similar result but for harmonic functions inspired by the com-
putation of Sommen in [45]. We show that from harmonic functions in lower 
dimensions we can obtain harmonic f unctions in higher dimensions. Below we take
the example h(s, t). that is harmonic in two real variables s and t.. Suppose that 
we have two copies of Euclidean spaces Rp

. and Rq
. whose Clifford basis elements 

are, respectively, e1, . . . , ep . and ep+1, . . . , ep+q,. where p + q = m,. and the basis 
elements e1, . . . , em . satisfy the usual Clifford basis conditions for Rm.. Denote the 
variable of Rp

. by x,. and that of Rq
. by y.. 

Theorem 6 (Qian and Sommen [39]). Let h = h(s, t). be harmonic in the 
variables s and t in a region in the set {s > 0, t > 0} ⊂ R2.. Then, for any positive 
integer k,. 

. 
k(h(|x|, |y|)) =

k

l=0

k!
l!(k − l)!dp(l)dq(k − l)Ds(l)Dt (k − l)h(s, t),

where the Laplacian . is for p + q . real variables: 

. = (∂2
x1

+ · · · + ∂2
xp

) + (∂2
y1

+ · · · + ∂2
yq

),
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s = |x|, t = |y|, dp(l) = (p − 1) · · · (p − 2l + 1)., dp(0) = 1., Ds(l) = ( 1
s
∂s)

l .. The 
notation dq(l). and Dt(l). are defined similarly. 

In particular, when p and q are odd, then

. 
p+q

2 h(|x|, |y|) = 0.

It is to be noted that Fueter’s and Sce’s Theorems are consequences of this result. 
This result can be further generalized to n copies of Euclidean spaces under the
requirements that the space dimensions q1, . . . , qn . are all odd numbers and m =

n
l=1 ql . is even. 
Technically the proof of Theorem 6 depends on expansions of po wers of the

operator 1
s
∂s .. 

Lemma 3 ( [39]). For any l numbers c
j
l , j = 1, . . . , l, cl

l = 1. the following four 
groups of conditions are equivalent.

. (i) Ds(l) = ( 1
s
∂s)

l = c1
l

1
s2l−1 ∂s + c2

l
1

s2l−2 ∂2
s + · · · + cl

l
1
sl ∂

l
s .

(ii) c1
l = (−1)l−1(2l − 3)!!, c

j
l + c

j+1
l [−(2l − j − 1)] = c

j+1
l+1 , cl+1

l = 0.

(iii) c1
l = (−1)l−1(2l − 3)!!, and (2l − j)c

j
l = jc

j+1
l+1 .

(iv) c
j
l = (−1)l−j (2l−j−1)!(2l−2j−1)!!

(j−1)!(2l−2j)! .

Theorem 6 implies the following extension o f Fueter’s Theorem.

Theorem 7. (Qian and Sommen [39]) Let h(s). be a vector-valued function w ith
expansion h(s) = n

r=1 hr(s)jr ,. where jr , r = 1, . . . , n,. are Clifford basis 
elements, and h be left-monogenic with r espect to the Dirac operator ∂s =

n
r=1 ∂s1 j1 + · · · + ∂sd jn.. Then the f unction

. 
m
2 −1

n

r=1

hr(|x(1)|, . . . , |x(d)|) x(r)

|x(r)|

is left monogenic with respect to ∂ = n
r=1 ∂r ,. and ∂r = qr

i=1 ∂
x

(r)
i

e(r)
i ,. provided 

that qr . are all odd and m = n
r=1 qr . is e ven.

Theorem 7 is also regarded as a axial type of order 1 generalization of Fueter’s 
Theorem. T he following result of Peña Peña, Qian, and Sommen extends the
Theorem 7 in [39] to an axial type order 1 with a monogenic factor in x.. Note 
that the proof is based on further analysis of powers of the operator 1

s
∂s ..
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Theorem 8 (Peña Peña et al. [27]). Let 

. g(x0, r1, . . . , rn) = (g0(x0, r1, . . . , rn), g1(x0, r1, . . . , rn), . . . , gd(x0, r1, . . . , rn)),

where the scalar-valued functions g0, g1, . . . , gn . satisfy the conditions for a con-
jugate harmonic system [47]. Let the dimensions of the Euclidean spaces be
q1, . . . , qn,. and with the vectors x(1), . . . , x(n)

., respectively, and m = n
r=1 qr .. 

If all qk . are odd and m − n. is even, then

. 
k+(m−n)/2

⎡
⎣

⎛
⎝g0(x0, r1, . . . , rn) +

d

j=1

gj (x0, r1, . . . , rd)
x(j)

|x(j)|

⎞
⎠ Pk(x)

⎤
⎦

is left monogenic with respect to x = (x(1), . . . , x(n)),. where rj = |x(j)|, Pk(x) =
n
j=1 P

(j)
kj

(x(j)), k = k
j=1 kj ,. where each P

(j)
kj

. is a monogenic function homoge-
neous of degree kj . with values in the related Clif ford algebra.

In [39] and [27] the authors deal with monogenic para-vector-valued initial 
functions that correspond to the sets of functions satisfying the Riesz system or,
in other words, conjugate harmonic system [18,47]. According to the above-defined 
terminology, they correspond to axial type of order 1.. In the papers [28] and [29] 
the authors present how it is possible to start from a monogenic function in a certain 
Clifford algebra, not necessarily being of the para-v ector-valued type, to generate
monogenic functions in other Clifford algebras of higher dimensions corresponding
to the axial types of order m > 1.. 

Next, in [30], it is proved that in the preceding cases, i f the homogeneous mono-
genic factor Pk(x). in Rm

. is replaced by a homogeneous monogenic polynomial
Pk(x0, x). in Rm

1 ,. then the corresponding Fueter type theorem still holds. Addition-
ally, Theorem 2 of the paper shows that Fueter’s Theorem can be generalized to the
initial functions f0 . satisfying ∂z

kf (z) = 0. instead of being holomorphic. 
The above mentioned cover most general Fuether type theorems so far if the 

involved power of the Laplacian is a point-wise d ifferential operator. The technical
proofs invoke properties of powers of the operator 1

s
∂s .. We note that in the lately 

summarized papers, approximately since [39], the counterpart results corresponding 
to fractional powers of the L aplacian, in fact, remain unproved.

Applications of Fueter’s Theorem and Its Sc e–Qian Generalization

Applications to H∞
.-Functional Calculi of Dirac O perators

It is a fact that before [35] there had been no real applications of Fueter’s Theorem 
apart from the Fueter type relations between certain kernels indicated at the end of
the section “Introduction.” The first real application of Fueter’s Theorem would be 
the one given by Qian in [35] to prove boundedness of singular integral operators
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that involve infinitely many concrete examples. In [35] the theory of bounded 
holomorphic functional calculus (Cauchy–Dunford type) of the Dirac operator on 
Lipschitz perturbations of the three-dimensional unit sphere centered at the origin 
in the quaternionic space is established. Below we give a brief description of the
theory. This theory was initialized by Alan McIntosh and developed in a series of
papers by himself and his fellows.

In the one-dimensional case the Dirac operator on the line is 1
i

d
dx

. whose 
spectrum set is identical with the unbounded set (−∞, 0) ∪ (0,∞). [25]. The 
classical Cauchy–Dunford bounded holomorphic functional calculus theory cannot 
be applied in this case. It is found that the functional calculus theory is available 
not only on the line, but also on Lipschitz graphs as Lipschitz perturbations of 
the real line. The theory shows that the operators in the Cauchy–Dunford type
functional calculus, being an operator algebra, have other two equivalent forms,
viz., the bounded holomorphic (H∞

.) Fourier multipliers under the initialization 
of Fourier transformation on curves by Coifman and Me yer, and singular integral
operators with holomorphic kernels [24, 25]. It is noted that the success of the 
formulation of such functional calculus is guaranteed by the celebrated CMcM
Theorem in 1986 solving the long standing Calderón conjecture on L2

.-boundedness 
of the Cauchy singular integral operator on Lipschits curves [8]. The Calderón 
conjecture is closely related to boundary value problems and Hardy spaces in
Lipschitz domains [21, 49]. The involved techniques were further deve loped to
establish the so-called T (b). Theorem. The boundedness of the functional calculus 
was proved by using eventually the same techniques as those as used to prove the 
CMcM Theorem. Following the s ame idea McIntosh et al. established an analogous
theory on Lipschitz surfaces in the Clifford algebra setting [16, 22, 23], where 
the linear differential operator 1

i
d
dx

. on the real-line case is replaced by the Dirac
operator D or D.. Qian and his collaborators were responsible for establishment of 
the theory on Lipschitz perturbations of the unit circle and those of the unit spheres
in Rn

. and Rn
1 . with respect to the spherical Dirac operator [17, 33, 35, 36]. Cowling 

and Qian published a counterpart result on the n-complex unit sphere with respect
to Euler’s operator z z

dz
. [7]. Each of those functional calculi consists of singular 

integrals of holomorphic or monogenic kernels that have similar p roperties like the
Hilbert transformation in the individual contexts [1, 2, 40]. 

Establishing a singular integrals theory for spheres is technically different from 
establishing the same theory on the unit circle. For the latter a periodization 
technique in relation to Poisson summation formula can be adopted and the theory
for the circle and its Lipschitz perturbations follows from those of the non-periodic
case on the real line [14, 17, 32, 33]. In higher dimensions similarly an analysis 
theory on the n-torus may be obtained from the corresponding one on the cubes. The 
theory for spheres, however, is not a periodization of the theory on the plane, and 
there is no counterpart Poisson summation formula in relation to spheres. In gaining
a counterpart singular integrals theory for spheres in higher dimensions Fueter’s
Theorem, its Sce–Qian generalizations and the related estimates are found to be
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crucially necessary. It is also the unique methodology so far. As a matter of fact, 
establishing the Cauchy–Dunford functional calculi of the spherical Dirac operators
motivated Qian to generalize Fueter’s and Sce’s theorems.

Below we have a closer look into the formulation of the functional calculi on
Lipschitz perturbations of the spheres [36]. Let Sc

ω ⊂ C. be the open double s ector
with opening angle 2ω, 0 < ω < π/2,. symmetric with respect to the real- and 
the imaginary-axes, and containing the open set (−∞, 0) ∪ (0,∞).. Consider the 
function class H∞(Sc

ω). consisting of bounded holomorphic f unctions intrinsically
defined on Sc

ω.. We can show, as in [22], that each such b in H∞(Sc
ω). is associated 

with a singular integral kernel φ . on a certain neighborhood of sphere excluding a 
point. The kernel is monogenic in a corresponding open set in Rn

1 . with singularity
-n at the origin which is the same as t he Hilbert transformation on the sphere
[40]. The set of such monogenic kernels φ . can be characterized in terms of their 
singularity degrees so to have a one-to-one correspondence with the set of the
functions b in H∞(Sc

ω).. In [36] we show that Cφ = Mb = b(D ),. where Cφ . 

denotes the singular integral operator on the sphere induced by φ .; Mb . stands for 
the Fourier multiplier operator on the sphere induced by b;. and b(D ). stands for 
the Cauchy–Dunford functional calculus expressed as contour integral around the
spectrum set of the Dirac operator D . on the Lipschitz surface . Such defined 
operators form an operator algebra. On the sphere the Plancherel Theorem is valid
that implies the L2

.-boundedness of the operators. Since the surface measure of t he
sphere satisfies the doubling measure condition, the L2

.-boundedness implies t he
weak-L1

. boundedness. By the routine method the BMO boundedness can also be 
obtained. The operator interpolation method then can be used to obtain the Lp

.-
boundedness for 1 < p < ∞.. On the Lipschitz perturbations the formulation of 
the three equivalent forms of the H∞

.-functional calculus is still valid. To show the 
boundedness for the operators on the Lipschitz surfaces, however, is much more 
difficult. That is essentially due to the fact that the Plancherel theorem does not hold 
on Lipschitz surfaces. What we use are techniques generalized from the proofs of 
the CMcM Theorem. In order to do so, we heavily rely on the right estimates of the
kernels that invoke Fuether’s Theorem and its higher dimensional generalizations,
viz., the Sce–Qian Theorem.

In Rn
1 . we shall be working on heart-shaped regions and their complements

. Hω,± = x ∈ Rn
1 | ± log |x|

arg e0, x
< tan ω ,

and 

. Hω = Hω,+ ∩ Hω,−.

That is,
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. Hω = x ∈ Rn
1 | | log |x||

arg e0, x
< tan ω .

We also use the following function class for kernels.
K(Hω,±) = {φ : Hω,± → C(n) : φ is monogenic and satisfies |φ(x)| ≤ Cμ/|1 −
x|n, x ∈ Hμ,±, 0 < μ < ω},. 
and 

. K(Hω) = [{φ : Hω → C(n) | φ = φ+ + φ−, φ± ∈ K(Hω,±)}.

Denote by Sc
ω,± ., respectively, the open half-sectors in the complex plane that

have opening angle 2ω,. contain the corresponding open half-real axes and are
symmetric to them. By H∞(Sc

ω,±). we denote, respectively, the sets of bounded and
holomorphic functions on Sc

ω,±.. We hav e

Theorem 9 (Qian [36]). If b ∈ H∞(Sc
ω,±). and φ(x) = ±∞

k=±1 b(k)P (k)(x),. then 
φ ∈ K(Hω,±).. 

Theorem 10 (Qian [36]). If b ∈ H∞(Sc
ω). and tan ω . is larger than the Lipschitz 

constant of a Lipschitz perturbation of the unit sphere, then Cφ = Mb = b(D ),. 

where Cφ . is the singular integral operator on the sphere induced by φ ., Mb . stands 
for the Fourier multiplier operator on the sphere induced by b,. and b(D ). stands 
for the Cauchy–Dunford functional calculus for b defined through a contour integral 
around the spectrum set of the spherical Dirac operator D ..Such defined operators 
form a bounded operator algebra from Lp

. to Lp
. of the Lipschitz surface for 1 <

p < ∞,. and bounded from L1
. to weak-L1.. 

We note that H∞
.-functional calculi of the Dirac operators on the Lipschitz 

curves and surfaces is one of the two main themes extending the CMcM Theorem. 
In each of the studied contexts we extend the singular Cauchy operator to its 
largest possible extent in which the corresponding kernels are monogenic, and the 
associated operators are bounded and form an operator algebra. The results are in the 
line of the so-called Calderón program in relation to pseudo-differential operators 
that can be used to solve certain types of partial differential equations. The other
extension of the CMcM Theorem was proposed and studied mainly by David and
Semmes. They extend Lipschitz curves and surfaces to regular curves and surfaces.
The kernels they concern, however, are only of the Cauchy type, including odd
rational functions [9, 10, 42–44]. 

Another direction of singular integral study on curves and surfaces, yet different 
from the above-mentioned two in its nature, is based on conformal mappings.
Conformal mappings introduce conformal weights (Jacobi of conformal change of
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variable) on curves and surfaces [37, 38]. As a result, the underlying measure is not 
the natural surface area. From the analysis point of view this formation does not add 
essentially new knowledge to singular integral theory. 

Applications to Computations of Kernels and Generating Functions
of the Clifford–Hermite and Clifford Gegenbauer Polynomials

Almost all kernels in higher dimensional spaces are deducible by employing Fueter 
type theorems: Higher dimensional Newton potentials and Poisson kernels are easily
deducible from the corresponding objects in the R2

. space. Even higher dimensional 
heat kernels are deducible in such a way from the corresponding objects in the lo wer
dimensions, although heat kernels do not fit into our theory (see [39]). 

In the papers [11,31] and [12] generalizations of Fueter’s theorem are used to find 
explicit formulae of the generating functions of the Clifford–Hermite and Clifford–
Gegenbauer polynomials.

Inverse of the F ueter Mapping

The problem of the inversion of the Fueter mapping has been addressed in recent
time, see [3–6]. In [4] the authors solve the problem of finding a Fueter primitive of 
an axially monogenic function. Specifically, assume that x = x0 + rω ∈ Rn+1

., n 
odd, and F(x) = A(x0, r) + ωB(x0, r). is a given axially monogenic function. The 
problem consists in finding out a function f (x) = α(x0, r)+ωβ(x0, r)., where α, β . 

satisfy the Cauchy–Riemann system, such that (n−1)/2f = F .. In [4] the authors 
provide a Fueter primitive of an axially type monogenic function of order k. The
same problem is solved in [3] with a different method. In [6] a Fueter primitive of 
a biaxial monogenic function is provided. Finally, in [20] it is shown that the basic
result in [4] in finding a Fueter’s primitive can also be extended to Rn

1 . for even n ’s.

Conclusion 

Generalizations of Fueter’s Theorem have been undergoing great development since 
1935, and, till now, finding themselves large spaces to be further developed. The 
generalizations were motivated by applications in other branches of mathematics 
including functional calculus and operator algebra. It is anticipated that the current
studies on inverse Fueter theorems would explore more involvements in mathemat-
ics and, in particular, applications to analysis of multi-variable functions.

Acknowledgments The author wishes to sincerely thank I. Sabadini, F. Colombo, and D. Peña 
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of this essay.
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