Computational Methods and Function Theory MFT
https://doi.org/10.1007/s40315-026-00612-y

®

Check for
updates

Interpolating Blaschke Sequence and Perturbation

Liulan Li" - Chitin Hon? - Tao Qian3 - Shilin Wang*

Received: 18 June 2025 / Revised: 3 January 2026 / Accepted: 6 January 2026
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2026

Abstract

We show that every Blaschke sequence containing at most one zero can be transformed
into an interpolating Blaschke sequence by using an arbitrarily small perturbation.
More precisely, for a Blaschke sequence {z,,}> | containing at most one zero and any
& > 0, there is an interpolating Blaschke sequence {w,};° ; such thatfor 1 <n < oo,
(1) |zy] = |wnl, (2) and | arg z,, —arg w,,| < . Thisresultis arefinement of Naftalevi¢’s

Theorem.
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L. Lietal.

1 Introduction

LetD = {z € C: |z| < 1} be the open unit disk, and T = 0D = {z € C : |z] = 1}
denote the unit circle. The pseudo-hyperbolic metric on D is defined by

zZ—w
p(z,w)=‘ —
1—wz

, z, w e D.

A sequence {z,};°; C D is said to be a Blaschke sequence if

> (1= |zal) < oo
n=1

The corresponding Blaschke product B(z) is

Znl Zn — 2
B(Z)sz 1_[ |n|n—_,

n 1 =752
Zn#o " "

where m is the number of z,, equal to zero. The Blaschke product B(z) is well defined
and holomorphic in I, with radial limits of modulus one almost everywhere on T.

Asin [3],asequence {z,}7°; C IDissaid to be interpolating or H interpolating if
for every sequence {w,};° ; € [*°, there is a holomorphic function f € H* such that
f(zn) = wy forn =1,2,..., where H* is the class of bounded analytic functions
on D. A Blaschke product is called an interpolating Blaschke product if it has distinct
zeros and its zeros form an interpolating sequence.

In 1981, Jones [10] refined Douglas—Rudin theorem and proved that every unimod-
ular function on the unit circle can be uniformly approximated by the ratio of two
interpolating Blaschke products, which is [5, Thm. 5.1].

Interpolating Blaschke products also play a crucial role in the research of H°.
In 1996, Garnett and Nicolau [6] proved that the algebra of H°°(T) is generated
by the set of interpolating Blaschke products. Marshall and Stray [12] showed that
any function in H* which extends to be continuous almost everywhere on T, can
be uniformly approximated by finite linear combinations of interpolating Blaschke
products. Hjelle and Nicolau [9] showed that the modulus of an inner function in D
can be uniformly approximated by the modulus of an interpolating Blaschke products.
In 2012, Gallardo-Gutiérrez and Gorkin [7] showed that to each inner function, there
corresponds at least one interpolating Blaschke product whose angular derivatives
have precisely the same behavior as the given inner function.

However, a Blaschke sequence might not be an interpolating sequence. Naturally,
one may ask

Problem 1 For a given Blaschke sequence, how close can an interpolating sequence
be to it?

In 1956, Naftalevi¢ [13] considered Problem 1 and proved the following theorem.
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Interpolating Blaschke Sequence and Perturbation

Theorem A [13] For every Blaschke sequence {r,};° | C (0, 1), there exists an inter-

polating Blaschke sequence {z,},° | such that |z,| =r, forn =1,2,....
Cochran [3] gave a detailed proof of Theorem A by using the following lemma.

LemmaB [3,Lemma3.1]Let§ = 1/2, and Iy = [1 — 871, 1 — %) for 1 < k < oc.
Suppose that {r,}7>; C (0, 1) is a non-decreasing sequence satisfying the following
two conditions.

(1) For all k sufficiently large,
=) > 8
rm€ly
(i1)
o0
> =) <8
n=1

Then there exists an interpolating sequence {z,},2 | C D such that |z,| = r, for every
n.

Girela et al. [8] mentioned without a proof the following result, which is stronger
than Theorem A. Please refer to [1, 8, 11, 14] for more information.

Theorem C [8, 11] For every Blaschke sequence {wy}, |, there exists an interpolating
Blaschke sequence {z,}72, such that |z,| = |w,| forn =1,2,....

Remark1  The definition of an interpolating sequence implies that {w,,}°° ; in The-
orem C contains at most one zero.

In this article, we continue to consider Problem 1. We first give Lemma 1, which
is a generalization and refinement of Lemma B.
Lemma1 LetO < 8 < 1/2and I = [1 — §*~1, 1 — %) for 1 < k < co. Suppose that

{rn}o2 C (0, 1) is a non-decreasing sequence satisfying the following two conditions.

(1) There exists a positive integer Ko such that for k > K,

Z (1 —ry) > 852,

rnely

(ii)

o0

> —r) <8

n=1
Then there exists a sequence {z,}5° | C D such that

(1) |zul =rpand 0 < argz, < 2n8% forn=1,2,...,
(2) and {z,};2, is an interpolating sequence.
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L. Lietal.

By using Lemma 1, we prove Lemma 2, which is a generalization and refinement
of Theorem A.

Lemma 2 Suppose that 0 < o < 27 and {wn}32 | is a sequence of the points on a ray
Ry ={zeD:z=re%0<r <1} satisfying

> (1 —lwn)) < oo,

n=1

Then for every 0 < ¢ < 2w — «, there is an interpolating sequence {z,},° | such that
|zn| = |ou| and |larg z,, — | < e for 1 <n < oo.

Remark2 In the proof of Lemma 2, we may assume that « = 0 by rotation. By
adding some elements into {w,},° ; , we obtain a new Blaschke sequence satisfying
Condition (i) of Lemma 1. Then there exists a subsequence of the new sequence

satisfying the assumptions and conditions in Lemma 1.

For any Blaschke sequence containing at most one zero, we divide the points into
two kinds. One kind consists of all the points with modulus not larger than 3/4. We
rotate each point of this kind by a small angle and obtain a new subsequence consisting
of distinct points. Divide D into several sectors such that the angle of each sector is
small enough. For the other kind, we rotate the points of each sector to its angle
bisector and obtain several subsequences such that different subsequences are located
on different angle bisectors. By applying Lemma 2 to these subsequences and using
the properties of interpolating sequences, we obtain a refinement of Theorem C, which
is our main result stated as follows.

Theorem 1 Let {w,},° | be a Blaschke sequence containing at most one zero. Then
for every & > 0, there exists an interpolating Blaschke sequence {z,}°2 | in D such
that for 1 <n < o0,

(1) 1znl = lwnl,
(2) and |argz, — argw,| < €.

By using Theorem 1, we have the following.

Corollary 1 Let {w,};2, C D be a Blaschke sequence. Then for any ¢ > 0, there
exists an interpolating Blaschke sequence {z,}7>; C D such that |z, — w,| < € for
every n.

The paper is organized as follows. In Sect. 2, we introduce Carleson’s interpolating
Theorem and give some properties of interpolating sequences and hyperbolic metric
for later usage. The proof of Lemmas 1, 2 and Theorem 1 is in Sects. 3, 4 and 5
respectively. In Sect. 6, we pose an open problem and give some remarks.
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Interpolating Blaschke Sequence and Perturbation

2 Preliminary
2.1 Carleson’s Interpolation Theorem

Our main tool is a geometric characterization of interpolating sequence, called Car-
leson’s Interpolation Theorem [2]. Please refer to [5, Thm. 1.1] or the proposition on
[3, p. 738] for more information. Applying a necessary and sufficient condition of
Carleson measure [3, Lem. 2.2], Carleson’s interpolation theorem can be restated in
the following form.

Theorem D [3]{z,};° | C Disaninterpolating sequence if and only if both conditions
(1) and (2) are satisfied.

(1) {za}32, is weakly separated. That is, there exists § > 0 such that

n — Zk
I —Znzk

inf = inf , > 4.
oot p(zn k)

k,n k£

@)

_ _ 2
supzl l2l?) (U= 1al?) _

2
1 — Zpzkl

2.2 Some Propositions

The following three propositions are the basic properties of interpolating sequences.

Proposition1 Ifm > 2, and Sy, ..., Sy, are interpolating sequences, which are dis-
Jjoint from each other, then the union S = | J;_, Sk is an interpolating sequence if and

only if

min {,O(S,', Sj)} >0

I<i<j<m

where p(S;, Sj) = inf {p(z,®) : 2 € S;, w € S;}.

Proof For m = 2, refer to [5, Ex. 2, p. 305]. For m > 2, we can get the conclusion by
induction. O

Proposition 2 (1) Every finite sequence {z1, ..., zm} C D consisting of distinct points
is an interpolating sequence.

(2) If{za};2, is an interpolating sequence, then all its subsequences are interpolating
sequences. In particular, the truncated subsequences {z,},° \ are interpolating
sequences, where N is any positive integer.

(3) Suppose that {z,} | is an interpolating sequence. If rearrange the elements in
the sequence and get a new sequence, then the new sequence is also interpolating.

Proof It follows from Theorem D. O
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Proposition 3 If {z,}°0 | is an interpolating sequence, then

(1) {zn},2, is an interpolating sequence.
2) { ez, }ZO: | Is an interpolating sequence.

(3) {tw(zn)}2, is an interpolating sequence, where w € D and

—Z

7,(2) = 1 —EZ.

Proof (1) follows from Theorem D and the fact

Pz, w) = 'f:;’z = ‘ — _’ = 0 W),
For f = ¢'? and f = 1,,(z), we have
p (f(2), f(@) =p(z, )
for z, w € D. (2) and (3) follow from Theorem D. O

The following proposition asserts two facts that will be used in Sect. 3.

Proposition 4 (1) Let z = re'?, where 0 < r < 1 and |0| < 7/2. Then |1 — z| >
216|/7.
(2) For z1,z1 € D, we have the identity

2 2 2
71— 22 (1 —Jz117)d = |z2]7)
l=pG12)’=1-|—=| = — . (1)
1—22Z1 |1—22Z1|
Proof (1) 6 = 0 is trivial. If & # 0, geometric observation gives
. 2
[1 —z| >sin|0] > —|0].
b4
(2) follows from a direct calculation. O
3 Proof of Lemma 1
Proof Let Ny =#{n :r, € I}, My = 0 and
My = Ny + -+ Ny, k=1,2,....
Then for k > 1 and N; # 0, we have
{rn};.,ozl NI = {rn},]:/[:kM(kil)+1 . ()
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Set z;1 = r; and

n—1

9,1:27'[2(1—1’]'), Zn:rneigns n>?2.
i=1

Then
n—1 o0 T
0<aran=27TZ(1—Vj)<27TZ(1—VJ‘)<27T5255 for n > 2.
j=1 j=1

Therefore, Conclusion (1) holds.
M
Since {argz,},°; C [0, /2] is increasing, {z,,}nzKl0 consists of distinct points and

thus is an interpolating sequence by Proposition 2. We now consider {z,,}7° My +1- If
- 0
k > n > Mkg,, then

aZk = rnrkei(fe")ei(e") = rnrkei(ekfen)‘

Note that 6y — 6, = 2x Z’;;}l (1 — ;). The above facts and Proposition 4 imply that

2 2 .
=Tzl = — 6 =0 = —x2w ) (1 =rp)
j=n
k—1
=4> (1 =rp. 3)
j=n
Similarly, if n > k > Mk, then we have
n—1
= Zozl >4 (1—r)). “
Jj=k

Claim {z,,}ff: My +1 satisfies Condition (1) in Theorem D.

Ifk >n> Mg,, thenl —ry <1—ry,, for {r,,}Zil is a non-decreasing sequence.
It is obvious that

k—1
Lt <2 DT4r <2 > d=rp=d=r).

J=n
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These facts together with (3) and Proposition 4 give that

(1= |z > (A = |za]?)
11— Zpzi|?
_ U = +ra) (1 —ra)

— 2
(4xisa—rp)
(I —r )1 —ry)

1— plzx, 0)* =

16(1 — )2
1 len L
47 1—r, — 4

implying that p(zx, z,)> > 1 — 1/4 = 3/4.
If n > k > Mg, then by similar reasoning as above, we also have

3
ok, 7)) = =

jul 4'
Therefore, for k, n > Mg, we have
- 3
inf u > £
k#n |1 —Z,2k 2
Claim {z,};° My +1 satisfies Condition (2) in Theorem D.
Foreachn > Mk, set
(= lzP U = [z»
Sn = Z 1 — 7212 ‘
k=Mg,+1 1= Znzd

By (2), we know that

oo
b © U &
k=Kop+1

If we assume thatr, € I, =[1 — sp=11— é7), then p > Ko + 1 and
8P <1—r, <8P L.
For the case p = Ko + 1, Ko + 2, we have

p—2
gy +1 0 Uu]=9
k=1
Let L = Mg, and S} = 0.
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For the case p > Ko + 3, the above facts and Condition (i) imply that
{"n}iiM,(OH NIp-2) # 9.

Welet L = M(,—2) and

L
T S |21 = 120 )
" 11— Znzkl? '
k=Mg,+1 n<k
SetU = M(py1) + 1,
-1
v U=z A =z
S = Z — 2 '
U-—1
3 (1= |z A = |za*)
Sn = Z —
k=n+1 1= Znzil
o i (1=l (A = fzal)
"E -zl
Then
Sy =S+ 824145+ 5
as

(I = lz»H A = |zal?)

|1—EZk|2 =1 when k =n.

For S,ll, we only need to consider the case p > Ko + 3. Since k < L < n, we have
{ri :k <i<n}D{ri:r €l,_1}, which together with (4) implies that

-1
11— Zozel = 4112(1 —r) =4 > (=)
i=k i€l
By Condition (i), the last estimate shows that
11— Zpzl* > 168771,
which together with 1 — |z,,| = 1 — r,, < 877! yields

(= la) A = [zl _ A+ 2D = 12D+ 2aD) (0 = [za])
11— Zozil? B 1657~

4 1— sp—1
x(ﬂzz(l—rk).

16 sp—1
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Hence by Condition (ii), we have

L 00 2

1 1 5
Si<= > (A= <=y (I-n)<—. )
4 4 &= 4

k:MKO-‘rl

For §2, since L < L+ 1 <k <n—1 < n, we have

n—1
l—r<l-rfork<i<n—1 = Y (I-r)=0—k-r),
i=k
el Ul, = 1-8P2<p = 1-r<82<8621-r.

These facts and (4) show that

(=l = [zl _ A+ 2D = 12D+ 20D = Jza])
S (sxia—m)
1 A—rp)A —1ry) 1 1
< <
4=k —r))? ~ 482 (n— k)2

So

n—L—1

S 452 Z (n — k)2 - 452 Z k2 = 452 Z K2 2452 ©

k=L+1

ForS,?’l,sincen+1 <k<U-—1<U, wehave

<1-8" forn+1<i<U-1 = 1—r>8""">80-r),

k—1
11— Zuzil = 4y (1= r1) = 48%(k — n)(1 = ry).
i=n

These facts and (3) show that

(1 = |z (A = |zal?) _ U 41z — 2D + 2. — |24

11— Znzkl? a (4Zk l(l—rz )2
L d=r)d =)
T 484 [k — )1 —rp)]?
<1
=455 (k—n)?
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Hence
1 U—1 1 U—n—1
3 _ —
S"<Wk_2n;rl(k—n)2_ 54 Z k2< 84Zk2_2484 @
For Sn, sincek > U > n, wehave {r; : n <i <k} D {r; : ri € Ip41}, which

together with (3) and Condition (i) implies that

k—1
N=Zazl =24) (1—r) =4 Y (1—r)=480FH2,
i=n ri€lpt

These facts show that

(I = lz»H A = |zal?) _ U+ =) +r) (1 — 1)

11— Zozl? N l6sr !
1 (1 =rp)sP ! 1
P TE TR
It follows that
1
2
sS4 52Z(l ) < 322(1 rk)<m8 7 (8)

Combining (5), (6), (7) and (8), we conclude

g 82 n 72 n 72 n 5 M < 0o
<—*4—+—+--=M<o0.
T4 2482 0 248% T 4

Since M is independent of n, we know that Condition (2) in Theorem D is satisfied.
The two claims show that {z,,}7° My +1 is an interpolating sequence. For all z; €

{zn} ! and all z, € {z,}32 My +10 WE have
Zn — 2k 'n — Tk _ TMgy+1 — "Mk,

0.
2 = 2 ~

0 (zn, 2k) =

I —Zpzk

Proposition 1 shows that the sequence {z,,}7° | is an interpolating sequence and thus
the proof of Lemma 1 is complete. O

4 Proof of Lemma 2

Proof By Proposition 3, we may assume that & = 0. Since {w,};>; C (0, 1), we may
further assume that {a)n}OO | is a non-decreasing sequence by (3) of Proposition 2.
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Choose 0 < § < 1/2 such that 2782 < &. As in Lemma 1, let My = 0, and for
k>1, set

k
L=[1-8""1-6 N=#{n:w,eh} ad M=) N.
i=I

Obviously, if Ny = 0, then My_1 = My. If Ny > 0, then

{wn}zozl N Ik = {a)Mkfl-Fl’ cee ka} .

Step1l.Fork = 1,2..., we will recursively define ny, and construct a non-decreasing
sequence {f,},°; C (0, 1) such that

Bl Ve = 1Bl hr D (=B =82 ©)

Bn€lk

where ng = 0.
Fork =1, iwa,,ell(l —wy,) > 8Y2 thenletm; =0, n; = N; and

ﬂ,-:w,- fOI‘i=1,2,...,n1.

£y, o (1 —w,) <82 thenset 7y = 0if Ny =0, and 11 = wyy, if N > 0,

m| =min { m : Z (1 —w,) +m( — 1) > §1/2

wpell
ny =mj + Ny,
m= Y (I—w)+md—7)—877>0.
wpell

Choose 7 such that

0<n/1<min{ﬂ,l—8—r1}.
mi

We select yjl for 1 < j < m such that

rl<y11<-~-<y”1”<rl+n’l. (10)

Let
,3,':((),' f0ri=1,2,...,N1,
and
,3]-+N]=yj1 for j =1,2,...,mj.
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By (10) and the definition of 7}, we can easily get that 8, n, = yj] € I) for j =
1,2,...,my, and we have

]

mi
Z(l ) Z L=z —np) =mi( —7) —mny >mi(l —t1) —n.
j=1

Therefore,

Y (-p)= Z(l—wn)JrZ( )

Bnel wpel)

> Z(l—wn)+m1(1—n>—m

wpely

=+ 82—y =52

Suppose that for k > 2, we have defined ny_1 and my_1, and obtained 8, € Ix_;
such that
D (= p) > 84D

Bn€li—1

If anak(l — wp) > 852 thenlet my = 0, ny = nx_1 + Ny, and set
ﬁnk_1+j = OMp_1+j for J = 1, 2, ey Nk.

If anelk(l —wy) < 8%/2 we will insert some new items in I;. Set 7 = 1 — §~1
if Ny =0, and 1y = wy, if Ny > 0. Define

my=minm : Z(l—a)n)+m(1—rk)>8k/2

wp €l

ng = ng_1 + mg + Ng,

Z (1= wp) +mp(1 — ) — 882 > 0.

wp €l

Nk

Choose 7, such that
0 < 1, < min {nk/mk, 1—8F— rk} .
We select y]].‘ for 1 < j < my such that

k k /
T <V <o <Vp <%+
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Let

ﬂnk,1+i = WM +i for 1 <i=< Nka
k .
Bry_1+Ne+j = Yj for 1 < j <my.

Then by similar reasoning as in the case k = 1, we know that 8,, ,4; € I for
i=1,2,..., Ny + myg, and we have

my mi

Z(l—y}-‘)>2(l—rk—n,’{)

=1 =1
=mp(1 — w) — mgny > me(1 — ) — i,

Z(l—wn>+2( —7F) > D (o) +ml - ) -

wp €l wy €l

= i + 857 — i = 842,
> (=B > 82

Bnelk

From the process of constructing f8,, it is obvious that {,}° ; is non-decreasing and

{,Bn =1 NI = {,Bn}n =ng_1+1 "

Step 2. Prove that there exits an integer Ko > 0 such that

Z Y (=B = Z (1= Ba) < 8%

k=Ko+1 Byeli n= n](0+1

Let k > 2. Then 8! < §%/2. By the minimum property of my, we have

mi

> (1-vf) =202

j=1

if my > 0. Therefore,

S-po=Ya-po+Y Y d-wn+ > 3 (1-vf)
n=1

Bneh k=2 wy el k=2,m;>0 j=1
< Z(l—ﬂnwz > (1—wn>+22ak/2 < oo,
Bnel k=2 wpely
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By the last estimate, there exits an integer Ko > 0 such that

Yo S a-po= > a-p)<s

k=Ko+1 Breli n=VLK0+1

Step 3. Obtain an interpolating sequence.
Recall that

N(Ky+1)
{,Bn}zozl N 1K0+1 = {'B”}n:r(l)Ko+l .

Let B, = Buin Ko for n > 1. Then { ,B;L}Zi] satisfies the assumptions and conditions

in Lemma 1. Hence there is an interpolating sequence {oc,’1 };O: | such that
oy | = B, 0 <arga <218 <e for 1 <n < oo.

Let atyyng, = a, forn > 1. Then {a,};; , is an interpolating sequence. For
0
o, € {oc,,}fl‘;(oJrl but |, | & {w,}52 . we delete all such «,, from {, }ﬁoﬂ and get a

subsequence S>. We may rewrite S such that
0
S = {Zn}n:MKO_H

and {|z,]}72 Miy+1 is non-decreasing. As a subsequence of an interpolating sequence
forn}ag 41+ S2 s interpolating.

Choose 0 < 0] <0 < ... < 9Mk0 < 2782 < ¢ and let

M, ko

n = wpe'™  for 1<n< My, S1 = {zn},_-

Then S| = {z,,}nzk‘i is interpolating for it consists of distinct points.
Letr = WMy, and R = WMy +1- For any z1 € Sy and z» € S», we have |z2| > R >
r > |zil.

2 — 121

D — R—r
lz2 —z1l _ .

p(z1,22) = = 2 Z

-7z
Hence p(S1, S2) > (R —r)/2 > 0. Proposition 1 shows that

{anhhz1 =S1U S
is interpolating. The proof of Lemma 2 is complete. O
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5 Proof of Theorem 1

Proof Let S = {w,};2,. We may assume that {|w,|}7°

Yo (1 = |wy]) < 0o, we know that

1is non-decreasing. Since

3
S’:Sﬂ{zeD:lzle}

contains at most finitely many points. We can rotate each point in S’ by an angle less

than ¢ and obtain a new sequence Z' consisting of distinct points. Hence Z' is an

interpolating sequence corresponding to S' and satisfies (1) and (2) of Theorem D.
Choose a positive integer m such that 27 /m = §; < €. Set

.
9{,:%, 0<j<m.

Define m sectors

; 3
sz{zG]D):zzre’e,Oj§9<9j+1,z<r<1}, 0<j<m-—1.

Thus we divide S — S! into Sy, ..., Su—1, where S = (S — Sj) N 2. Some S; may
be empty.

We consider the case S; # #. Let §; = {a),(lj)}Zj:]. We rotate each a),(,j) € §jtoa
ray and result in a new sequence

nj

5= [l

ei(9j+9,«+1)/2}
n=1
[ONUT . :
where {|wy;""|},Z, is non-decreasing.
If n; < oo, then we rotate each point in S} by an angle less than %‘ and obtain a

new sequence Z? consisting of distinct points. Therefore,

0; + 0641

b :
ch{ze]D). ‘argz— 3

il |z] ° (11)
< — > —
PRI

where Z? is an interpolating sequence corresponding to S; and satisfies (1) and (2) of
Theorem D.
If nj = oo, then we can apply Lemma 2 to S}. There exists an interpolating

sequence which we also denote by Zé’ = {zf,j )}fj":] such that

()

: S0 +0i| &
;D =‘wn o _ Y% T+ <5

arg z, >

bl

forl <n < 0.
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The above facts and (11) imply that for each S; # ¢, the corresponding interpo-
lating sequence

0; + 0641

argz — 7

Z?C{ZED:

s (12)
< — > — .
40 H7y

Therefore, for each point a),(lj Jes j and its corresponding point z,(1j ) e Z?, we have

12 = 0| and
: , N0 +6; N0 +0;
argz,(f)—argwf,")‘g argzﬁ/)— J 21+1 + arga),(/)— J 21+1
81+81
< — — < €&.
4 2

For 0 < j; < j» <m — 1, (12) implies that Z]b.l and Z?z are bounded away from
each other with respect to the Euclidean metric. Hence

oy dist (zj?l, zﬁz)

where dist denotes the Euclidean metric. Proposition 1 shows that

zb=zbu...uzb |
is an interpolating sequence corresponding to § — .

Let ' = max{|z| : z € Z'} and ¥’ = inf {|z] : z € Z®} . Then r! <3/4, 1> > 3/4
and

g

p(z', 2" = >0,
and thus Z = Z! U Z% is an interpolating sequence. Re-order Z such that Z is an
interpolating sequence corresponding to S. The proof of Theorem 1 is complete. O

6 Open Problem and Remarks

Let {w;,};2, be a Blaschke sequence containing at most one zero. For every & > 0,
Theorem 1 have shown that there exists an interpolating Blaschke sequence {z,,}7 |,
where z, is an rotation of w, by no more than angle ¢ for | < n < oo. The micro-
rotating method in Theorem 1 motivates us to consider whether we can make the sum

of the rotation angles be arbitrarily small. So we have the following problem.

Problem 2 Let {w,}>° | be a Blaschke sequence containing at most one zero. For every
e > 0, can we obtain an interpolating Blaschke sequence {z,,}7° | in D such that

(1) |zpl = |wp| for 1 < n < oo,
(2) and ) 2, largz, — arg w,| < &?
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Lemma3 Let|z1| = |z2| =7 € (0, 1) and |arg z; — arg z2| < 7. Then

lz1l 21—z 22| 22—z

largz; —argza|, zeD.

2
<
T (d=1zD

71 1 =712 Zl — 7222
Proof Letargz; = 6 and arg zo = «. Then for any z € D, we have

lzil z1—z  lz2l z2—2 r—ze 9 r—ze i@

o l—-71z 2 -7z
(1 —r?)z(e™ 1 — ¢7ie)

- ‘(1 “rze0)(1 — rze %)

2(1 — )|z sin 5%

1 —rze i 1 —rze i@

- (= —=1zD
4 10—« 2
< sin < |60 — a.
(1 =1lzD 2 (I —1lzD
O
Lemma4 Letzo =6 € (0, 1). Then
— 268
’ -2 12 < ,  ze€D.
I —Zz[ — (1 —z])
Proof By assumption, we have
izl 'z— )
1 —722z2 1 -6z
s -2%)
T (1=62)
268
< —, z € D.
(1 —1z])
O
Lemma5 Let
o (D (D) >  (2) (2
oy lal -z Crrlal @ —z
Bi(z) = 1_[ O 0 and  By(z) = 1_[ @ 5
n=1 Zn" 1 —2z,'z n=1 Zn 1 —2z,"z
be two Blaschke products satisfying |zfll)| = |z£,2)| >0forn=1,2,...and
o0
Z ‘arngll) - argz,ﬁz)‘ <46 (13)

n=1
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for some 0 < § < . Then for every compact set K C D, there exists a constant
M > 0, which only depends on K, such that for every z € K,

|Bi(z) — Ba2(2)| < MS.

Proof Write z( ) — = rye'® then z( ) — = rpel® forn = 1,2, .... Then (13) turns to be
o
> 160 — anl < 8. (14)
n=1
By Lemma 3, we have
(), (D 2), (2
z n —2 Zn | Zn —2 2
Dy = | i RO g o (T
in 1—zy,'z < 1—2z,'z <

Since K is compact, the last estimate shows that there exists a constant M > 0 which
only depends on K such that

D, (2) < M|6, — oy, z€eK. (15)

By using (15) and (14) and the similar argument in [4, p. 67], we conclude that for
everyz € K,

k 12 1)| Z(1) z |Z(2>| Z(2) z
|B1(2) = B2(2)] = | lim H 0 e = Jlim [ 75—
in 1—12z,'z n=1 Zn 1 —12,"2

k
= | lim (H C H S )‘
- (1 2)

k=00 \ ) 2n l—zfll)z n=1 Zn l—zflz)z

< lim Z Dy ()
n=1
o o
=Y Dy <MY |6y — an| < M.
n=1 n=1

m}

If the answer to Problem 2 is positive, then by using Lemmas 4 and 5, we have the
following remarks.

Remark3 Let K C D be a compact set and

o1 lonl 0, —2
BI(Z)ZH nn—_

w, 1 —w,z

n=1
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be a Blaschke product, where each w, # 0. If the answer to Problem 2 is positive,
then for every & > 0, there exists an interpolating Blaschke sequence {z,}7>, in D
such that

(1) |Zn| = |C()n| for 1 <n<oQ,
(2) and |B1(z) — B2(2)| < ¢, z € K,
where

= zal 20 — 2
B2(Z)=H nn—_
n

o L=z

Remark4 Let K C D be a compact set, m > 1 and

w, wy — 2
B](Z)—Zm 1_[ |n| n

w,
n=m+1 n "Z

be a Blaschke product, where each w, 7# 0 for n > m. If the answer to Problem 2 is
positive, then for every & > 0, there exists an interpolating Blaschke sequence {z,,}, |
in D such that

(D) 0<z1 <22 < <z < max{w,}>° |zn| = |wy| form +1 <n < o0,

(2) and |B1(z) — B2(z)| < eforz € K,

n=m+1°

where

m o
By(2) Z—2n |zn| 2n —z
22 =l_[— 1_[ Pyp——
nzll_Z”Zn=m+1 <n l_ZnZ

In 1981, Garnett [5] posted the following open questions.

Problem E [5, Prob. 5.4] Can every Blaschke product be uniformly approximated by
interpolating Blaschke products?

It aroused the interest of many mathematicians but still remains open. Remarks 3
and 4 show that if the answer to Problem 2 is positive, then every Blaschke product
can be locally uniformly approximated by an interpolating Blaschke product.
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