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 A B S T R A C T

We introduce a covariance greedy algorithm (CGA) for scalar-on-function regression. The 
method builds a low-dimensional regression representation from a prescribed parameterized 
dictionary by selecting atoms according to their covariance with the current response residual. 
Unlike energy-based greedy methods, which target the marginal variation of the functional 
predictor, CGA uses a supervised selection criterion and can be viewed as a dictionary-
constrained form of covariance-based dimension reduction. Each selected atom defines a 
normalized scalar feature and an explicit update of the slope function. We establish a residual-
energy decomposition showing that the population residual energy decreases monotonically 
at each greedy step. Numerical examples indicate that CGA can yield parsimonious and 
interpretable representations when the response-relevant structure is localized or oscillatory.

1. Introduction

Scalar-on-function regression is a fundamental model in functional data analysis (Ramsay and Silverman, 2005; Morris and 
regression, 2015; Reiss et al., 2017), in which a scalar response is modeled using a functional predictor. Kernel-based methods for 
functional data have also been investigated; see, for example, Li and Wu (2022). Let 𝑦𝜔 be a centered real-valued random variable, 
and let 𝑓𝜔(𝑡) = 𝑓 (𝜔, 𝑡) be a centered random function defined on a domain 𝑇  such that

E‖𝑓𝜔
‖

2
𝐿2(𝑇 )

< ∞.

A standard functional linear model seeks 𝛽 ∈ 𝐿2(𝑇 ) such that 
𝑦𝜔 = ⟨𝛽, 𝑓𝜔

⟩𝐿2(𝑇 ) + 𝜀𝜔. (1)

Equivalently, 𝛽 may be characterized as a minimizer of the population risk 

𝛽 = argmin
𝛽∈𝐿2(𝑇 )

E
|

|

|

|

𝑦𝜔 −
⟨

𝛽, 𝑓𝜔
⟩

𝐿2(𝑇 )

|

|

|

|

2
. (2)

Dimension reduction is central to functional regression. Classical methods, including functional principal component regression 
and functional partial least squares, construct low-dimensional representations using variance or covariance-based criteria (Morris 
and regression, 2015; Preda and Saporta, 2005; Wang et al., 2016). However, when the response-relevant structure is localized, 
oscillatory, or nonstationary, global basis systems may require many components. This motivates the use of adaptive dictionary-based 
representations.
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Greedy approximation is a natural tool for constructing sparse expansions from a prescribed dictionary (Temlyakov, 2011). For 
regression, however, it is desirable to select dictionary elements according to their relevance to the scalar response, rather than only 
according to the marginal energy of the functional predictor. This leads to the covariance greedy algorithm studied in this note.

CGA is related to FPLS, classical greedy approximation, and component-wise boosting (Bühlmann and Hothorn, 2007), but 
differs from these methods in how it constructs candidate directions. Classical greedy methods select atoms directly in the target 
Hilbert space, whereas CGA associates each functional atom with a standardized scalar projection feature across the sample and 
selects the atom whose feature has the largest absolute covariance with the current response residual. Unlike the shrinkage updates 
commonly used in component-wise boosting, CGA uses the exact one-dimensional least-squares coefficient at each step. Unlike 
FPLS, it restricts the search to a prescribed parameterized functional dictionary. Each selected atom therefore yields an explicit 
slope-function increment, resulting in a sparse and interpretable representation of the slope.

The main contributions are as follows:

(i) A dictionary-constrained residual-covariance selection rule is formulated for scalar-on-function regression.
(ii) An explicit greedy update of the slope function is derived from normalized scalar projection features.
(iii) A residual energy decomposition is established, implying that the population residual energy decreases monotonically over 

the greedy iterations.

2. Covariance greedy algorithm

Let 𝐻 be a real separable Hilbert space of functions on 𝑇  that is continuously embedded in 𝐿2(𝑇 ). Let
 = {𝑔𝜆 ∶ 𝜆 ∈ 𝛬} ⊂ 𝐻

be a prescribed dictionary of candidate functions. Throughout this section, we assume that each dictionary element is normalized 
in 𝐿2(𝑇 ), that is,

‖𝑔𝜆‖𝐿2(𝑇 ) = 1, 𝜆 ∈ 𝛬.

The dictionary may be finite or infinite. For example, it may consist of spline functions, wavelet functions, trigonometric atoms, 
kernel atoms, or other problem-specific atoms.

For each 𝑔 ∈ , define the random projection 
𝑍𝜔

𝑔 = ⟨𝑓𝜔, 𝑔⟩𝐿2(𝑇 ) . (3)

Since the functional predictor is centered, E𝑓𝜔 = 0, and hence E𝑍𝜔
𝑔 = 0.

Let 
𝜎2(𝑔) = Var(𝑍𝜔

𝑔 ) = E |

|

|

⟨𝑓𝜔, 𝑔⟩𝐿2(𝑇 )
|

|

|

2
. (4)

Whenever 𝜎(𝑔) > 0, define the normalized scalar feature 

𝑋𝜔
𝑔 =

𝑍𝜔
𝑔

𝜎(𝑔)
=

⟨𝑓𝜔, 𝑔⟩𝐿2(𝑇 )

𝜎(𝑔)
. (5)

Then E𝑋𝜔
𝑔 = 0,E|𝑋𝜔

𝑔 |
2 = 1.

We now construct the greedy regression procedure. Set the initial response residual to 
𝑦𝜔1 = 𝑦𝜔. (6)

At the 𝑘th step, suppose that the current response residual 𝑦𝜔𝑘  has been obtained. For each candidate 𝑔 ∈ , define the covariance 
score 

𝐶𝑘(𝑔) = cov(𝑦𝜔𝑘 , 𝑋
𝜔
𝑔 ) = E

[

𝑦𝜔𝑘𝑋
𝜔
𝑔

]

= ⟨𝑦𝜔𝑘 , 𝑋
𝜔
𝑔 ⟩𝐿2(𝛺). (7)

The next dictionary element is selected according to the maximal absolute covariance criterion:
𝑔𝑘 ∈ argmax

𝑔∈
|𝐶𝑘(𝑔)|. (8)

This selection rule is supervised because the choice of 𝑔𝑘 depends on the response residual 𝑦𝜔𝑘 , not merely on the marginal energy 
of the functional predictor.

Once 𝑔𝑘 is selected, define the 𝑘th slope update by 

𝛽𝑘(𝑡) = 𝐶𝑘(𝑔𝑘)
𝑔𝑘(𝑡)
𝜎(𝑔𝑘)

. (9)

Then 
⟨𝛽𝑘, 𝑓

𝜔
⟩𝐿2(𝑇 ) = 𝐶𝑘(𝑔𝑘)𝑋𝜔

𝑔𝑘
. (10)
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Thus, the update in (9) corresponds to the least-squares regression of the current response residual 𝑦𝜔𝑘  on the normalized feature 
𝑋𝜔

𝑔𝑘
.
The response residual is updated by 

𝑦𝜔𝑘+1 = 𝑦𝜔𝑘 − ⟨𝛽𝑘, 𝑓
𝜔
⟩𝐿2(𝑇 ) = 𝑦𝜔𝑘 − ⟨𝑦𝜔𝑘 , 𝑋

𝜔
𝑔𝑘
⟩𝐿2(𝛺)𝑋

𝜔
𝑔𝑘
. (11)

The projection theorem in a Hilbert space immediately implies that 𝑦𝜔𝑘+1 is orthogonal to ⟨𝑦𝜔𝑘 , 𝑋𝜔
𝑔𝑘
⟩𝐿2(𝛺)𝑋𝜔

𝑔𝑘
, and hence also to 

⟨𝛽𝑘, 𝑓𝜔
⟩𝐿2(𝑇 ). We therefore obtain the following orthogonal decomposition. 

Proposition 1.  The one-step update satisfies 
𝑦𝜔𝑘 = ⟨𝛽𝑘, 𝑓

𝜔
⟩𝐿2(𝑇 ) + 𝑦𝜔𝑘+1 (12)

with 
E|𝑦𝜔𝑘 |

2 = E |

|

|

⟨𝛽𝑘, 𝑓
𝜔
⟩𝐿2(𝑇 )

|

|

|

2
+ E|𝑦𝜔𝑘+1|

2. (13)

After 𝑚 steps, the resulting 𝑚-term slope approximation is 

𝛽(𝑚)(𝑡) ∶=
𝑚
∑

𝑘=1
𝛽𝑘(𝑡) =

𝑚
∑

𝑘=1
𝐶𝑘(𝑔𝑘)

𝑔𝑘(𝑡)
𝜎(𝑔𝑘)

. (14)

Consequently, 
𝑦𝜔 =

⟨

𝛽(𝑚), 𝑓𝜔⟩
𝐿2(𝑇 ) + 𝑦𝜔𝑚+1. (15)

Remark 1.  The proposed selection rule is different from an unsupervised greedy approximation of 𝑓𝜔. An unsupervised rule would 
select dictionary elements that explain the energy of the functional predictor. In contrast, (8) selects dictionary elements that are 
most correlated with the current response residual. Therefore, the selected atoms are directly adapted to the prediction task.

3. Residual energy decomposition

We next establish the basic residual energy identity of the proposed method. The identity is a direct consequence of the 
one-dimensional least-squares update in each greedy step.

Theorem 1.  For every 𝑚 ≥ 1, the greedy updates yield the stepwise orthogonal residual decomposition 

𝑦𝜔 =
𝑚
∑

𝑘=1
𝐶𝑘(𝑔𝑘)𝑋𝜔

𝑔𝑘
+ 𝑦𝜔𝑚+1. (16)

Moreover, 

E|𝑦𝜔|2 =
𝑚
∑

𝑘=1
E |

|

|

⟨𝛽𝑘, 𝑓
𝜔
⟩𝐿2(𝑇 )

|

|

|

2
+ E|𝑦𝜔𝑚+1|

2. (17)

In particular, the population response-residual energy
E|𝑦𝜔𝑚+1|

2

is nonincreasing in 𝑚. Moreover, there exists 𝑟𝜔 ∈ 𝐿2(𝛺) such that
𝑟𝜔 = lim

𝑚→∞
𝑦𝜔𝑚, in 𝐿2(𝛺)

with E|𝑟𝜔|2 = inf{E|𝑦𝜔𝑚|
2}. Moreover, the response 𝑦𝜔 belongs to the closure of the span {⟨𝑓𝜔, 𝑔⟩ ∶ 𝑔 ∈ } in 𝐿2(𝛺) if and only if 

E|𝑟𝜔|2 = 0.

Proof.  The relations (7), (10) and (8) assert that the process given by (12) and (13) is just the classical greedy algorithm with 
{⟨𝑓𝜔, 𝑔⟩ ∶ 𝑔 ∈ } as a subset of 𝐿2(𝛺). By standard convergence results for greedy algorithms, the process converges to

∞
∑

𝑘=1
𝐶𝑘(𝑔𝑘)𝑋𝜔

𝑔𝑘
= 𝑦𝜔1 − 𝑟𝜔,

where 𝑟𝜔 = 0, a.s. if and only if 𝑦𝜔 belongs to the closure of the span of {⟨𝑓𝜔, 𝑔⟩ ∶ 𝑔 ∈ } in 𝐿2(𝛺). See Temlyakov (2011). □

Remark 2. Theorem  1 concerns the population residual energy generated by the greedy regression updates. It should not be 
interpreted as a monotonicity result for the test prediction error, which also depends on sample size, estimation error, and model 
selection.
3 
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Algorithm 1 Covariance Greedy Algorithm for scalar-on-function regression
Require: Centered samples {(𝑦𝑖, 𝑓𝑖)}𝑛𝑖=1, dictionary , number of terms 𝑚. 
1: Set 𝑦1,𝑖 = 𝑦𝑖, 𝑖 = 1,… , 𝑛. 
2: for 𝑘 = 1,… , 𝑚 do 
3: For each 𝑔 ∈ , compute

𝑍𝑔,𝑖 = ⟨𝑓𝑖, 𝑔⟩𝐿2(𝑇 ) .

4: Estimate the feature standard deviation by

𝜎2(𝑔) = 1
𝑛

𝑛
∑

𝑖=1
𝑍2

𝑔,𝑖.

5: Form the normalized feature

𝑋𝑔,𝑖 =
𝑍𝑔,𝑖

𝜎(𝑔)
.

6: Compute the empirical covariance score

𝐶𝑘(𝑔) =
1
𝑛

𝑛
∑

𝑖=1
𝑦𝑘,𝑖𝑋𝑔,𝑖.

7: Select

𝑔𝑘 ∈ argmax
𝑔∈

|𝐶𝑘(𝑔)|.

8: Define the slope update

𝛽𝑘(𝑡) = 𝐶𝑘(𝑔𝑘)
𝑔𝑘(𝑡)
𝜎(𝑔𝑘)

.

9: Update the response residuals

𝑦𝑘+1,𝑖 = 𝑦𝑘,𝑖 −
⟨

𝛽𝑘, 𝑓𝑖
⟩

𝐿2(𝑇 )
.

10: end for
11: return 𝛽(𝑚) = ∑𝑚

𝑘=1 𝛽𝑘.

Remark 3.  The finite expansion

𝛽(𝑚)(𝑡) =
𝑚
∑

𝑘=1
𝐶𝑘(𝑔𝑘)

𝑔𝑘(𝑡)
𝜎(𝑔𝑘)

gives a sparse slope approximation. In practice, the number of terms 𝑚 can be selected by cross-validation, an information criterion, 
or a prescribed residual-energy reduction threshold.

4. Numerical illustrations

For the quantitative comparisons in Examples 1 and 2, we use 𝑛train = 800 training samples and 𝑛test = 200 test samples, with 
results reported as means and standard deviations over 200 independent repetitions. The functions are evaluated on an equally 
spaced grid over [0, 1], and all integrals are approximated by the trapezoidal rule. Complete dictionary definitions, parameter grids, 
data-generating mechanisms, and implementation details are provided in the Supplementary Material.

For all quantitative comparisons, prediction accuracy is measured by 

PE = 1
𝑛test

𝑛test
∑

𝑖=1

(

𝑦𝑖 − ∫

1

0
𝛽(𝑡)𝑓𝑖(𝑡) 𝑑𝑡

)2

. (18)

4.1. Example 1: comparison of different dictionaries

This example examines how the choice of candidate dictionary affects CGA. We consider three types of response-relevant 
structures: localized oscillatory, asymmetric local, and multiscale smooth. These labels describe the shape of the true slope function 
rather than the dictionary used by the algorithm.
4 
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Fig. 1. Mean test prediction errors for six candidate dictionaries over 200 repetitions. Error bars represent one standard deviation.

For each scenario, the data are generated from 

𝑦𝑖 = ∫

1

0
𝛽0(𝑡)𝑓𝑖(𝑡) 𝑑𝑡 + 𝜂𝑖, 𝑖 = 1,… , 𝑛, (19)

where 𝜂𝑖 are independent Gaussian errors. The functional predictors contain response-relevant components and additional nuisance 
components.

We apply CGA using the following dictionaries: 
Gab, P, H, L, W, mix. (20)

Here Gab, P, H, L and W denote the Gabor-type, Poisson, heat, Laplace and Wendland dictionaries, respectively. The mixed 
dictionary is defined by 

mix = Gab ∪ P ∪ H ∪ L ∪ W. (21)

Thus, only the candidate dictionary is changed across the experiments.
In addition to the prediction error in (18), the slope recovery error is measured by 

‖

‖

‖

𝛽(𝐾) − 𝛽0
‖

‖

‖𝐿2 . (22)

The number of greedy terms ranges from 𝐾 = 1 to 𝐾 = 8, while the slope recovery error is reported at 𝐾 = 5.
Fig.  1 shows the mean test prediction error with one-standard-deviation error bars. The results show that the dictionary choice 

has a clear effect on the performance of CGA. In particular, the Gabor-type dictionary is competitive in the localized oscillatory 
setting, while the relative performance of the other dictionaries varies across scenarios.

Fig.  2 reports the mean 𝐿2 slope recovery error at 𝐾 = 5. The results further confirm that the accuracy of recovering 𝛽0 depends 
on the compatibility between the dictionary and the slope structure. The mixed dictionary is therefore not claimed to be uniformly 
optimal, but is used as a general-purpose choice when the appropriate dictionary is unknown.

4.2. Example 2: localized oscillatory regression under dictionary match and mismatch

This example compares CGA-Gabor and CGA-Mixed with FPLS, functional ridge regression, and Fourier regression in two settings: 
a localized oscillatory slope and a deliberately dictionary-mismatched slope.

The data are generated from 

𝑦𝑖 = ∫

1

0
𝛽0(𝑡)𝑓𝑖(𝑡) 𝑑𝑡 + 𝜂𝑖, 𝑖 = 1,… , 𝑛, (23)

where 𝜂𝑖
i.i.d.∼ 𝑁(0, 𝜎2𝜂 ), independently of the predictors, and 𝜎𝜂 is set to 0.25 times the empirical signal standard deviation. The 

predictors combine global Fourier components, smooth Gaussian perturbations, and two local random components.
In the localized oscillatory setting, the slope function is chosen as 

𝛽0(𝑡) = exp{−80(𝑡 − 0.35)2} cos(12𝜋𝑡)

+ 0.5 exp{−60(𝑡 − 0.70)2} sin(16𝜋𝑡).
(24)

The resulting function is centered and normalized to have unit 𝐿2 norm.
To examine the effect of dictionary mismatch, we also replace 𝛽0 in (24) with 

𝛽mis(𝑡) = 0.55 sin(3𝜋𝑡) + 0.45 cos(5𝜋𝑡) − 0.35 sin(7𝜋𝑡)
2 (25)
+ 0.30 cos(9𝜋𝑡) + 0.40(2𝑡 − 1) + 0.25(6𝑡 − 6𝑡 + 1).

5 



W. Qu et al. Statistics and Probability Letters 240 (2027) 110946 
Fig. 2. Mean 𝐿2 slope-recovery errors at 𝐾 = 5 over 200 repetitions, with one-standard-deviation error bars.

Fig. 3. Illustrative results from one prespecified repetition under the localized oscillatory setting. Panel (a) compares the slope estimates at 
𝐾 = 5. Panel (b) shows the cumulative CGA-Mixed estimates after 1, 3, and 5 selected atoms.

This function is also centered and normalized to have unit 𝐿2 norm.
For CGA, we use the Gabor-type dictionary Gab and the mixed dictionary mix defined in (21). The former is structurally 

compatible with the localized oscillatory slope, whereas the latter serves as a general-purpose candidate class.
Fig.  3 provides a representative illustration under the localized oscillatory setting. In panel (a), the CGA-Mixed estimate closely 

follows the main localized peaks and oscillations of the true slope, whereas the competing estimates are smoother and capture these 
local features less accurately in this particular run. Panel (b) shows how the cumulative CGA-Mixed estimate progressively captures 
the response-relevant structure as additional atoms are selected.

The repeated data-driven results are summarized in Table  1, while the corresponding fixed-complexity results are reported in 
Supplementary Table S2.

For a fair data-driven comparison, we tune the method-specific representation size using a common threshold for training-sample 
explained response variation (ERV). Here, 𝐾 denotes the method-specific representation size: the number of selected atoms for CGA, 
the number of latent components for FPLS, and the number of Fourier basis functions for Fourier and functional ridge regression. 
Each method selects the smallest 𝐾 ∈ {1,… , 50} satisfying

ERV(𝐾) = 1 −
‖𝑦𝑐 − 𝑦(𝐾)

𝑐 ‖

2
2

2
≥ 0.92.
‖𝑦𝑐‖2

6 
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Table 1
Mean test prediction errors and median representation sizes obtained using the common training-sample ERV 
threshold of 0.92. Standard deviations are shown in parentheses, based on 200 independent repetitions.
 Method Localized slope Mismatched slope
 Test PE 𝐾 Test PE 𝐾 
 CGA-Gabor 𝟐.𝟗𝟓 × 𝟏𝟎−𝟒 (5.97 × 10−5) 𝟐 1.77 × 10−2 (3.03 × 10−3) 4  
 CGA-Mixed 𝟐.𝟗𝟓 × 𝟏𝟎−𝟒 (5.97 × 10−5) 𝟐 1.72 × 10−2 (2.64 × 10−3) 𝟑  
 FPLS 3.54 × 10−4 (5.28 × 10−5) 8 𝟏.𝟔𝟖 × 𝟏𝟎−𝟐 (2.35 × 10−3) 𝟑  
 Functional ridge 3.49 × 10−4 (4.53 × 10−5) 14 1.83 × 10−2 (2.82 × 10−3) 5  
 Fourier regression 3.39 × 10−4 (4.41 × 10−5) 14 1.79 × 10−2 (2.89 × 10−3) 5  

Functional ridge regression additionally considers

𝜆 ∈ {10−5, 10−4,… , 102}.

Thus, all methods are compared under the same minimum training-sample ERV requirement rather than at a fixed representation 
size.

As shown in Table  1, under the localized oscillatory setting, CGA-Gabor and CGA-Mixed not only reach the common training-
sample ERV threshold with a median of two atoms, compared with eight FPLS components and fourteen basis functions for both 
functional ridge and Fourier regression, but also achieve the lowest mean test prediction errors. These results indicate the advantage 
of CGA when the dictionary is well matched to the response-relevant structure, yielding both lower prediction error and a more 
parsimonious representation. Under dictionary mismatch, however, FPLS achieves the lowest mean prediction error, indicating that 
the performance gain of CGA depends on dictionary compatibility.

4.3. Example 3: mechanism visualization of the mixed-greedy algorithm

This example uses representative runs to illustrate the internal behavior of mixed-dictionary CGA, rather than providing another 
repeated quantitative comparison. We focus on the decay of the response residual and the types of atoms selected during the greedy 
iterations.

We consider two slope structures. Case A is a localized oscillatory slope, while Case B is a non-oscillatory local slope. For Case 
A, the slope function is generated as 

𝛽𝐴0 (𝑡) = 𝑐𝐴
[

exp{−120(𝑡 − 0.30)2} cos(12𝜋𝑡)

− 0.80 exp{−100(𝑡 − 0.62)2} sin(16𝜋𝑡)

+ 0.55 exp{−160(𝑡 − 0.78)2} cos(10𝜋𝑡)
]

,

(26)

where 𝑐𝐴 is a normalization constant. For Case B, the slope function is generated as 

𝛽𝐵0 (𝑡) = 𝑐𝐵{𝑔P,1(𝑡) − 0.75𝑔H,1(𝑡) + 0.60𝑔L,1(𝑡) − 0.45𝑔W,1(𝑡)}, (27)

where 𝑔P,1, 𝑔H,1, 𝑔L,1 and 𝑔W,1 denote representative Poisson, heat, Laplace and Wendland local atoms, respectively, and 𝑐𝐵 is a 
normalization constant. The data are generated from 

𝑦𝑖 = ∫

1

0
𝛽0(𝑡)𝑓𝑖(𝑡) 𝑑𝑡 + 𝜂𝑖, 𝑖 = 1,… , 𝑛. (28)

The predictors contain response-relevant components and additional nuisance components.
We apply CGA using the mixed dictionary mix defined in (21), with atoms selected at each step according to their empirical 

covariance with the current response residual.
Fig.  4 summarizes the results. Column (a) shows the normalized residual energy 

‖𝑦𝑘‖2𝑛
‖𝑦1‖2𝑛

, ‖𝑦𝑘‖
2
𝑛 =

1
𝑛

𝑛
∑

𝑖=1
𝑦2𝑘,𝑖. (29)

In both cases, the residual energy decreases during the greedy iterations, which is consistent with the residual energy decomposition. 
Column (b) reports the absolute covariance scores of the selected atoms, with colors indicating the corresponding sub-dictionaries. 
For Case A, most selected atoms are from the Gabor-type dictionary, while for Case B, atoms from other local dictionaries also 
appear in the early steps. This suggests that the selected atoms reflect, at least partially, the response-relevant structure of the slope 
function. Column (c) shows the predicted versus observed responses on the test set at 𝐾 = 6.

Overall, this example provides a mechanism-level illustration of the proposed method. The results suggest that the covariance-
driven updates reduce the response residual and that the selected atoms provide interpretable information about the structures 
exploited by the greedy approximation.
7 
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Fig. 4. Mechanism visualization of the proposed mixed-dictionary covariance-greedy algorithm. The upper row corresponds to Case A, the 
localized oscillatory slope, and the lower row corresponds to Case B, the non-oscillatory local slope. Column (a) shows the normalized residual 
energy. Column (b) shows the selected covariance scores, with colors indicating the selected atom types. Column (c) shows the predicted versus 
observed responses on the test set at 𝐾 = 6.

5. Conclusion

We introduced CGA for scalar-on-function regression, which selects dictionary atoms according to their covariance with the 
current response residual and yields explicit slope updates. The residual-energy decomposition implies monotone decay of the 
population residual energy. Numerical examples demonstrate the potential of CGA for localized or oscillatory response-relevant 
structures, particularly when the dictionary is well matched to the underlying slope. Extensions to data-adaptive dictionaries and 
regularized implementations will be considered in future work.
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