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ABSTRACT

In this paper, we introduce a new member to the universal fami-
lies, called universal quotient Blaschke product, which is a formal
quotient of two formal infinite Blaschke products. A formal infinite
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where {z,}7° , is a sequence of points in the unit disk but may not
satisfy the Blaschke condition:
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P 30J99

A partial quotient of a universal quotient Blaschke product s the quo-
tient of two finite Blaschke products. We show that the set of partial
quotients of a universal quotient Blaschke product is dense in the set
of continuous self-mappings on the unit circle in the complex plane.
Meanwhile, subsequences of the partial quotients of a universal quo-
tient Blaschke product can be used to approximate any holomorphic
functions bounded by one on the unit disk. Moreover, we prove that
the set of universal quotient Blaschke products is huge in the sense
of Baire category.

1. Introduction

Universality, which was named by Marcinkiewicz [1] in 1935, is a generic phenomenon in
analysis. The first case of universality was observed by Fekete [2] in 1914, which is a univer-
sal real power series 2211 anx" on [—1, 1]. He showed that for any continuous function g
on [—1,1] with g(0) = 0, there exists a subsequence {s,, }72 | of partial sums of the power
series such that

1y
S = Zanx” — g(x)

n=1
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uniformly as k — o0.In 2010, Mouze and Nestoridis [3] obtained an extension of Fekete’s
result concerning the existence of universal power series of C* functions.

In 1951, Seleznev [4] constructed the first universal complex power series, which has
radius of convergence 0. For any function 4 continuous on K and holomorphic in the
interior of K, where K c C\ {0} is compact with connected complement, there exists
a subsequence of its partial sums converging uniformly to 4. In 1971, Chui and Parnes
[5] constructed universal complex power series with radius of convergence 1. In 1996,
Nestoridis [6] proved that the set of such universal complex power series is huge in the
sense of Baire category.

The idea of universality has penetrated into many branches of mathematics. Mathemati-
cians have been studying this phenomenon from different angles. Universality is a classical
but has yet been a flourishing topic. For a comprehensive survey, please refer to [7,8],
which were published in recent two decades. In real and complex analysis, the research
mainly focuses on universal power series and using subsequences of their partial sums to
approximate a set of functions. A natural question is whether there exists universal ele-
ments generated by infinite products such that the subsequences of its partial products can
have certain universality.

In 1955, Heins [9] constructed a convergent Blaschke product B(z) with the following
properties: (1) the point z = 1 is the sole cluster point of the zeros of B(z) and (2) there
exists a strictly increasing sequence of positive numbers {x,,}7° ; withlim, .~ x, = 1such

that
P,
L+xp2/) ),
is locally uniformly dense in the set of all analytic functions bounded by one on the unit
diskD ={zeC: |z] < 1}.
In 2004, Gorkin and Mortini [10] obtained an extension of Heins’ result. They showed

that for any sequence of points {z,}7> | in the unit disk I satisfying lim,_, o |z4| = 1, there
exists an infinite Blaschke product B(z) such that the sequence

Pl

1+2z,2) ),
is locally uniformly dense in the set of all analytic functions bounded by one on ID. Such
Blaschke product is called universal Blaschke product.

Although the universality of a universal Blaschke product in [10] is represented through
a sequence of composition operators instead of partial products, the universal Blaschke
product itself is an infinite product. This motivated us to consider the partial products of
formal infinite Blaschke products. In this paper, by using formal infinite Blaschke products
which may be divergent, we construct a universal element named as universal quotient
Blaschke product and use subsequences of its partial quotients to approximate continuous
self-mappings of the unit circle T = {z € C: |z| = 1}, as well as the analytic functions
bounded by one in D.

In Section 2, we give preliminaries and our main results Theorems 2.1 and 2.2. Their
proofs are given in Section 3. We show that there exist abundant universal quotient
Blaschke products in Section 4.
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2. Preliminaries and main results

In this article, let N, Z and R denote, respectively, the set of positive integers, integers and
real numbers. The set C(T, T') of continuous self-mappings of T is endowed with a metric
d defined by

>

d(uy, up) = nax |u1(§) — ua(§)

where uy, uy € C(T, T). Itis obvious that C(T, T) with metric d is a complete metric space.
A finite Blaschke product is a rational function of the form

B =y [ (1)
k=

1 —zxz’

wherezy,...,z, € Dandy € T.Ify = 1, then B(z) is said to be monic; if y = 1, B(0) # 0
and its zeros z1,2y,. . ., 2, are distinct, then it is said to be simple. Each finite Blaschke
product maps D to D and T to T. Moreover, it is analytic on a neighborhood of D and
meromorphic on the extended complex plane C = C U {o0}. The following lemma, called
the Helson-Sarason theorem in [11], shows that each u € C(T, T) can be approximated
uniformly on T by the quotients of two finite Blaschke products.

Lemma A ([11, Theorem 4.3.1]): Suppose that u € C(T, T). For any ¢ > 0, there exist two
monic finite Blaschke products B (z), B2(z), and y € T such that

B1(§)

max |yu(g) — <e. (2)
RO B
An infinite Blaschke product is of the form
 z—zk
B(z) = , 3
@ =y k]:[l s (3)

where y € T, and {z}}2, is a sequence of points in I satisfying Blaschke condition

o0

> (1= lz]) < oo,

k=1

For more information of infinite Blaschke products, please refer to [11,12].
In this paper, we consider formal infinite Blaschke product, which is of the form

B =[] = @

1 —zz
k=1 k

where {2}, is a sequence of points in D but may not satisfy the above Blaschke condition.
For every integer n > 1, we denote the nth partial product of B(z) by

PBm)E) = [t 5)

1—2zz
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If for each n € N, P(B, n)(z) is a simple finite Blaschke product, then B(z) is called a simple
formal infinite Blaschke product. By using formal infinite Blaschke products, we obtain the
first universal product as follows.

Theorem 2.1: There exist two formal infinite Blaschke products

_OO Z—2Z _OO Z—Wj
B(Z)_nl—z_,-z’ C(Z)—H1_wjz

i=1 j=1

such that the quotient B(z)/C(2) is a universal quotient Blaschke product in the following
sense.

For Yu € C(T,T), there exist a sequence {yl}?il C T, and two strictly increasing
sequences of positive integers {ju1};°, and {vi};2, such that

PB,)E)| _
P(Cv)(E)

lim max [yju(§) —
I—o00 £€T

To avoid the confusion caused by the common zeros, we enforce more requirements on
B(z) and C(z) and obtain the following theorem.

Theorem 2.2: There exist two formal infinite Blaschke products

_OO Z—Z _OO zZ—=Wwj
B(Z)_nl—z_,-z’ C(Z)—H1_wjz

i=1 j=1

satisfying the following conditions.

(i) For each n € N, P(B, n)(z) and P(C, n)(z) are simple finite Blaschke products.

(ii) For each n € N, P(B, n)(z) and P(C, n)(z) have no common zeros.

(iii) For Yu € C(T,T), there exist a sequence {y;};°, C T, and two strictly increasing
sequences of positive integers {ju1};°, and {vi};2, such that

PB,)E)| _
P(C)(E)

lim max [yju(§) —
I—o00 £€T

The quotient B(z)/C(z) is named as simple universal quotient Blaschke product.

Let B denote the set of the functions w which are analytic in D and satisfy |w(2z)| < 1 for
all z € D. Then the Cauchy integral of a function in C(T, T), which is an inner function,
belongs to B. By Theorems 2.1 and 2.2, we naturally consider whether the Cauchy integrals
of its partial products of a universal quotient Blaschke product can approximate analytic
functions in 3. We obtain the following results.

Theorem 2.3: Let B(z)/C(z) be a universal quotient Blaschke product as in Theorem 2.1.
Suppose that w € B has continuous extension on D and w|t is a continuous self-mapping
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of T. Then for any ¢ > 0, there exist integers m>1, n>1 and y € T such that the Cauchy
integral H(m, n, y ) (z) defined by

yP(B,m)(§)/P(C,n)(§) d
E—z

H(mn,y)(2) = i/ £ zeD
[&]=1

2mi

satisfying

sup |lw(z) — H(m,n,y)(2)| < &.
zeD

Proof: Let u(§) be the continuous extension of w on T. By Theorem 2.1, there exist m > 1,
n>1,and y € T such that

PBmE)| _
P(C,n)(&)

max |u(§) —
ma & —-v
The maximum principle ensures that

sup lw(z) — H(m,n,y)(2)| < &.
zeD

Since each finite Blaschke product can be extended continuously to T and maps T to T,
Theorem 2.3 yields that

Corollary 2.1: Let B(z)/C(z) be a universal quotient Blaschke product. Then for every finite
Blaschke product F(z) and 0 < ¢ < 1, there exist integers m> 1l andn>1aswellasy € T
such that

sup |[F(z) — H(m,n,y)(2)| < &,
zeD

where H(m, n, y)(z) is defined as in Theorem 2.3.

Theorem 2.4: Let f € B and B(z)/C(z) be a universal quotient Blaschke product as in
Theorem 2.1. For every ¢ > 0 and every compact subset K C D, there exist integers m > 1
andn>1aswell asy € T such that

sup Lf(z) — H(m,n, y)(z)| <&,
zeK
where H(m, n, y)(z) is defined as in Theorem 2.3

Proof: By the Carathéodory Theorem ([11], Theorem 4.1.1), there is a finite Blaschke
product B(f, €, K) such that

sup Lf(z) — B(f,s,K)(z)| < /2.
zeK

By Corollary 2.1, there exist m > 1,n>1,and y € T such that

sup |B(f,s,K)(z) — H(m, n,y)(z)| < g/2.
zeD

By combining these two inequalities, we obtain the conclusion. |
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3. Proof of Theorems 2.1 and 2.2

For the proof of Theorem 2.1, we will apply Lemma A repeatedly while for the proof of
Theorem 2.2, we need a modified Helson-Sarason theorem.

Lemma 3.1: Let Z = {ay, a,...,a,} be a finite subset of D, u € C(T, T) and ¢ > 0. Then
there exist simple finite Blaschke products B (z), B2(z), and y € T such that

Bi(§)
By (&)

Zp (V2=0. Zn,(\Z=0 Zs ()25 =0, r;ea%'yu@)— <e (9

where Zp; consists of the zeros of Bi(z) fori =1, 2.

Proof: By Lemma A, there exist monic Blaschke products C; and C, such that

Ci(®)
<
Cy(8)

By similar technique as in the proof of the Blaschke product approximation theorem
(Theorem 4.4.1 in [11]), we can find a simple Blaschke products B; and y» € T such that
Zg, (1Z =¥ and

max
EeT

yiu(§) — &/3. (7)

sup [y2B1(2) — Ci(2)| < &/3. (8)
zeD
Similarly, we can find a simple Blaschke product B, and y3 € T such that
Zs, () (ZUZBI) — ¢, max|ysBa(2) — C2(2)| < &/3. 9)

zeD

Set y = y1y3/y2 and note that [C1(§)| = |C2(§)| = |B1(§)| = [B2(§)| = 1 for & € T. By
the above facts, and using (7), (8) and (9), we have

Bi(§)| _ nBi(§)
max |yu®) = e | TR E) = D e e
C1(6) ClE)  1BiE)
=@ - oo | TEN GE) T ke
C
= max | y1u(®) - C;g; +max |y COBE) — 1B 6 Cr(6)]

<e/3+ max l73C1(8)B2(8) — y3v2B1(§)B2(8) + y372B1(6)B2(§) — y2B1(§)C2(8)]
<e/3+ Iglea%lCl(é) — 72Bi1(§)| + max |C2(8) — y3B2(8)]
<e/3+¢e/3+e/3=c¢.

Hence (6) is proved. |

Proof of Theorem 2.1: As a subspace of separable space C(T, C), the space C(T, T) is sep-
arable too. Let S = {uj}fil be a countable dense subset of C(T, T). Let £ be a list which
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contains all the u; € S but no other elements such that every u; appears infinitely times in
L. Rewrite £ by £ = {gx};2 . We will construct a universal quotient Blaschke product by

induction on g. u
Stepl. k =1
By Lemma A, there exist two finite Blaschke products
M (1) Ny _ b(l)
zZ—a; < i
BV =]—, cY@=]]—L,
(2) [[1_(1) (2) lj 5
i=1 a;, 'z j=11-1b;"z
and o1 € T such that
B (&)
max |« —— | < 1.
£eT lgl(é:) C(l)(s)
Let my =My, n1 =Ny, zi = a,(l) and wj = b;l), where i=1, 2, -+, mj and j=
1, 2, ---, ny. Set
oz —z Lz—w
Bl(z) = L, Clzr) = L
@ 1_[1—2_1'2' @ Hl—sz
i=1 j=1
Then
B (§)
max |« —— | < 1.
ma 181(6) 0
Step2. k=2
By Lemma A, there exist two finite Blaschke products
M, ) N, _ b(z)
zZ—a; 4 i
B(z) zZ) = —_l, C(z) zZ) = L 5
(2) [[1_(2) (2) ]j 5
i=1 a;,”’z j=11 "z

and «y € T such that

o @®  BO®
*Bl(§)/Cl(¢) CO)

EeT

1
< -
2

which is equivalent to

B'(§)B?(§)

aZgZ(S) - Cl (S)C(z) (g)

1
max < —.
£eT 2

Let my = my + My, ny = n1 + No, Zigm, = al@ and wjy,, = b;z), wherei=1, 2, ---,

Myandj=1,2, ---, N2.Set B3 (z) = B'(2)B?(2) and C*(z) = C!(2)C® (z). Then these
facts yield that
my np 2
zZ— 2z z—wj B (&) 1
B2 = | | ! 5 C2 = | | / 5 — —.
(Z) el o o1 L Wiz T @) = e | <2

Step 3. Repetition



COMPLEX VARIABLES AND ELLIPTIC EQUATIONS 463

Repeat the above process and we will obtain four sequences

BRI, (cP@)X, B, (@R,

where
k (p) kZ—Z, k k () "k Z—Wj
B'(2) = ]_[Bp(z> 1‘[1__ ca=[]Pa=]]—
a4z p=1 j=1 J
B*®)| 1
max agr(§) — Ck—(é)‘ < (10)
Let
B(z) = ]_[ B®(z), C(z) = ]_[ c® ().
k=1 k=1
Then
B@ =[] 12—_: . Cc@=]] 17’__:: .
i=1 j=1

Step 4. Proof of B(z)/C(z) being a universal quotient Blaschke product
For any u(¢) € C(T,T) and 0 < € < 1, there exists u e S such that

max u@) —uV@)| < e/2. (11)

Recall that u) appears in £ infinite times. We may assume that

=g =gn=--,

where 1V < 200 < --‘.Letjﬁl) = min{jV : J(Ll) < &/2}. The inequality (10) implies that

1

(1)
B ®)_ & <€/ (12)

otjgl)gjgl) &) — W

max
EeT
By using (11) and (12), we have

(1)

B (&)
amu(§) — —5—
Z o’ &)

< max e u(®) — @ uD §)| + max

max o AW E D &) —

Bf @) '
V@)

max
EeT
<gf24+¢e/2=c¢.

Sety) = oy, 1 = M, and v; = nq).
N J1 1
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For €/2, there exists u® € § — {u} such that
max |u(€) — u@(&)| < ¢/4. (13)
EeT

We may assume that

u? =go=go =,

where 1? < 2@ < ... Let jgz) = min{j® : j® > jgl), J(% < g/4}. The similar reason-
ing as above gives
(2)
B2 (&)
max |a.ou(§) — —5—| < &/2.
s | 2 02 (§)

Sety, = ajgz), Uy = mj;a and vy = 7’1].;2).

Keep going, we obtain the required sequence {y/};°,, {1}, and {v;}72,. The proof is
complete.

Proof of Theorem 2.2 is similar to that of Theorem 2.1. The main difference is that, in
the approximation process, instead of using the Helson-Sarason theorem (Lemma A) in
the proof of Theorem 2.1, we use Lemma 3.1 in the proof of Theorem 2.2. We provide the
details.

Proof of Theorem 2.2: Let S and L be as in the proof of Theorem 1. We will construct a
simple universal quotient Blaschke product by induction on g. |

Step 1. k =1
By Lemma 3.1, there exist y; € T, and two simple finite Blaschke products having no
common zeros in D

M, ) Ny _ b(I)
z—a: z
BV =]]—= cPo=]]—Z=
such that
BW(§)
max - <1
may r181(8) Ch (&)
Let my =M, n1 =Ny, zi = algl) and wj = b;l), where i=1, 2, ---, m; and j=
1, 2, ---, ny. Set
oz —z Lz—w
Bl(z) = L Clz) = L
@=[l{—; c® Hl_wjz
i=1 j=1
Then
B (§)
max — < 1. 14
12x 1y181(5) ) (14)

Step2. k=2
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Let Zp be the set of zeros of the Blaschke product B. By Lemma 3.1, there exist y» € T,
and two simple finite Blaschke products having no common zeros

M, ) N b(Z)
zZ—a; 4 i
B® | | L C;) = | | J
@ = (2) @ 5 2
i=11—a; J:11—bjz

satisfying the following conditions:

Zyor () (zB1 Uzcl) —0, Zeo[) (231 U ZC1> — 9,

L, & BO@| 1
“BlE)/Cl(E) COE)| 2
The last inequality is equivalent to
BY(&)BP )| 1
fglea% () — —CI(S)CQ)(E) <3

Let my = my + Mz, ny = n1 + Na, Zigm, = afz) and Witn = b]@, wherei=1, 2, ---,
Myandj=1,2, ---, Np.Set B3(z) = B! (2)B?(z) and C?(z) = C!(2)C? (z). Then these
facts yield that B?> and C? are simple finite Blaschke products having no common zeros.
Moreover,

2o _TTE7% 20— T1 22N BX()
B<z>_gl_22, C(z)—gl_wjz’m"‘ 76) — G| < /2

Step 3. Repetition
Repeat the process above and we will obtain four sequences

BR@, (cP@1R, B, (@R,

where B* and C* are simple finite Blaschke products having no common zeros,

B(2) = 1"[B<P><z> H - o = Hc@)(z) H JV:JZ ,

BkE)| 1
Ck—(é;-‘) < E

max
Ee

X vigk(§) —

Let
B =[[BY@, c@=]]c*@.
k=1 k=1

Then by similar reasoning as in the proof of Theorem 2.1, we know that B(z)/C(z) is a
simple universal quotient Blaschke product.
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4. Denseness of universal quotient Blaschke products

Let DY be the space of infinite sequences of points in ID endowed with the product topology.
We have seen that every formal infinite Blaschke product

B(z) = "
(Z)_nl—a_kz
k=1

is uniquely determined by a sequence a = (a1, ay,...) € DY, and vice versa. To highlight
the sequencea = (ay, gy, . . .) of the zeros of B(z), we rewrite B(z) = B®(z). So we can iden-
tify a universal quotient Blaschke product B?*(z) /BP(z) with the pair (a,b) € DN x DN,
where

bj

= Z— 4 ad z—
Ba(z)=]"[1_a_i’z, B @) =[] —=

i=1 jo1 L= bz

a = (al,az,...) G]D)N, b= (bl,bz,...) E]DN,

and DY x DY is endowed with the product topology. Therefore, the research of universal
quotient Blaschke products is deduced to the research of the paired sequences. This is a
typical approach in the research of universality, see [13,14].

Let U be the set of the pairs (a,b) € DN x DN such that B*(z)/BP(2) is a universal
quotient Blaschke product. Theorem 2.1 implies that U # (. Experience has shown that
whenever there exists a universal element, the set of such universal elements may be huge
in the sense of Baire categories. One may ask whether U is dense in DY x D. The answer
is as follows.

Theorem 4.1: U is a G5 dense subset of the space DY x DY,

As in the proof of Theorem 2.1, let S = {u;};>1 be a countable dense subset of the space
C(T, T). For each j € N, we define
E(j) = {(a,b) e DN x DN : for any € > 0, there exist y € Tand M,N e N
P(B*, M)(§)
such that Iénea% yuié) — W < 6}.

The following lemma shows the relationship between U and E(j).
Lemma4.1: U= X, E()).
Proof: 1t is obvious that U C (X, E(j). Let (a,b) € (2, E(j). For any u € C(T, T) and
any € > 0, there exists uj, € S such that
€
‘;?%Wfo@) —u(®)] < >

Since (a,b) € E(jo), there exist y € T and M, N € N such that

max |y u; (§) — —P(Ba’M)(S) < €
s |V Mo PBO,NYE) | 2
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The above facts imply that

P(B*, M)(§)
max |yu(€) — — >~ 2
£eT P(BY,N)(§)
Therefore, (a,b) € U and the proof is complete. [ |

Lemma 4.2: For each j € N, E(j) is an open set of the space DY x DV,

Proof: Let (a,b) € E(j), wherea = (a1, a,...) and b = (b, by,...). Then for any € > 0,
there exist y € T and M, N € N such that

P(B*, M)(§)

O = 5 e 1
Set
¢~ e max|yue) - PESME
TR VY T e N @) |

By similar technique as in the proof of the Blaschke product approximation theorem
(Theorem 4.4.1 in [11]), we can find § > 0 such that

U(a;, ) C D, U(b;,9) C D, i=1,2,...,Mandj=1,2,...,N,

and for
ci€Ua;0), dje U®j8), i=12,...,Mandj=12,...,N,
we have
a M Z—Ci € b N Z—d €
max |P(B%, M)(z) — IT,Z,; —| < —, max|P(B’,N)(z) — szl —| < —,
zeD 1—¢z zeD 1— de 2

(16)
where U(a;, 8) (resp. U(bj, 8)) denotes the open disk centered at a; (resp. b;) with radius §.
We define

N

M
VabMN,8) = |[[U@s [[ X[ []X ],
i=1 i>M  j=1 >N
where X; = X; = D for i > M, j> N. Then V(a,b, M, N, §) is a neighborhood of (a, b).
It comes to prove that V(a,b, M, N, §) C E(j). For any (p,q) € V(a,b, M, N, §), where

p= (p1,p2...) and q = (41,92, - . .), we have

- P(BY,M)(§) . P(BLME)
%“V”’(S)_W SO e me | T W
where
L |PERME) | PELME)
iel | P(B,N)&)  PBLN)E) |

By calculation, we have

A= max P(B*, M)(§)P(BY,N)(§) — P(BP>M)(S)P(Bb,N)(§)‘
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< ?ea% |P(B*, M)(£)P(BY,N)(¢) — P(BP, M)(§)P(BY, N)(§)|
+ I;lea% ‘P(BP,M)(é)P(Bq,N)(S) - P(BP,M)(S)P(Bb,N)(§)|

= max | P(B%, M)(§) — P(BP, M)(€)| + max |P(BY, N)(&) — P(B", N)(©)|
§eT £eT

= max |P(B*, M)(¢) — I, 5 Pi
£eT zé
+ max [P(B®, N)(§) — T, 5 D | < ¢ (by using (16)).
£€T —q§

The last inequality together with (15) and (17) yields that

P(BP, M)(§)
P(B1,N)(§)

?ea% 'V”j@ ) — >
and thus (p, q) € E(j). The proof is complete.

Lemma 4.3: For each j € N, E(j) is dense in the space D x DN,

Proof: For any (c,d) € DY x DN and any neighborhood V of (c, d), there exist open sets

U;, U, of DN such that

ce Uy, d e Uy, (C,d)EU1XU2CV.

By the definition of product topology, there exist n positive integers 1 < i} < iy < ---

and non-empty open sets Vi, Vi,,..., Vi of D, such that

11 12 ..... in
< € Oy, v, v, HV'CUI’

where V; = V; ifi = it € {il,iz, . .,in}, and Vi = D ifi ¢ {i1, i, ..., in}.

.....

Letc = (¢c1,¢,...) andd = (d}, ds, . . .). We consider the finite Blaschke products
" z— djk

B =[] po=T] =
Tk

k=1 t k=11~

Choose (a,b) € U. For any € > 0, there exist y € T and M, N € N such that

By(§) PB,M)()
Bi(§)  P(B*N)(§)

Without loss of generality, we may assume that M > i, and N > j,.

yu;(§)

max
EeT

< il’l)

(18)
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Because N — {i},i3,...,in} and N — {j1,j2,...,jn} are countable, we can list the ele-
ments of the two sets as follows:

N_{il)iZ:”-)im}:{ﬂl}loip M1 < U2 <:--,
N_{jij)--')jn}:{vl}lo:Ol’ VvV <V < ---
We let

P= (pl:PZ;--J; q= (CIlafIz,---),
where
_ Ciy> i=ik€{i1,i2,...,im}
Pi=\a, i=weN—{iLiy... in)

g |l I o)
77 \b, j=vieN={jnj2. .. jn)

Iti : h {15025 im} {15725 sjn} , hichi li h ,
tis obvious thatp € OVil,Viz ’’’’’ Vi, andq € Ole,ij,--.,an which implies that (p, q) € U; x

U, CV.
On the other hand, we have

P(B*, M)(§)B1(§) = P(B®, M + in)(§), P(B®,N)(£)B2(§) = P(BLN + jn)(£).
The above facts together with (18) show that

P(BP, M +im) ()
P(BL, N + jn)(§)

>

gﬂea% yu(§) —

and thus (p, q) € E(j). Note that (p,q) € U; x U, C V. Therefore, (p,q) € E(j) [ V. The
proof is complete. |

Proof of Theorem 4.1: Lemmas 4.1, 4.2 and 4.3 show that U can be expressed as an inter-
section of countably many dense open subsets of DN x DN, So U is a G set of DY x DN,
By Baire’s theorem, U is dense in DV x DN, |
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