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In this note we prove that the Poisson kernel given in [5] satisfies the basic properties of the usual Poisson
kernel. We further obtain solutions of the associated Dirichlet problem with C(S"~!)-boundary value
functions for the degenerate elliptic equation extending the work in [4-6]. Copyright © 2000 John Wiley
& Sons, Ltd.

1. Introduction

In this paper we study the properties of the Poisson kernel for the degenerate
elliptic equation
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where 7( > 2) € R is an arbitrary real number, and x = (x4, ..., Xx,) € R". Equation (1)
is elliptic inside and outside the unit sphere. The degenerate surface of equation (1) is
the unit sphere S" 7' = {x e R" |x| = 1}.

First, we explain the background of equation (1). The equation
"0 oUu
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is known as Laplace-Beltrami equation [2, 3]. The Poisson kernel P(x, v) of equation

) is
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P = (i) .

where x e R”, ve §"~1, and the argument x - v is the inner product of x and v.
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72 X. Ji and T. Qian

The solution of the Dirichlet problem inside the unit sphere for equation (2) is given
by the Poisson formula (see [3])

Ux)= wi J P(x, v)f(v)do, 4)

n

where w, = |S"~ 1| is the area of the unit sphere in R" and dv the area element on the
unit sphere. Equation (2) can be rewritten as

n aZU n 6U
(1 —1xP) |:(1 —1x1?) Z x2 +2(n — 2),';1 Xiaxi:| = 0.

i=1 v

Replacing the constant 2(n — 2) by an arbitrary real number 7 in the last equation, we
obtain (1). Thus equation (1) is a generalization of equation (2).

We provide a brief introduction to the geometric background of equation (2). It is
known [2, 3] that equation (2) is in the real form of the simplest classical domain, viz.
the n-dimensional unit ball, admitting a transitive group generated by rotations and
non-Euclidean translations given by the real form n-dimensional Mdbius transforma-
tions (5). Equation (2) is invariant not only under transformations of the transitive
group, but also under reflections about the unit sphere.

The real form n-dimensional Mobius transformations are (see [3])

~x—a—xx'a+x(2d'a —ad'l)

= , 5

Y 1 — 2ax" + aa'xx’ )

where y = (y1, -+ , V), X = (X1, ... ,X,) € R", X" = col(xy, ..., x,) is the transpose of x,
I is the unit matrix and a = (ay, ... ,a,).

It can be verified that transformation (5) transforms the open unit ball {|x| < 1}
onto the open unit ball {|y| < 1}, the unit sphere {|x| =1} onto the unit sphere
{ly] = 1}, and the point x = a € {|x| < 1} to the zero point y = 0. For n = 2, we may
write w = yy + iy,, z = X1 + 1x, and b = a; + ia, instead of y = (yq, ¥2), x = (x1, X3)
and a = (ay, a,). Transformation (5) then reduces to

z—b—bzz+b*2 z—b

w —

“1—bz—bz+bbzz 1—bz

which is just the usual Mobius transformation in the setting of one complex variable.
Owing to the reflection invariant property the solutions of (2) enjoy the symmetric
principle and so we can extend solutions inside the unit ball to solutions outside the
unit ball with the same boundary values (see [4]).
In the case n = 2 Equation (2) reduces to the two-dimensional Laplace equation

U U

ox? + ox2

0

which is invariant under the transformations of the transitive group, as well as
reflections about the unit circle. On the other hand, we note that the usual
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n-dimensional Laplace equation

n 2
av= 3 U

=0
= 0x?

in the case of n > 2 does not possess the transformation invariant properties as
the two-dimensional Laplacian does. For instance, the form of the n-dimensional
Laplacian changes under the reflections. In this sense equation (2) is a more natural
generalization of the two-dimensional Laplacian.

It is well known that in the unit ball different Poisson kernels give rise to solutions
of Dirichlet problems associated with different Laplace and Laplace-Boltrami
equations.

In the standard cases such as the kernel (3) and that of the usual Laplacian (see
[3,9]) one can easily show that the Poisson kernels P(x,v) = P(pu, v) satisfy the
o-function properties, i.e. the following three properties: For |u| =|v| =1,0 < p < 1,

(1) P(pu,v) > 0;
(i) g+ P(pu,v)dv = 1; and
(iti) Forany 6 € (0,1),lim,; o f_, ,» <15 P(pu, v)dv = 0, uniformly for u e "~ .

The standard approach (e.g. see [1, 9]) to solve a Dirichlet problem is thus of the
pattern: first we prove properties (i)—(iii) using the explicit expression of the Poisson
kernel and then obtain solutions.

The Poisson kernel that we used to obtain the solution to the Dirichlet problem
associated with the degenerate elliptic equation (1) is of the form: 2(x, v) = 2 (pu, v),
lul =1lv]=1,0<p <1, and

P = ¥ 2 ) ©)
k=0
where
T —oI'(1 — p) n n n.o,
rk(p)—r(1+r/2)r(k+n/2)F k—1+oc+2,k—1+,3+2,k+2,p (7)

with o +f=1—k—(mn+1)/2 and o =(t/4)(k+n—2) (so o, PfeR, o#p),
F(a, b, c; z) is the hypergeometric function and

PPN w Tk—m+ p) K 2m
PP = mZ::O( —1) m(zf) &)

is the Gegenbauer polynomial of degree k associated with u (where k is an integer,
[k/2] is the greatest integer less than or equal to k/2). Our kernel function 2(pu, v)
does not seem to have an explicit expression in simple functions. What we want to
show in this note is: in spite of the infinite series form of the kernel, we can still manage
to prove properties (i)—(iii), and, as applications, obtain solutions for continuous
boundary value functions which is not included in the results of [4-6]. The pattern of
our approach is in the opposite order: first we obtain solutions for very smooth
boundary value functions, then, by virtue of this but not of the kernel expression, we

Copyright © 2000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci., 23, 71-80 (2000)



74 X. Ji and T. Qian

prove properties (i)-(iii), and then further obtain solutions for continuous boundary
value functions.

The writing plan is as follows. In section 2 we prove Theorem 1 giving solutions to
equation (1) for C*"(S"~1)-boundary value functions. The theorem is a particular case
of a more general result proved in [5]. The proof given in this paper does not rely on
the Sobolev spaces theory and the self-adjoint operator theory in Hilbert spaces.
Section 3 is devoted to proving properties (i)—(iii) of the kernel (6). As applications of
properties (i)-(iii), we give solutions to equation (1) for continuous boundary value
functions.

2. Solutions for C*"(S"~!)-boundary value functions

Theorem 1. For fe C**(S"~ 1) the potential formula
1
U(x) = — J P(x, v)f (v) dv
(03] gn-1

n

with the kernel function (6) gives the solution to the equation (1) with the boundary value
f, in the sense

lim Uf(pu) = f(u).

p—>1—-0

Moreover, the convergence is uniform in |u| = 1.

Proof. The function fis in L?(S"~ ') and so it has the spherical Laplace eigenspace
expansion:

1~ 3 f )

where f; is the projection of f onto the k-spherical harmonics. The Plancherel relation
holds:

o0
HfHLZ(sH) = Z ka HLZ(SH)
k=0

(see, e.g. [7] or [8]). We now show that the right-hand side of (9) absolutely converges
to f uniformly in {|u| = 1}.
Denote by #; the projection operator: f, = 4 f, with the expression

A = f = | Hlof@de

where

2k +n—2

S PPV for —1<e<l.

. 1
Hi(&) :5
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ForafixedkeZandue S" !, H,(u-v), as a function of v € §"~ !, belongs to the space
of the spherical harmonics of degree k, which is also the eigenspace of the operator
0z (see below) with the eigenvalue 4, , = — k(k +n — 2).

Let 07 be the spherical Laplacian in the polar-co-ordinate form of the usual
Laplacian (see, e.g. [1])

1 0 _, 0 ) 1,
=——=—|p" =]+ —0;. (10)
Pt ©p< op)  p?
The operator 02 also appears in the polar-co-ordinate form of the operator % (see (1)):
02 p 0
(7 -1 —n+ )p*]— + 02
R U B U E

It has the form

nl 1 02 22 cot 0; 0
az _ v 11— i v
= X Gng, smi0, 00 T 20 ) 070, - sin?0,_, o0,

in the spherical system
u = (cosfy,sinf{cosb,, ... ,sinf;sinf,---sinb,_,cosH,_,
sinfsin@, ---sin6,_,sin0,_,),
where
0<0;<m, 1<i<n—-2, 0<0,_,<2n

The operator 07 is self-adjoint, and, for any function h in the space of k-spherical
harmonics, it satisfies the characteristic equation

02h = Jy4h

(see [3]).
Now expand 92" f-

afan Z i
k=0
where

O RO e AT T

_ zﬁ,kj Hy(u-0)f(0) dv
Sn*l

= Jon,ieJu(u1)
= 00" fiw).

Then Plancherel relation for 2" f then concludes
102" ficll 2y < N1OR" fllsr-y-
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Since,
0" Hy(u-v) = A5 o Hy(u-v),
we have
S =Y f Hy(u-v) f(0)do
k=1 k=1 snt
=2 f H(u+v) fi(v)dv
k=1]Js"1
- WJ [02" Hyfuv)] fu(0) do
k=1 n,k snot
= | J Hy(u-v)[02" fi(v)]dv
k=1 k
< M | | Hy(u )HLZ(S 1) HaznkaLZ(s -1,
k=1

Owing to the relation (see Chapter 2 of [2])
J H (u-w)H(v-w)ydw = H(u-v), u,veS" *,
Sn*l

we have

[ Hi(u) [ 2y = /Hi(1)

Since

Hi(1) = P27 0(1)

i2k+n—2
w, -2
1 2k +n—2)(k+n-—23)!

, (n — 2)lk!

2 n n—2
<—|k—-1+=

w,,< +2>

c0|ln/2 1|

where ¢, is a positive number independent of k. Substituting into the last inequality,
we have

0

IACIED

=1

HHk( Wiz 102" fill sy

< Z n/2+1| Haznfk”LzS 1)
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Z 1
S < Z )n/2+1|> HafanLZ(s"*’)

k=1
<c Hav f“ms"*l)-

This proves the absolute and uniform convergence.
The fact that the series pointwisely converges to the function f'itself is referred to [3].
Now, for |x| < 1, x = pu, |u| = 1, we have Poisson formula for equation (1)

U = Ul = | 2w fionds

o0

Y prulo) Aif (w).

k=0

For p e [0, 1] we have |t.(p)| < 1. This, together with the absolute and uniform
convergence of the series ) f;, concludes that the series expanding U (x) is absolutely
and uniformly convergentin p € [0, 1) and |u| = 1. In a similar way we may show that
the series of which the terms are the first- and second-order derivatives of those of the
series defining U(x) are also absolutely and uniformly convergent in the unit ball
under the condition fe C*"(S"~!). We therefore can apply the operator & to the series
term by term, using its polar-co-ordinate form, and obtain

LU(pu)y=0, 0<p<l.
Owing to the uniform convergence for p € [0, 1] we can exchange the order of taking
limit p - 1 — 0 and the infinite summation, and, owing to lim,_; 7.(p) = 1, obtain

lim U(pu) = f(u), ueS" '
p—1

The uniform convergence of the series Y, , f; guarantees the same uniform conver-
gence of the above limit. The proof is complete. O

Remark. The proof of the theorem given above shows that the weaker condition
fe C?W/213) (gn=1) {5 enough to guarantee the conclusions of the theorem, where [r]
denotes the maximal integer that does not exceed r. A more precise result is proved in
[4] using fractional powers of the operator I — 82 and Sobolev space theory. For our
purpose our theorem is sufficient, as in the sequel we shall use for fe C*(S"™1).

3. Properties of the Poisson kernel

Theorem 1 implies the following boundary maximum principle.

Theorem 2. Iffe C*"(S"~ ') and U is the solution of (1) with the boundary value f in the
sense of Theorem 1, then

min{ f(x):|x] =1} < min{U(x):|x| < 1} < max{U(x):|x| < 1}
<max{f(x):|x] =1}.
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Proof. The boundary maximum principle of general elliptic equations implies that for
any fixed p < 1 we have

min {U(x):]x| = p} < min {U(x):]x| < p} < max{U(x):]x| < p}
< max{U(x):|x| = p}.

Letting p — 1 — 0, owing to the uniform convergence of Theorem 1, we conclude the
desired inequalities. Theorem 2 is a particular case of a general result in [4].

The kernel 2 does not have an explicit expression in simple functions and so we do
not have the convenience to see directly that the kernel has the d-function properties.
Nevertheless, using Theorems 1 and 2 we can still prove.

Theorem 3. The kernel 2(pu, v),0 < p < 1, |u| = |v| = 1, given by (6) has the following
properties.

(i) Z(pu, v) > 0;
(i) Yoe S"" 1 5 ¢ P(pu, v)dv = 1; and
(iii) Vo € (0, 1], for ue S"~ " uniformly lim,_, jw <1—5 P(pu,v)dv = 0.

Proof of (i). For veS" ' we shall use the notation S(v,1) for the set
S""'n{xeR":|x —v| <1} on the sphere. Assume that 2(pouo, vo) <0 for some
Do Ug, Vg Since 2 is continuous in u and v, for the fixed u, we can find 1 > 0 such that
P(pouo, v) < 0 for all v e S(vy, 1). Let f;,, be a C*(S"~')-function satisfying f, ,(v) = 1
for v e S(vo, 1/2), f,,,(v) = 0 for ve S"~"\S(vo, 1) and 0 < f, ,(v) < 1 otherwise.

We then have

1
Utpote) = | #(pato 07, 000 <0
Srl*l

n

On the other hand, Theorem 2 implies that U(pu) = 0 for all p e [0, 1) and ue S" 1.
This is a contradiction. Property (i) is thus proved.

Proof of (ii). For f=1 on S" ! using Theorems 1 and 2, we conclude (ii).
Proof of (iii). Let u, be fixed and g,, s be a C*(S"~')-function such that g, s5(uo) = 0,

Gu,.5(v) = 1 for those v such that up-v <1 —6 and 0 < g, ;(v) <1 otherwise. Using
properties (ii) and then (i), we have

1
U(puo) — guo,(s(“o) = . f - 2 (puy, U)(guo,(i(v) - guo,é(“o)) dv

n

1
= —j P(puy, v)do.
Wy upg'v<1—20
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We therefore, conclude
lim J P(pugy, v)dv = 0.
pP=1-0 Jy,v<1—35

Since £ is rotationally invariant, we conclude the uniform convergence.
Having obtained Theorem 3, the proof of the following result is routine. For
completeness, we still include its proof.

Theorem 4. Let fe C(S"™ ). Then the potential formula

U(x) =iJ ) P(x,v)f(v)do, |x] <1,

w,

gives the solution to equation (1). Moreover, if define U(x) =f(x), |x| =1, then the
function U is continuous on the solid ball {|x| < 1}.

Proof. In the case we have, for any § > 0,

Ul — () = - f Ulpu, o)(f () — @) do

Wy

1 1
= — +_
Wy Juv<1-5 Dy Juv>1-5

:Il +Iz

Let ¢ be given. We can choose ¢ such that | f(u) — f(v)] < & whenever u-v > 1 — 6.
Then, owing to (i) and (ii) of Theorem 3, we have
Ll | 2uodes<s
nJuv>1-9
for any p € [0, 1). Now, owing to (iii) of Theorem 3, we can choose p < 1 close to 1 so
that

1
—J P(pu, v)dv
uwv<l—>9o

<
Wy

20l

So, using (i),

1
1A 2|f|m—f P(ou, v)dv
wov<l—9

n
<e

This proves (i). O

Since the convergence is uniform, the solution is continuous in the whole solid ball.
Theorem 4 has the following:

Corollary. Under the assumptions and notations in Theorem 4, defining U; (x) = U(x),
x| <1; U(x)=f(x), |x| =1; and Uy(x) = U(x/|x|?), |x| > 1, we obtain that the
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function U; is continuous in R" and satisfies LU, (x) = 0, |x| # 1. If in particular f is
second-order differentiable, then U is the solution of £ U, (x) = 0 in the whole space R".
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