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Abstract Using integration by parts and Stokes’ formula the authors give a new defini-
tion of Hadamard principal value of higher order singular integrals with Bochner-Martinelli
kernel on smooth closed orientable manifolds in C". The Plemelj formula and composite
formula of higher order singular integral are obtained. Differential integral equations on
smooth closed orientable manifolds are treated by using the composite formula.
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1 Introduction

Since the limit value formula, viz. the Plemelj formula, of the Cauchy type integral with
Bochner-Martinelli kernel was proved in 19571 it has been successfully used to the study
of singular integral equations, solving the dy-equation, holomorphic extension, O-closed exten-
sion and C' — R manifolds?=5!. Evidently, the research of higher order singular integrals with
Bochner-Martinelli kernel itself also has important significance. In 1952, J. Hadamard first
defined the principal value of higher order singular integrals, that is the so called Hadamard
principal value, by using which he solved the Cauchy problem of hyperbolic partial differential
equation. The idea of Hadamard is to separate its finite part, i.e. the principal valuel®, from a
divergent integral on real axis. In 1957, C. Fox extended the idea of Hadamard to the case of
higher order singular integrals in the complex planel”. The calculations of all those principal
values of higher order singular integrals are very complicated, and they are very difficult to be
extended to the several complex variables case. In 1990 Wang Xiaoqin studied the higher order
singular integrals on complex hypersphere in C” and the higher order singular integrals with
Bochner-Martinelli kernel. She obtained some remarkable results(® with simpler methods, but

the calculations are still complicated. In [9] by using integration by parts and Stokes’ formula we
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reduce the order of singularity of higher order singular integrals, and we finally use the Cauchy
singular integral to express the higher order singular integrals. The Hadamard principal values
therefore are expressed by the Cauchy principal value.

For simplicity, we consider higher order singular integrals on the boundary of a bounded

domain D with smooth boundary in the complex plane

1 f(©)

2mi Jop (C = 2)?

where f({) € Hi(a), that is the set of the functions whose first order derivatives satisfy the

d¢, zeD, (1)

Holder condition of index «. Singular integral (1) under Cauchy principal value is divergent.

Using integration by parts and Stokes’ formula we have

il = ()] ()

- L f@ug zeD.
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Therefore the study of the Cauchy type integral — 1)

2mi Jop (€ — 2)?

: 1 f'(©) , / _

of the Cauchy type integral — d¢. Since f'(¢) € H(«), when z = n € 9D, the
21 Jop C — 2

Cauchy principal value of the right hand side exists. Therefore, if we denote the Hadamard

d¢ is equivalent to the study

principal value by F' P, the Cauchy principal value by PV, then we may define

1 QO o py L [
Pomi Jop €= m2 = 5w Jop ¢ =1

This definition agrees with the original idea of Hadamard to separate the finite part from the

d¢, € dD. 2)

divergent integral. Moreover, in our definition the Hadamard principal value is expressed by
the Cauchy principal value that gives us the convenience of utilizing the results of the Cauchy
principal value. In the following we will use this idea to study the higher order singular integral

with Bochner-Martinelli kernel in C".

2 Hadamard Principal Value and Plemelj Formula

Let D be a bounded domain in C", its boundary 0D be a smooth orientable manifold of
dimension 2n — 1 of class C®). If f € A.(D), then we have the well-known Bochner-Martinelli

integral

f(Z) = f(<)K(C7 2)7 zeC" \ oD, (3)

oD

where

K(Q, Z) _ Q(Z % (- Z) — (g;l;g' w/((CZ—_EE) /2 7~_U(ZC); Z)

w' (v) : = Z?Zl(—l)jJrlvjdvl A Ad[uj] A - A dog,
w(v) = dvy A+ Aduy, (5)
<v,u>i o= YU vjug.
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In order to study the higher order singular integral with Bochner-Martinelli kernel, firstly
we study the following higher order Bochner-Martinelli type integral

zk_zk n
an(OIC—leK(C’Z)’ z€C"\ oD, (6)

where f is differentiable and belongs to Hi(a) on 0D. We have
Lemma 1 Let f be differentiable and belong to H;(a) on D, then for any w € dD and

any ball B(w, €) of radius € (¢ is a sufficient small positive number) centred at w € 9D, we have

/ FOZEZE K (¢, w)
OD\B(w,e)

¢ —wl]?
_ g,
n 8(8D\B(w,e))
.Z‘?:l(_l)jfl(zj — @) (=R G A NG A ANdGu AdCy A A[dCGTA - AdC,
¢ —w|*"
+20, 4(©)
9D\ B(w,e€)
S (1 E B (PG A NG A NG AdGy A NG A G,
¢ —w[*" ’
(7)
where C,, = %

Proof By integration by parts we have

Zk_ka w :—lC/
/BD\B(W,e)f“)K—wP Cor=—gen | 10
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¢ — wl]?n
1
_ 1o, /
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so [ e
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=1 n
¢ — w[*™

Applying Stokes’ formula to the first term of right hand side, (7) follows immediately.

Now we consider the first term on the right hand side of (7). Since the dimension of
integration domain is 2n — 2, but the order of singularity of the integrand is 2n — 1, this integral
is divergent. Moreover, since f € Hy(a) on 0D, the integral of the second term exists in the
sense of the Cauchy principal value. By the idea of Hadamard principal value, we have

Definition 1 If f is a function defined and differentiable on 9D and f € H;(«) on 0D,
we define

rp [ poS=

oD |C—W|2K(<7w)
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j=1
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(8)

Obviously, the above definition of Hadamard principal value is simpler and clearer than
that in [8]. This definition has some advantages: 1) it has discarded the divergent part of the
higher order singular integral directly, and only kept the finite part. In this way we can avoid
complicated calculations in applications; 2) it is defined at a general point w € 9D; and 3) the
Hadamard principal value is in terms of the Cauchy principal value, so we can utilize the results
of the Cauchy principal value directly.

As example, by the Plemelj formula of the Cauchy singular integral on 9D(see[l — 4]), we
have

Theorem 1 (The Plemelj formula for higher order singular integral) Under the assump-
tions in Definition 1, if z approaches w € 9D from the inner part and the outer part of D, then

for the higher order Bochner-Martinelli type integral

Fe)= [ FOSTZEK(C:)  eCm\oD (9)
8D |C Z|

it follows the Plemelj formula

) = e =@ 1 o5 1y 9f
R =rp [ JOREERCGH 4 o @+ crglw] o
_ G — W _11of 9L
R =P [ fORTERC) - 5 [p@r cogiw] . an
Proof By integration by parts and Stokes’ formula we have
_ e —Zn
1
=—=C,
O | 5@
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N ¢ = 2P
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I 1Y — 3 ) (—=1)k! I . I
| o i CY TG~ Z) D G A Aﬁzcm NdGn NG A -+ A A+ AdE,
i [
1
+—-Ch d
ron [ ao
D DTG = Z) (DTG A A A A A G NdC A AACTA - A dE,
=2
:10/ ar(Q)
n " 8D

PTG = E) (=D A - A[dCE A AdCy AdCy A AT A - A G,

L=t
¢ = =[*n
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Therefore,

D CY)THG = E)ED) TG A AAGI A AdG AdG A A G A - A G,

P
.1 [ of 1l -
—z%n/wack(o €s e im [t

Zaz (& —Z)dC A A A~ AdC ATy A -+ AdC,.

Owing to [8],
: n— 1 af v - k—
sy [ S g G-t
A= NG A -+ AdGu AdCy A ~~Ad<n
_ 1 of ~ _
= (-, PV [ — ~1)*d
1) ap ¢ — wF";@CJ(C w3)(=1) G
0
NAGIA -+ A do + 2 A2 @),
J
where

Then by Definition 1 we have

Fi(w) = lim l[PV/@ ﬁ(c)K(g,w)Jr(—l)"—lonpv

z—wt n DaCk
/ L S A 1R A A G A A G
o [C = 2P o, 7
_ _ 0 0
NG A N+ (5 )+ 4,5 )
. Z — Wk 1 8f n 8f
=FP BDf(C)| |2K(< w)+ awk( )+(_1) a—wl(w) )

which is (10). The equality (11) is proved similarly.

3 Composite Formula

Lemma 2 (Composite formula for the Cauchy singular integral) Suppose that ¢({) €
CM (D), and that it can be holomorphically extended into D, then

K@) [ o€K (.6 =10, (12

aD, dD¢

For this Lemma we refer the reader to [3,4,10].
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Theorem 2 (Composite formula for higher order singular integrals) Suppose that ¢(&)

0
is holomorphic in a neighbourhood of 9D, that is % =0 in U(9D), then the composite

formula
K N — ZkK _ 109¢(¢) 13
[, K@ [ sopgbrme = 5 (13)
holds. In the notation
S¢ =2 P(E)K(n,€) (14)
dD;
Sww=2[  HOKmE, K€ = ESEK(0) (15)
3Dy In — ¢
the composite formula can be written as
0
ssiw=1[ Kcn [ s©Kmo-~2 (16)
oD, aD¢ n 9k

3]
Proof The assumption % =0 in U(9D) implies that ¢({) can be holomorphically

extended into D. Hence the composite formula (12) for 5;((0 holds. Owing to Definition 1 we
have &
| owen [ sol=Ekme
8Dy dD¢ |77 €|
= K(¢, n)/ %Cndqb(g) :
oDy aDg
.Zyzl(—l)jfl(—l)kﬂ(gj - ﬁj)d£1 A A[dER]A--- A dfndgl A A [dgk] A A dgn
|77 — £|2n
1 0(€) oyer (CV THE = )dey A ANdEn AdEy A NdE A NdE,
= K ) Cn
n oD, (C 77) /BDg D¢x |n _£|2n

1 99(8) _ 199
n,/@Dn K(C7n)/aD§ afk K(Thf)— 4n, aCk :

The proof is complete.
Remark Assume that D is a complex ball and ¢ = P,; is a homogeneous harmonic

polynomial of degree s with respect to z, and degree t with respect to Z. Then for n > 1, the

composite formula (12) in the case of the Cauchy singular integral cannot hold, unless when P ,
is a holomorphic polynomial, i.e. when ¢ = 0. So in Lemma 2 we assume that ¢(¢) € C()(9D),
and that it can be holomorphically extended into D. Likewise, in Theorem 2 we assume that
@(&) is holomorphic in a neighbourhood of dD. Tt is a sufficient condition for the composite
formula (13) to hold.

Recall that

Si6=2 [  GOKimE=vm),  Ki(ng) = L= §’§K(n,§)- (17)
D¢ In— &l
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Applying the operator
S¢ =2 P(§) K (n,€)

oDy
to both sides of (17), we have

0
s516=1228) _ g [ ymr(c.n), (18)
n Ok oD,

Under suitable boundary conditions we can uniquely solve the above partial differential equation
for ¢.

4 Higher Order Singular Integral Equations and Partial Differential
Integral Equations

In this section we discuss the linear space L which consists of complex value differentiable
functions whose partial derivatives satisfy the Holder condition on 0D. In fact, the higher order
Bochner-Martinelli singular integrals induce linear operators on L. In the following we solve
the higher order singular integral equations with Bochner-Martinelli kernel.

We consider the higher order singular integral equation
086+ bS1+ T = 1), (19)

where a, b are complex constants, 1 € L is a given function, T'¢ = f6D5 ?(§)L(n, ), where the
kernel L(n, ) is a complex exterior differential form of degree 2n — 1 and L(n,§) € Hy, i.e. the
first order partial devivatives of L(n, £) with respect to n and & satisfy the Holder condition on
oD.

Firstly, we consider the characteristic equation of (19)
aS¢ +bS1¢p = . (20)

Indeed, by Definition 1, it is a differential and singular integral equation.

Applying the operator

M =al - S, (21)
where
Ip=6  (pel) (22)
to both sides of (20), and utilizing the composite formula (16), we have
b 94(¢)
—— = Sv. 23
ap+ 220 sy (23)

Solving this partial differential equation under suitable boundary value conditions we can obtain
the unknown function ¢ uniquely.

The general equation (19) can be reduced to a equivalent Fredholm equation by using the
operator M. In fact, applying the operator M to equation (19) and using composite formula
(16), we have

b 99(0)

o+ n Ok

+ S5T¢ = Sip. (24)
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Applying the theorem of exchanging order of integration for singular integral and ordinary
integral ([2] Th.4.5.1), we have

ST = /8 K [ 0oL

- / o(6) / Lo OK(Cn).
aD¢ oD,

We can then prove that [, L(n,&)K (¢, n) satisfies the Holder condition with respect to & and
¢ ([2] p-292). Therefore, (24) is a Fredholm equation.
Equation (24) and (19) are equivalent. To show this we need only prove that the solution

of (24) satisfies equation (19). In fact, applying the operator
M* =al +bS (25)

to both sides of (24) and use composite formula (16) we obtain (19) immediately.

To summarise, we have

Theorem 3 Suppose that in equation (19), a,b are complex constants, ¢ € L, and the
kernel L(n, &) of operator T belongs to Hy, then

(i) The solution of the characteristic equation (20) of (19) can be obtained uniquely in L
by solving the partial differential equation (23) under suitable boundary value conditions.

(ii) In L, the higher order singular integral equation (19) is equivalent to the Fredholm
equation (24).
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