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Abstract. In this note Schwarzian derivative in IR" is defined and its properties
are investigated. Relationship between Mobius transformation and linear fractional
transformation is established in terms of Schwarzian derivative. An injective criterion
is obtained.
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1. Introduction

In analysis of one complex variable, the Schwarzian derivative of holo-
morphic functions is

[ 3 (1)
@ 2\FE

The most important result in relation to Schwarzian derivative is that

if a function f is of the form f(z) = giig, then Sf(z) =0, and vice

versa (see [5], for instance). If, in particular, ad—bc = 1, then the above
linear fractional transformation becomes a Mobius Transformation. All
Mobius transformations constitute a group, namely the Mébius group.
The generators of the Mobius group are translations, reflexions with
respect to the unit circle, dilations and rotations. Based on this point
of view Ahlfors obtained the Mdobius transformations in IR™. Mobius
transformation, therefore, is a natural starting point for generalizing
Schwarzian derivative to different contexts ([3,7,8]).

Sf(z) =
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On the other hand, in IR? = @, every holomorphic function is a con-
formal mapping. One therefore can also depart from conformal map-
ping by studying the order 3 approximation to conformal mappings by
Moébius transformations, and hence obtain Schwarzian derivatives of
conformal mappings between Riemannian manifolds ([3,6]).

In higher dimensional spaces holomorphic mappings are no longer con-
formal. Study of Schwarzian derivatives of holomorphic mappings in
this case hence becomes a new direction ([5]). In the study of Gong, by
treating Schwarzian derivatives as the infinite small form of cross ratio
of four points, many significant results were obtained ([5]).

Let {e1,e9,- -+ , €n} be an orthonormal basis of IR™. The real Clifford
algebra generated by ej,eq, -+ --- , en 1s the 2"-dimensional associative
algebra, A,, whose multiplication satisfies

eie; +eje; = —251‘3'.

Denote by é;,i,...i, the product e; €5, ---€;., 1 < iy <ig < ---4p <. If

r € A, then
x = Z ey,
AC{1,2,---,n}
where A runs over all subsets of {1,2,---,n}. According to different

cardinality of subsets A, A,, can be expressed as direct sum of n + 1
subspaces:
A=A Al @ @ A7,

where A9 is isomorphic to IR, whose elements are scalars, AL is iso-
morphic to IR" whose elements are vectors. The elements of AfL, k>2,
are called k-vectors. If z € A,,, then x can be decomposed as

z=[zlo+ [z]1 + -+ []n.

The elements of A, are called Clifford numbers. The Clifford group of
A, is the Lie group, denoted by I';,, consisting of all finite products
of vectors in IR"™. The subset of I';,, consisting of products of an even
number of vectors forms a subgroup of T',,, denoted by I';'. The com-
plement set of T’} in T',, is denoted by T';,. We introduce the following
operations:

(€ir€iy -~ €5,)" = €5,y - €in€i

and

(€ir€ir - €i,) = (i) (€ir) -+ (€5,)
where (eg) =1 =1, (e;) = —e;, i # 0. The operations * and  are
extended to A,, by linearity and we define the third operation™ by

i

z=(a)" = (2").
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Note that for v € IR", we have v* = v and v = —v. For general a,b €
A, we have (ab)* = b*a* and ab=ba. If x € A, z = S zfeq,
AC{l,Q,,TL}

then the norm of x is defined to be

lzl = > =AY

AC{1,27,7L}

When v € IR", we have [|[v||> = v = vv. For a € Ay, ||a|?* = [aa], =
laa), . If v,w € IR", then the inner product

1
<v,w >= i(vw+wv) cR=A.
The outer product of v, w is defined to be
1 2

VAW = i(vw—wv) € A;.
Inner product is symmetric, and < v,w >= 0 if and only if v and w
are orthogonal. Outer product is anti-symmetric, and v A w = 0 if and
only if v and w are parallel.

2. Criterion of Linear Fractional Transformation

Let Q C R", f:Q — A, A€ R", A=Y, Ne;.

Definition. The directional derivative of f in the direction of A is

We shall prove the following theorem.

Theorem 1. Let 0 € Q C IR™, n > 2, where (2 is a starlike domain
around the origin, and f : @ — IR™ be an immersion. Then a sufficient
and necessary condition for f being a linear fractional transformation

is
Dyf AD3f =0, for any A € IR".

Proof. i) Necessity. We can get the proof by direct computation.
ii) Sufficiency. Without loss of generality, we assume that f(0) = 0,

of" (0) = 6. Let o € Q be fixed. Set y : [0,1] — R",y(t) = f(tzo),
x

_dy _
-2

. dQZ/ 2
onf(txO)a Yy=——> _onf(txO)

Y 2
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Owing to Dy, f(two) A D2, f(tzg) = 0, we have
D?:Of(t:cg) = aDy, f(txo), a € IR,

§(t) = ay(t) and  §°(t) = ag®(t).

x§ xg )
o B
Integrating above equality, we obtain y:Egt) =Y Es’t) For t = 1, we
have
f* (o) _ f(x0)
« - 8 (4)
) xy
(4) holds for all € Q. Hence there exists a function z : IR™ — IR such
that N
/ (am) = z(x), forany a=1,2,---,n. (5)
x
Hence,
a (63
Lo et (©)
(e
where z; = g;l For z =0, 6% = %(O) = 082(0), so
2(0) = 1. (7)
We have, from (6),
82 o’
f = 5f‘zj + 5}121' + IL‘aZij. (8)

Ozt O
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6‘22 '
o0z'ox’

Z NN (6825 + 072 +2%%5) = a Z N(6%2 + 2%%).

1,J %

where z;; = Based on the assumption of the theorem, we have

Hence, we obtain

AT Nz 42y NNz,
J i,J
a = - y a = 1) 27 """ 5 T (9)
A2+ x® Z Az

(]

(9) implies that

2\°Dyz +2°D3z  2\°Dyz + 27D}~
X2 +2%Dyz M\ + :BBD,\Z '

The above is equivalent to
(i’a)\ﬁ — )\al'ﬂ)(ZD/Q\Z — 2(D>\Z)2) = 07 o = 1’ 2’ ...... , 1.

So,
2D3z —2(Dyz)? = 0. (10)

For any A € IR" (10) is valid. Setting x = txo, A = x¢, we have

23 =232
where z = 42 5 — &’z The above equality is just
dt’ dt?”
z z
- =2-. 11
z z (11)
Integrating (11), we obtain
Z(txzo) 9
= txo).

Integrating the above equality and noting z(0) = 1, we have

1 .
1-— (o) =t2(0),

or
1

2(txg) = T t0)
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For t =1, we have

1
= 12
“(e0) = =5 (12)
Now we compute 2(0):
) dz . 0z 0z
2(0) = @t = xB@(O) =< xz9,d >, where d = i 87%62'.
Hence, we have
(0) = ——
270 1- < xg,d >
and "
= 1-<z,d>
The proof of Theorem 1 is now complete. O

3. Schwarzian Derivative

Schwarzian derivative may be viewed as the infinite small form of the
cross ratio of four points([5]). It can be defined (also see [7]) as follows.

Definition. Let f : IR" O 2 — IR™ be an immersion, A € IR", then the
Schwarzian derivative of f in the direction A is defined to be

SFOa) = (DAf) ' DYf — 5 (D) D3]’

In [7], Ryan introduces

3 D3 5(DAf) P

Srf(\a) = DIF(DAN) ™! =5

Since Dy f = D) f, we have the relation

Sf(\x) = S.f(\ ).

A direct computation gives

Theorem 2. If f : ) — IR™ is a linear fractional transformation, then
for any A € IR™ and x € €2 we have

Sf(\z)=0.
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The following result also holds.

Theorem 3. Let 2 be a starlike domain about the origin in IR"™ and
f:Q — IR" be a immersion satisfying

i) Sf(A\,z) =0, forany A€ R",z € Q; and
ii) DAf(0) AD3f(0)=0, forany A € IR™

Then f is a linear fractional transformation.

Proof. Let zy € Q be fixed. Set g : [0,1] — R™, g(t) = f(txo) — £(0).
Obviously,
af

49 _ d*g

i 2
dr xoaxi (t$0) = onf(tl‘o), a2 = onf(txo),
and .
d’g
pri D3 f(txo).

Since Sf(xg,txo) = 0, we have

ie.,

t) dt n dt — 2
dv 1
i
Voatt T2
Differentiating
1= U_lv,
we have
0= (dv ") +v(dv)
that gives

dv™t = —v7(dv)vh.
Integrating the above equality from 0 to ¢, we obtain
1

v H(t) = v H(0) — it.
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Since

-1 2 771
v H0) = [(i;) (jﬁg] = [(Da /)" D2, i € IR,
=0

we have v~1(t) € IR, and

v(0
oty = —290
1 — =tw(0)
ie.,
dg v(0) dg
— . a4
dt 1— ~t(0) dt
The above is
2 « a
2 ) W =12
S P 0)
2
Therefore
dg® 1 dg®
%(t):ti%(m, a=1,2- .
(1= 50(0))?
Integrating the above equality, we have
t dg®
ga(t)zli%(m, a=1,2- .

Noting %(0) => xo%fi(()) and denoting v(0) by vo(zo), we have

[ (two) = f4(0) = g*(t) = — > o 507 ) (13)
1-— *tvo({L‘o) % x
For t = 1, (13) becomes
1 Of
[ (@o) = f(0) = ——— D _ 205 7(0). (14)
’ 1-— 1’L)O(:EQ) % " Oz

For any zo € Q, (14) is valid. Now replacing z¢ by txg in (14), we
obtain

foltm) - 10 = ——— YA 0.
1-— ivo(tl’o) 7 x
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Comparing (15) with (13), we have
Uo(tCEQ) = tv(a:o).

The above implies that vo(z0) is homogeneous of degree one, and hence
vo(zg) =Y, 2'd; =< x,d > . Thus

5
fo@) = f2(0) = —

i )
l—=-<uz,d>
9 X

The proof of Theorem 3 is now complete. O

4. Mobius Transformation

Denote the group of Mobius transformations of IR™ by Mdb(n) and the
group of linear fractional transformations of IR"™ by Fra(n).
For f € Mob(n), from Vahlen’s theorem, we have

f=(az +b)(cx+d),

where a,b,¢,d € Ay, a,d € T;) U{0}, b,c € T~ U{0}, and ad* —bc* =1,
ab*, bd*, dc*, ca* € IR".

For ab* € IR", and b € T, it is proved that b*(ab*)b is in IR™ ([4,7]). It
implies b*a € IR™. Similarly, d*b, ¢*d, a*c are in IR™.

We can have the following theorem by a direct computation (see also
[7]).

Theorem 4. If f € Mdb(n), then Sf(\, x) =0, for any A € IR™ and any
x € R".

Based on Theorem 4 and 3 we obtain: If f € M6b(n), and if there exists
a point zg € IR™ such that Dy f(zo) A D3 f(zo) = 0 for any X € R,
then f € Mob(n) N Fra(n).

In comparison with Theorem 3 and Theorem 4, we wish to pose the
following

5. Injective Criterion

In this section we will prove a injective theorem.

Theorem 6. Suppose that €2 € IR"™ is a convex domain, whose diameter
is 6 < oo. Let f:Q — IR" be an immersion, satisfying



266
i) Sf(\,z) € R, for any A\ € IR" and any x € Q;

i) Sf(\z) < for any A € S"71 x € Q.

(527
Then f is an embedding.

Proof. Suppose that the theorem is not true, then there exist two points
x1 and x9 € ) such that x1 # x9, and f(x1) = f(x2).

Set g : [0,1] — R",g(t) = f((1 — t)z1 + txa) — f(z1). Obviously,
g(0) = g(1) = 0. We have

. d 7 za
g<t>=ﬁ=2<x2—x1> =l =l S A, L \ay— &1 D,

dt
where \ = 22— L1 ¢ gn=1 and
H — z1]]
i) = G = a2l AN G = o D3
Set
A= g5 = |lva — ml|(Drf) " DS (22)

Then we have

dA 1
= —AQ X2 — X1|2Sf(\x), o= (1—t)a +teg. (23)

Assume that G is the solution of the ordinary differential equation

dG 1
— = —AG G(0) =1.

o = 5AG, (0)

By the theory of ordinary differential equations ([2]), the solution G is
unique and G(t) # 0, t € [0, 1]. Therefore we have

d(th) S(AGG +GaA), (24)
2
d (GG) 1 [2\\332 — 212Sf(\ 2)GG — AGGA]. (25)

Cd?
And from (22), (24) and (25), we have

d*(gGGy) 299 10 dg dg
— = 2— —GG—= s gAGGAg— by GG AG + gAGG™E o

[z — z1|*S (A 2)gGGy. (26)
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We have, from (26)

PTG iy — a1 25 (0, 219G =
—(f‘;i’a—f AG)(\fziG—\f AG). (27)

Taking the scalar parts of two sides of (27), we obtain

d*[9GGylo

d 1
e e = PST (0 2)[9GGalo = [V25]G — —=gAGIP > 0.

V2
(28)
Since 9§ is the diameter of 2 and z1,x2 € €, ||x2 — x1]| < 0, there exists

€ > 0 such that

1)
1+2e << —4mM8Mm—. 29
R r——" (29)

Let u = sin %ﬂ', t € [0,1], then u(t) > 0, t € [0,1]. Let further

5, then

2
_ T
P= 120

d*u
W +pu = 0. (30)

For convenience, we denote [gGGglo by h. Consider

dt u dt

d [dh. 1d d*h, 1d dh  1du \?>
R ey i “n) L (31)
dt dt u dt

Substituting (28) and (30) into (31), we have

d [dh ldu , 9 2 dh  1du
S il A > _ ZZh)2.
g [ iy, L, ] ph? s — w255 (3 )n? + (B 2,
(32)
Owing to the assumption Sf(A, z) < 7(;—2 and (29), we have
d [dh ldu , dh  ldu, .,
S 2R > (5 - 22 > 0.
dt[dth udth] (dt udth) 20

Integrating the two sides of the above inequality from 0 to 1, we obtain

So
— ———h=0. (33)
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Hence, we have

d 1 /dh 1du
%) " (dt - udth> =0

h

Therefore, we have 7; = constant, h = constant - u. But h(0) = 0 and

u(0) # 0, so the constant= 0. That is h = 0, [§GGglo = 0. It implies
that ||gG|| = 0. One the other hand we have G(t) # 0, for any ¢ € [0, 1],
thus g(t) = 0. It is contradictory to the fact that f is an immersion.
That ends the proof. O
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