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Abstract We offer a new approach to deal with the pointwise convergence of Fourier-
Laplace series on the unit sphere of even-dimensional Euclidean spaces. By using spheri-
cal monogenics defined through the generalized Cauchy-Riemann operator, we obtain the
spherical monogenic expansions of square integrable functions on the unit sphere. Based
on the generalization of Fueter’s theorem inducing monogenic functions from holomorphic
functions in the complex plane and the classical Carleson’s theorem, a pointwise conver-
gence theorem on the new expansion is proved. The result is a generalization of Carleson’s
theorem to the higher dimensional Euclidean spaces. The approach is simpler than those
by using special functions, which may have the advantage to induce the singular integral

approach for pointwise convergence problems on the spheres.
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1 Introduction

We start with reviewing the basic notations and results. Let f € L!([—m,n]), then the
Fourier coefficients ¢i are all well defined by

1" :
cw=— [ flt)e *dt, keZ, (1.1)

T o o

where Z denotes the set of all integers. By sy (f)(x), we denote the partial sum

sn(f)(z) = Z cre*, z € [-m, 7], N € Ny, (1.2)
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of the Fourier series of f, where N denotes the set of all natural numbers. Then we have,

swv(H@ =2 [ FO)D(a — e, (1.3)

T™J—x
where
sin(N + 1)z
Dy(z) = W

1
N+§ forx =0

for z € [—m, 7]\{0},

is called the N-th Dirichlet kernel.
Since L?([—m,7]) C LY([—m,7]), the Fourier coefficients of L2-functions are well defined.

There holds the following Carleson’s theorem.
Theorem 1.1 [1] If f € L?([—m, ), then

sn(f)(z) = f(x), a.e. x € [-m, 7|, as N — +oc.

L. Carleson proved this theorem in 1966. The next year, R.A. Hunt [7] further extended
this result to f € LP([—m,7]), 1 < p < oo.
One naturally asks what is the analogous result for the unit sphere S™ in the (n + 1)-

dimensional Euclidean space R}, where
Rl={zr=20+2z |20 €R, z€R"}?

For any square integrable function f defined on S™, denoted by f € L2(S"), there is an

associated Fourier-Laplace series:
o0
F~> 0 f (1.4)
k=0

where fj is the homogeneous spherical harmonics of degree k. There were comprehensive
studies on convergence and summability of Fourier-Laplace series on the unit sphere of higher
dimensional Euclidean spaces (see [8], [17], [20]). However, except for the two-dimensional case,
pointwise convergence, being the initial motivation of harmonic analysis, may be said to be very
little known. The case n = 1 seems to be the only well studied case ([1], [21]). Dirichlet ([2])
made the first detailed study for the case n = 2, on the so-called Laplace series. Koschmieder
([22]) studied the case n = 3. Roetman ([17]) considered the general cases, and, under certain
conditions, reduced the convergence problem for n =2k +1ton =1;and n =2k+2 ton = 2.
Among others, Meaney ([10]) and Yu ([23]) addressed some related topics, including the LP
cases.

The theory of Fourier-Laplace series is not facilitated with a complex structure like what
is in the complex plane. All the known studies on Fourier-Laplace series are heavily dependent
on the properties of spherical harmonics, especially Legendre polynomials. In this study, we
provide a new approach based on Clifford algebras. Based on the induced complex structure
we obtain integral expressions of partial sums in terms of Dirichlet kernels where no knowledge

of special functions is involved. Our approach is based on generalizations of Fueter’s theorem
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(or inducing theorem, see below) on inducing monogenic and harmonic functions from those
for one complex variable. In particular, the Dirichlet kernels (see Section 3) are induced from
those for one complex variable by using inducing theorem. The convergence results obtained
here are stronger than those obtained in [17] with simpler proofs, while [17] heavily relies on
the special functions machinery. The applicability of the method adopted in this article is
restricted to the even dimensional cases. That is because, the Fueter’s theorem in those cases
reduces to pointwise differentiation, and further reduces to the problems in complex plane. Our
proofs are based on this pointwise differentiation approach. On the other hand, for the odd
dimensional cases, Fueter’s theorem reduces to computation on Fourier multiplier operators,
with connections to complex plane; or alternatively to pointwise differentiation but based on
the three-dimensional Euclidean space. The odd dimensional cases would require different ideas
(1], (13, [15)).

This article is a further development of [5] and [9]. In [5], the authors obtained the detailed
expression of the Dirichlet kernels restricted on the unit sphere. Then, Riemann-Lebesgue
theorem, localization principle, and a Dini’s type pointwise convergence theorem are proved.
In this article, based on the classical Carleson’s theorem, we further obtain a weaker condition
in terms of certain Sobolev spaces that guarantees the pointwise convergence of the Fourier-
Laplace series (1.4) (see Section 4 for details). The result is a generalization of Carleson’s
theorem to the higher dimensional Euclidean spaces. We include here some propositions and

results from [5] without proofs.

2  Preliminaries

We will be working with R7, the real-linear span of eg, ey, -, e,, where ey is identical
with 1 and e;e; + eje; = —20;;. R} is embedded into the Clifford aleghbra R(™ generated
by e1,---,en. A typical element in R} is denoted x = x¢ + z, where 9 € R and z =

rie1 + -+ zpe, € R". We will study RY-variable and Clifford-valued functions and the

concepts of left- and right-monogenic functions are introduced via the generalized Cauchy-

Riemann operator D = a%oeo + 6%191 + .+ %en: a function f with continuous first order

derivatives is said to be left-monogenic or right-monogenic if Df = 0 or fD = 0 in its domain,

respectively. A function is said to be monogenic, if it is both left- and right-monogenic. The
nt1l

Cauchy kernel is denoted by E(z) = im%ﬂ, x € R\ {0}, where w,, = 12“7(7"—31) is the surface

area of the n-dimensional unit sphere S™ in R}. The Cauchy kernel is both left- and right-
monogenic.

Let f° be a complex-valued function defined in an open set O in the upper-half complex
plane. Write f0(z) = u(t,s) + iv(t, s), where u and v are real-valued.

Denote, for x € 6,

fO(x) = ulzo, z]) + v, |2]),

|z|

where O = {z € RY|(zo, |z|) € O}.
f0 is said to be the induced function form f°, and O is the induced set form O. The
concept of intrinsic sets and functions naturally fit into our theory. In the complex plane C,

a set is said to be intrinsic if it is open and symmetric with respect to the real axis; and a
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function fY an intrinsic function if it is defined in an intrinsic set and satisfies fO(z) = f°(2)
within its domain (see [11]). In the notation f° = u + iv, the above condition is equivalent to
require that u is even and v is odd in their second argument. In particular, v(zg,0) = 0, i.e.,
f9 is real-valued if it is restricted to the real line in its domain.

Denote by 7 the mapping

(%) = kTIATE D,

where A = DD, D = a%Oeo - a%lel —— %en and k, = (2i)"7'T?(2EL) are the normalizing
constant that makes 7((-)~1) = E (see [14]).

The operator A"7 is defined via the Fourier multiplier transformation on tempered dis-
tributions M : &' — &’ induced by the multiplier m(¢) = (2i|¢])" ! :

Mf =R(mFf),

where

1) = [ fla)da,

1
and

Rh(z) = /R ) e 2mHED) (€)de.

It is noted that both the Fourier transformation F and its inverse R are defined on tempered
distributions via pairing with rapidly decreasing functions.

If n is an odd integer, then A7 reduces to a point-wise differential operator that was first
studied by M. Sce who extended Fueter’s result to R} for odd n € Z* ([18]). The corresponding
result for n even was obtained and discussed by [13] and [14]. We have the following ([6], [18],
[12-14)).

Proposition 2.1 Let f%(2) = u(s,t) + iv(s,t) be an intrinsic function defined on an
intrinsic set O C C. Then, the function 7(f°) is monogenic in O.

If we consider f° to be of the form z*, k € Z, then we define the monomial functions by
PR —r(()7F),  PED PR kezt,
where Z7T is the set of positive integers and I is the Kelvin inversion defined by
I(f)(x) = B(x)f(z7").
When n is odd, the striking facts ([14]) are
(()®)y=pP®) p=—1-2.; (2.1)

() = POk =0,1,2,---. (2.2)

We note that, for any k,
PW (y~'2)E(y)

is monogenic both in x and y ([14]). Since E(y)n(y) = 1 on the sphere, by Cauchy’s theorem,

we have
| PO )doly) =0, ol =1, k£ 0; (2.3)
and, since P(9) = J(P-Y) = I(E) = 1, we have
1
— | POy e)do(y) =1, || =1. (24)

Wn Jgn
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3 Expansions of the Fourier-Laplace Series and Dirichlet Kernels

In the frame of Clifford algebras, we are enable to decompose spherical harmonics into
sums of spherical monogenics ([4]). For any k-spherical harmonic fj, as appeared in the Fourier-

Laplace series of f € L?(S™) in (1.4), one has the unique decomposition

fe = g + h, (3.1)

where g, is the restriction on the sphere of a left-monogenic function of homogeneity k, and hy
the same restriction of a left-monogenic function of homogeneity —k + 1 —n ([3], [4]). Results
in [14] imply that

a(@) = o [ PO )oly)
and )
m@) = [ PG o).

Note that the expressions P®)(y~1x) make sense as the domain of P*) may be extended to
products of vectors ([14]). The partial sum corresponding to (1.4), denoted by Sy f(x), may be

expressed as

1

Suf@) = o= | DRV ()dot), (3:2)
where
Dy @)= Y PW(a) (3.3)

|k|<N
is called the N-th Dirichlet kernel in R}. When n is an odd number, invoking (2.1) and (2.2),

N+n—1

D@ =r( Y O%)@): (3.4)

k=—N

In this article, we only consider n being odd numbers and therefore (n — 1)/2 being positive
integers. The computation of D%H)(x) is based on the inducing theorem obtained in [15], as
cited in the following proposition.

Proposition 3.1 Let h(¢, s) be harmonic for ¢ and s in a region O in which s > 0,¢ > 0.
Let n € Z* being odd and z = zo + z € R}. Define

H(LE) = A(nil)ﬂh(l")v |§|)7
where the Laplacian A is in the n + 1 variables, then
1
H(z) = (n— 1)”(;35)("’1)/%(1% $)lt=zo,s=la|> (3.5)

and H is harmonic in xg, 21, -, 2, in the corresponding region in RY.
Without loss of generality, we assume that functions to be expanded in (1.4) are scalar-
valued. Indeed, a Clifford-valued function may be separated into 2™ parts of each which is

scalar-valued.
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Assume that f € L?(S™) and f is associated with an expansion (1.4). From the decompo-

sition (3.1) and the integral formulas for g and hy, we have
1 _ _
fule) = 5 [ (P4 P ()doy).

Since f is scalar-valued, the scalar part of P(*) + P(=%) will produce f;, and the nonscalar parts
of P*®) and P(—%) will have to be canceled out. This concludes that only the scalar parts of the
Dirichlet kernels are concerned. We denote the scalar part of D§\7;+1) by Dg\?H).
Denote
N+n—1
I e e R T P A
k=—N
and fX(z) = Un(t,s) +iVn(t, s), where z = t +is, t,s € R. Thus, both Uy and Vy are
harmonic functions in ¢ and s.
Since we only consider n being odd numbers, we write n = 2l + 1,1 € ZT for the rest of
the article. Then D%H) = Dﬁlﬁ). From [5], we have the detailed expression of Dﬁlﬁ).
Proposition 3.2 For any x € S”, i.e., x =20+ 21 + -+ + Zp, and |z| = 1. Then

L g
Dg\?lﬂ)( ro H(21 ”ZZC (sin )~ 2lQ(J)(Sln9 cosﬁ)(({fo)iUN
j=1 =1
l J 9
LN O (sing) 2 RY (sin 6, cos)(55) Viv. (3.6)

j=1i=1

where 6 = arccos x, Ql(-j ) and Rl(j ) are homogeneous polynomials of degree j in two variables,
j —j (2l—j=1)1(21=2j—1)! :
Cf = (-1l B Bt 1< j<i-1;Cf = 1.
Now, we work out Uy and Vi in polar coordinates. We have

N+n—1
ZN+n

() = Z g _le—z) 1—2

k=—N
cos NO — rcos(N + 1)§ — 72N cos(N + n)0 + r?N 1+l cos(N +n —1)6
rN(r2 —2rcosf + 1)
i sin NO + rsin(N + 1)§ — r2V* 7 sin(N + n)0 + r2V 7+l sin(N +n — 1)0
rN(r2 —2rcosf + 1)
= Un(rcosf,rsinf) + iVy(rcosf,rsinf).

Restricting to the unit sphere, we have

UN(COS@,Sin@):COS cos(N +1)8 — cos(N +n)# + cos(N +n — 1)

2(1 — cosb)
~ sin 2850 4 sin %9 sin(N + 2) cos %526
B 2sin g sin g ’

and

—sin N0 + sin(N + 1)0 — sin(N + n)d + sin(N +n — 1)0
2(1 — cosb)

cos 28H ) — cos 2ME2n=19 _ sin(N + 3)0sin "= 6‘

= ) - [

2 sin 5 sin 5

Vn(cosB,sinf) =
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4 Main Results

From the study in Section 3, we know that the Dirichlet kernels Dg\’,“rl)(:c) on S™ depend

only on the angle 6, where § = arccoszg, 6 € [0, 7], which means that D%H)(y_lx) on S”

depend only on Re(y~'z). In addition, when z,y € S™, we have that Re(y~'z) = Re(jz) =

(y,z). Now, let x be a fixed point on S™ and write y = x cos§ + §sin 6§, where ¢ is orthogonal

L= 4 =2cosh + ysinf and Re(y~'z) = (y,z) = cosf.

to z and 6 = arg(y, x). In this case, y~
We take average of a function f € L?(S™) over the (n — 1)-dimensional sphere whose points y

satisfy arg(y,x) = 0. This average is denoted by

©(10) = o [ Sacost+ gsind)do,(3),

Wn—1

where 7 is the spherical variable on S"~1, do,,—1(7) is the normalized surface area measure on
S7=1. We call ®,(f)(f) the average of f about  in angle 6.

Note that in considering convergence problems it suffices to assume f to be scalar-valued.
Without repeating, we will always assume this for the rest of the article. We briefly write
®,(£)(0) = ®,(6). In addition, we use W-'([0,7]) to denote the Sobolev space

WE(0.7]) = {9 € 20, m)I(5)*g € L (0,al), k=1,2,-,1}.

Denote ®,(0) = 9113%) ®,,(0) if the limit exists. Then, the pointwise convergence theorem is
as follows.

Theorem 4.1 Let x be a fixed point on S™. For any f € L?(S™), we assume that ®,(0)
exists. In addition, if ®,(6) € W5*([0,]), then ngnoo Sn(f)(z) = ®,(0). If, in particular, f is
continuous at z, then J\}gnoo Sn(f)(x) = f(z).

Proof It suffices to show A}gnoo(SN(f)(:c) — ®,(0)) = 0. From the relations (2.3) and
(2.4), we have

1
o [ DR o) < 1

It is reduced to show

lim — [ DI ) (f(y) — 8. (0))do(y) = 0.

N—oo Wy Jgn

The last integral is scalar-valued and thus is induced from the scalar part of the N-th Dirichilet
kernel DE\?H) = DE\?HQ), viz.

[ DR (1) - Ba0)doly)

Sn

Substituting the expression of Dg\?lw)(y*lx) and writing the integral into an iterated integral,
the above becomes

I J
L (21+2-2) | ,.—1 I j—21 () 9
o (sm 0) [ @)1 )" O (sin 6y QY (sin, cos 0) (5,

)'Un

j=11:=1



1248 ACTA MATHEMATICA SCIENTIA Vol.29 Ser.B

l J
L (21+2-2) | ,.—1 20 p(3) (o g i
_|_ (s1n9) [ (21) ”;;C (sin 6) i- R; (s1n9,cos9)(89) VN

w
n Jj=1i=1

Taking integration by parts repeatedly, we have

lim (Sn(f)(z) — ®.(0))

N—o0

™

|
=
b=
§ |
3\
=
Q
S~
=
Q
3
<
wn
=3
)
%ﬁ

l J
o 9
—1 i . i
+N1Tlown“ CULDIPIC Ol]/o Viv(cost,sinf)(755)

: [(sm 0) RY) (sin 0, cos 0) (D, (0) — @1(0))} a9
N —o0 N —o0

We first consider the second part of the above expression. Since ®,(6) € Wo' ([0, 7)), ®,(0) —

®,(0) belongs to WE'([0,7]). As a consequence, (%) [(sin H)JR )(sm 6, cos6)(D,(0) —D,(0))],

- 1
1 <4 < j, are all integrable. Replacing Vy by Sin(N+3 .)Gebm —2— and applying the classical

sin 5
2
Riemann-Lebesgue lemma, we have lim Iy = 0.
N—o0

sin(N+%)6 cos ’%19
sing

thus the classical Riemann—Lebesgue lemma cannot be directly used. However, for any 7,

As for I, since Uy is equal to

, there will be a singular point § = 0,

1 < j < I, we first consider the second summation EJ: There is a factor (sinf)? in the
integrand and the order of % is from 1 to j. When Z1 1§ i < j—1, after taking (%)i on
(sin H)jQEj)(sin 0,cos0)(®,(0) — ®,(0)), there must be a factor (sin@)™ left, my > 1. If i =
j, after taking (%)j on (sin )’ Q( )(sm9 cos 0)(®,,(0) — ®,(0)), there also must be a factor
(sin 0)™2 left, ms > 1, except the first item that is j!(cos H)jQEj)(sin 6,cos0) (P, (0) — ©,(0)).
By using the classical Riemann-Lebesgue lemma for I; except the first items of the sum-

j
mation Y of I;, we have
i=1

! n
i = [ H 3 J i
]\}Enooll A}gnoo wnﬁ Zl C; / Un (cos 6, sin )
=
[j!(cos ) QY (sin 8, cos 6) (®(6) — @.(0))]de

n—1
lim imfl(ﬂ)”z 'Cj/ sin(N OCOS 50

N—oo Wy, 0 sm 5

—~

J=1
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(cos )7 QY (sin 6, cos 0) (@, (8) — P, (0))dd

l . n—1 1
1 [7 N+ 2= =)0 .
_ 7,{:1 21t S (=1)71C7 Jim f/ sin((V + 20)+2) ) (9)ds,
= N—oo T Jg 2sin 5

where U (0) = cos EG(COSQ)-Q(])(SIHQ cos 0)(®,(0) — ®,(0)), 1 < j < 1. Since ®,(0) €
L2([0, 7]), then, obviously, ¥ () € L2([0,7]), 1 < j < I. By the classical Carleson’s theorem,
we obtain

— 00

l
Jim 1y = ki H(21) H; ) 1c] e (0) = o.
J:

Therefore, we have A}gnoo Sn(f)(x) = ©,(0).

Furthermore, by the result of R.A. Hunt ([7]), we can obviously extend the main conver-
gence results to LP cases, 1 < p < oc.

Now, we illustrate the results of Theorem 4.1 by two examples.

Example 4.1 It should be observed that for n +1 = 2, i.e., [ = 0 in Theorem 4.1, the

average @, (6) becomes the simple evaluation at two endpoints of the interval (—6, 6),

@u(0) = 31102 +0) + 10— 0)),

where 6, is the angle between z and e;, and the Dirichlet kernel ’DE\?) is just equal to Dy in

Section 1. From the condition of Theorem 4.1, ®, € L*([0,]) if and only if $[f(6, + 60) +
f(0, —0)] € L*([0,7]). In particular, if z = 1, Theorem 4.1 reduces to the classical Carleson’s
theorem.

Example 4.2 Letl =1, ie., n+1=4. Theorem 4.1 becomes the following.

Let ¢ be a fixed point on S3. For any f € L*(S®), we assume that ®,(0) exists. In
addition, if ®,(0) € L?([0,7]) and its derivative ¥,(6) exists and ¥,(6) is integrable in (0, 7),
then A}gnoo Sn(f)(q) = ©4(0). Furthermore, A}gnoo Sn(f)(q) = f(q) if f is continuous at q.

The convergence results in [9], with the assumption that ®,(6) is absolutely continuous in
[0, 7], is a consequence of the above results. In fact, if ®,(0) is absolutely continuous in [0, 7],
then ®,(0) € L([0,n]) and its derivative exists almost everywhere and is integrable on [0, 7).

For [ > 1 the condition in Theorem 4.1 may be further weakened to the following:

(i) cos 2516(cos )7 Q (sm6‘ cos 0)(®,(0) — ®,(0)) € L2([0,7]), 1 <j <
(ii) ((;99) [(sin 6)7 QY (sin 0, cos ) (@, (6) — ®,(0))] € L'([0,7]), 1<i<j<l;

(iii) (%)i[(sme)j}zgj)(sm 0,cos0)(®,(0) — ®,(0))] € LY([0,7]), 1<i<j<L.

Obviously, ®,(6) € W5 ([0, 7]) implies the above conditions. The main results of [17] then can
be easily deduced. In fact, there holds
Corollary 4.1 If f is differentiable up to order l on S™, 1 > 1, i.e., f € C*(S™), then
lim Sy (f)(z) = f(x), Vo e S™.

N —o0

Proof By Whitney’s extension theorem ([19], also see [17]), we can show that ®,(6) €
CY((0,7)), and (sin )7 (Z)'®,(0), 1 < < j < I, converge to zero at 0 and 7. In particular,
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®,(0) is continuous on [0,7]. Thus, we have that ,(0) € L*([0,7]) and (Z5)"[(sin 6)’ ®,(0)]
1 <4 < j <, are integrable in [0, 7]. Then, the conditions (i), (ii), and (iii) are satisfied since
QEJ ) and REJ ) are polynomials in sinf and cosf. In addition, f is continuous on S™, then we

have,

lim Sy(f)(z) = f(x), Vo e S".

— 00

References

[1] Carleson L. On convergence and growth of partial sums of Fourier series. Acta Math, 1966, 116: 135-157
[2] Dirichlet P G L. Sur les séries dont le terme général dépend de deux angle, et qui servent & exprimer des
fonctions arbitraires entre des limites données. J Reine Angew Math, 1873, 17: 35-56
[3] Delanghe R, Sommen F, Soucek V. Clifford algebra and spinor valued functions//A Function Theory for
Dirac Operator. Dordrecht: Kluwer, 1992
[4] Fei M G, Qian T. Direct sum decomposition of L2(R7) into subspaces invariant under Fourier transfor-
mation. J Fourier Anal Appl, 2006, 12(2): 145-155
[5] Fei M G, Qian T. Clifford algebra approach to pointwise convergence of Fourier series on spheres. Science
in China (Series A), 2006, 49(11): 1553-1575
[6] Fueter R. Die Funktionentheorie der Differentialgleichungen Au = 0 und AAu = 0 mit vier reellen
Variablen. Comm Math Helv, 1935, 7: 307-330
[7] Hunt R A. On the convergence of Fourier series, Orthogonal Expansions and Their continuous Analogues.
Proc Conf Edwardsville, I11. 1967. 235-255; Southern Illinois Univ Press, Carbondale, I11. 1968
[8] Kalf H. On the expasion of a function in terms of spherical harmonics in arbitray dimensions. Bull Bel
Math Soc, 1995, 2: 361-380
[9] Liu S, Qian T. Pointwise convergence of Fourier series on the unit sphere of R* with Quaternionic set-
ting//Trends in Mathematics: Advance in Analysis and Geometry. Basel: Birkhauser, 2004: 131-147
[10] Meaney C. Divergence Jacobi polynomial series. Proceedings of the American Mathematical Society, 1983,
87(3): 459-462
[11] Pefia D, Qian T, Sommen F. An alternative proof of Fueter’s theorem. Complex Var Elliptic Equ, 2006,
51(8-11): 913-922
[12] Qian T. Singular integrals on star-shaped Lipschitz surfaces in the quaternionic space. Math Ann, 1998,
310(4): 601-630
3] Qian T. Generalization of Fueter’s result to R?*1. Rend Mat Acc Lincei, 1997, 8(9): 111-117
4] Qian T. Fourier analysis on starshaped Lipschitz surfaces. J of Func Anal, 2001, 183(2): 370-412
[15] Qian T, Sommen F. Deriving harmonic functions in higher dimensional spaces. Z Anal Anwendungen,
2003, 22(2): 275-288
[16] Rinehart R F. Elements of theory of intrinsic functions on algebras. Duke Math J, 1965, 32: 1-19
[17] Roetman E L. Pointwise convergence for expansios in surface harmonics of arbitrary dimension. J Reine
Angew Math, 1976, 282: 1-10
[18] Sce M. Osservazioni sulle serie di potenze nei moduli quadratici. Atti Acc Lincei Rend fis, 1957, 23(8):
220-225
[19] Whitney H. Differentiable functions defined in closed set I. Trans Amer Math Soc, 1934, 36: 369-387
[20] Wang K'Y, Li L Q. Harmonic Analysis and Approximation on the Unit Sphere. Beijing, New York: Science
Press, 2000
[21] Zygmund A. Trigonometric Series, Vol 2. 2nd ed. Cambridge: Cambridge Univ Press, 1959
[22] Koschmieder L. Unmittelbarer Beweis der Konvergenz einiger Riehen, die von mehreren Veranderlichen
ab-héngen. Monatsh Math, 1934, 41: 58-63
(23] Yu J R. Some remarks on holomorphic functions and Taylor series in C™. Acta Math Sci, 2008, 28B(4):
721-726



