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This study concerns some new developments of unit analytic signals with
non-linear phase. It includes ladder-shaped filter, generalized Sinc function
based on non-linear Fourier atoms, generalized sampling theorem for non-
bandlimited signals and the notion of multi-scale spectrum for discrete
sequences. We first introduce the ladder-shaped filter and show that the
impulse response of its corresponding linear time-shift invariant system is
the generalized Sinc function as a product of periodic Poisson kernel and
Sinc function. Secondly, we establish a Shannon-type sampling theorem
based on generalized Sinc function for this type of non-bandlimited signal.
We further prove that this type of signal may be holomorphically extended
to strips in the complex plane containing the real axis. Finally, we introduce
the notion of multi-scale spectrums for discrete sequences and develop the
related fast algorithm.

Keywords: Shannon sampling; Fourier atoms; Sinc function; Moebius
transform

1. Introduction

The Hilbert transformation is defined by
1
J(x) x.,

TJ ot —X

Hf (1) =

where the improper integral must converge in a suitable sense. However, the Hilbert
transform is well defined for a broad class of functions, namely those in L(R) for
1 < p < oo and is a bounded linear operator. The domain of the definition of the
Hilbert transform can be extended to the space of bounded functions in L*°(R) as
well [1]. It is also possible to define the Hilbert transform on the space of tempered
distributions as well by an approach due to Gel’fand and Shilov [2], but considerably
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more care is needed because of the singularity in the integral. In this article, the
improper integral is considered in the principle value meaning.

The Hilbert transform is an important tool in the field of signal processing where
it is used to derive the analytic representation of a signal in univariate case [3-6].
Throughout the article, we refer a signal to a real-valued (complex-valued) function
but with a real variable. In [7], the author proved that the phase function 6,(¢)
defined by the boundary value

it
Qta) — ¢ — 4

1 — ae't
of the Mobius transform
ra(z)=12_;a“z, al <1, |z <1, (1.1)
satisfies the relations
H(cos 0,(+))(t) = sin 6,(1) (1.2)
and
1 — |a)?

6,(1) — 2mpu(0), (1.3)

1= 2|al cos(t — t,) + |a|?

where a = |ale= and p, is the Poisson kernel of the unit circle at . We further
deduced [8.,9] that

la| sin(t — t,)

6,(1) := t+ 2arct s
1) +oare an1—|a|cos(t—la)

teR, (1.4)

which is the sum of a linear part and a 27-periodic part. Since e” corresponds to the
particular case a=0 we have suggested e the name non-linear Fourier atom
associated with a and devoted to some studies in [7-10]. Some related study of
Hardy spaces are developed in [11].

The function ¢ is an analytic signal (see definition, for instance, in [3-6,12,13]
with the strictly increasing non-linear instantaneous phase 6,(7). As already
indicated, the instantaneous frequency of cosf,() or ¢ is 2z-multiple of the
fundamental periodic Poisson kernel p,. The signal cos 6,(¢) coincides with the notion
of intrinsic mode function in [14,15].

In this article, we study the product of the two well-known functions of which
one is the Sinc function defined by

sint 1

Sinc(r) = - = E/ X(—1.17(E)e"™ dg, (1.5)

where yx stands for the indicator function of the set E in general, and the other is the
periodic Poisson kernel. Both of them are theoretically and practically important
in signal and harmonic analysis.

We first show that, for real number a with |a| <1, the function (see also (2.5))

) = Y2, (Z1)sine(Z1)
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3 Sinc function and generalized sinc function

1.5¢

Function

-15 -10 -5 0 5 10 15

Figure 1. Sinc function (connected by ‘—’) and generalized Sinc function (by real line) with
A=0.5.

is an impulse response of a kind of ladder-shaped filtering process. The latter
generalizes the system of ideal low-pass filter. We furthermore prove that the impulse
response function /4, is a constant multiple of generalized Sinc function (see Figure 1)
the latter being defined by
Sinc,(f) 1= %;(’) ‘e R. (1.6)
We extend the space of bandlimited signals to a certain kind of non-bandlimited
signal, and establish the corresponding sampling theorem using the generalized Sinc
function. We also prove that the kind of signals can be extended to become analytic
functions in strip-shaped domains containing the real axis in the complex plane.
Finally, we raise the notion of multi-scale spectrum for data and develop its fast
algorithm.

2. Ladder-shaped filter and generalized Sinc functions

We start with a revision for the standard case. We need the definition of the
convolution of two functions f'and g

fxg(t) = /7 f(t—x)g(x)dx, teR.

The question of existence of convolution may involve different conditions on

fand g. Fortunately, Young’s inequality indicates that, for f € I” (R) and g € LY(R),

the convolution determines an L'(R) function fxg with 1<p,q,r<oo and
1,1_1

Lylolyq

p g
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For a continuous linear time-invariant (LTI) system with impulse response A(?),
when the input signal is f;,, then the output signal f,,, is the convolution of / and f;,,,
that is

oe]
foul0 = [ fult = Oz, R
which yields an equivalent equation in the frequency domain

Fou® = V271, (1), E€R,

the Fourier transform being defined by

~ 1 g .
=— e %dt, eR.
== [ roeta ¢
If, in particular, we choose A(£) to be the indicator function

15 ‘56[—%,%],

0’ %-E[R\[—%,%],

then the output f,,, is the truncation of f;, at the frequency band [—-7, 7], which
keeps the lower frequencies of f;, and suppresses the higher frequencies. The
corresponding impulse response, /(t), is

1 o0 ) .
0= o= S5

This leads to the ideal low-pass filter for the associated discrete LTI system:

X-z9(8) = {

h = hk, . (n) - n € Z} with
1
Ea n= 09
hE, ) = {0 n=2k, kez\{0}, 2.1
D

The frequency response of the discrete LTI system is

o8]
HE (e ™) = Z hepume ™, o € [—m, 7.

n=—0oQo
Through simple calculation, we know that H*(¢~") is the square wave

13 |l|< E’

and (¢t 4+ 27) = 0).
0. T<il<n 4 S =10

1@ = {

It is noted that, for the low-pass filter A%, , (or H"), when the input is the unit
impulse

1, n=0,
0, ne”Z

b}

d[n] = {
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then the output (discrete impulse response) is the sampling of the continuous impulse
response /(t) = @Sinc(g 1), that is,

V2mhk, (1) = h(n).
Now we introduce the non-bandlimited case associated with the generalized Sinc
function. To this end, we divide the frequency space R into parts of double intervals

I, = [—g(n+ 1), —gn] U [gn, g(n—i- l)], n=0,1,....

The Riemann-Legesgue lemma implies that for any integrable signal f the spectrum
value |f(§)| in 7, tends to zero as n tends to oco. In view of this, we propose the
following filtering process: for input signal f;,, the output signal f,,, keeps the
frequency information of f;, but with different scales in the different frequency bands
I, namely,

foud® = (L + ) f,(5), £,
fou® = a(l + @) f,,(8), &€y,

fon® =d'(1+a)f, ), Ecl,, n=12,...,

where a € (—1,1). Correspondingly, the impulse response /,(f) can be represented
in the Fourier domain

ho&) :=d'(1+a), &cl, n=01.2,..., 2.2)

where for a =0, we temporarily set 0° = 1. In this notation, the function /1, coincides
with the indicator function x(—z 7. For general a, the function £, is a step function
with ladder shape. Simple calculation provides an alternative form

ha® = (1 =) d" Y gmm(®). EER,
n=1

from which we get the representation in the time domain

ﬂJT[

hat) = —V(l - 2)2 ST R 2.3)
=1 5
By recalling the formula

ir”sinnt—”i—nt lrl <1 2.4
T 1 —=2rcost+r2’ ’ 2.4)

we have

V27 1—d? sinZ!

2 1-2acos¥+a® %

ha(t) = , telR. (2.5)

Note that, apart from a constant multiple /,(¢) is the product of a dilated Sinc
function and a periodic Poisson kernel.
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On the other hand, the impulse response /,(7) is a constant multiple of 7-dilation
of the general Sinc function.
For any complex b in unit disc, straightforward computation gives

z—b  (z—b(—b3) z—b(+|zP)+ bz
1—bz (1=bz)(1—b2) 1_2Re(bz)+|b|z|z|z'

Letting b = |ble™ and z=¢",
et —p B el — 2|b|emy 4 |b|262ilbe*it
1 — beit 1 —2Re(|ble=1)) + |b|?
_cost—2|b[cost, + |b|? cos(t — 213) l,sin t —2|b|sint, — |b|? sin(t — 21;)
N 1 — 2|b| cos(t — 1) + |b|? 1 — 2|b| cos(t — 1) + |b|?

We obtain that for real numbers a

(14 a*)cost—2a
1 —2acost+ a?
(1 —a?)sint
1 —2acost + a2

cos0,(t) =

sin 6,(t) =

Combing the last relation and Equation (2.5) gives

o
ha(f) = \/gsmnit(z) reR, (2.6)

2

that is a constant mutiplication of the (w/2)-dilated generalized Sinc function
defined in (1.6). Noting (2.2) and (2.6), we know that the Fourier transform
of \/§Sincu(§ ) 18 hy,.

3. Sampling theorems for non-bandlimited signals

We start our discussion from the well-known Whittaker—Kotelnikov—Shannon
sampling theorem which states that for any bandlimited function f with
suppf C [—2, ] for an arbitrarily positive number £, the signal f can be
reconstructed from its sampling sequence { f(ng) : n € Z} with the Nyquist density
£ that is
pul ,

fo=3 (nZ)ED

neZ 2t —nw

Any bandlimited function f with suppf' C [, Q2] is related to a 2Q-periodic function
M 27 g T —iZnt
Mya() =~ ;f(nﬁ)e @, (3.1)

The function Mg, however, is well defined not only for Q-bandlimited functions,
but also for any function of sufficient decay rate at oo, namely the sequence
{f(ng) : n € Z} belongs to . Tt is easy to see that, for any Q-bandlimited signal f;
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the compactly supported function f is a pulse in [—2, 2] of the 2Q2-periodic function
Mjq. This suggests us to define the space

Bo = { /€ L’(R): /(§) = Mya®)x o) (3.2)

By the Whittaker—Kotelnikov—Shannon sampling theorem, we know that, 1" is
bandlimited signal with suppf C [, 2] if and only if / € B,

Next we will extend the space Bg, of bandlimited signals to certain spaces of non-
bandlimited signals. For any function / € L*(R) we know that Mg is well defined.
We define the function G, by

(I = a)Myo(0), 7] € [0, )
. a(l —a)Myo(0), 1] € [R2,29)
G (1) = (3.3)
a'(l —a)Mro(t), |tlenQ,m+1)Q), n=012,....
The condition |a| <1 ensures that

li G4o(1) = 0.
00 1a()

For any a € (—1,1), denote by B, the space of signals
B, = {f € LA(R) : /(§) = Gig(®). & € RY. (3.4)
For a=0,
Glo(h) = Mia(Dx-ao(), 1€R,

and [EB?2 is the space of bandlimited signal with supp/} C[—2,2), ie. [B?2 = Bg. We
establish the following sampling theorem for the space B, of non-bandlimited signals.

TueoreM 3.1 A sufficient and necessary condition for a signal f belonging to B, is
1 —a TN . T
f(0) = 1+a§f(n§>81nca(§2<t—n§>), reR (3.5)

where the generalized Sinc function Sinc,(f), t€R, is defined by (1.6), and the
convergence is in both the L*-norm and the pointwise sense.

Remark We should point out that the function Sinc,(7-) is not cardinal. For sam-

pling purpose, we need to normalize it such that ﬁ Sinc,(r-) is a cardinal function.

Proof We first prove the necessity. By the definition of the space BY,, we know that
any f eBg has the following representation in the frequency domain

F® =G =Y Glo@X—trna—21® + xueena)©)
=0

l—a
“1xa IZO: d (1 4+ )Mo (&) X va—12&) + xpa.arne)(©)
V2l —a (T e /
T 2Q 1+4a nezzf (nﬁ) ¢ ;(1 + Aa (x-¢+ne.-)(§) + Xue.a+2)(E))-
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Combing this with the equation

[ee]

Y (1 +a)d (e + xuena@) = (1 —a) Y d™ x e @)

=0 =1

leads to

. 1 - :
7€ =15a 20 (ng)e et 2>Za“ (8.

Applying the inverse Fourier transform to both side of the above equation, noting
that the integral

2Q sin(IQAt — Zn))
V2r QU —ZEn)

lo'e)
e~ X100 (§)e dE =

=l

we have

Qt—Zn)

sin(/
1) ——Zf( 2)a —a2>2 B T

Note that the Equations (2.6) and (2.3) imply that

o0
sinf,(1) = (1 —a*) Y _a'sinlt.
=1

We therefore obtain

sin 0,(2(7 — g n))
10 = () gy 1SR

that ends the proof of necessity.

Reversing the above process, we get the proof of the sufficiency part. The
L*-convergence is due to the fact that the system {Sinc,(Q(- —ng)):nel}is
orthogonal in L*(R). The proof is complete. ]

The following theorem asserts that if fe B, 0 < |a| <1, then f may be
holomorphically extended to a strip containing the real axis. This is in contrast with
bandlimited functions. According to Paley—Wiener Theorem, the latter may be
analytically extended to become entire functions in the whole complex plane.

THEOREM 3.2 If f belongs to B, then f may be holomorphically extended to the strip

1 1
{z=x+iy ogldl <y< — Oélm

,—oo<x<oo},

and, inside the strip, the extended function satisfies the estimate

. CQ,a
I+ = T mog ey

where Cq , is a constant depending on Q and a.
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Proof Consider the possible complex numbers z that make the following two
integrals /() and f~(z) both well defined

1 R
iz€ ~a
— — e Gl o(8)dE.
A/ 27'[./0 A/ 27'[ /—oo f’Q(g) %-
Since Mg is 2Q-periodic, by the definition of Giq G;Q(2n9+$) =a2”G;Q(§),
£ €[0,29). Writing loga=1log|a| +iarga, we have

1 2Q o0 )
ﬁ(Z) — / aZ(n—])el[Z(n—])Q—Fé]qu (é:)dé:
V2rJo ; g

_f+(z) — * ezZéGZQ(g)dga fi(z) =

1 e _— 2 Dl j 2
/ ezéz Ze (n—1)(log |a|+iarg a+i Z)GZQ(E)dE
2 Jo =

1 2Q L
- Nz /0 e’fABg,QG;{Q(g)ds,

where B!, represents the geometric series in the integral, namely,

ZeZ(n D)(log |a|+iarg a+iQz )
n=1
For z=x+1iy, due to the relation

2(log |a|+iarg a+i2 2(log |a|—S2y)
b

le I <e

for
1
_ loglal
Q

the geometric series is absolutely convergent to

B :

EXo T 1 — eZ(log\al-&-zarga-&-zQ)

The function B, is bounded by
1
1 — e2doglal-Qy) ~
The factor B! ; may be moved out of the integral while G“Q(S) is integrable and ¢ is
bounded in the domain of integration. Therefore /T is well defined through the
integral in the in the half-plane y > 10%'”‘ with

+ - “fa
/)] = 1 — e2(loglal—Qy) *

To show that f is holomorphic in the half-plane, we first write out the difference-
quotient
1§Az,, B¢

f+(Z + AZn) f+(Z) / i& z+Az,,Q B?,Q a
Azn \/_ AZ}'I Gf’Q (é)dg

Ve a0.-(A2,)Gl(6)ds

=l
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with
A 1
Vea0:(Azn) = Z— 2log |alHiarg a1 — 221, ,2(log |al+iarg aticez)
(1—e (1 —e e )
iEAz, 2iQAz, iEAz,
. (elg -1 + e — e eZ(log\a|+iarga+in)
Az, Az, '
For £€]0,2%Q] the two functions
eiEAz,, -1 q eZiQAzn _ eiEAz,,
Az, Az,

are uniformly bounded as Az, — 0. Note that

l-;;_- + l(2Q _ g)eZ(loglalJriargaJrin)
(1 _ 82(10g|a|+iarga+iﬂz))2

Alzi,,go yé,a,Q,:(AZn) =
= i(5 = 2Q + 2QB" 5)B’.

The dominated convergence theorem gives
a 2Q

T

We therefore conclude that the function /™ is holomorphic and bounded above any

@) = ¢ (6 — 29 + 2QB! )Gl (6)dé.

line {+iy|—o0 <t < oo} for y > log‘”'
Similarly,
CQa
|f (Z)l -1 - eZ(loglaHQ})
for
—log|a|
<— s>
Q

and the function f~ is holomorphic and bounded below any line {t+iy|—oco<
t < oo} fory < w.
It follows that restricted in the strip

10g|a|< <—log|a|

o -7 Q
the function f(z) =/ (z) +/(z) is holomorphic and satisfies the estimate
CQ a

/@ = T g ey -

The following theorem extends the sampling formula (3.5) to the strip where
f e BS is holomorphic.

THEOREM 3.3 If f'€ By, then for any z=t + iy, log"" <y< _1°g"",

1= T2/ (1 )sies(2(: =) 66

where the convergence is in both the L*-norm and the pointwise sense.
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Proof We show that the generalized Sinc functions in (1.6) may be holomorphically
extended to the strip z=1¢ + iy| — o0 < t < 00, mg% <y< %, and, for n large
enough, there holds

. v Cau
—n— —=a 3.7
’Smca(Q(z nQ))‘ < pat (3.7)
We are reduced to proving
. log |a| —log|al
|sin 0,(Qz — nm)| < Caus. ¥ € o +36, o s, (3.9)

where § is a small positive number satisfying 0 < § < %. The relation (3.8) is easy
to be verified by using the explicit expression of the function sin6, in terms of
Mobius transform. Now as a result of Theorem 3.2 the left-hand side (3.6) may be
holomorphically extended to the strip, while each entry on the right-hand side can be
holomorphically extended to the same strip, too. Invoking the Cauchy-Schwarz
inequality and taking into account the estimate (3.7) and the L*-convergence of the
series {f/(ng)}, the series on the right-hand side uniformly converges in the narrower
strips defined through the restricted 8. This shows the pointwise convenience. The
L’-convergence, again, is based on the orthogonality of the entries on the right-hand
side. The proof is complete.

If for functions in B, a # 0, one uses the ordinary Shannon sampling, then there
is an non-zero error. According to [16] (also see [17]) the L*-norm of the error is
of the quantity O(¢™""), where h is the Nyquist density and d is half of the width of
the strip. In our case h = 7/, d = —log|a|/Q, and O(™"")= 0('°¢'") which is
consistent with Shannon sampling as @ — 0 implies O(£'°¢1!) — 0.

Finally we consider the corresponding discrete LTI system, for which, we hope
that the discrete impulse response is the sampling of the impulse response
ha(f) = @%‘@ for the continuous LTI system. For this discrete LTI system, the

1
filter is ¢ ={c, : n € Z} with

I14a
21—a’ n=0,

e =10, n=2k, keZ\{0},
1—a® (=D

— 2%k 41 .
[T@@ktrnn "L kel

The frequency response is

Il+a 1-a D" o—iCkt o
21—a l+da> = Q2k+Dr ’

H(e ™) = w € [—m, 7.

It is easy to establish the relationship between H(e '), we[—m, 7], and the
frequency response H (¢™*), we[—m, 7] of the LTI system with the ideal low-pass
filter, that is,

i a(l+a) |
H(e )_(l—a)(1+a2)+l+a2H(€ ), we[-mm.
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Simple calculation gives
(I +a)(l —a+d>)
(I—-a)(1+a? °
a(l +a)
(1 —a)(1+a?)’

we(=%,%),
H(e ) =

we[-m, =3U[5,n]

4. Multi-scale spectrum of sequence and implementation

In this section, we introduce a new type of spectrum for sequences, referred to multi-
scale spectrum. Different from the traditional Fourier spectrum for sequences, which
is essentially suitable for only bandlimited signals, multi-scale spectrum is specifically
designed for signals in BS. Although Fourier spectrum is only suitable for narrow
band signal, we apply it to any kind of data. This gives misleading results as we
mainly deal with short time signal which is naturally not narrow band signal. We
now provide a simple explanation about the difference between Fourier spectrum
and multi-scale spectrum. Suppose that we are investigating a continuous signal f{7),
teR. For computer implementation, we actually deal with adigital signal of
length N, namely, (d}, d>, . .., dy). By fast Fourier transform (FFT) algorithm, we get
the spectrum data (6?1,622, .. .,c:VN) of f(¢) with the same length as the time domain
data. Essentially, in FFT algorithm, we are considering the signal f{f) both time-
limited and bandlimited. But the bandwidth of a time-limited signal is infinite. Thus
N Fourier spectrum data is not enough to represent the signal f{¢) since we cannot
get the higher frequency information of f{(r) when f{f) has small duration. We can
obtain the higher frequency data unless we extend the length of the time domain data
of the signal f(#) under study.But by multi-scale spectrum algorithm, we can easily
obtain high-frequency information at any band from N data in the time domain.

4.1. Discrete Fourier transform and FFT revisited

The definition of multi-scale spectrum is closely connected with sampling theorem
of non-bandlimited signals. We need to review some issues related to the definition of
discrete Fourier transform (DFT) for sampling data {x(nA} of continuous signal f{(7)

. . . l _ Q . P . . P . .
with Nyquist c?ensny L =in clflssw set.tmg. Sampling theorem suggests engineers
to define Fourier spectrum for discrete signal {x(nA)} as

T T

2 =) x(np)e, ge [—— —]- 4.1.1)

- AT A
The re-constructional formula is given by
A E L e
x(nh) =— [ Xx(&)e"4dE.
2 7%

When the discrete signal {x(nA)} is of length N, that is,
{x(n2)} = {x(0), x(2),.... x(N — 1)A)},
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for the purpose of computer implementation, we need to make the spectrum defined

in (4.1.1) discrete. This leads to the DFT

N-1
N i . 2
X&) = ;;:0 x(npA)e™™N,  with §, = N_Am’ m=0,1,...

and the inverse formula

15 e 2
x(np) = v Z x(é,,,)e’”m%, with &, = N—Zm, n=0,1,...
m=0

It is known that the DFT is an o(N?) computational procedure. In 1965, Cooley and
Tukey [18] raised an algorithm, named the Cooley-Tukey FFT algorithm, which
breaks the DFT into smaller DFTs in order to reduce the computational complexity.
The Cooley—Tukey FFT algorithm re-expresses the DFT of an arbitrary composite
size¢ N=N;N- in terms of smaller DFTs of sizes N; and N, recursively and thus

reduce the computation time to o(N log V).

4.2. Multi-scale spectrum

It is time to define the notion of multi-scale spectrum for discrete sequence. In the
last section, we have shown that, for any non-bandlimited signal fe B, the

generalized sampling theorem holds:

sin 0, ( ¢ — n)

1 —
[ = ﬁZf(nA) , 1eR

Tt—nxw
If we define the ladder-shaped function g, A (see Figure 2) by

l+aa Se[_%a%
a(l—‘f_a)s EG[—%,—%)U[E e

A° A
—da

1+a

ga,A(é:) =

an(l + a), e [_W, _ %) U [%, (n-&-Al)n)

which has two useful alternative forms

o)
20o® =D a"(1 = )X _s _ey() + Xy o (6))

n=0
and

00

gan@®=0—0a) ) d 'y mm®)., &R,

n=1

we get that /e B, if and only if

f(6) = Mya(®) gul®).

4.2.1)
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A ladder-shaped filter with ¢ =0.5 and A=2

16} 1

141 : : 1

12} : : ]

0.8} : : _
06 o o 1
04+ - o .

0.2} — S, 4

0 Lu —T L . L L o

-15 -10 -5 0 5 10 15
Frequency

Figure 2. Plot of text color 1100, 0a00, 0d00 ladder-shaped filter with parameter a=0.5
and A=2.

It is easy to see that the spectrum of the function fe B, has the following
characteristic property: its high-frequency spectrum is a copy but an exponential-
weight compressing of its low-frequency spectrum. We are therefore inspired to
define the multi-scale spectrum for the sequence {x(nA)}

Fo(e) = 3 x(nn)e Mg, o (6), E€ R, (4.22)

n

THEOREM 4.1  The function X" defined in (4.2.2) has the following properties:

(i) The function X" is neither compactly supported nor periodic;
(i) Riemann—Lebesgue property:

lim #"(§) = 0;

[§]=00

(ii1) Inverse formula:

b

X(n) = ﬁ /:_ O (E)MEdE ne Z. (4.2.3)

Proof The results (i) and (ii) are a direct conclusion of the definition of the
filter g, A(€). To obtain (iii), multiply by ¢”* on both sides of (4.2.2), integrate over
the interval [ %, 7] and utilize the orthogonality of trigonometric polynomials and

the definition of g, A(£) to conclude the formula (4.2.3). |
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The inverse formula states that {x(nA} can be reconstructed from its spectrum
of low frequencies. Certainly {x(nA} can also be obtained by spectrum of high
frequencies {& : |§| € [T, W)} in different scale n.

4.3. Fast algorithm for multi-scale spectrum

It is now right to consider the numerical implementation of multi-scale spectrum
for discrete signal {x(0),x(A),...,x((N—1)A)}. We only need to consider the non-
negative spectrum since X"" (&) is of the Hermitian property X"*"(&) = £""(—£). Set

N, = [*H] and

2w
Em:N_Am, m=0,1,2,....

Note that, for k=0,1,2,...,

2k 2k
s,,,e[—”, ”+”), m= Nk.Nk+1.....Nk+Nj — 1

A A

and

|:2krr 4+ 2kr+2nm
&n €
A A

, ) m=Nk+N;,Nc+N, +1,...,Nc+N—1.

Decomposition algorithm
The spectrum in the low-frequency interval [0, %’) (corresponding to k=0) is
defined by

N—1
)fenew(gm) — (1 _ a) ZX(HA)efmm%’ m= 0, 1, A ,Nl —1

n=0
i 4.3.1)
)’(\,ﬂew(gm) = Cl(l — (l) Z x(nA)e—inm%’ m= Nl ’ N1 + 1’ o N—L
n=0
The k level detail spectrum (& € [, 2ri2m)) g
R ) = d* R (Ennr)s m = Nk,Nk+1,...,Nk+N—1. (4.3.2)

anew anew
= X

Here we denote that X

Synthesis algorithm
We now consider the inverse formula. We show that {x(nA)} can be reconstructed
from low frequency spectrum. In fact, by setting

1 anew
le: X (Em)a m:()yly"'aNl_l
l—a

REn), m=NLNi+1,....N—1,

1
I = a(l —a)

we obtain

1=
x(na) = > yme™. (4.3.3)
m=0
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5. Conclusion

The impulse response of the LTI system corresponding to the ladder-shaped filter is
a constant multiplication of the periodic Poisson kernel and Sinc function, from
which we define the generalized Sinc function. For any signal whose Fourier
transform is the multiplication of an interpolating period function and the ladder-
shaped filter, the generalized Shannon-type sampling theorem holds. These kind of
signals are non-bandlimited and their high-frequency spectrum are obtained from
copying and compressing their low-frequency spectrum. These kind of signals are
restrictions on the real line of certain analytic functions in the strip domains parallel
to the real axis in the complex plane.

Fourier spectrum for discrete sequences is only suitable for bandlimited signals.
For signals of short duration (certainly not bandlimited), FFT algorithm can offer
finite frequency information. In practice, however, FFT is mistakenly used to all
kinds of signals and thus it may give misleading results [14] . This reason has been
stimulating scientists to look for other tools of time-frequency analysis for transient
signals such as windowed Fourier transform, Wigner distribution and wavelet,
etc. [19]. Multi-scale spectrum is designed for certain non-bandlimited signals
characterized by the generalized sampling theorem. Different from Fourier spectrum
for discrete sequences, we can obtain frequency information at any band of the
original signal. The fast algorithm for multi-scale spectrum is derived based on FFT.

We remark that the associated analytic signal essentially corresponds to the
Fourier multiplier xr, and the associated Hardy function corresponds to the Fourier
multiplier e™xg,. In contrast, the two-sided filter g, gives rise to the par-
bandlimited signal induced from the original signal that can be holomorphically
extended to the strips. We note that limA%ww = (1 + a)5(¢) in the sense of
tempered distribution.
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