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ABSTRACT. In the present paper, fixed trace 8-Hermite ensembles generalizing the fixed trace Gaussian
Hermite ensemble are considered. For all 3, we prove the Wigner semicircle law for these ensembles by
using two different methods: one is the moment equivalence method with the help of the matrix model
for general 3, the other is to use asymptotic analysis tools. At the edge of the density, we prove that the
edge scaling limit for S-HE implies the same limit for fixed trace S-Hermite ensembles. Consequently,
explicit limit can be given for fixed trace GOE, GUE and GSE. Furthermore, for even (3, analogous to
[-Hermite ensembles, a multiple integral of the Konstevich type can be obtained.
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1. INTRODUCTION AND MAIN RESULTS

[B-Hermite ensembles (8-HE) [7, [5] generalize the classical random matrix ensembles: Gaussian orthog-
onal, unitary and symplectic ensembles (denoted by GOE, GUE and GSE for short, which correspond to
the Dyson index 8 = 1,2 and 4) from the quantization index to the continuous exponents 3 > 0. These

ensembles possess the joint probability density function (p.d.f.) of real eigenvalues 1, ...,zx with the
form
1 N
—2?
(1.1) Psnpy(x) = - I 2=l [Je™
PHEN 1 <jck<N i=1

where the normalization constant Zgg g, can be calculated with the help of the Selberg integrals [19]:
N B3
N ra+4%)
(1.2) Zanpy = 2m)2 || ——2=.
jl;ll r(1+9%)
Recently, Dumitriu and Eldeman [7] have constructed a tri-diagonal real symmetric matrices of the form

N[0,2]  x(nv-1)8
xv—1p  N[0,2]  x(v—2)3
1 X(v—28  NI[0,2]  x(n—3)3

X2p N[Oa 2] X3
xs  N[0,2]
where the N diagonal and N — 1 subdiagonal elements are mutually independent, with standard normals
on the diagonal, and 1/\/5 Xkp on the subdiagonal. It is worth mentioning that the p.d.f. of 1/\/5 Xkg 1s
given by
2 k=1 —z?
I'(k5/2) '
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Furthermore, they proved that the eigenvalues j.d.f. of Hz was given by (1.1).
Basing on the p.d.f. of eigenvalues in Eq. (1.1), the (level) density, or one-dimensional marginal eigen-
value density is defined as follows:

(1.4) ppHEy (T1) = / Psrpy (x)dry - dry.

RN-1

One knows [6] [T4] that the asymptotic eigenvalue density as N — oo (density of states):

2
(1:3) Jim /26N psrrpy (V20Nz) = pw(x) == ¢ 1-2 —1<z<l,

0 |z| > 1.

This result is referred to as the Wigner semicircle law. In terms of statistical physics, for any finite size N,
we expect that most of the eigenvalues concentrate in the interval (—\/ﬁ V2N ), referred to the “bulk
region” of mechanical problem, while the scaled density decreases rapidly in the vicinity of the spectrum
edge ~ +v/2N, referred to the “soft edge”. At the edge of the spectrum, for Gaussian orthogonal, unitary
and symplectic ensembles, or § = 1,2 and 4, a classical result [9, [0, 1] claims that the edge scaling
limit could be expressed in terms of Airy function. Explicitly, it says: for 8 =1, 2,4,

5/6 x
(16) Jim Y ey (VIR G+ 557)) = Als(o)
where
(Ai'(2))? — z(Ai(x))? + %Ai(x) <1 - / Ai(t)dt> g=1,
(1.7) Aig(z) =< (A (2))? — z(Ai(z))? N B =2,
(AT’ (22))? — 2z(Ai(22))* — Ai(2z) / Ai(2t)dt B = 4.

Here, the Airy function of a real variable x can be defined as
1 100
(1.8) Ai(z) = — / e’ /3= gy
27TZ —ico
satisfying the equation
(1.9) A" (x) = zAi(x).

Much finer correction terms to the large N asymptotic expansions of the eigenvalue density are con-
sidered in [I0} [I1], and (1.5) is also proved for 8 = 1,2,4. Recently, for every even (3, Desrosiers and
Forrester[f], by applying the steepest descent method, obtained a multiple integral of the Konstevich
type at the edges which constitutes a (G-deformation of the Airy function. That is, for even (3,

N5/6
(1.10)  lim ‘/BTM,HEN (\/ZBN(I + mim))

N —oc0
1 <47r>"/2 I(1+5/2)
2r \ B ) [I_,T(1+2/8)'T(1 +2§/8)
where K g(x) is a multiple integral of Konstevich type or multiple Airy integrals defined by [15]:

1 ico ico n Y.
(111) Kn,ﬁ(x) = _W/ d’Ul.../ d’l}nHe j/3 j H |1}k —'Ul|4/5.

—ioco —ioco j=1 1<k<i<n

Kp.p(z)

Remark: When § = 2,4, the right sides of (Lf) and (II0) coincide. However, to stress the cases
0 =1,2,4 and general 3, we state them respectively.

In the present paper, we deal with fixed trace -Hermite ensembles and extend the properties (5,
(C8) and (CIO) to these fixed trace ensembles. First, let us give a review [20, 19]. Proceeding from
the analogy of a fixed energy in classical statistical mechanics, Rosenzweig defines [20] his “fixed trace”
ensemble for a Gaussian real symmetric, Hermitian or self-dual matrix H by the requirement that the
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trace of H? be fixed to a number 2 with no other constraint. The number r is called the strength of the
ensemble. The joint probability density function for the matrix elements of H is therefore given by

P.(H) =K ! 5(%2& H? —1)

where K, is the normalization constant. Note that this probability density function is invariant under the
conjugate action by orthogonal, unitary or symplectic groups, because of the invariance of the quantity
tr H2. Now Rosenzweig’s fixed trace ensemble has been extended to other ensembles, one of which is
fixed trace B-HE. With the help of Hg in Eq. (L3), G. LeCaér and R. Delannay [17] define the associated
fixed trace B-HE as the ensemble of matrices:

Fg=+/N(N —1)/2Hg /\/trH3

satisfying tr F2 = N(N — 1)/2. Its eigenvalue joint p.d.f has the form

N
1 N(N -1
(1.12) Psrrey(T1,22,- - ,IN)2275(§ 1712_%) H |xj—xk|’8
BFTEN i=1 1<j<k<N

where the normalization constant Zgprg, can be computed by virtue of variable substitution for the
partition function Zggg,:

N Ng
T +1

N(N = 1), 291 (2m)

9 N

where Ng = N + SN(N —1)/2. It is worth emphasizing that we have chosen the square of the strength
7% = N(N —1)/2 since the expectation of trH3 is N(N —1)/2+ N/~ N(N —1)/2 as N — oo, Ref.[19].
Notice the analogy: fixed trace J-HE bears the same relationship to §-HE that the microcanonical
ensembles to the canonical ensemble in statistical physics [2]. Besides, G .Akemann et al [1] described
further interesting physical features of fixed trace ensembles due to the interaction among eigenvalues
introduced through a constraint.

As done usually for 8-HE in Eq. (4], the density of fixed trace §-HE is written in the form

(1.14) PRFTEN(T1) = /Q Psprey (1,22, ;2N )doN—_1
N-—1
where Qy_1 denotes the sphere 23 + --- + 23 = N(N —1)/2 — 22, and doy_1 denotes the spherical
measure.
The important thing to be noted about fixed trace GOE, GUE and GSE is their moment equivalence
with the associated Gaussian ensembles of large dimensions (implying the semicircle law), see Mehta’s
book [19], Sect.27.1, p.488. At the end of this section, p.490, he writes:

It is not very clear whether this moment equivalence implies that all local statistical
properties of the eigenvalues in two sets of ensembles are identical. This is so because
these local properties of eigenvalues may not be expressible only in terms of finite moments
of the matrix elements.

In the Appendix of this paper, Combining Rosenzweig’s method [19, 20] and Dumitriu and Edelman’s
matrix models ([L3]), we present the moment equivalence between fixed trace S-HE and 8-HE in the large
N, which implies that the global density of fixed-trace 0-HE also fits the semi-circle law for all 5. We
will derive the semicircle law using another quite different method, and prove that the property of the
spectrum edge for S-HE implies the same property for fixed trace S-HE. Recently, Gotze et al [12, [13]
have proven universality of sine-kernel in the bulk for fixed GUE. In [I8], asymptotic equivalence of local
properties for correlation functions at zero and the edge of the spectrum between fixed trace 0-HE and
0-HE is proved, which implies universality of sine-kernel at zero and airy-kernel at the edge for fixed
trace GOE, GUE and GSE. All these known results (to our knowledge), to some extent, answer this open
problem.

Now we can state our main results. Let C.(R) be the set of all continuous functions on R with compact
support. For fixed trace §-HE, the scaled eigenvalue density satisfies the Wiger semicircle law, i.e.,
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Theorem 1. Let pgrrey(x1) be the eigenvalue density for fived trace f-HE, defined by (I.14). If
f(z) € C(R), then we have

lim /f(x)\/ﬁpngEN(\/ﬁx)z/f(x)pw(x)dx
R R

N—oo
where
2
—V1-22 —-l1<z<]l,
T

0 |z| > 1.

pw (@) =

At the edge of the spectrum we can prove that that the property of the spectrum edge for S-HE implies
the same property for fixed trace S-HE, thus we extend Desrosiers and Forrester’s result for even 3 to
fixed trace case.

Theorem 2. Let pgrey (1) and pgrrey (z1) be the eigenvalue density of B-HE and that of fized trace,
respectively, defined by (1.4) and (1.13). Assume that f(x) € C.(R). If Vh(t) € C.(R),

N5/6
(1.15) Ry Rh(t)‘/BTpﬁHEN <\/25N(1 + ﬁ)) dt

exists, then
' N5/6 T
(1.16) J\}gnoo Rf(:t) 7 PBFTEN (v 2N(1+ W)) dz

: VBN®/ t
= lim /Rf(t)TPﬁHEN (\/ 2BN(1+ 2]\]—2/3)) dt.

N —o0

It immediately follows from (6], (II0) and Theorem 2] that

Corollary 3. Let pgrrey(x1) be the eigenvalue density for fized trace $-HE, defined by (I:14). If
f(z) € C.(R), then at the edge of the spectrum one has

5/6 T
(1.17) tim_ [ @) porrey (VENO+ i) do = [ FOA0

N —o0

for 6=1,2,4 and
. N5/6 T
Jim, [ 1@ oy (VEN( -+ g0m))
1 [4rn A2 I'(1+p/2)
=5 <?> T, T+ 2/8) 'T(1+2/9) /Rf(t)Kﬁ,ﬁ(t)dt

for even 3. Here Aig(x) and Kg g(x) are defined by (1.7) and (ILI1) respectively.
Theorem 1 will be proved in Sect. 3 and Theorem 2 in Sect. 4 after the preparatory work in Sect. 2.

2. AN UPPER BOUND FOR THE LEVEL DENSITY

In this section, we will give an estimation of the level density for fixed trace S-HE, with the help of
the maximum of Vandermonde determinant on the sphere by Stieltjes [2I]. For the convenience of our
argument, let’s first state Stieltjes’s remarkable result as a lemma.

Lemma 4. Let us consider a unit mass at each of the variable points x1,x2, -+ ,xN in the interval
[—00, +00] such that

N
Sz XV 2D
=1 2

then the maximal of

Vizn, g, an) =[] |y — wl?
1<j<k<N
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is attained if and only if the x; are the zeros of the Hermite polynomial Hy(z), and the mazimal is

N
_NWIN=1) vlnw
(2.1) max V(z1, 22, ,xn) =277 2 vy,
1,42, sy LN
N 2<N(N 1 1
i=1T; S v=

Note that Stieltjes’s result can be interpreted as a electrostatic problem and the maximum position
corresponds to the condition of electrostatic equilibrium.

The following proposition gives an estimation of the level density, which gives a global control of the
density for fixed trace G-HE.

Proposition 5. For the level density pgrrey (71), rescaling
x1=+/N(N-1)/2z, —-1<z<1,
then we have

N—2

N(N -1) x) < eWNBN(l _ xz)T

(2.2) PBFTEN ( 2
where Wng =1InCg + o(1) and

8 B s

(2.3) Cg—exp(l—ln\/_+——§l (B)) L1+ 5).

Proof. From (1.14) and (2.1), we see that

(2.4) psrTEN (11) < #Q_W(ﬁ eulnv)§ / don_1,
ZorrEy =1 R e it

where oy_1 denotes N — 2 dimensional spherical measure. By the formula for surface area of the sphere,
a direct calculation shows that

S ([ v sy [ o

B P(N_1) (NN B o) S o= 41 ST+ )
25) _ (- ffizillvlnv (N(N - 1)) N2 ( F(%)N _ ) ﬂ T(1+ g)
VAT (gt 2 (M) X/ AT+ )

N-—2
(2.6) 2(1-2%)"7 gns

It is sufficient to consider §/gns as N — oo. Using Stirling’s formula for the gamma function,

1 1
(2.7) P(@) = (2m)2e 2" 4(1+0(-))
for the large x. For the large N,
N-1, 1/2, —N_1 N—1%71 1
(28) P(=5) = (2m) 2 "7 (S F L1+ 0(3)
(29) P2 = (2m) %2 (B2) 5 (14 0(5).
2 2 N

Note that

Ng o 2 5

thus gng can be rewritten as

(2.10) gNg = % ez (r(1+ 5))N(1 +
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where
38 N Ng—1
~ exp(5 ) ,—jvlnv) ~_2o Ng 8
vy = L Rl e ()
Observe that
1 3 2 - P\ 3
N—-1 N 2
2.11 li — 1+ = 1+ ——— 14+ 0(—= =el'(1+ =).
(2.11) Ngrloo<ﬁe2(<+2>>(+w_1)) (1+ <N>>> eT(1+%)
On the other hand, using Stolz’s rule,
1
ngn N Ingng
N

L 1 (g N -2 Ng -1 7

= lim §Zvlnv+TlnN—— 21 F1+— S—In(5)

o 1) 1 N -3 1 Np 1, B

—J\}Enw(2NlnN+ In N 5 In(1 N) InT(1+ 5 )+2(1n2 )(1— 3+ BN)
(2.12) =—-Inv2r+ é - él (ﬁ)
In the above calculatlon, we make use of the following asymptotic expansion:

N N N 1 N 1
Combining (2.11), (2.12) and (2.6), this completes the proof of Proposition 5. O

3. ProOF OoF THEOREM [I]

To prove Theorem [I we will first prove the following Lemma [6], which means that the level density of
B-HE defined by ([[4]) and that of fixed trace S-HE given by (IL14) are almost equivalent. Our arguments
depend on the following integral equation

1 oo 2 _ x
(3.1) pprEy (1) = O—/ e PN gy 1 (=)
NB Jw] r

obtained in [I7, 4] where Cxg = T'(N5/2)2V/2=1. Here pgrrey.1(71) denoting the level density of fixed
trace B-HE whose strength is 1, is defined by

N
1
(3.2) PBFTE 11(:171):7/ SOy a7 —1) lz; — ap|Pdas . . dey
N ZgFTEN 1 JRN -1 ; 1§j1<_£§N ’
where the partition function
N .
(2m)22 2 r(1+2
(3.3) ZsrTEN1 = % H T
2 j=1
A direct calculation shows
N(N -1 N(N -1
(3.4) PBFTEN1(T) = %pBFTEN( %56)
It follows from with Proposition [ that
N(N -1 N_2
(3.5) PBFTEN1(T) < NN -1) 5 )eWN“’N(l —a2%) 7

for any —1 < x < 1. Now we are ready to state the following almost equivalent lemma about the two
ensembles for all 3 > 0, which has been obtained in [25] for 8 = 2 without rigorous arguments.
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Lemma 6. Let —1 <z <1 be fized. For the level density of fized trace 3-HE defined by (1.7]) and that
of B-HE given by (I.1J), we have

(3.6) parEy (V2N BT) = (%

for large N where an = ﬁ, 0<6<0.5.

1 2(1—
+ O(N)) psrreN (V2Nz(1+ O(an))) + O(e PN ¢ 9)(1-1-0(1)))

Proof. Dividing the right hand side of the integral equation (3.I]) into three parts, then

PBHEN (T1)
1 VBN(Jz—an) +o0 VBN(Z5+an) T
~ Cns +/ +/ )e 2N s pr 1 (2 )dr
NG J|aq| VBN (J5+an) VBN (5 —an) r
(3.7) = [+ 11+ 111

Next we will estimate I and IT respectively. For large N, the function e=""/27N5=2 attains its maximum

at /Ng — 2, which satisfying

(3.8) VNg—2> \/BN(% —an).

Together with (27) and (33), I can be dominated by

VBN (2 —a [
I< 1 (\/5 N) 67T2/2TN572d7,6WN5N N(N B ]‘)
- CNﬁ 2

|z1]

—(VBN(Z5—an))?/2 N)Ns—2( L _ Nj—2
S WO e (VBN%WN)—un)eW”N\/ o

r(g2

—(VBN(Z—an))?/2 Ng—2( 1 Ng—2
e V2 (VBN)Ys72(o5 —an)™e 1 N(N -1
Ng—1 V2 (\/BN( - aN) - |‘T1|)6WNBN ( 2 )

IN

IN

Vame—F (Ng/2) "% (1 + O(1/N2))2 % -1 V2
—(VBN(Z5—an))?/2 Ng( 1 N

e V2 N)V8 (== —« B

(3.9 <’ VP N)B (5 —ow) NeWnsN
e—Nﬁ/2NBT
where we have used the fact that
N(N - 1) 1 2 -2 1 1 !
. MRS — - - — - <

for large N. Here C’ is a constant only depending on 8. We will estimate the right hand side of (3.9).
Expanding
N 1,8

In(N)*%) = 22 (n(5N?) +n(1 + (% SIES)
and by a direct calculation, one obtains
(3.11) 7(\]/\2@55 _ exp(% 2 — g + 5TN +o(1).
Again, expanding
ln(% —an) = —-Inv2 - V2ay — % + 0(a%).
therefore I can be dominated by
1< Cop (~ Sy N - (103 Vo + Olad) Ny + L+ 22,
N [N

—5+T+O(1)+WN5N+IHN)
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p

1
4N2+WN5N—|—111N+O( ))

(7_—041\;)2]\]2 (\/_aN+aN+O( X))NZ +
N

l\DIQ

+BN?0(a3)) + WysN +In N + O(1))
(3.12)
_ C/ exp ( _ 6N2720(1 + O(Nfe) + O(N2072) 4 O(N2971))) _ O(efﬁNQ(lfe)(l+o(1)))'

Here we should take 6 € (0,0.5). For the convenience of our argument, write

O(exp (= AN*"(1+ O(N %) + O(N*"') £ O(N*"1))) ) 2 Zy.

Similarly , we can estimate I1. For large N, the function e~ /2pNs attains its maximum at /N3 with
the condition

(3.13) VN < \/_N +aN

This shows that IT can be dominated by

+oo
II < b / e~ /2pNo =2 g WnsN | /M
Cnpg JyBN(Z+an) 2

—(VBN(gz+an))?/2 Ng(_1 N, .
e V2 \/BN B +any)'f pt N (N
< ( Nﬁ) (\/5 ) / r=2dreWnsN |/ ( 1)
F(Tﬁ)2 3 1 \/BN(%"FQN) 2

(3.14) <C"exp (= BN*2?(1+O(N?*72) + O(N~?) + O(N?71))) = Ep.
Here C” is a constant only depending on §. By (B12)) and [B.I4)), the identity (87) can be reduced to
1 VBN (J5+an)

(3.15) PBHEN (71) = Crn
Np \/BN(%—QN)

—r2/2 _Ng—2 L1 =
e~ /2y Ns PﬁFTEN,1(7)dT+:‘N'

Using the intermediate value theorem of integral,

_ 2 _ —_
e "2 Ne2gqr 4 2y

T 1 \/EN(%‘FQN)
(3.16) paHEN (T1) = PaFTEN,1( - )C— /
En (1) Cng J BN (L —an)

where /BN (1/v2 — an) < én(z1) < VBN(1/v2 + ay). If we repeat the procedure of obtaining the
estimate of I and I1, then

VBN(—s—an)
(3.17) CL/ i e—érNﬁ—%gr:O(e—BNQ(l’”(Ho(l))),
Np
“+00
(318) L/ e_ngﬁ_2d/r:O(e_ﬁN2(179)(1+0(1)))
Cnpg JyBN(Z+an)

for 0 < 6 < 1. Actually, the process of the argument of (3.9 tells us that the term /(N (N — 1))/2e"~s
will disappear in that of obtaining (3.17). Hence the left hand side of (3I7) can be dominated by

o~ (VBN (L —an))?/2 HETENY
(3.19) Cy - (VBN )B "5~ o)
—Na/2N T
ﬁ
where
1 _
(3.20) Clz(ﬁ—a]\;) *(V/BN)~ (\/—N >2\/_(N5) 72

Here it is easy to see that C is bounded for large N. Repeated arguments similar with (312 show that
(B19) can be dominated by exp ( — BN?72%(1 + O(N~%) + O(N?’~2))). The same method can be used
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to obtain (3.18). Hence, for 0 < 6 < 1,

VBN (J+an) +00 VBN(Zz—an) +00
L e 67§TN572d7’: — / _/ T _/ )67%7“1%72517’
Cng )

Cng JVBN(ZL —an) VEN(Jgton
N OLN& /+OO e~ pNa =2y 4 O (e PN (o))
(3.21)
_ F(Naz—l) N 0(6_6N2<179>(1+o(1))) — ﬁ + O(i)
Var(g) NVB

It is worth emphasizing that the range of 6 in Eqs. (8I7) and (BI8)) plays a vital role in the proof of
Theorem 2.
Hence Eq.([3I6) can be reduced to

(3:22) ppHEy (T1) = PBFTEN,l(gNaE;I) )(NL\?B + 0(%)) +En.

If we make the change of variables 1 = /2N 3z, the relation (3.4]) implies that

pprEN (V2NBT) = psrrEN 1 ( ;\ﬁ;f) <N\/\/§B + O(%)) +EN-

e (BT () T

En(x) NP 2
(3.23) ~ (5 + () parry (VENa(1 + Oax) + E.

Here we make use of the fact that for the large IV,

N(NQ_” VINDT _ (1 4 O(ay))VEN,

En (@)
V2 1 N(N—-1) 1 1
—— +0(—= ———=—40(=).
(wf &) PR AR
Note that when 0 < 6 < 0.5 =x can be rewritten by
EN = O(G_BN2(179)(1+0(1))),
thus we conclude the lemma. ([

Now let us turn to the proof of Theorem 1.

Proof of Theorem 1. Let f(z) € C.(R). Since f is bounded, using Lemma [0 for fixed 0 < 6 < 0.5 we
have

/f 2N PBHEN(\/2N5$)(1$

/ fla ﬁ + O( ))p ﬁFTEN(\/ﬁ:z:(l +O(N7Y))dz + O(efﬁNm*”(Hou)))
(1+O(N / F(1+ON"))WW2Npsrrey (V2N y)dy + O(e N7 Ato),

The function f(z) € C.(R) means that for any € > 0, there exists some §(e) > 0 such that | f(x)— f(y)| < €
if [z —y| < 6. Hence, there exists N7 such that for any y € supp(f), |y(1+O(N~%))—y| < 6 for N > Ny,
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then |f(y(1 +O(N~?))) — 1) — f(y)| < e. This shows that
(1400 [ 161+ OV ")) = FWIVEN porr, (V2N )y
2 /R V2Npgrrey (V2Ny)dy =

Therefore,

/R f(@)V/2NBpsrey (/2N Br)ds
=(1+O0OWN / fly \/_ngTEN(\/_y)dy+O( BN 9)(1-‘1-0(1))) + 2.

Since by (1.5)

this completes this proof. O

4. PROOF OF THEOREM

The classic result [9] claims that the order of scaling at the spectrum edge is O(N~2/3). Tt follows
from Lemma [{ that if ay = N=%,2/3 < < 1, then

(1+ 1+O0(an)) =1+ +O(N7Y).

2N2/3)( 2N2/3

The term O(N~Y), comparing with O(N -2/ 3), is a small perturbation. Therefore the edge scaling limit
of fixed trace B-HE could be expected. But Lemma [ is established for 0 < # < 0.5. The main difficulty
results from Proposition Bl In order to avoid it, the edge scaling limit will be proved in the weak sense.
Note that the asymptotic results (B.I7) and (BI8) will be frequently used for any 2/3 < 6 < 1 in the
subsequent proof. We now turn to the proof of Theorem

Proof of Theorem [2 Following the similar arguments of Theorem [I by the basic relation (3] between
two ensembles, we have

N5/6/f Sy (\/W(l 2]\?72/3)) dx

1 N5/6 INB(1 + —&
=00 \/— / / ) €7T2/2TN572PQFTE,1( A " 2NQ/S))drd:c
NB V2BN (14 573)
1 \/_N5/6 VBN(1/V2-an) VBN(1/vV2+an) 00
- () “f “f )
“Ovs V2 e VIBN(+=37)  JVBN(/Vi-an)  JVBN(/V2tan)
2NB(1+ 57575
X e_T2/2rNﬁ_2p5FTE)1( A 2N2/3))drdw
r
(4.1) =L+ L+ 1.
The first step is to estimate [;. Making the change of variables
— 9N2/3 Yy y_
(4.2) x=2N*"°(r(l+ 2N2/3) 1)
and assuming |f(z)| < M, I; can be dominated by
1 \/—NS/G VBN (1/vV2-an)
I = Cnn / / L /3B (14+y/2N2/3) <r < VBN (1/vE—an) (T)

22 Ny y
X FENY (L + g275) = D) Y T pgrri (VENBO + it575) ) dr dy
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1 N5/6 VBN (1/vV2—an) B
< M——0 \/_ // =12, Na pBFTEl(,/zNﬁ( Nyw))drdy
s

Cn
1 fN(l/\/E an) \/_NS/G y
=M— e~ /2pNs—1g V2NB(1+ —=—-))d
CNﬁ/ r—— NG RPBFTE,I( B(1+ 2N2/3)> Y

_ N5/6 \/§N1/6
= M O(e AN 9)(1+o(1)))\/3\/§ NG RpﬁFTE,l(t)dt
(4.3) = O(N e~ AN*" 77 (o)),

Here we apply B17) and [, pgrre,1(y)dy = 1 to obtain the above result. Similarly, making the same
variable substitution as I, I3 can be dominated by

5/6
Iy = — ! ‘/—N // FEN23(r(1 + 2/3) 1))
Cnp VBN(1/V2+an) 2N

o o—T2/2,Ng—1 pﬁFTE?l(w/zNgu n w%))dr dx

1 N5/6 3
<M—\/_ // T/z Na— pﬁFTEl(V2Nﬁ( 2]\?2/3))(17”(11'
VBN( 1/\/_+aN)

ONQ
—/ : VN )
=M— /2 No=1 gy | porrEn V2NB(1 + —2—))dy
Cngp \/BN(l/\/EJraN) IRV S ( 2N2/3 )
(4.4) = O(N AN (o1,

The key step is to deal with I. Applying (B4) to T2, we find

N5/6 VBN (5 +an) VON(1 + -2
(4.5) I, = / / s (x)efrz/er‘**ngpTEN (M)drdz
CNB ang V2 JaJyan (Z5—an) angr
where
2
4.6 =/

Making the change of variables = 2N?/3(axsr(1 +y/(2N?/3)) — 1),

1 NB/6 VBN( \/—+OtN)
A7) L= ——— f2N?/3 1+ )1
(4.7) I Cns 3 //\/_N( ) f( (anpr(l + 2N2/3) )
2 _ — y
e /2TNB IPBFTEN( 2N(1+W)>drdy
Basing on 32I)), it is not difficult to see that for large N,
1 N5/6 VBN( \/—+OtN) R
— —r?/2).N5—1 (,/ _Y )
1 \/_N(ﬁ'i‘OZN) ) N5/6
- —r*/2,Na—1g / S (\/21\] 1+ 2 )d
e T r
Cng JyBn Ly —an) O ot (VAN grars)) 4o
N5/6 y
(1+O /f /g PATTEN (VQN(1+W)) dy

Next, we will prove that the limit of the difference between Iy and ([{8) is zero as N goes to infinity.
Note that f(z) € C.(R). For any € > 0, there exists some d(e) > 0 such that if |z — y| < J, then

|f(z) = fly)l <e
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Since

JBN(% —an)<r< JBN(% +an),

one has aygr =1+ O(an).
Hence, for any y € supp(f), there exists N1 not depending on y such that
2/3 _ 29 -0
2N (agr(1 4 3l) — 1) — gl = JONE )~y OV < 5
for N > N;. Thus,
Y
|f(2N?/*(anpr(1+ 2]\7—2/3) -1) - fly)l <e

Pick an interval [— K, K| such that

supp(f) C [~ K, K], {2N*/*(anpr(1 + — D]y € supp(f)} C [-K, K].

Y
2N2/3
It follows from Lemma [7 below that the difference between (7)) and (48] can be dominated by

e N©O/6 VBN ( \/—“FQN) B B
- @) < F——= / / e 2N T e, (\/2N(1+
Ng V2 VBN (s —an)
\/EN(%-HIN)

K y ] .
/ PBFTEN (\/QN(l + )) dy / e /2TNB_1dT
-K

2N2/3°/ 7 Ong J BN (G —an)

Yy
N3 )) drdy

N5/6
V2

=€

1. N5/6

(4.9) <e(l+ O( ) —— 7 PBFTEN (\/ﬁ(l + MLQB)) dy

S 2€MK

where the constant Mg only depends on K. It is worth mentioning that we have applied the followng
Lemma [ to ([@9). With the requirement of the continuity of our argument, Lemma [7 will be proved
after completing this proof. Now we have proved that

lim |, — @3)| = 0.

N

Combining @1), @3), (&4), @) and E.J),
N5/6
/ f(@)~——=—psuEy (\/ 2NB(1+ ﬁ)) dx

5/6
(1+O /f N\/i PBFTEN (\/ﬁ(1+

It immediately follows from the assumption of Theorem [2] that

lim /f(:zc)&/6 (\/ﬁ(l-i—

FTE
N—oo Jr \/i Pp N

2NL2/3>) dy + o(1).

X
IN2/3 )) du

— lim / f<x>\/ﬁ%;/6pmm (V2NB( + 557)) da.

N —o0 R 2N2/3

This completes the proof. ([

The following lemma will be proved by using a similar argument from Lemma 4 in [12].

Lemma 7. IfVh(z) € C.(R),

. VBNO/6 x
(4.10) Jim [ @) pan (\/2Nﬂ(1 + W)) dz
exists, then for any fized R,

N5/6 Y
(411) \/§ _RpﬁFTEN (V2N(1+W))d < Mp.

where Mp is a constant only depending on R.
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Proof. If \/BN(% ay) <u< \/—N( + an), then there exists Ny such that for N > No,

(4.12) 12N%3(anpu(l + D <R+1

2N2/3 )
where ang is given by [@0). Let n € (0,1) be a real number and let ¢(¢) be a smooth decreasing function
on [0, R+ 1) such that ¢(t) =1 for t € [0, R+ 1) and ¢(¢t) =0 for t > (1 +n)(R+ 1). Therefore, we have

N5/6 R y
NG /_ PBFTEN (\/ 2N(1+ W)) dy

N5/6

(4.13) / 62N (anpu(l + 55575) = Dpprrey (VEN(L+ 12575) ) dy.

2N2/3
Multiplying both 51des by

1 e _
e’u./QuNgl

Cng

1
[\/BN(% \/—N —i—azv

then integrating about u on

one obtains

1 \/BN(%-i-aN) N5/6 (R
L / 3 o3 /2,No =1, — Po— ( /AN(1 + L))
-R

Cnp J VBN (d5—an) V2 9N2/3
1 N5/6//\fN(\f+0tN
< IN?B(ansu(l + —=——) — 1
S s V2 AN ) o(2 (anpu( 2N2/3) )

X 67“2/2uNB*1pﬁFTEN (\/ 2N(1+ y2/3 ))du dy.

On the one hand, combining [B.21]), it is easy to observe that the left hand side of the above inequality

equals

N5/6
7

On the other hand, it follows from (@1]), (IZ:{I), @) and () that the right hand side of the above
inequality equals

(4.14) (1+ O( ) —= PﬁFTEN (\/ﬁ(l + W%)) dy.

N5/6 Yy 2(1-0)
(4.15) / oy PBHEN (\/2Nﬁ(1 + 2]\]—2/3)) dy + O(N PN 7 (o),
The existence of the limit of (IZ:EII) proves this lemma. O
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APPENDIX: EQUIVALENCE OF MOMENTS

This appendix presents their moment equivalence between fixed trace S-Hermite ensembles and (-
Hermite ensembles in the large N.
Recall that Dumitriu and Edelman’s S-Hermite tri-diagonal matrix models

b

N-—1
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where a; ~ N(0,1), j = 1,---,N and ﬁbj ~ %z, J = 1,---,N — 1. Then proceeding from the
analogy of a fixed energy in classical statistical mechanics, one can define a ‘fixed trace’ ensemble by the
requirement that the trace of Hg be fixed to a number 72 with no other constraint. The number r is
called the strength of the ensemble. The joint probability density function for the matrix elements of Hg
is therefore given by

N—-1
1 .
_ g1 2 JjB—1
P,(Hg) = K 5(T—2trHB —1) H1 v
J:
with

K, / / —tr H3 — 1) Hbﬂ" 'dadb
Jj=1

where da =[]}, da; and db=[]}_," db;.
Note that for the S-Hermite ensemble the joint probability function

N—-1
_ 1 i3
P(Hg) = K~ exp( = str H5) [ 677
j=1
with

N-—1
K:/.../exp(_ %tng) I v dadb.
j=1

When we choose the number 2 as the average of Hg, ie.,

N—-1

_ 1 g
<trH§> =K 1/-~/trH§eXp( - itng) H b;ﬁ Ydadb=1r?,
j=1
then for any fixed value of the sum
N N-1
a b a b
s=y 0"+ > 0" o >0,
j=1 j=1
the ratio the moments
N @ Y (®)
Mo (N = ([Ttap)™” TT0)"")
=1 =1 "
and
@ Yo (®)
M(Nm) = { T TT )"
j=1 j=1

tends to unity as the number of dimensions N tends to infinity. The subscript 7 and non-subscript denote
that the average is taken in the fixed trace and §-Hermite ensembles, respectively.
First, let’s calculate 72 = (tr Hg} with a basic manipulation in statistical mechanics. Write

95(N) = ey |AN)[Pexp( —tZ/\Q

where

B _ (o N/24+BN(N—1)/4 —N/2 I'(1+3/2)
= (2t)N/*F (2m) H 332

Note that gg(A) with ¢ = 1/2 corresponds to the joint probablhty distribution of eigenvalues for S-Hermite
ensembles [7]. A partial differentiation with respect to ¢ and setting ¢t = 1/2 gives

(tr H3) = 2(N/2+ BN(N —1)/4).
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Next, to calculate M,.(N,7), substitute (2¢)~/2ra; for a; and (2¢)~/2rb; for b; where ¢ is a param-

eter. This gives

26\ N/2+BN(N—1)/4+s/2
1 N (@ ¥t w Nt 1
:Kr_l/"'/5(gtfH§ —1) [T(a)™ )" [ P dadb.
j=1 j=1 j=1

Multiplying both sides by e~¢ and integrating on ¢ from 0 to oo, we get

M. (N, ))T(L 4 s/2+1) L~L=5/2

N N—-1
1 “ e
- ;1/---/exp(—§trH§) [T T @)™ T ¥ 'dadb

where we have put

or

L= %TQ = N/2+ 3N(N —1)/4.

LL+S/2 K

MN) = s SR K,

M(N,n).

Setting n(-a) = =0 in the above and using the normalization condition M, (N,0) = M (N,0) =1, we

J J

get the ratio of the constants K and K,. Substituting this ratio we then obtain

As

to

L?T(L + 1)
I'(L+s/2+1)
N — 00, L — o0, and we can use Stirling’s formula for the gamma function for the large z

D(z+1) =2 e *V2rz [l +O(1/2)],

prove the asymptotic equality of all the finite moments s < N.
In sum, the result of moment equivalence can be stated as follows:

M,(N,n) = M(N,n).

Theorem 8. With the above notation M,(N,n)and M(N,n), we have

. M,.(N,n)
lim —— " =1
oo M(N, )
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