B-Splines of Blaschke Product Type
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Abstract

In this note we construct a class of new splines related to a Blaschke product. They
emerge naturally when studying the filter functions of a class of linear time-invariant
systems which are related to the boundary values of a Blaschke product for the purpose
of sampling non-bandlimited signals using nonlinear Fourier atoms. The new splines
generalize the well-known symmetric B-splines. We establish their properties such as
integral representation property, a partition of unity property, a recurrence relation and
difference property. We also investigate their random behavior. Lastly, our numerical
experiments confirm our theories.
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1 Introduction

Recently the problem of defining meaningful instantaneous frequency of a real signal, and the
interpretation of that quantity have attracted substantial attentions. One common approach,
for example see [7], is that the instantaneous frequency is defined to be the derivative of the
phase function of a companion analytic signal x, given by the formula

Ty = T + 1y,

where y = Hax represents the Hilbert transform of a signal x which is defined for ¢t € R, where
R is the set of real numbers, as

t—s

(Hz)(t) = %p.v./ﬂgﬁd&
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Questions have been raised about the existence of analytic signals with positive instan-
taneous frequencies. Specifically, for what kind of signals is the above defined instantaneous
frequency meaningful in physics? These kind of signals are often called mono-components in
engineering. Many literatures address this problem, see for example, [1], [2], [7], [12] and [13].

Some examples of mono-components with a strictly increasing nonlinear phase were recently
given in [14]. The starting point for this observation is the introduction of an analytic signal,
called a nonlinear Fourier atom, which is essentially defined by the boundary value of a Blaschke
product of order one associated with a parameter a € R with |a| < 1 as

0,00) . ~ @

T 1—az

y—eit
The phase function 6, has the following explicit decomposition

la|sin t

0,(t) =t + 2arctan t e R,

1 — |a|cost’
which indicates that it can be decomposed into a linear part and a periodic part. Moreover,
the signal cos 6, is a mono-component, as substantiated by the formula

H (cosb,) =sinb,, teR. (1.1)

Its instantaneous frequency w;, is given at ¢t € R explicitly in terms of the Poisson kernel p,
defined by

1—a?

Wins(t) = pa(t) := 1 —2acost + a?’

which shows that w;,s(t) > 0 for ¢t € R.

We point out that this kind of mono-component nonlinear Fourier atoms coincide with
the notion of intrinsic mode functions used in empirical mode decompositions of non-stationary
signals [10]. Therefore, there is a trend to use mono-components to represent signals rather than
the usual Fourier basis with linear phase. In a recent paper [4], the authors related nonlinear
Fourier atoms to a continuous linear time-invariant (LTT) system by allowing the output signal
to keep the scaled frequency information of the input signal in different frequency bands. The

. . 1 . .
LTT system has the impulse response function mSIDCa(') with

a,t € R, |a| <1,

sin 6, (t)

sinc,(t) := P

teR,

the so-called generalized sinc function that admits a Shannon type sampling theorem for non-
bandlimited signals. This LTI system has the piecewise constant function

H, = alll

as its filter function, where |t| is the greatest integer that is no more than the real number ¢.
The function H,, due to its shape, is called a ladder-shaped filter. A LTI system with a filter



function associated with a two-parameter Blaschke product was considered in [5], and more
generally, a LTI system with a filter function that is an arbitrary spline, in particular, a spline
associated with an arbitrary finite order Blaschke product was considered in [3]. Note that H,
and the function msinca(-) form a Fourier transform pair. Here for a function f € L*(R),
the Fourier transform is defined by

Ff(é): / e 7 du, e R
f&)=Fr = flz §
It is not hard to see that the ladder-shaped filter H, can also be written into a series as

Hy(t) = (1—a)) a"'xum(t), teR (1.2)

keN

Here x4 denotes the characteristic function of a given set A and N denotes the set of natural
numbers.

Noting that H,(2-) is a generalization of the ideal low-pass filter, which is the first order
symmetric B-spline 39 := X(~1,1), We write

Ba(t) == H,(2t) =alPl  teR

and subsequently the n-th convolution of 8f by

Z/Rﬁfi_l(t—y)ﬁ?(y) dy, teR.

The function 8¢ can be regarded as a class of generalized B-splines related to the parameter a
since it is well-known that the n-fold convolution of 37 leads to the n-th symmetric B-splines,
which play important roles in the theory of numerical calculation, wavelet and approximation
6, 8, 11, 9].

In this paper, we extend the above idea to a more generalized B-spline that relates to a m-
fold Blaschke product. Here, the m-fold Blaschke product for a real vector @ := (ay,...,a,) €
[0,1)™ with pairwise distinct components is defined by

- _ ]
Bm(z) = B{a1,...,am}(z> - H 1— (ljZ’ S C7 (13)
JENm,
where, the index set N, := {1,2,...,m}, and C denotes the set of complex numbers. For

convenience, a normalization constant «,, associated with the m-th order Blaschke product is
defined by

O = Bp(1) = Bp(0) = 1— (=)™ ] ;.

Definition 1 The ladder-shaped filter of Blaschke type is the piecewise constant function

) . L2
Bit) = — > ! , teR. (1.4)

™ i eNom (1 - a]')B;n(aj)




Definition 2 : The n-th B-spline of Blaschke type (BB-spline) is defined recursively by
50 = [ 6L, -0)fwdy. teR (15
R

Throughout the paper, we require that @ € [0,1)™ in order to ensure that 3¢ can be treated
as a density of certain random variable.

The writing plan is as follows. In Section 2, we introduce some basic formulae which are
important for the proof of our main results. Section 3 is dedicated to investigating the properties
of the B-spline of Blaschke product type. Section 4 focuses on the limiting probability behavior
of the BB-spline 5% by using the central limit theorem. Section 5 confirms our theories by
numerical experiments.

2 Preliminaries

As in [3] by using the boundary value on the unit circle of the Blaschke product B,,, we define
the value of the phase function 6z at t € R through

%) .= B (e'). (2.1)
We remark that 6z(t) is related to the phase functions of scalar case by
Oa(t) == > 04,(t), teR (2.2)
J€ENm

The function pg is defined as the derivative of 03, that is,

d
515::—9515, t e R.
pa(t) == . 0a(t)
The phase function 6z is associated with the generalized sinc function
sin 95@)

sincgz(t) :== , teR. (2.3)

t

We will need some properties of Blaschke products. Direct calculation gives us that

, 1 —|a)? 2 — ay
Bu(2) = ﬁ( 11 1_%2)7 (24)

€N, kEN,, k£l

and, consequently,
1 o
B, (a)) = —— I1 5~ M

1—apa;
j J

The following two formulae are related to the rational decomposition of a Blaschke product.
The first one decomposes B,, into partial fractions as:

1 1 1
B,,(2) = . 2.5
=) B, (0) i ];]: a; By, (a;) 1 — a;z 23)
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The second represents B,, as a linear combination of Mobius transforms of various parameters
in the form of

Bo(2) = 1+ (=)™ +j§n ¢ _Z?;;L(aj), (2.6)

where 7,,(2) = 12_*;2, j € N,,,. In particular, formulae (2.5) and (2.6) yield
1 a; 1 ( d? ) 1 ( a3 )
2 (EB)m+: (LB (2.7)
jEZNm B! (aj) (1 —a;)* 2 \dz? 6 \ dz3
and 06, (1)
sind,,
sinz(t) = - . (2.8)
2 T,
We need the following formulae
1
k=1 _ -
Z a" ‘sin(kx) = T3 sin 0, (z), (2.9)
keN
1
Z ka* ! cos(kx) = ﬁpa(a:) cos 0,(x), (2.10)
keN —a
and 1
. . o . !
ll_r)%smca(t) = Z 0= B (@) By (1), (2.11)
JEN,,
It can be checked that 37 has the decomposition
k—1

Bf(t):i Z Z C,L] AX(—%%)(@? teR. (2.12)

o B! (a
" j€Nm keN m(a)
To end this section, we consider the Fourier transform of .

Lemma 2.1 The Fourier transform of 32 is
N 1 1
@ = ——— (sincg(£/2))" . 2.13
(82) (&) Tazar (sincz(£/2)) (2.13)
Proof: 1t suffices to check that
= 1

aA = —Lsin(%
(Y€)= —=osineal2)

since (ﬁg)A (&) = (2m)" T ((BHMNE))". Applying Fourier transform to both sides of (2.12) gives
a7 WA 1 at A
(Br())" (&) = JJZ;HZB’J—(&]') (X(%@(-)) (€)

- S T ()

jEN, keN ™
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Using the formula (2.9), it follows that

R B 1 1 sinf,,(£/2)
(61()) &) = maijZNm (1—a?)B,’n(aj) £/2 ‘

Combining this with the formula (2.8), we conclude (2.13) for the case n = 1 and then (2.13)
for any n € N. O

3 Properties

This section is concerned with the properties of 5. Obviously, the spline function 39 is sup-
ported in R, positive and even.

Next, we will investigate other important properties of 2. To this end, we introduce the
following notations. For the vector k € N™ we denote k := (ki,...,k,) with each k. € N
for each r € N, and denote |k| = > k.. Define A, := {ai,...,a,}", and the vector

TeNn T
Y= (1, 7m) € A,. We also use the multi-index notation v* := ¥ | .ykn . We also make
the convention that 0° = 1.

Theorem 3.1 For any f € L*(R) and n € N, the identity holds

k—1

- _i k- kpy .
/Rf(s)ﬁn(s)ds— ~ > B o) B /(wnf(k; t)dt, (3.1)

m ~ye A, kENn

where the inner product k -t = kity + - - - + kyt,. Specifically, when m = 1, this formula has a
simple form

/Rf(s)ﬁg(s) ds= Y (1—a)"k- --k:nak_"/ flk-t)dt

11
keNn (=2:3)"
and certainly

/f(S)ﬁg(S) ds =/ flty+ -+ t,)dt.
R (_%7%)71

Proof: We adopt induction. In the case n = 1, Eq. (3.1) can be concluded from the calculation
below by involving the formula (2.12) and the Lebesgue dominated convergence theorem. We
have

JRCECINEN NS > R () ds




Now we show that the induction hypothesis (the case of n — 1) implies (3.1). By noting the
definition of 3% and Fubini’s theorem, we get

[resieas = [ 1) [ 52— st ayas
- /61 /f )BT_ (s — ) ds dy
= /61 /fs+y 1(s)dsdy.

The induction hypothesis leads to

/R F()8%(s) ds

= /ﬂd( DD ””H / Flk-t+y)dtd
= . 1\Y ) (_%7%)%1 Yy Yy

Om VGAn 1 keNn—1 7" 71 ;n(anl)
ED VDI 0 s
B & (y+ k- £)5{(y) dydt
veAn 1 keNn—1 =Bl (Y1) Ji-1 b

=X Y "“1/ LT
ap” B (1) J- By, (a;)

’YGA’VL 1 keNn— 1

/ flz+k-t)dedt
(

11
-23)

_ —ZZ ( )/( £k 1) dt.

m yeA, kEN“

O

The next theorem transfers the integral of smooth functions with B? to a n-fold symmetric
difference. For t € R, define the difference operator A, by A, f(z) := f(z + %) — f(z — %). For
t; € R, j € N, the operator Ay, ;, := Ay, --- A, stands for the Composition of Ay, j €N,
We point out that Ay, 4, is independent of the order of the operators A, j € N,,.

Theorem 3.2 For any f € C™*(R), the following equation holds

/R FO@)B ) dr = S > G A SO (3:2)

M yeA, keN"

The scalar case corresponds to

/ FP @B de = 3 (1 —a)"a¥ A g, £(0)

keNn

[ 1) 4o = arf0) = 3 (-1 ( " ) G-,

J€Nn J

and



Proof: We adopt induction again. By using (3.1), we know that

/ a _ L J /
[rosoa = S-S Sgms [ s
- lyyas

jE€EN, keN

which concludes (3.2) in the case n = 1. Suppose that (3.2) is true for the case n — 1. We now
verify the case n. By the definition of 5% and direct calculation, it follows

/R £ (1)) dt

_ / £ (1) / B, (t — y)B0(y) dy dt

- //81 / N ()82 (t — y) dt dy
- /51 / NI (t+y) B (8) de dy.

The induction assumption implies

/R £ (1) B3 (t) dt

- /ﬂf(y Z Z - Apyooden o [ (y) dy

m ’YGAn 1 keNn—1 (fynil)

= o7 2 2

'YEAn 1 keNn— 1

R DD D= NS o g R VTN 10

Om YEAn—1 keNn—1 M jeN,, LeN m

- = Z 3 5 5 H)A,ﬂ,,_knf(()).

m ye A, keENT

/ (Atrto /) ()5 () dy

(%171)

The next theorem indicates that 3%, satisfies the Strang-Fix condition of order 1.
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Theorem 3.3 The 1-periodic function

Fu(t) := Zﬁ“t— )=1

kEZ
for anyn € N and t € R.

Proof: It suffices to show that, for any n € N, the Fourier coefficients ¢;(F,) = d;0. Here §
denotes the Kronecker symbol. We will adopt induction. By using (2.12), we have

ci(F1) = /
( %% keZ

/a’"
m

11
2:2)

—ij27rt dt

—ij2mt
am éé)(t_ k;)e I At

k;EZ )\EN lGN

/< y Xeg = k)e™m dt
202

X(_1
/——k Lk (2:3)

Using the orthonormality of {e?™" : j € Z} leads to

a)\

kGZ AEN,, leN

(t)e 72 dt.

N~

AeNm leN keZ m

Cj(Fl) _ a)\ / e—ij27rtdt
,\eN IEN keZ By ( (=3=k3=k)N(-5.3)
1 af\’l
— )
(1) ZZBM) e
AENy, leN —Elp<izt
s Y S
B;,(1) AENm By, (ax) leN
Noting that .
>t -
— 2
e (1—a)
and (2.11), we get
dio 1
F) = —* = ;0.
S = B 2 T im0



Now, suppose that ¢;(F,_1) = ;0. We want to verify that ¢;(F,,) = d,0, which can be done by

al ..
(F — —m a —1]27rt

’ keZ

N|=
[SIE

«

= BT : Z/Rﬁ Lt =k = y)Bi(y) dy eV dt

_1 l)
2°2/) k€eZ

= Im__ [ g3 L iom
(B;n( ))n/R ! /;; keZZB ) 7T dt dy

:BJDAW@[_)@ﬁﬁmiymx k- y) e drdy

/

Qm a O‘%_l @ —ijont qq.—i2mjy
= —— [ Bi(y) ——y B (t—k)e dte dy

m (7 9

33 |33

—_

Finally, using (2.11) again, we conclude that ¢;(F),) = 6. O

Next theorem states that the derivative of 37 equals to the weighted sum of the symmetric
difference of 39_,
Theorem 3.4 For anyt € R, the following identity holds

Z Z (). (3.3)

™ jeN,, keN m

d

The scalar case leads to

—B" Zl—a )a* T ALBY L ()
=1
and

d
S0 = A (1),

10



Proof: Using Eq. (2.12), the dominated convergence theorem, and the direct calculation below
d - d ~ _
—B%(t) = — @ (t— T(y)d
G0 = [ A
1 af!
o a (4 J

- Lyy o

/
j€N,, keN m

we conclude (3.3). O

The following theorem states that 3% can be alternatively defined by a recursive formula.

Theorem 3.5 Forn > 2 andn € N, 8% and 5%_, satisfy the recursive relation for everyt € R,

nk nk _
ZZ ( +_21 5_1(t+§)+ = S_l(t—g)) (3.4)

]ENm keN

In scalar case, the formula becomes

t+ 5 by -t k
5Z(t)=2(1—a)ak‘1< Bt )+ 2 Z_l(t—§)>

n
keN

and in particular,
t+§ 0 1 5—1 4 1
t+ = t——=).

Ba(t) =

Proof: We note the functions on both sides of Eq. (3.4) are continuous for n > 2. It suffices
to prove this identity by showing the Fourier transform of left-hand side equals to that of the

11



right-hand side. By using (2.13), we obtain

VERa T (G + ) - B

2

i\ o
k
-2 (5 coSs
(smca
(smca

() )

§

k€
2
&)
2
&)
2
Using the formulae (2.9) an

> g

]GNm keN m

-y ! (paj@coseax@
a;)

/ . 2

Differentiating Eq. (2.8) results in

pa(t) cos 0z(t) = Z

Consequently, Egs. (2.8) and (3.5) yield

>

jEN,, kEN m

§

2 2

npa(g) coS 95(%) —

n—1

pa(=) cos Ga(ﬁ) + (n —1)sin 95(5)

D)@

n—1 n—1
ld% (ei§5 (sinca(g)) B (sinca(g)) )

Sinca(§)>n_l +(n—1)sin % (sinca-(g) " dig (smca(g)))

k€

- cos — + n—1)sin - : a4 (Sinc“(§)>
2 sinfy(§) d¢ \" 2

(— cos— + 5 )
e k¢ ke [cosba(5)pa(5) 1
(smca(z)) <k: cos o + (n—1) sm; <W — %>) :

d (2.10), it follows

ke ke [cosO(5)pa(s) 1
<kcos7 + (n — 1)81117 <W — §/—2)>

sinHaj(g) cosQa(g)pa(g) 1
+(n—1> 1_@; < Sine(;(g) —%>)

ke §
sin —
2 sin (5

cos 6’~(§)p5(§)% — sin 95(%))
(5)2

Pa, (t) cos by, (1)
(1 —a})B;,(a;)

(3.5)

JENm

¢ (e ($)pa(s)

(n— 1)sinca(g).

12



Therefore the Fourier transform of the right-hand side of Eq. (3.4) is

( >3 5 ( BT+ ) — B - 9))(5)

™ 5eN, keN m

_ _\/%i (sinca(g))n l(nilp <§)cose(§) Sinca(g)>.

On the other hand, by using (2.10) again, the Fourier transform of the right-hand side of Eq.
(3.4) is

( 2. Z nfl) ( 5_1<-+§>+55_1<~—§>)> (©)

]ENm kEN m

S IDI g (% %) ()
e _— 2 2 11 al—=
o B! (aj (n— 1) 2 an-t 2

JEN,, keN

_ 5 1 w1 kE
= \/%oz” p— (smca 5 Z 3 aj)Zk;aj cos 5

JEN ;”( keN
= \/ﬁa" (n—1) (smca 5 ) ng: B;n(aj)l_—a?paj(i)coseaj(i)
= \/%oz” (= 1) (smca 5 ) )Cos Ha(g),

Finally, we conclude that

SR GO

M €N, keN By,

( ZZB, n_l)(5_1(-+§)+BZ_1(-—§))>(5>

™ jEN, keN m
1 1 n—1
— ~ aan (sincd(g)) (n n 1p5(§) cosGa(g) — sinca(g)>
n—1

1 n .
+\/ﬂo¢% =1 (smca(§)

- (D) =@

13



4 Probability Behavior

Define
th) l3/< )61() teR

The function p can be considered as a density since p(t) > 0 for any ¢ € R and [, p(t) dt = 1.
In fact, by noting (2.11), we have

/ p(t)di =
R j€Nm keN Bj,(

- ZZB,

jENy, keN

am

1 1
= B 2 (—aPBa) "

j€ENm
Let X be a random variable with density p. We first calculate the expected value F(X) and
the variance D(X) of X.

Lemma 4.1 The expectation and variance of X are as follows

1 BY1)  BP®1)

E(X) =0, D(X) = E(X?) = o} =5t iE 0 + o 0

1

2 __ 1 a
In scalar case, we have o5 = 15 + TgEmE

Proof: The vanishingness of the first moment of X is due to the evenness of the density p. Thus
D(X) = E(X?). Using the definition of the density p, we obtain that

oy = /t2p(t)dt
R

B/

Using the equation

14



and the two identities (2.11) and (2.7), we have

1+B,(3)(1) BY (1)
12 4B’ (1)  12B! (1)’

which completes the proof of this lemma. a

Let X,,,n € N be a sequence of independent and identically distributed (iid) random vari-
ables with density p. Denote by Y,, = Z?Zl X;. The density py, of Y, is as follows

pyn(t):p*---*p(t)Z( T ) Bi(t), teR.

S—— B! ( )
Normalize the random variable Y,, by

Y,—E(Y,) Y,

Z, = B~ Vhow

The density of Z, is

P2 (@) = ioopy. (Vi) = v/is < ) §i(moor), z€R.

am
By, (1)
The central limit theorem tells us that the limiting distribution of Z,, is the normalized Gaussian
distribution. We therefore obtain the asymptotic formula for the spline 52,

Theorem 4.2 There hold the following two asymptotic formulae for spline % in time domain
and frequency domain, respectively,

lim \/_JO( xQ )) Bi(vnogt) = ——e" 7, teR (4.1)

n—o0

.1 1 \"/. 3 1 e
i 7= () (v (i) - e=n .

Moreover, the limit in (4.1) is uniformly convergent in R in the pointwise sense and convergent
in the L1(R) sense for any q € [2,00], while the convergence in (4.2) is both in the pointwise
sense and in the LP(R) sense for any p € [1,00).

15



Proof: Noting that pz(0) = B/, (1), p%(0) = 0 and the Taylor formula of sin 6z

p2(0) — p3(0)

sin 0z(t) = pa(0)t + 3 £+ 0t
for any ¢ in certain neighborhood of the origin, we get
(2) 3
r . 2 (0) —pz(0) 4 4
0:(t) =1t 4 -t t
B, O = gy O
and
1 PH0) = 00) 5 | s
a(t)=1—==2 - t O(t?).
5,0 3g,0 ¢ O

Noting that
2
p&(0) = p2(0) — (B (1) + 3BP(1) + B,, (1)),

it follows
1 BY (1) +3BY (1) + B, (1)
incz(t) = 1— — - mi g2 t3
By, el 3B (1) +O(t)

= 1—20t> + O(*),
which yields
1 t 1 3

——sincg(=——) = 1——t*+0(—|.
B;n(l)SHlC (20'0\/ﬁ> 2n + (\/n3>
The above equation holds for any ¢ € R since sincg is real analytic (The convergence radius of
its Taylor series is infinite). Therefore

y I t o2

im | ———=sincg | ——= =e 2,

n—oo | B! (1) 2004/n

which implies the pointwise convergence in (4.2).
Lemma 2 in [15] shows that, for any ¢ € R and for any n € N\ {1},

o ()= -l e

where sinct := sint/t. Noticing that

1 . 1
am ) = 5

pa(t)sinc(t),

B, (1)
for any given p € [1,00). This proves the LP(R) convergence of (4.2) for p € [1,00) by the
Lebesgue dominated convergence theorem.

we find that (LSinca <m>)n is dominated by a LP(R) function for any n € N\ {1} and

16



BB Spline of order 1 BB Spline of order 2 BB Spline of order 3

4 0.4 0.4 P
3 0.3 0.3
1.2 0.2 0.2
1.1 0.1 0.1 \
—010 -5 0 5 10 95 5 95 0 5
BB Spline of order 4 BB Spline of order 5 BB Spline of order 6
1.4 o 0.4 < 0.4
1.3 0.3 0.3
1.2 0.2 0.2
1.1 0.1 0.1
95 0 5 95 0 5 95 0 5

Figure 5.1: Normalized BB splines of various orders with a@ = [.2,.3,.5,.7] converging to the
standard Gaussian. Solid (blue) line: BB-splines; Dash-dotted (red) line: standard Gaussian.

Since the Fourier transformation is a bounded linear operator from LP(R) to L4(R) for any
p€[l,2] and p~' + ¢ ' =1, the LY(R) convergence with g € [2,00] in (4.1) follows.
The point-wise convergence in (4.1) is a direct consequence of the following inequality

[ Fhn(x) = Fh(x)] < || Fhn = Fhl| L@ < [lhn = hlli@ — 0

for any convergent sequence {h,} in L'(R). O

5 Numerical Experiments

In this section, we conduct numerical experiments to confirm our previous theories. In Figs.
5.1 and 5.2 we plot the normalized BB-splines of various orders and various powers of the
general sinc functions according to the functions on the left-hand sides of Eqgs. (4.1) and (4.2),
respectively. From the two figures we clearly see that both the BB-splines and the powers of
the general sinc converge to the standard Gaussian quickly.
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