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Abstract : In the Clifford algebra setting of a Euclidean space on the boundary of a domain
it is natural to define a monogenic (analytic) signal to be the boundary value of a monogenic
(analytic) function inside the domain. The question is how to define the corresponding phase
and phase derivative. In this paper we give an answer to these questions in the unit ball and in
the upper-half space. Among the possible candidates of phases and phase derivatives we decided
that the right ones are those that give rise to, as in the one dimensional signal case, the equal
relations between the mean of the Fourier frequency and the mean of the phase derivative, and

the positivity of the phase derivative of the shifted Cauchy kernel.
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1 Introduction

In time-frequency analysis the concept analytic signals is introduced (see [Co], [Pi]).
It is well-known that for a real-valued square integrable signal f in the whole time range,
the function f+iHf, where H is the Hilbert transformation on the line, is the boundary
value of an analytic function in the upper-half complex plane. The function f + iHf
is called the analytic signal associated with f, that is, in fact, the boundary value of a
constant multiple of the Cauchy integral of f in the upper-half complex plane. In the

periodic signals case, for a given function f € L*(T'), written in the form

fe'") = Z cre™, t €0, 2x],

k=—00

IThis project sponsored by the National Natural Science Funds for Young Scholars (No. 10901166),
Sun Yat-sen University Operating Costs of Basic Research Projects to Cultivate Young Teachers (No.
111gpy99) and by Research Grant of University of Macau UL017/08-Y2/MAT/QT01/FST, and the FDCT
project on Clifford and Harmonic Analysis (014/2008/A1)



where r
on = %/0 Flet)e*ar,

the circular Hilbert transform H is given by

H[f](e) = —i i sgn(k)cie™, (1.1)

k=—o00

where sgn(k) = 1,if £ > 0; 0, if k =0; and — 1, if k < 0.

The integral form of the circular Hilbert transform is given by

H(f)(e) = - Tim /|t I|>Ocot(t_$)f(e”)dx.

N % e—0+ 2

The function .
fHIHf =co+2) et

k=1
is called the analytic signal associated with f. It is the boundary value of an analytic
function inside the unit disc. Unlike the upper-half plane case, it is not a constant multiple
of the boundary value of the Cauchy integral of f. So the circular Hilbert transform does
not correspond to the imagine part of the Cauchy integral of f. In fact, it corresponds to
the imagine part of the Schwarz integral of f, that is the conjugate Poisson integral. In
the upper-half plan case the Cauchy kernel and the Schwarz kernel coincide. In general,
Hilbert transformation on the boundary of a domain is defined to be the operator that
maps the scalar parts of the boundary values of analytic functions in the domain to their
non-scalar parts ([Be]). This concept is extended to higher dimensional spaces in the
Clifford algebra setting ([QY]).

From the definition of circular Hilbert transform, it is easy to see that H(c) =
0, Hicos(kt)] = sin(kt), H[sin(kt)] = — cos(kt).

In the polar coordinate representation we have
f+iHf = A(t)[cos O(t) + isin0(t)] = A(t)e®®,

where A(t) = +/f2+ (Hf)? is called instantaneous amplitude, and 6(t) = arctg% is
called the instantaneous phase. The derivative of the phase, 0'(t), is usually defined to be

instantaneous frequency.

In order to make the above defined “instantaneous frequency” a qualified concept
complying with its physical meaning many researchers require the additional condition
¢'(t) > 0 a.e. ([QCL], [Q]). In the present paper this point is not insisted.

In higher dimensional spaces, G. Sommer and M. Felsberg et al ([FS], [Fe] and its

references thereby) using the Hilbert transform in higher dimensions (Riesz transforms)
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first studied the monogenic signals in the upper half spaces and gave the definitions of
local amplitude and local phase, which have significant applications in image processing.
In addition, Billow and Sommer have published work on hypercomplex Fourier transforms
applied to images, such as [BS1], [BS2] [Bu].

The main purpose of this paper is given the definitions of instantaneous frequency both
in the unit ball and in the upper half plane from theory. In our definition instantaneous
frequency is real-valued, and the treatment is universal. The proposed definitions have
roots in signal analysis for it gives rise to the necessary equal relations between the mean
of the Fourier frequency and the mean of the phase derivative. Our definitions also implies

the positivity of the phase derivative of the shifted Cauchy kernels.

2 Preliminary

Most of the basic knowledge and notation in relation to Clifford algebra hereby are referred
to [BDS] and [DSS].

Let ey, ..., e, be basic elements satisfying e;e; + eje; = —20;;, where §;; = 1 if ¢ = j,
and ¢;; = 0 otherwise, 4,7 =1,2,---,m. Let

" ={xo+ 2z, € R"},

where
R"={z=z1e1+ - +zpe,:2; R, j=1,2,---,m}

be identical with the usual Euclidean space R™.

An element in R™ is called a vector. The real (complex) Clifford algebra generated
by ey, e, -, €e,, denoted by R,, (C,,), is the associative algebra over the real (complex)
field R (C). A general element in R,,, therefore, is of the form = = Y gxges and eg =

€, €, - €;,, and S runs over all the ordered subsets of {1,2,---,m}, namely
S={l<ig3<ig<---<iyy<m}, 1<I<m.
The multiplication of two vectors z = >, x;e; and y = 327, y;e; is given by

ry=x-y+rAy

with . )
E'Q:—Z%‘yy‘ =§(£y+yz)=— <z,y>
=1
1
z Ay =D ey —w5y:) = 52y — yx)

1<j



being a scalar and a bi-vector, respectively. We denote by Sc(zy) and Bi(zy), respectively.

In particular, we have 2* = — < 2,2 >= —|z]* = = X2, 23
We define the conjugation and reversion of eg are €5 =€;;---€;;,€; = —e; and €g =
e; - --e;1. So the Clifford conjugate of a vector z is Z = —x. The Clifford reversion of a

vector x is T = z. It is easy to verify that 0 # z € R™ implies

‘ (o]

-1 _
& - |2‘

=

The open ball with center 0 and radius R in R™ is denoted by B(0, R) and the unit sphere
in R™ is denoted by S™~!.

The natural inner product between x and y in C,,,, denoted by < x,y >, is the complex
number Y ¢ xsYg, where v = > gxges and y = > gyses. The norm associated with this
inner product is

2| =< 2,z >3= (3 |zs]?)?.
g

Below we will study functions defined in R™ taking values in C,,,. So, they are of the
form f(x) = Y4 fs(x)eg, where fg are complex-valued functions. We will use the Dirac
operator D, where D = %el + -+ %em. We define the “left” and “right” roles of the
operators D by -

Df =3 Y W,
i=1 5 9Ti
and

fD = i > ZJ;S ese;.

i=1 S v

If Df =0 in a domain (open and connected) €2, then we say that f is left-monogenic
in ; and, if fD = 0 in €0, we say that f is right-monogenic in €. If f is both left- and

right-monogenic, then we say that f is monogenic.

We call B
T
|
the Cauchy kernelin R™. It is easy to see that F(z) is a monogenic function in R™\ {0}.

For z = |z|{ = r&, there is the polar form of the Dirac operator

1 1 - 1
D =¢£0, — ;8§ = ;g(r@a + §6§) = ;§(7’8T + Fg),
where I'¢ is the bi-vector-valued spherical Dirac operator

Fé = gﬁé = — Zeiej(a:‘jaxj — .Tjawl)

1<j



Denoting f‘é = (m — 1)I — T'¢, where I is the identity operator, then fé —I=(m-—
)T —T.

Remark 2.1: When m = 2, let { = coste; + sinte,, then g = —coste; — sin tes.
O¢ = |—sinte; + costes]|—.
(3 [ 1mn 1 2] 8t
Therefore,
Te = £0¢
. . 0
= [—coste; — sintey|[— sinte; + cos tez}&
= eye 0
= &l
= e;e 0
= Giey

In the complex plane, Let €,e; = i, then { = coste; + sinte, = e (cost + sinte;ey) is

19

isomorphic to cost +1isint, and —I'c = ;5.

Remark 2.2: When m = 2,
Iy —T=-T

3 Fourier expansion and spherical Hilbert transforms

It is well-known that if f € L?(S™1), then we have the Fourier-Laplace expansion

f) =3 Seh©. e sm,

where Si(f) € Hy are k—spherical harmonics given by

1

Wm—1

Si(f)(§) = dim(Hy)

/Smfl Pem(< &y >)f(y)dSy,

where Py ,,(t) are Legendre polynomials of degree k in dimension m, and dS the surface

area element (see [SW]).

Thanks to Clifford analysis, if we denote

m—i—/{:—Q—Fg
Pi(f)(§) = ST —— =[Sk(f)(E)]
and k:+F§
Qr-1(f)(§) = m[sk(f)@]a k=1,
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then

o0

F©) = [P(N©) + Qur(N©)] (3.1)

k=0
where Py(f) = constant and Q_; = {0},

PUA© = —— [ Chulenfwis,

Wp—1 JSm—1
and
Qe (N = [ Craa(&)fw)as
where
Cri&y) = s [-(m+k-2C" <&y >)
+ 2-m)CP(< &y >)ENY),
and
Crurby) = ——5 KO V(< &y >)

CY is the Gegenbauer polynomial of degree k associated with v. We call (3.1) the Fourier
ezpansion of f € L*(S™1).

The component P (f)(£) is called an inner spherical monogenics of degree k, which is
the restriction to the unit sphere of the k—homogeneous left-monogenic function Py (f)(r§)
in the unit ball. The component Qx_1(f)(§) is called an outer spherical monogenics of
degree k — 1, which is the restriction to the unit sphere of the —(m+ k —2)—homogeneous
left-monogenic function Qy_1(f)(r€) in R™ \ {0}. Therefore, Py(f)(§) € Hy (S™!) and
Qi-1(f)(€) € Hy (S™71), where the Hardy spaces Hy (S™7!) and H; (S™!') are Hilbert
subspaces of the L? on the sphere under the inner product (6.1), and they are orthogonal

complements to each other.
There hold the following relations (see [DSS)):

—Le[PL(§)] = EPi(§),

—Te[Qr-1()] = —(k +m —2)Qs-1(§),
(Ce = D[P(&)] = (k+m —2)P(¢), and
(Cg = DIQk-1(8)] = —kQr1(8).

For the boundary value of a left monogenic function in the ball, the non-scalar part of it
is defined to be the inner spherical Hilbert transform of the scalar part. For the boundary

value of a left monogenic function defined outside the unit ball, we similarly define outer
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spherical Hilbert transform. In this paper, we only deal with the inner spherical Hilbert
transform, abbreviated as spherical Hilbert transform. The theory for outer spherical

Hilbert transform is similar.

The inner and outer spherical Hilbert transform of the function f € L*(S™!) are
well studied in [BDDE], [BDE], [BV] and [QY]. The first integral representation of the
spherical Hilbert transform is given by [BV]. In [QY], by using the Abelian sum of the

inner spherical Hilbert transform of f, we obtain the singular integral representation, as

follows.
A©) = tm [ Qy. /(s
where . )
Qr(y. &) = o1 l|y_7"f‘m T med \y pglm ] SNY
Denoting

m—2
TP
= | .
/o ly — pg|™

and t =< y,§ >, we have

Lna(rt) = = [m—1+ )1 e
m r, =—|(m-= . )tm — )
+2 m dt |1 — 2rt + r2|m/2
while

Ly(r,t) = ! arctg———

2\, /—1_t2 g /—1_t27

t—1
I3<T7t): :

(1 — )1 —2rt + 12

The series form of the spherical Hilbert transform is (see [BD], [QY]):

1O =3 | =3 PO ~ Qa9

From the definition of the spherical Hilbert transform, we have
H[R) =0,

HIPS) + Qpa ()] = —

Remark 3.1: It is shown in [BDE] that

o —T¢ [S(£)()]
Ek+m—2

HIf1(&) =

k=1



Clearly, since f is real-valued, H [f](§) is bi-vector-valued and has the form

> ¢ [Sk(f)(@]

£ E+m—2

k=1

Remark 3.2: From Remark 2.1, in the complex plane, using the isomorphic form with
m = 2, the right hand side of (3.2) becomes

~© 10 [C ikt —ikt 00
T } Z ikt —ikt
> = (cre™ — c_re ™)
k=1 k k=1
= iH[f](e").

That means, up to the imaginary unit i, the spherical Hilbert transform I:I[ f] on St

coincides with the circular Hilbert transform defined in (1.1).

Example 3.3: Consider the spherical Hilbert transform of the spherical harmonics
m—2

C,? (<& y>). Using the formula (3.2), we have

1 m=2 m — 2

w[3

e |30 (SE6u>)| = O (SEu>ITd< 6y >
-2 m
- —hcﬁkép)wé

where we invoke the property 4C}(t) = 2vCy*|(t). This result can be found in [DSS].

Therefore,

Pi(£)(€) = Sc[Pu(£)(©)] + BilPu(f)(€)] = Sc[Pu(f)(€)] + H{Sc[Pi(f)(€)]}-

4 Monogenic signals and phase derivatives on the unit

sphere

Let f be a real-valued square integrable signal on the unit sphere S™ !, From the
definition of the spherical Hilbert transform, we have f(&)+H|[f](¢€) € Hy (S™ '), which is

the boundary value of a left-monogenic function inside the unit ball. We call f(¢)+H[f](€)

the monogenic signal associated with f.
For a monogenic signal f*(£) = f(£) + H[f](£), we can write it in the form:
f

FAl) = AL+ AU

A Taw
B ;o HY) A
= ADGEE T ) Ag)

8



= A(f)[cos (&) + HlJ] sin 0(¢)]

HIf]

= A(f)emm 9@,

where A(f) = /f2 + H2[f] is called the amplitude, «9(&) = arctan M the phase that is

Alf] g
between 0 and 7, ;%9({) the phase vector, and Tl the phase direction. We define

the directional phase derivative by Sc {[ [e0()] |H[f”}

Geometrical explanation of instantaneous phase direction
When m = 2, by definition a monogenic signal is of the form fy+ fe;es, the instantaneous
phase is e?®1®2 where 6§ = arctanZ:. The product of a vector @ = a,e; + ase; € R? and

fo
the instantaneous phase e?®1®2_ that is

a66e1e2 _ 6_(0/2)6192Q6(6/2)e1e2,

is the rotation of a anticlockwise by the angle 6.

When m = 3, a monogenic signal is this form f, + fieses + foese; + fzeje,. Using the
Hodge dual, it can be written as fo—(fie1+ faea+ f3e3)e1e2e3. We denote fie+ foes+ f3e3
lf |

ejezes

. . =0
by f. Then the instantaneous phase direction is e /! , where 0 = arctan—r . Let a

be a vector. Then
—(9/2)|f‘e1e2e3 (9/2)|f|e1EQ63

is the rotation of a along the axis f by the angle 6 in the clockwise looking from the
arrow-head position of f. For details, see [DSS] and [Lo].

‘f‘ele2e3 is a rotation of the real value A(f) along the rotation axis —isin ¢(§)+

A(f)e
jcos ¢(§) which is orthogonal to the plane spanned by the real axis and the vector
icosp(§) + jsing(§) by the angle # in the clockwise looking from the arrow-head po-

sition of the rotation axis.

Remark 4.1: Particularly, for a monogenic signal of this form fy + fieses + foeseq, in
[F'S], it is written in this form fy + fii + f2j. Then

Jo +f1i+f2j]

A(f) - A(S)

B Jo fiit foj [ fil+ fo
= AUGH il AG) )

= A(f)[cosO(&) +isinf(§) cos p(§) + jsin (&) sin p(§)]
_A(f)elicos o s o))

o+ fii+ foj = A(f)]

where A(f) = \/(fo) + ()2 +(f2)% 08 = arctan% = arctan 7V(fl);:r(fz)2, #(&) =

arctan . In [FS], the geometrical explanation of A(f)elicos¢@+isné©F©) ig 5 rotation of



the real value A(f) along the rotation axis —isin ¢(&) + j cos ¢(§) which is orthogonal to
the plane spanned by the real axis and the vector icos ¢(§) + jsin ¢(§) by the angle 6 in

the clockwise looking from the arrow-head position of the rotation axis.

Next, we discuss how to define instantaneous frequency for monogenic signals. First

we consider instantaneous frequency for analytic signals on the circle.
For an analytic signal f+ = f + iHf, we have
ey = A(t)[cos O(t) + isinO(t)] = A(t)e?®.

In the complex plane, the instantaneous frequency for an analytic signal is defined to be

the derivative of the instantaneous phase #'(t). There are various ways to compute ¢'(¢):

[10(2));
cosO(t)]/isin6(t);
isinf(t)]/ cosb(t);

e119(15 ]/619

S
~—

b)=

S—
%m%wﬁmgm

N
;U ey ] S Y

~~ N /N /N
O

@
S~—
@

11—
e | =
Rlo
~
+
—

=
-
—_

10
iot

Therefore, in higher dimensions we may have two alternative methods to define phase

As we know, the operator : 5. corresponds to —I'¢ = fg — [ in the dimension m = 2.

derivative or instantaneous frequency of a monogenic signal.

Method 1: Define instantaneous frequency by

Se { [~Tef @) [£©)] } . (4.1)

We can show that

se{Frerel] ] )

L gen] [ AL gey] ™
= Sc [ Fge IH[f ]|f |H[£]] ‘|

- SC{_Q@E\)“”@@ [‘3%@]1}%{[ “”\H%} (42

In the complex plane, the first part of equation (4.2) reduces to zero and the second part

of it is just the phase derivative.

To show (4.2), we have

—Tef™ (&)
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= refan) [eosote) +

sl

= i — coS /] sin
= —TA(f) lCOSQ(f) + |f~[[f]| sm@(ﬁ)] A(f)l}l 0(¢) + | — Tl ©)] -

=

—T¢ [cos 9(¢) + ]:[[f] sin@(ﬁ)] = sinfl'¢f — cosO'¢l }:][f] r (M)sine.

A[f]] A S AL
Then
[T fHOIF O
= + 1 — HlJ) sin
= e @1z o0 - im0
—TeA(f) AT 1111 gen] T
_ /f(f) + [T AIAIE]) | i (5)]1
= _PéA(f) cos ﬁ[f] sin Cos — [:[[f] sin
= ] AT 00 [esste Ay e
Therefore,

= = -1
[_Fge[lg{ﬁe(s)l] [e[g{;ﬁ}e(m] }

— Sc{-T¢ (ém >sin9(§) le['gw(@]]_l ~Te®) (\%D}

f
- sl enolp ]} 1)

Method 2: Define instantaneous frequency by

se{ [~ nr©) [0}

Similarly, we can show that
se{ (e nr] [rre0] )
= (m—2)+Sc { [—F§f+(§)} {fﬂg}}_l}

= (m—2)+Sc {—Fg ( }:I[f] ) sin6(§) [e[%e(é)]l _1}

+Se {[—rge(g)] /] } . (4.3)




Note that in higher dimensions, phase derivative or instantaneous frequency defined
through Method 1 or Method 2 are no longer qual to the directional derivative of the

instantaneous phase.

Remark 4.2: For P;(§), by using the two methods, the instantaneous frequencies ob-
tained are, respectively, k and k +m — 2. When m = 2, P, reduces to ¢**, and k +m — 2

reduces to k.

Remark 4.3: If f(x) is left-monogenic, then Df = 0. Using the polar form of the Dirac

operator
1
we have —T'¢ f(z) = r0, f(z). Therefore, —I'¢ f(§) = lim, ;- 0, f(z). In many occasions it

is easier to compute with the operator 0, than the operator I'¢.

Now we justify the above given definitions of instantaneous frequency. The following
relation plays an important role in one dimensional signal analysis: Let s be an analytic
signal of finite energy and s(t) = |s(¢)|e**). Then in both the classical sense ([Co]) and
the extended sense ([DQY], [DQ)),

(W) = /Ooow|§(w)]2dw _ /_O:O d(’flit)|s(t)]2dt. (4.4)

For periodic analytic signals there exists an analogous relation ([DQ)])

=S Haf = [ D sFa (45)

where ¢;’s are the Fourier coefficients of f.

For a monogenic signal f*(£§) = Y32, Pi(&), we have, correspondingly, two methods

to define the mean of the Fourier frequency as follows.

Method 1:

< k= Y HAE)
k=0

In the case we can prove, similarly to (4.5),

< k> = /SW1 Se {[~Tef OIS (O} (&) PdSe.

In fact,
<k> = / k| P (6)2dS
1 o o IkZ‘B | Pi(€)[*dSe
- / Z kPo(€) Pe(€)dSe
wm 1 Sm—1

12



- wril /Sm_x—Fg)f*(&)fﬂs)dsg
= [T OO O @ase
= [T @I ©Rds
= L selirar@lr@r s @ s,
Method 2: N
<k >o= gk +m — 2)| P(&)]*.

Using the same technique, we can prove, similarly to (4.5),

<k >p= /S Se{[Te = D QI QI QP dSe.

For some physical reasons, we need to expand a signal by those of positive analytic
instantaneous frequency. This aspect has recently been studied in a series papers of Qian
et al ([Q], [QCL], [Q1], [Q2], [QW]). In this complex plane, the study is based on the

i0,(t) _ eft—a
T 1—aeit

transforms from the unit disc to the unit disc, called Fourier atoms. Observe that ([Gal,

[Q])

analytic signals, the boundary values e la| < 1, of the corresponding Mabius

Ldo,(t) 1 1— |a)?
2 dt 27 |elt — al?
that is the Poisson kernel of the disc at a, and positive, we have non-trivial analytic signals

1—ael* ik0, ()1 00
LEr e

of positive phase derivatives or instantaneous frequencies. Furthermore, {\/%

is a weighed trigonometric system.

In higher dimensions, it is natural to consider the functions Py (7,(§)), where 7,(§) is
the Mobius transformation from the unit ball to the unit ball. We first recall Mobius

transforms in higher dimensional spaces.

5 Mobius Transforms in higher dimensional spaces

In this section, we will recall well known results of Mobius transformation in R™.

Definition 5.1 " A Mobius transformation is a function M : R™ U {o0} — R™ U

{o0}, which can be expressed as finite composition of translations, dilations, orthogonal

13



transformations and inversions. In fact, each Mobius transformation is a homoemorphism
from R™ U {oo} to R™ U {o0}.

In R™, it is more difficult to describe the Mobius transformation. That is especially
because that multiplication in R™ is not closed. For example, ab may be not in R™,
although a and b are in R™. In order to solve this problem, we need the following

Lemma, that is

Lemma 5.1 ¥ [fa,b,c,d €T, U{0}, and satisfy

(1) ac™',dé € R™, when ¢ # 0;

(2) ad — bé = +1;

(3) bd~' € R™, when ¢ = 0.

Then ¢ (z) = (ax+b)(cz+d)™" is a Mobius transformation from R™U{oc} to R™ U{oc}
and this expression factorizes to equal ac™' + (cxé + dc)™" when ¢ # 0 and dazxa + bd™*

when ¢ = 0.

This above extension was first worked out by Karl Theodor Vahlen in 1902, and was

re-studied by Ahlfors over eighty years later, in 1984.

Note 5.1: The Jacobian of the transform on the sphere is given as ([Ah])

lad — bé|

lsap) —latd™"

Jy(z) = (

1

Example 5.1: w=r1,(2z) =(z—a)(l —ax)" " is a Mdbius transformation which maps

the unit ball onto itself and w™ = 7_,(z).

Unfortunately, the composition of a monogenic function and a Mdbius transformation
is, in general, no longer monogenic. Mobius transforms themselves, and products of
monogenic functions are usually not monogenic functions. In fact, transformations of

harmonic and monogenic functions are more rigid here than those in the complex case.

Let ¥(z) = (az + b)(cz + d)~! be a Mébius transformation in R™ U {oo}, then (see
[PQ], for instance)

(1) If f is monogenic, then so is

C&: d
ez + d|™

f((2));

and

14



(2) If h is harmonic, then so is

1
————h :
@)
Next we consider the frequency of A’(jm Py ((5 —a)(1— Qg)fl).
Example 5.2: e ij Py ((f —a)(l— Q@_l) is the restriction to the unit sphere of the

left-monogenic function is Py ((z — a)(1 —ax)™!) in the unit ball. Using Method 1

[1—-az|™
. . . -1 —lal?)+k(1—|al?
and 2 we obtain the instantaneous frequencies (m )(<g’§;_5||2)+ (1-lal")

(1+k)(1—|a|?)+(m—3)(1-<a,£>)
and [1-ag|?

the computation given in (4.1), we have

—Qh j#u@am—%ﬂﬂ

(> 0 when m > 2), respectively. In fact, proceeding with

= lim r— [‘11__;7;7” ((7‘§ —a)(l - Qrg)_1>
—all — arg* —m(1 — réa)(— < &, a > +r|al?)
= [T
1-— a?f 0 o
v m g P (6@ —arg))]

I L s

P ((r¢ — a)(1 —arg) ™)

|1_Q§|m+2
1—af o1y L= af
+ |1_§|mPk((§ a)(1 —af) 1)k|1_a€|2
~fa+(1-maP+m<&a>  1-la?] 1-af o
B [ - ag? |1—a£|21| —agn (€0 -ag)™)

1—a§ 1
= @m_ﬂﬁﬂﬁam—@)-

The formula (4.1) implies that the instantaneous frequency is the scalar part of Y (§), that
g (m=D(<Ea>—[aP’)+k(1—|al?)
[1-ag]?
(m=3)(1-<a,g>+(k+1)(1-|al?)
[1—a€]?

. Similarly, adopting Method 2, the instantaneous frequency is

(> 0 when m > 2). The Cauchy kernel 1% s the special cases

[1—ag|™
of the above for £k = 0 and P, = 1. The instantaneous frequency of it is (m _1)‘(1<_§£; “le)

(1—la®)+(m—3)(1—<a,£>)
d [1—ag|?

(> 0 when m > 2), respectively.

Conclusion: From the above two examples, we prefer to choose Method 2 to define
the instantaneous frequency and the mean of the instantaneous frequency for monogenic

signals.
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6 A system of L*(S™1)

Consider L*(S™ 1), the space of scalar-valued square integrable functions on S™™1,

equipped with the inner product

(f.9)= [ F©g©)dse. (6.1)

Next, we will give a monogenic orthogonal system for L?(S™™1).
Theorem 6.1 Let a € B(0,1) C R™. Denote

L+a¢ l1+a¢
Fo = {ka(T—a(g))v WQl(T_Q(Q)’k’l > 0} .

isY]

Then F, is a complete monogenic orthogonal system for L*(S™1).

Proof A shorter proof can be given but we provide a more detailed proof for the sake of

completeness.

We consider three cases.
Case 1. when k # [,

[ T e PO R )5
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|1 —Ql|2m*2f ng
P78 B () P(x)—2ds,
/Sm,l 11— |a?Pm2 k@) ’@)ds£ Se

|1—Qg’2m_27 |1_ ’Q|2’m—1
= Jowr T O T e
1

— (1_|a’2)m—1/5m1 Pr(z)P(x)dS,
= 0.

Invoking the orthogonality between P, and (); and that between )y and Q;, k # [, we can

prove Case 2 and Case 3.

Next, we will prove completeness of the system. For any f € L?*(S™!), we have

l 143 7a(§) 1 f(Tg(é)) c LQ(Sm—l)7 then

[1+a ma (O™
1+an© | =
Mn] [0u(©) = LA + Qua(E)]

therefore,

We complete the proof.

Remark 6.1: When a = 0, 7,(x) = z, so Fy becomes the Fourier basis of L?(S™1).

Theorem 6.2 The system

is a complete orthonormal basis of Hy (S™ ') and the instantaneous frequencies of the

§

— m—1 1%
fa—{<\/1—|a|2> Tat

<Y

Pk(T—Q(§))v k 2 O}

basis functions are positive.
7 Monogenic signals and phase derivatives in the up-
per half spaces

If f e L*(R™), we define the Fourier transform of f by

f(t) = / L€ f()dz

17



and the nverse Fourier transform by

1 <zt>
F&) = i fo @ O

The Hilbert transform of f(x) has the following alternative representations

1 D _ei<zt>

HA@ = o o g (O

1 it epis
= i<z t)dt
g e ¢ SO

: z—t
= lim —
e—0+ Jjg—t|>e |z — t|mF

= —ZR z)e;,

f@)dt

where R;(f)(z) = lime o+ [j;_yc |mz t|_r,tl+1f( )dt is the jth-Riesz transform of f ([SW]).
Clearly, if f is real-valued, then H[f](z) is vector-valued.

Remark 7.1: It is easily to see that H?[f](z) = f(x).

Remark 7.2: When m = 1, letting e; = —1i, then we have D = %6%. The right hand
side of (7.1) becomes

1
1 o) 1<x t>

oy L 0
1 o t i<z, t>
= g Lge o

= (Q‘W) /_ O:O —isgn(t)e' <™ f(t)dt

= iH[/f](z).

It is well known ([LMQ)]) that

1 1 1 i<:r;t>1 Lz

@+ HIw) = o [ @i
= i, (;)m [ @tz f (0t
= [T(a)

where

1 t
e (xg + 2,1) = e PoltleiEt (1+1m)

is left monogenic in R ([LMQ)]). Therefore, f(z) + H[f](z) € Hy(R™), being the

boundary value of a left-monogenic functions in the upper half space R".
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We call f(z)+H

square integral signal on R™.

For a monogenic signal f*(z) =

f+H[f]

where A(f) =

between 0 and 7, %9

the directional phase derivative by Sc {[DQ( )]

instantaneous frequency by

We can prove that

{[DfT @
z)}} [e[,ﬁ{ﬁe@c)}

Sc{l
- 5e
- se

D
[ Delit
(D

H[f)
(x) the phase vector, and el f@)l

[f](z) the monogenic signal associated with f, where f is a real-valued

f(x) + H[f](z), we write it in the form:

f HIf]
A(f)[m + m]

[ HIf] AL
AV * T Al
A(f)[cos 9(;15) + ’Z{ﬂ‘ sinf(x)]

f2+ H?[f] is called the amplitude, 0@) = arctan ‘H—}f“ the phase that is

the phase direction. We define

HIf]
[H[f]]

} and define the phase derivative or

Se{[DfH @)lf* (@)}

)

()]}

H/] inf(x)cosf(x c x ulti
0 00 |+ S 1D
In fact,
Df*(z)
= cosf(zx Al/] sin 0(x
-D{mn[ o) + L W)H
= cosf(z /] sin 0(x cosf(z /] sin0(z
= DA [costl@) + i1 sindlo)| + 4D [costte) + 1 o)
Dicos6(z) ’H{ﬂ‘sinﬂ )] = _Sln0D9+COSHD9WH+D<\Z%])Sin0'
Then
Df*(z)[f ()]
= t(z ! cos _ Al sin 0(x
= 270 {77 [0 - ot
_ li;‘(l% ) {De[lﬁ{ﬁaw] { [ 6(z>]] !
_ 24Y) cosfO(z ] sinf(xz)| |cosO(x) — /] sin 0(x
= S oo+ i) feos o) - ot
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Therefore,

Se{[DfF (@) (@)}

~1
= Se{[pe[ﬂﬁ"@ﬂ} [e[,ﬁ{ﬁem]} }

= SC ] sin 0(x) cos 0(x x M
= se{ I i sn0(0) cosot) + ot 1A

= se{ I i 1sino) costlo) |+ sc{ Do 11}

For m = 1 the first term of the last expression becomes zero and the second term
reduces to the ordinary phase derivative. For a monogenic signal f*(z) = f(z) + H[f](z)

we define the mean of the Fourier frequency to be

<t>= [ JHIfF )P

Now we show, analogously with (4.4),

<t>= [ Se{lDf @I @]} (@) de

In fact,
<t> = [ uIf P
= [ o
1 b 1
_ /Rm It lz(l +1|t|)f(t)] 5(1 +1E|)f(;)dt
I DR NN I DR
_ /m it [2(1 ﬂm)f(t)] F (g F
- [ DFrofm
= [ DFf @@
= [ D@ @) @ @
- /m[QJ”(&)][f*(@)]’l\ﬁ(z)y?dg
= [ se{nfr @)t @)} ) P
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