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ABSTRACT. We study decompositions of functions in the Hardy spaces into linear com-
binations of the basic functions in the orthogonal rational systems {B,,(x)} which can be ob-
tained in the respective contexts through Gram-Schmidt orthogonalization process on shifted
Cauchy kernels. Those lead to adaptive decompositions of quaternionic-valued signals of finite
energy. This study is a generalization of the main result in [10, 11].
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1 Introduction

In [11] the authors studied adaptive decomposition of functions in the Hardy space H?(DD)
(where D represents the unit disc in the complex plane) basing on the orthonormal rational
function system, or Takenaka-Malmquist (TM) system

VI[P 2 -
Bp(z) = [an| H S 1,2,..., 2 €D. (1)

1—a,z 1 —agz’

The decomposition leads to an adaptive decomposition of a real-valued function (or signal)
f € L%*(0D) into mono-components, where by definition, a mono-component is a signal that
possesses an increasing analytic phase function (see [9]). The algorithm guarantees fast con-
vergence and is considered as a realizable variation of greedy algorithm.

While in [10], the authors investigated intrinsic mono-component decomposition of functions
in the Hardy space H2(C*) (where C* is the upper half complex plane) using the TM system
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in the upper half plane, it is

1 n—1 .
Dn(z):\/& HZ %, an=0an+if, € CT,n=1,2,...,2€ C" . (2)

T Z— Qp zZ—a
n oy k

This study is a counterpart corresponds to the case of unit disc in [11], which induces an
adaptive expansion of a real-valued signal along the whole line. Both of the methods proposed
by the authors in [10] and [11] are in some sense better than the using of the classic Fourier
System.

In this paper, basing on quaternionic analysis, we study similar adaptive decompositions of
functions in different Hardy spaces of quaternionic valued functions, viz. H2(By), H2(R*\ By),
H?(RY) and H?(R1). In each context there is a similar system {B,}>° | generated by shifted
Cauchy kernels. By adaptively choosing the parameters {ay }22 ; according to the given function
we achieve fast decomposition in terms of energy such that

o0

f = ZBn<faBn>
n=1

Invoking Sokhotskyi-Plemelj formula, we obtain adaptive decompositions of signals of finite
energy that are not necessarily quaternionic monogenic, nor scalar-valued. Those, therefore,
generalize the result in [10, 11] into four dimensions.

If f is a monogenic function in the Hardy space H? inside the unit ball, then it has a non-
tangential boundary value on the sphere that is in L?. Inside the ball, f has a monogenic Taylor
expansion. Restricted to the sphere the Taylor expansion reduces to the spherical harmonics
expansion of the function. In the L? sense the the spherical harmonics expansion converges to
the non-tangential boundary value of f. If f is an L? function defined on the sphere, say, being
scalar-valued, then it has directly a Fourier-Laplace series in spherical harmonics, the Fourier-
Laplace series coincides with the scalar part of the restriction of the Taylor expansion of the
corresponding Hardy H? function in the ball with the boundary value f + H f on the sphere,
where H stands for the Hilbert transformation in the context ([12]). The proposed adaptive
decomposition aims to obtain alternative spherical harmonics expansion that converge faster
than the corresponding classical series expansion. In the unbounded domain cases the same
idea can be proceeded to get fast series decompositions of the same kind, rather than the
classical Fourier integral decomposition (Fourier inversion formula).

Like what is in greedy algorithm, our fastness statement is based on intuition and experi-
ence. Convergence rates are difficult to be established, for there is no smoothness conditions
assumed for the boundary data. The existing convergence rate results ([2]) address the worst
cases and are not sharp estimates. The current study is related to approximation to functions
in the Hardy spaces by rational functions of a certain degree. This topic will be dealt with in
a separate paper.

It is well known that conformal mappings in the higher dimensions are only M&bius trans-
forms. Although M&bius transforms map the unit ball onto the unit ball, they themselves, are
not monogenic. On the other hand, monogenic functions composed with Mobius transforms
are no longer monogenic, unless being multiplied by a conformal weight function ([7]). Higher
dimensional Mobius transforms therefore are very different from those in one complex variable,



and that is why the analogous objects such as Blaschke products are not available. In fact,
Blaschke products have not been defined in the higher dimensional spaces in the Clifford al-
gebra setting. Note that if we let a,, = 0, then (1) gives a classical Blaschke product of n — 1
order. This suggests that we may define Blaschke products to be the basic functions in the TM
systems in individual contexts with the final parameter a,, being equal to zero. In other words,
Blaschke products are those that are basic functions obtained through G-S orthogonalization
process on shifted Cauchy kernels, with the ending parameter a,, being zero.

The writing plan of this paper is as follows. §2 provide the related notation and termi-
nology, and some basic knowledge on quaternionic analysis. §3 is devoted to adaptive Fourier
decomposition for functions in H?(B,), basing on which, the adaptive decomposition for func-
tions in L*(S*) is given in §4. While in §5, we deal with the context H?*(R%) and L*(R?). In §6
we prove the same convergence rate for this higher dimension approximation. In §7 we point
out that all the previous results can be transferred to the cases with underlying spaces in R3,
which is convenient for us to present some numerical examples in §8.

2 Preliminaries

Through out the paper we work on the quaternions H (the only associative normed division
algebra that extends the complex numbers) over the real numbers R. To distinguish it from
the complexified quaternions, we sometimes call it real-quaternions. A real-quaternion xz € H
is of the form z = Z?:o x;e;, where Rex = xg and Im; z = z; (1 < i < 3) belong to R, and the
basis elements e; (0 < i < 3) satisfy

eg = ep, €;€0 = €p€; = €, e? =-1(1<i<3),
€162 = €3 = —e€2€], €263 = €] = —€3€2, €3] = €3 = —E€]€e3.

Basing on these relations one defines the quaternionic multiplication and addition by linearity
and distributive law. The norm and the conjugate of x are defined respectively by |z| =
> x?)% and T = xoeg — 3.o_, x¢;, which obey 27 = Tx = |x|? (we often identify ey with the
real identity 1). =1 = Z/|z|? (x # 0) gives the reverse of x.

For any q1,q2,q3 € H, we have [q1g2| = |q1]lq2|, 712 = @ @1 and (q142)q3 = q1(g2g3). To-
gether with the multiplication law, real-quaternions H becomes a four-dimensional, normed
division, associative but non-commutative algebra. It is easy to see that the embedding rela-
tions R C C C H hold. As a vector space, or a topological space, H is identified with the four
dimensional Euclidean space R?.

A function f € C1(Q,H) is said to be left (right) H-regular, or left (right) H-monogenic in
the open set Q C R* if and only if there holds the Cauchy-Riemann-Fueter equation

_ o of  of | Of _
Df_608x0+616x1+€28$2+638x3_O

_of L of L of L Of  _
(fD o 8%060 + 8.731 “ + 81’262 + 8x3€3 - 0)’

where D = Z?:o eia%i is the quaternionic Dirac operator. If f is both left and right H-regular,
then f is said to2be H-regular. Since D(Df) = Af = (fD)D, where D = 8%0 — Z?:1 eia%i
and A =2 %, it follows that any left (right) H-regular function is always harmonic.
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Being analogous with complex analysis of one variable, we have the Cauchy integral formula
(on bounded or unbounded domain) in the quaternionic analysis, the following is a simple
version:

Lemma 2.1. [13] Let Q C R* be a bounded domain with smooth boundary O2. Suppose f is
left H-regular in Q and continuous in Q = QU 0Q, if x is a point in Q, then

1 (g—=)!
=— - dS
@) = 333 [ = n(@as) ).
where n(q) is the outward normal unit to O at the point q, dS stands for the surface area
element on 0.

The theory of quaternionic analysis was built up by the Swiss mathematician R. Fueter et al.
in 1930s, now it has been widely applied to many fields (such as physics, image processing etc.).
For more information about quaternion, quaternionic analysis and their higher dimensional
analogues, we refer the reader to [1, 3, 6, 13].

Denote by B4 the unit ball {x € R*: |z| < 1} in R%, and S* the unit sphere {x € R* : |z| =
1}. The Hardy space H?(By4) consists of all functions f that are left H-regular in B, and satisfy

/
I911= 5w (5 | 15tempas) ™ <o
’r]:

0<r<1 272

where dS is the area element of S*. For any f € H?(B4), the non-tangential boundary values
of f on S* exist and belong to L?(S*). Moreover, the Cauchy integral formula holds for all
functions in H?(B4), and H?(B4) is a Hilbert space with the inner product defined by

1
om?

(f.q) = /| SIS, g€ B
"

The above concepts can be built in arbitrary n-dimensional space (n > 2), see, e.g. [4] for more
details.

3 Fast convergent decomposition of functions in H?(B,)

In what follows we assume {a,}°°; is a sequence of quaternionic numbers in By. Set

s T—apx
2 -
1—

0n() = 0y &) = (1= Jan )3, ne N,

apz|t’

Which is sometimes written as ay, or a,,} for short. It is easy to show that o,y (x) € H?(By)
if any only if |a| < 1, moreover, we have

Proposition 3.1. For any function f € H?(B4) and any quaternion a € By, there holds

(fragay) = (1 - [a®)? f(a).



Proof. By definition and the Cauchy integral formula for H?(By),

1 3
o) = 5 | O-laPl g s

= -y [ s
In

|=1 In — al
= (1- a7 f(a).

From the above property, we immediately arrive at

()12 = (an, an) = (1 = |an|?) 2 an(an) = 1.

Another proof of this equality is to use the spherical coordinates transform, or an alternative
method proposed in [5]. When a, (n € N.) are distinct from each other, o, (n € Ny) are
mutually linear independent in H?(B,). By Gram-Schmidt orthogonalization process, they can
be orthogonalized by setting

Si(x) = Biay(e) = ar(),
nyﬁz
ﬁn(x) = ﬁ{al,...,an}( = an Zﬂz (;“ﬁz n > 2.

Thus {Bn.} = {Bya,....an}} = {IIB i } becomes an orthonormal system.

But if at least two of the parameters are the same, for example, as equals a1, then obviously
B2(z) = Biay,a}(®) = 0. At this case, we interpret By as lim, o+ By, ), Where b = a3 +
(pcosb, psinf cos g, psinfsin g cos ), psinfsin psiny) and 6,9 € [0,7], ¢ € [0,27]. More

precisely,

/B{al b}
lim By, = lim :
p—07F {a1.b} p—0+ [| B1ar 5}
~ lim Bla,by = Plar,an}

07T \/<ﬁ{a1,b} - ﬁ{al,al}aﬂ{ahb} - ﬁ{al,m})

Biay b} —B{ay a1}

= lim <
p~>0Jr \/<ﬂ{a1,b}7ﬁ{alaa1} ﬁ{alvb}iﬁ{al’a1}>
p ’ P

V7 Blasytly=ar
Hvﬁﬂ{al,y} |y:a1 ”

(Vaogyyly=a; Bias})

Vaagyly=e = Bla} G B
(Vmayly=a;,8{a;})

||vﬁ’04{y}|y=a1 - ﬂ{al} (,g{zl;@{;}) ol

where Vo ap,y = 8;‘1’} cosf + 8 v} 5in @ cos ¢ + 8 v sin @ sin ¢ cos ¥ + 6 v} sin 6 sin @ sin 1
is the directional derivative of Ay} In other words When as = a1, By is mterpreted as the



orthonormalization of ay, ) and Vg ayy[y=a,, it contains one quaternionic parameter a; and
three real parameters 0, @, 1.
We further note that as a function of y, ay, satisfies ayyD = 0, which implies that

[oe" [oe" [ole" [ole"
{y} {y} {y} {y} ; 3 2 : inlies
ayg , 8y’1’ , 8y;’ and —'** are linear dependent in H*(B4), hence, if the multiplicity of any

quaternionic parameter a, (we call the cardinal number of the set {ay : ap = an,k < n}
the multiplicity of a,, and denote it by m(a,)) is larger than 4, then the second order partial
derivatives of ay,y at the point a, should be involved in the orthogonalization process. In
general, when m(a,) > Ez;é (k;2) = ("?;2), then the n-th order partial derivatives of ay,, at
the point a,, must be appear.

As an example, we calculate the explicit form of Be(x) when as # ay:

(02,81) = (1 as?)2 ()
3 1 —as
= 10— a1~ oo
o) = aala) ~ (o) (Y
_ o 2y3 1 —asx o o3 1—aiz 1—azay
— (1 ‘CL2| ) <|1 _a—2x|4 (]- |a1| ) |1 _a—1x|4 |1 _@a1|4>7
and
5 o lagB) o (ag, )
18217 = (a2 —fh <ﬂ1,51>’a2 B1 <ﬁ1,ﬁ1>>
= |laz|® = (a2, B1){az, Br1) — (Br, aa) (s, B1) + |{az, B1)]?
= 1— (oo, B1)]
= 1- (1—|01’2)(1—!a2|2)}3
1 —@za|?

Hence %(;”) gives Ba(x).

The rest of this section will be devoted to the adaptive approximation of f € H?(B4) by
the system {B,}.
Given a function f € H?(B,), suppose f can be expanded into

oo

@)= Bu(@)en,

n=1



then the coefficients ¢,, are given by

1 = <fa B{a1}>

= (1—|a)? f(a),
Cn = <faBn>
- S5 B Gy
= (5 T =)
_ - <<6f% )
IIﬁnII

Set

) 4 8) = |
f Zﬁz f(x) ZBl(:U)(fa Bz>7
(6,51 2

if m(a,) = 1, then

(1~ lan]?)? fulan)

<fa Bn> = HﬁnH s

and

1
<Oln, ﬂz -

2 — <anaﬁz
15aIF = Kan =D Bz gy on = 2O )

n—1 n—1 —1
. _ <O¢n75z 0‘mﬂz> ’<amﬁi>‘2
= <Oén>04n> : ] naﬁz ; ﬁ’L’ n /827,82> ; 7</827,8z>

Otherwise, if m(a,) > 1, (f, By) and ||3,|| will be taken in the limit sense as before.

Lemma 3.1. Let ay,...,an—1 € By be fized, a = |al = 1€, then
hmﬁ Hﬁ{al,...,an_l,a}H =1
T’—)l

uniformly in |§] = 1.

Proof. From (4) it suffices to show that lim, ;- [{afay, 5:)|* = 0 whenever i < n — 1, this

follows once we show that lim, ;- |<a{a},ai>|2 = 0, due to f; is the linear combination

of ay,...,a;. Note that when r — 17, a must be different from a; (i < n — 1), hence
1201 142

[(tgay, i) = [%]3 if m(a;) = 1, or the linear combination of the partial deriva-

tives of [%—SE'MP with respect to a; if m(a;) > 1. In both cases it is clear that

lim, ;- [{a(q}, ) |* = 0, the lemma follows. O



Lemma 3.2. Assumptions are as in Lemma 3.1, then

lim |<f7 B{al,...,anfl,a}” =0

r—1-
uniformly in |§] = 1.
Proof. From the formula (3) and Lemma 3.1, it is equivalent to show that for any function

g € H%(By) there holds
lim (1 = 7%)%|g(a)|* = Tim_ |{g, Bia})|* = 0.

r—1-
It suffices to prove that
lim lg — Byay (9, Biap) | = llgll,

due to

lg — Bray(9. Bl = (9= Ba}(9, B{a})»9 — Biay(9: Biay))
= |lglI* = I{g, Bay)|*.

Let Py(n,p) = ﬁﬁ be the Poisson kernel, where p € (0,1) and |n| = |¢| = 1. For any

€ > 0, we can choose p sufficiently close to 1 so that

lgll = llg — Biay(9, Bap) |l
> ||Py * (9 — B{ay(9, Bay))ll £2(s4)
= By gllr2(s1) — g, Biap) I Pp * ByayllL2(s1)
> (L =a)lgll = gl Bp * Biayll2(s4) (5)
where
9 —_—
BB = g [ e
= Biay(pon).
Hence,
1 (1—r?)3

| P, % By ||? — —_dS
1B * Blayllzacss 272 Jigj=1 11 —apn]®

1= \3 1 1—p?r? \3
N (1—,027“2> 272 (|1—E |2> 45
In|=1 P

= (552) 1Bl

1— p?r?
1—1r% \3
- (1—,027“2) (6)

When r is close to 1, (5) and (6) give

lgll = (1 —2¢)]lgll,

which proves the lemma. ]



Another Proof. Denote V, = 7r72(1—7“)4 the volume of the ball B4(a,1—7) = {z : |[xr—a| <
1 —r}, write = |x|n = pn, note that

|z —a| > |[|z] —|al| = |p — 7],
and

|z —al = |pn—rE

[r(n—&) — (r —p)n|
rin =&l —|r—pl
rln =&l = |z —al,

AVANIY]

so z € By(a,1 — r) implies

r—1<p<l,
In—=¢l <2(1—r)/r.

Hence, when r is sufficiently close to 1, we have
g, Byl = [(1=r*)*g(a)]
= @Rt [ gGadal
IB4((1,1-T)

B 1/2
< a-r(t [ jateae)
4@, =T

1 1/2
(1- ?“2)3/2<Vfl/ p3/ Ig(pn)IQdep)
2r—1 In—¢|<2(1—r)/r

1/2
< (1- 7"2)3/2(‘/[12(1 —7) sup / Ig(pn)IZdS)
0<p<1 Jn—=¢|<2(1~r)/r

) 1/2
(/ sup |g(pn)] dS) :
In—¢|<2(1—r)/r 0<p<l

Note that supg,<; |9(pn)| € L*(S*) whenever g € H?(By4), and the measure of the set {n :
|n—¢&| <2(1—7)/r} tends to 0 as r — 17, the lemma follows by the absolute continuity of the
Lebesgue integral. H

Lemma 3.2 guarantees that we can choose a,, € B, at each step such that

IN

N

|<f7 B{al,...,anfl,an}”z = Sup{|<f’ B{al,...,an,ha}>|2 RS IB4}) (7)
which will make the expansion converges in a fast way in the sense of energy.

Theorem 3.1. Under the above selection criterion (7), we have

N
1> Balf,Ba) = fll =0 (N — o0). (8)
n=1



Proof. Bessel inequality gives
ZI £Bl? < IF1%

which asserts that there exists g € 'H2 (IB4) s.t.

Z Bn<f7 Bn> =49
n=1

holds in the sense of H?(By,). If (8) does not hold, then
h = f -9 # 07
so there exists a point b € By \ U2, {a;} s.t.
[y Byl = 6> 0.
Set

N—-1 [e'e)
fN:f_ZBn<f7Bn>a 7AN:_ZBn<f?Bn>
n=1 n=N

Since when N is large enough

s Bp)| < el Byl = llrwll = (32 10, Ba)P) 2 < 6/2, 9)
n=N
we have
[(fns Bgoy)| = [(h — v, Bay)| > [(hy By)| — [(rv, By) | > 6/2.
Note that
N-—1
(v Bay) = (f= Y Balf:Ba), By)
n=1
N-1
= <f7B{b} - Z B, (Byyy, >>
n=1
N—-1
(B, Bn)
= 7B - n
(7 Bo E:ﬂ<mﬁm>
= <’B{al,...,aN,l,b}>Hﬂ{al,...,a]\/,l,b}na
we get
|(fn, Boy)l
Biay.an_: , B > §/2.
|<f {a1,...,an—_ ,b}>‘ ||6{a1, an 1,b}H ‘(fN {b}>‘ /

On the other hand, we know from (9) that
|<f7 BNH = |<f7 B{a1,...,aN,1,aN}>| < 5/27

SO
‘<fa B{al,...,aN,l,aN}H < ‘<fa B{al,‘..,aN,l,b}H-

By the maximal selection criterion (7) we should not have chosen ay but b at the N-th step,

it is a contradiction. O
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4 Fast convergent decomposition of functions in L?(S%)

For convenience, Throughout this article we use Im = to denote the vector part of any quaternion
x, i.e., Imnz =  — Rez. Given a function f(¢), which is defined on S*, assume f € L2(S%),
without lost of generality, we further assume that f is real-valued (otherwise we handle with f
component-wisely). If a function F(z) € H?(B,) satisfies

lim Re(F(r¢)) = f(¢), a.e. on S%

r—1-
then the adaptive decomposition of F'(x) according to section 3 will lead to the adaptive
decomposition of f(&). Follows the idea proposed in [1] and [12], such F' can be constructed
explicitly (not necessarily uniquely) by

P =T(w) = [ Pewf@dot [ Quofes [l <1,

|w|=1

1—|z 2
where P(z,w) = 271TQ E |w‘|4 is the Poisson kernel, and

Q(r,w) = Im(/oth(DP)(tx,w)a:dt>
= (o0 [ 0D e

272 [t — wl®
1 (@6 Rel@n) -3 B (@)
272

|z — w|? V72 — (Re(wr))? ) 2| — (Re(wz))?

is the Cauchy-type harmonic conjugate of the Poisson kernel on the unit sphere. Similar to
[12], we can prove that T is a bounded operator from L?(S%) to H?(B4).

5 The case when the variables are in the whole range

Sometimes we may write € R* as z = x¢ + & for convenience, where z € R3. Denote the half
space {x € R* : Rex > 0} by R%, functions lies in the Hardy space H?(R?) satisfy Df = 0 in
R* and

1 1/2
wp (55 [ Wrteo+ 0)Pdz) < oc.
R3

xo>0 Qﬂ—

The inner product on H?(R%) is defined by

272

9) = 503 | 9WF@dy. L9 € HERD),

and the norm

191 = (5 [, 11 0Pay) " = (7.0

11



Suppose f(z) is a real-valued function, f(z) € L?(R?), consider the Cauchy integral of f:

F(z) = O(f)(z) = - / LWl e R,

T o2 RS |y —

We have F(z) € H?(R%), and the well known Sokhotskyi-Plemelj formula gives

lim F(zg+z) = %f@) - %H(f)(@,

zo—0t

where H(f) = Z?:l eiR;(f), and

RiF)@ = Zpo- [ 2=y

3|£_g|4 IIed

is the i-th Riesz transform of f. Hence, the adaptive decomposition of f(z) is now turned to
the approximation of F'(x).
Similarly we set

r+a,

an(@) = (0, (2) = (2Re(an))3 =2

an € ]Ri,n € Ny,

then oy, (z) € H2(RY) and [|an(z)]|* = 1 for all n, they can also be orthogonalized by Gram-
Schmidt orthogonalization process (if the multiplicities of some parameters are larger than
1, then we treat with it in the limit sense as before), which leads to an orthonormal system

-----

s y+a
FBw) = g [ ot Fw)dy

o2
3 1 y—a
= (2 — = —1)d
e e LT
3
= (2a0)2f(a). (10)
Corresponding to Lemma 3.2, The following propositions hold.

Proposition 5.1.

lim ,B =0 wuniformly in a € R®.
aoﬂo+|<f {ap)| formly in a
We would like to write down the proof for completeness.

Proof. 1t suffices to show that

im ||f = By (fs Bap) Il = [IF1I-
ap—0T

Let Pi(z) = #W be the Poisson kernel on half plane. For any ¢ > 0, we can choose ¢

sufficiently close to 0 so that

1fl > |If = Biay(f> Bap) |
> ||Pox (f = By (s Bray)ll L2 m3)
>

(L= AN = I INE: * Bayll 2 rs), (11)

12



where

1 t
P, xB = — — B d
t* Dfa} 2 /R3 (z -y +£2)2 {a}(W)dy
= B{a}(t—I—l).
Hence,
1 dzx
2 b 3 x
IFes By = 5 [ o0 G ey
o ago 3 2(t+a0) 3
- ( t+ag/ 272 /3<!$—a!2+(t+ao)2) -

)5
- (tzoao)?)”B{H“}”
)

= ( a0 \? (12)
t+ ag
When ay is close to 0, (11) and (12) yield
11l = (1 =2¢)[f[],
which proves the lemma. ]
2ad

Another Proof. Denote V,, = the volume of the ball By(a, ag), then

(f, Biap)|l = 1(2a0)*?f(a)]
= (2a0)3/2 Vagl/ f(zo +g)dfv‘
By4(a,ap)

1/2
< 2(10 3/2( / (l,o +£)|2d1'>
B4(a,a0)
1/2
< (2a0)° ( / / f(zo + )| d:):dmo)
|x (I‘<a0
1/2

< 2ao (2aoV L sup / |f(zo + )| c@)

20€(0,2a0) J|z—al<ao

1/2
S (/ sup | f (o +£)!2d§)
|z—a|<ap x0€(0,2a0)

< ( / sup | f(zo + g)&@) v

z—a|<ag 20>0

Note that sup,, o |f(zo + z)| € L*(R?) and [{z : [z — a| < ao}| — 0 (as ap — 07), by the
absolute continuity of the Lebesgue integral we have

lim sup |f(zo +z)’dz =0. O

a0—=0%" Jiz—a|<ag £0>0
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Proposition 5.2.
lim |(f, B{sy)| =0 uniformly in a € R3.

ag——+00

Proof. Denote Cy, = %2(%0)4 the volume of the ball By4(a,ap/2), then

(f.Biay)l = 1(2a0)**f(a)|

= (2&0)3/2‘0(;01 / fzo+ g)dw’

B4(a,a0/2)

1/2

< (2a0)*?(Cy, / £ (o + ) Pd )

B4(a,a0/2)

3ao/2 1/2

< (200"?(C) / (o + ) Pdadao )

a()/2 R3

1/2

< (2a0)? (aoCa_Ol sup | f(zo+ g)]%@)

z0€(an/2,3a0/2) JR3

1/2
S ([, s it o))
R3 zo€e(

a0/2,3a0/2)
holds uniformly in a € R3, and

sup |f(x0 + )| < sup |f(zo + z)| € L*(R?)
z0€(an/2,3a0/2) x>0

due to the maximal inequality. Hence, the proposition follows by the Lebesgue dominated
convergence theorem once we prove that

lim sup | f(xo + )| = 0.
a0+ 30e(ag/2,3a0/2)

It is known that

(o + 2)| S 2 2111,

which can also be proved by similar discussions. Hence

—3/2

sup [ f(xo +z)| S ag " I,
z0€(ao/2,3a0/2)
and the right hand side tends to zero uniformly in z as ag — +oo. O

Proposition 5.3.
lim [(f, B{ay)| =0 wuniformly in ag > 0.

la|—+o0

Proof. In fact, by the above two propositions and the formula (10), we just need to prove that

lim |f(ao+a)| =0 uniformly in ag € [c,d] C R.

la|—+oo

14



Since

a0+a7 d
faotal = gl [ e Wi

/ |f(y)] ;
ws (ly—al +a2)32 "

| N i,
won (5= aP + PR YT o Ty —aP + 2P
= II+IQ7

N

by Holder’s inequality,

wos ([ amarar) ([ rors)”
< (fumrran®) (], v0re)”
(. 0m)”

Because f(y) € L*(R?), I is small provided N is large enough. With N fixed,

N

1
B [ wldy—0 (a —-+)
la® Jiy <
due to f(y) is integrable on {y : |[y| < N}. That proves the proposition. O

Remark: In fact, for any fixed a1,...,a,—1, we have

lim [(f, B{a17._,’an_1’a}>] = lim |[{f, B{al,...,an_l,a}” =0 uniformly in a € R3,

ap—0t ap—+00
and

lim  [(f, B{a,,....an_1,a})| = 0 uniformly in ag > 0.

la|—-+o0

We conclude from the above properties that the maximal selection criterion

|<f7 B{a1,...,an_1,an}>|2 = sup{|<f, B{al,...,an_1,a}>‘2 HEAS Ri} (13)

that corresponds to (7) could be carried out to adaptively approximate f, and Theorem 3.1
also holds in this setting.

6 The rate of fast convergent decomposition

In this section we deal with the convergence rate of the adaptive decomposition discussed
above. For convenience, we use the unified notation H?(€2) to denote H?(B4) or H*(R% ). For
a sequence of points {a,} in €, we correspondingly set By,,} = qqq,1(z) = an(z) € H2(S2)

15



with [l (z)|| = 1 as before, and {B} = {Bjq,,..q,}} is their orthonormalization (when the
multiplicity m(a;) > 1 for some i, we replace «;(z) by its partial derivatives with respect to a;
in the orthogonalization process).

Given a function f € H2(Q), according to the maximal selection criterion (7) or (13), there
holds

[= Z Bn(f: Bn> = Z B{al,...,an}<f7 B{al,...,an}>

n=1 n=1

in the following sense

N-1
1Fnl = 11f = > Balf, Ba)| = 0 (N — o0),
n=1

In addition, we assume that f lies in the function class

H2(Q, M) = {f cH(Q): f = Za{bk}(aj)ck, Z lek] < M < oo and by, € Q, k= 1,2,...},
k=1 k=1
which actually implies
LAl =11 <D Jerl - el =D lesl < M.
k=1 k=1

Theorem 6.1. Under the above assumption, we have

M
vl < —=.

VN

Lemma 6.1. [2] Let {d,,}>°_; be a sequence of non-negative numbers satisfying the inequalities
di <A, dpy1 <dn(l—dy,/A), m=12....

Then we have for each m

dm < A/m.
Proof of Theorem 6.1 We have
Ifn41ll> = [lfx — By (f, BN
= |Ifnl? = I(f, By, (14)
and
[(fn,an)l
f,By)| = MOV
> Bw)l 6w
_ (s gany)]
an€N ||ﬁ{a17...,an}||
> sup [(fn, age,))]- (15)
an €

16



Since f € H*(Q, M), there exists a sequence {b;} in Q such that f = Y%, agy,1cx, then

IFn1? = [{fw, Sl
= /v

= (v ) egyen)]

k=1
M sup [(fn, cgp,y)]- (16)
k>1

IN

Combine (14)—(16), we obtain

/]2
M

sl < 1wl = =750,

from this and Lemma 6.1 one could easily see that || fx|| < M/V/N. O

7 The case when underlying space lies in R?

In this section, we point out the fact that we could build up an analogous theory in the unit
ball B3 and the half space R3, where By = {z = 29 + 2 = 29 + z1e1 + 2262 € R? : |z| < 1}
and R} = {z =29+ € R®: 7y > 0}. A function f defined on B3 (R?), taking values in H, is
called a left monogenic function if it satisfies

of of of

Df =eyg=—— — 0
f= 80+ 161+€28x2
in its domain. If in addition, f satisfies
||f||2 — sup / |f (rn)|2dS<oo sup/ |f(xo + )| da:<oo>
4 T 0<r<1Jnes3 7Tﬂco>0

here S3 is the boundary of Bz, then f belongs to the Hardy space H?(Bs) (H?*(R%)). The
Cauchy formula for this setting is

1 (q—x)7!
f(x)_ﬂ oo g — x|

For more details about this function class and their generalizations, see e.g. [4].
The following operator

TN =F@) = [ Pewf@i [ Q@ofwi, e,

wess

(n(q)dS)f(a), = €Q, feH*Q), =By (RY).

where P(z,w) = 4 |1$ ‘i”g is the Poisson kernel, and

Qlr,w) = Im(/olt(DP)(tx,w)xdt>
_ (i /01 3t(1_t2|$|2)dt)lm(wx)

47 [tz — w|®
1 /B+EPE-Re@) -8\ Tm(@s)
T 4r ( |z — w]? 1> 2> — (Re(wz))?’
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maps a real-valued function f(w) € L?(S?) to a function F(z) € H?*(B3), and the real part of
the boundary values of F' coincides with f.
While the operator

1 —z
Cle) = F@) = = [ sl @)Dy = <R,
sends a real-valued function f(z) € L?(R?) to a function F(z) € H*(R3), and the real part of
the boundary values of F' coincides with % I

Hence, the adaptive decomposition of f € L?(S3) (L*(R?)) could be obtained from the
adaptive decomposition of F € H?(Bs) (H?(R3)). For this, we use the orthonormal basis
generated by

1—ax
gy () = (1 - |a|2)\1—7633|3 € H*(B3), a,z€Bj
r+a

(a{a}(x) = (2Req) e H2(R?), a,z€ Ri).

|z +al?
For f € H%(B3) (H*(R3)), we have
(f.ay) =1 —lal)f(a) ((2Rea)f(a)).
With the above settings, we could get the results parallel to §3, §5 and §6 after similar
discussions, we omit the details.

8 Some numerical experiments

In order to make our results visible in R3, here we work on the space H?(B3) (H?(R%)).

—0.5% 1-0.7520+0.252)(1-0.5Z
Example 1: Let f(z) = 8%0“11_0%553) _ z\oltO.me\?’( D) then f € H2(B3) and || f|? =
32/9 ~ 3.5556. By the maximal selection criterion, the adaptive decomposition of f by the

5-th partial sum of the system {B,} is given by:

5

f($) NS5(f,.%’) :ZBn(x)Cn:ZBn($)<f,Bn>, $€B37

n=1 n=1

with the parameters a; = (0.6458, —0.0000, —0.0000), as = (—0.0721,0.0013,0.0019), az =
(0.6456,0.0000, —0.0000), a4 = (0.2969,0.0001,0.0001), a5 = (0.8448,0.0002,0.0001), and the
coefficients ¢; = (f, By) = (1.8779,0,0,0), c» = (—0.1176,0.0001, 0.0001, 0), c3 = (0.0897, —0.0001,
—0.0001, —0.0000), ¢4 = (—0.0850, 0.0000, 0.0000, 0.0000), c¢5 = (0.0046, 0.0000, —0.0000, —0.0000).
The energy of S5 is Y20 _, |ea|? =~ 3.5555 ~ | f|.

On the sphere S3, set F (0, p) = f(cos(f),sin(#) cos(p),sin(f) sin(p)), 6 € [0,7], ¢ € [0, 27],
we get the figure of Re(F) (Figure 1), similarly, we can get the figures of Re(S5) (Figure 2),
Re(F — S5) (Figure 3) and |F — Ss| (Figure 4) on S3.

Let us compare this with the spherical monogenic expansion of f, on S3, f(w) = >3, Px(f, w),
|w| = 1, where P} is the inner spherical monogenic of order k. Figure 5 shows the expansion

18



of Re(F') up to k = 10, Figure 6 reﬂects the difference between Re(F) and Re Y, o Pe(f,w).
The energy of legozo Py(f,w) equals 0 | Pe|l? = 1864043 /524288 = 3.5554. Compare these
with S5, we can see that our method Works well for f than the approximation by Pj.
Example 2: Let g(x) = %%ﬂ, then g € H*(R3) and ||g||* = 0.375. The adaptive de-
composition of g by the 5-th partial sum of the system {B,,} is g(x) ~ S5 = En 1 Bn()en, x €
Ri, with the parameters a; = (0.5000,0.0005,0.0008), as = (3.1482,—0.0053,0.0008), a3 =
(0.3264, 0.0006,0.0009), as = (3.2086, —0.0058, 0.0007), a5 = (0.3044,0.0006,0.0008), and the
coefficients ¢; = (f, Bi) = (—0.5926, 0.0003,0.0005, 0), c» = (0.1180, —0.0000, —0.0002, —0.0000),
c3 = (0.0827, —0.0000, 0.0001, —0.0000), ¢4 = (—0.0454,0.0001,0.0002,0.0000), c5 = (—0.0261,
—0.0000, —0.0001, 0.0000). H55H2 S0 fen]? & 0.3747 = 99. 929% g1

x1+1272
( 2—‘,—3:2—1—1)5/2’ L
Since g(z) is very small when |z| is large, we focus our attention on the rectangular domain
Q = [-1,1]? = [-1,1] x [~1,1]. The figure of g(z), and the figures of the boundary values of
Re(S5), g(z) — Re(S5) and |g Ss| on Q are respectively shown in Figure 7-10.

On By = {z € R?: |z] < 1} C Q, g(z) admits the Taylor expansion

45 35 1575
g(z) = T5(g,2) + o(|z|®) = =2+ 6]z|* — ZW + 5\@6 T ®+o(|zl*), |z| <1

The real part of the boundary values of ¢ is g(z) = = (x1,12) € R2

Figure 11 shows Ty on [—0.7,0.7]? C Bg, Figure 12 shows the error (remainder term) g(z) — T
n [—0.7,0.7]2. We could see that Taylor series works bad on the endpoints, and in general it
may not convergent when |z| is large.
On Q, g(z) could be expanded into Fourier series:

+oo

g(z) = Z Cmyneiﬁ(mwl—&-nm)’ z € Q,
m,n=—o00
where 1 ‘
Cmn =1 /Q fly)emmmntmeldy.
Fs5(g,z) = men:_él Cmpn€™MT1HN22) and g(x) — Fs are shown in Figure 13-14. Compare Fj

with the adaptive expansion by S5, we could see that Fourier series is non-stationary and it
does not converge to g(z) on R? \ Q, because g(z) is not periodic.

References

[1] F. Brackx, R. Delanghe, F. Sommen, Clifford Analysis, London: Pitman Advanced Publishing
Program, 1982.

[2] R. A. Devore, V. N. Temlyakov, Some remarks on greedy algorithm, Advances in Computational
Mathematics, 5 (1996), 173-187.

. eter, Analytische funktionen einer quaternionenvariablen, Comment. Math. Helv., ,
3] R. Fu Analytische funkti i i iabl C Math. Helv., 4 (1932
9-20.

19



0.01

0.005

-0.005

-0.01

-0.015

-0.02. -
8

Figure 5: Re ,1€0:O Py(f,w)

20

0.1

0.05

Figure 2: Re(S5) on S3

Y
1/
)
7
.

0
g

b4
Uil

7 _ 7
A <

/ﬁ////?//////r/ ,\\\\\\\
v ///AW/ & \}

Figure 6: Re(F — Y1, Pi(f, w))



3%
<5
RS2

s
S2
S 2> SIS
S <5 S OSSOSSSSR IS
SIS 203% SISO
eSesSgeton 0 5 SISO SIS XSS IIGSSISIIISE
0 ORI 0 O SSSISSSSEIISIE
RO SR R OS5 S G555
S RNRRRRE RS A5 SN NeeS ot 55
S ettt Uy s = g e
SN W o5 = i
N 7 -0. ===
-0.5 N Z

prrr
7

0.06

0.05
0.04
| 0.04
0.02
0.03
0
0.02
-0.02 A 2
== N
527 = % Q VORI S
-0.04 Sl e SRS SN
1 = 1 N e TN
2752205200 3% SO SOSS S ST LSS, ———
005200320, oSS OTSOUS TS S NS ee S
S I SSRIRNNR
X % O SIS
1 0.5 0““‘:‘:“:::‘“ 1
a4 -1
Figure 9: g(z) — Re(S5) on Q Figure 10: |g — S5| on Q
0 P 14
-2 12
-4 10
-6 8 |
-8 V| 6 /
\[
-10 ! 4
-12 (A 2 \\ <SS 8’/
VL TSNS
-14.l {1V 0.l =
1 1 N
05 " 1

Figure 11: T5 on [-0.7,0.7]2 Figure 12: g(z

— Ts on [~0.7,0.7]2

21



=
SR
SRS

SSEEEEISSIIEI
RIS
RIS SRSKSSSITIES
I\ S % %% /, %

0.04

0.03

0.02

0.01 )

-0.01

-0.02
1

Figure 13: F5 on Q Figure 14: g(z) — F5 on Q

[4] J. E. Gilert, M. A. Murray, Clifford Algebras and Dirac Operators in Harmonic Analysis, Cambridge:
Cambridge University Press, 1991.

[6] Loo-keng Hua, Starting With the Unit Circle (in Chinese), Beijing: Science Press, 1977.
[6] X. M. Li, Octonion analysis , PhD Thesis, Beijing: Peking University, 1998.

[7] J. Peetry, T. Qian, Mdbius covariance of iterated Dirac operators, J. Austral. Math. Soc. (Series
A), 56 (1994), 1-12.

[8] E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton: Princeton
University Press, 1970.

[9] T. Qian, Mono-components for decomposition of signals, Math. Meth. Appl. Sci., 29 (2006), 1187-
1198.

[10] T. Qian, Intrinsic mono-component decomposition of functions: An advance of Fourier theory,
Math. Meth. Appl. Sci., 33 (2010), 830-891.

[11] T. Qian, Y. B. Wang, Adaptive Fourier series—a variation of greedy algorithm, Advances in Com-
putational Mathematics, DOIL: 10.1007/s10444-010-9153-4.

[12] T. Qian, Y. Yang, Hilbert transforms on the sphere with the Clifford algebra setting, Journal of
Fourier Analysis and Applications, 15 (2009), 753-774.

[13] A. Sudbery, Quaternionic analysis, Math. Proc. Camb. Phil. Soc., 85 (1979), 199-225.

22



