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1. Introduction

Let D = {z = 2+ iy € C : |z| < 1} be the open unit disc. The holomor-
phic Hardy space HP(D) (1 < p < oo) consists of all functions f that are
holomorphic in D and satisfy

1 0 1/p
= — W|Pde :
= s (5= [ 1reyran) ™ < o

Getting close to the boundary of D, singularities may happen for functions
in H? (D), where we have the well known estimate (cf. [3])

(1= [zDY?1F ()] < Cpllfll, for 1 <p < oo.

By using the density of the holomorphic polynomials (cf. [9]), or that of the
Poisson integrals (cf. [5]), one can prove that

lim (1—|z)YP|f(z)| =0 for1<p < oo,

|z|—1—

which is more precise than the previous inequality near the boundary.
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In the case p = 2, HP(D) is of particular importance. It is a Hilbert
space with the inner product

2
(f.9) = i F(e)g(e?)do,  f,g € H*(D).

In a number of practical applications as the underlying space H2(D) plays
an important role (e.g., in signal processing, image processing and coding
theory). Observing that for any function f € H?(D), we have

(fs¢a) = V1= lal*f(a)
where ¢q(z) = Y L—lal”

——— is a unit vector of H?*(D) with the parameter a € D.
By the aforementioned property, we get

hm |<f7¢a>| =0,

la|—

which implies that there exists a* € D such that |[(f, ¢%)| attains the max-
imum value. This is crucial for the signal adaptive decomposition methods
(as a variation and realization of greedy algorithm) introduced in [5, 8].

In this note, we give a generalization of the above result to higher dimen-
sions, of which the special cases have been applied to the adaptive decompo-
sition of functions of several variables ([6, 7]). Our method is a modification
of the classic method (see [3, page 18]), which depends on some more delicate
estimates. Before we state our main results, let us first have a quick review
of some basic knowledge on Clifford algebra and Clifford analysis.

Let eq,...,en be basic elements satisfying e;e; + eje; = —28;5,4,5 =
1,...,n, where §;; equals 1 if i = j and 0 otherwise. Let R™™! = {z =
o+ 161 + -+ Tmem : x; € R,0 <4 < m} be identified with the usual
(m + 1)-dimensional Euclidean space. The real Clifford algebra generated by

e1,...,em, denoted by o7,, is an associative algebra in which each element
is of the form « = ) ,xrer, where 27 € R, epr = ej, €, --e;, and T =
{1 <y <z < -+ <4 < m} runs over all ordered subsets of {1,...,m}

and xp = xg, ey = ¢g = 1. The norm and the conjugate of x are defined by
lz| = (3 p |23)Y/? and T = Y, wrer respectively, where e = &, - - - &, €,
and e; = —e; for i # 0, eg = eg. We have for any x,y,z € ,, Ty = YT,
(zy)z = x(yz) and |zy| < 2/2|z||y|.

A function f(z) = Y5 fr(z)er € CH(Q, ) is said to be left mono-
genic in the open set  C R™*! if and only if it satisfies the generalized
Cauchy-Riemann equation

Df = Zez =0

where the Dirac operator D is defined by D = a%o +V =30z If fis
left monogenic, then each component of f is a real-valued harmonic function.
For more information about the monogenic function theory, see [2].

Let B™(z,p) = {y € R™*! : |[y—z| < p} be the open ball in R™*! which
is centered at x and of radius p. For simplicity, we denote B™ = B™(0,1).
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The monogenic Hardy space HP(B™) (1 < p < 00), consists of all functions f
that are left monogenic in B™ and satisfy

1/p
1= s ([ iremiras) " < oo (11)

where dS is the area element of JB™. We prove that
Theorem 1.1. If f € HP(B™) (1 <p < o0), then

(1= [a)* 5 10% F(@)] < Conp jal1f 1o (1.2)
where o = (lo,l1,...,lm), |a] = X"l and 9> = 0ol - §lm . Write

o “T1 xr
x = |z|§ = r&, then we have

Tim (1= [a])/* % [0 £ (@) = 0 (1.3)

uniformly in €] = 1.

Corresponding to this, we also prove some propositions for the mono-
genic Hardy space HP(R7'*"), which consists of all functions f that are left
monogenic on the half space RTH ={r=20+2 € R 125 > 0,2 =
xie1 + -+ Tmem € R™} and satisfy

/
11 = s ([ 1o+ aPdz) < . (1.4)

where dz = dx1 - dz,,. We note that for f € HP(RTT) (1 < p < ),
the boundary values f(z) = lim,, o0+ f(zo + ) exist almost everywhere and
comprise a function in LP(R™), of which the Poisson integral coincides with f

(14]).
Theorem 1.2. Suppose f € HP(R7) (1 < p < ), then
IQH-

"10%f (@) < Conpjaill fllp; (1.5)
moreover,
A o ¢ el o,
lim xo P1O%f(xo+ ) = lim =z, |0%f(xo+2)|=0 (1.6)
ro—0T xo—+00

holds uniformly with respect to x € R™, and
o+

lim «z,
|z|—-o0

7|0 f(wo +2)| =0 (1.7)

holds uniformly in xo > 0.

Remark 1.3. Similar discussions as in Section 2 will show that Theorem 1.1
(resp. Theorem 1.2) holds for the harmonic Hardy space HP(B™) (resp.
HP(RH)) for 1 < p < oo, where by definition, a function f lies in H?(B™)
(resp. HP(R7"™)) means that f is harmonic in B™ (resp. RT™!) and (1.1)
(resp. (1.4)) holds. But for the case p = 1, (1.3) (resp. (1.6) and (1.7)) may
not hold for H!(B™) (resp. Hl(RT+1)). For example, f(xg,x1) = ﬁ

H'(R%), but zof(zo, 1) does not uniformly tend to zero as zg — 0.
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2. Proof of the Theorems
Proof of Theorem 1.1. From Cauchy’s estimate (cf. [1]) we know that

0°f(@)] < O o (1= )71 max—[f(y)],
yedBm (z, 1521

hence
(1= [T 0% (@) < Cpjog max (1= |y)) 7| f(y)]-
yeaBm (z, 1521
So, to prove (1.2) and (1.3), it is enough to show that
(L=l 71/ (@) < Conpllf 1o (2.1)
and
lim (1= al)¥ |f(2)] = 0 (2.2)

r—1-
for 1 <p < o0.
Denote by V,. = Cy, (1 —r)m—i-l the volume of the ball B™ (x,1—r), write
y = lyln = pn, note that

ly — x| = [lyl = |zl[ = |p— 7],
and
ly — x| = |pn —r¢|
=[r(n—2&) —(r—pnl
> rln — €] — |r — o
> rln =&l = ly — =l
so y € B™(z,1 — r) implies
{2r— l<p<l,
In—¢& <2(1—r)/r.
Hence, for 1 < p < oo, we have

=) )
= [ sy

sa-nr(v [ )

1/p
/ / [F (eI dep)
2r— 1 In—¢&|<2(1=r)/r

—rm/p<V 121—7“ su |f( )|pdS) v (2.3)
' <1 fy-grczazn ’

0<p<1

1/p

m/p
(1
1/p
1—r’”/P(VT 12(1 =) sup / If(pn)\pds)
0<p<1Jp|=1
fllp-

= Cm,p
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(2.1) is now proved. On the other hand,

23) < o [ sup_ |F(pmlrds) "

In—gl< 2021 0<p<1

Note that as a function of 7, supy.,«; [f(pn)| € LP(OB™), and the measure
of the set {n: |n—&| < 2(1 —r)/r} tends to zero as r — 1~ (2.2) follows by
the absolute continuity of the Lebesgue integral. O

Proof of Theorem 1.2. By Cauchy’s estimate we have

0%f(x <Cmax7‘a| max ,
0 F@)] < Congor™™_ max11(0)

hence

|+ o m
2|0 ()] < Coo o ur ) f(y))-

max
y€OB™ (2,20/2)

So, the proof of (1.5) and (1.6) is now reduced to the proof of the following

2P| f(@)] < Conp f (2.4)
and
. m/p _ . m/p _
i af @) = tim gL ()] =0 (2.5)

for 1 < p < oo. Once these have been proved, the proof of (1.7) will be
reduced to the proof of

lim |f(o+2)| = 0 (2.6)

|z|—+o0

uniformly with respect to x¢ € [a,b] C (0, +00).
Denote by Vy, = Cpzy™ the volume of the ball B™(z, %), then for
1<p<oo,

2y P\ f ()| = 2y

V! / f(yo +y)dy‘
B (2, 20)

m — 1/p
<t (v [ s yla) (27)
T,

32q
m B e 1/p
<o (vt [T ] 1ot plagan) @9
o

m — 1/P
< ap'l? (onwol sup / |f(vo +y)l”dy)
Yo>0 JR™

= maPHf”p?

so (2.4) is verified.
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On the other hand, when z( is small,

1/p
/ / fyo + y)l”dydyo)
-z STU

2.7) < ap'? (V;
m/ B p 1/1’
< g /(v + ) dg)

p(xovle sup /
yoe(52,%50) Jly—zl<
( ly

2
1/p
Cos([ s 1S+ pP)
*EST

3
yo€(F,~32)

Nk

IN

IN

1/p
Cmp( / sup | f(yo + y)lpdy)
ly—z| <2

Yo >0

Note that as a function of y, sup, o [f(yo +y)| € LP(R™) and the measure
of the set {y : [y —z| < %} tends to zero as z9 — 01, by the absolute
continuity of the Lebesgue integral we have

lim 2P| f(x)| = 0.

:l)()4>0+
When zg is large,
1/p
28) <af (e s [ IS+ p)lPdy)
yoe(%",?"ﬂ m

1/p
<Cop( [ sun I+ )ldy)

" yoe (S, 750)
holds uniformly with respect to x € R™, and

sup  |f(yo +y)| < sup |f(yo +y)| € LP(R™) for 1 < p < 0.

3
vo€(f,%52) e

Also, from (2.4) we know that

sup (o +y) < 25" P Conpll £l

3
yo€(F,=52)

which implies

lim — sup  [f(yo+y) =0

xo—+00 . 34
yo€(,75%)

holds uniformly with respect to y € R™. By the Lebesgue’s dominated con-
vergence theorem we have

lim  20"?|f(z)| = 0.

xo—+00
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Now we proceed to prove (2.6). Since

|f(~’130+33)|

m+1
m+1

Zo
’/m (2= g+ 22 )m;lf dy’
0

I(mtl) |/ (y)ldy
Jo

|$_y|2_~_a2) ;—1

/ |f(y)ldy _ +/ | f(y)ldy m+1)
>N (lz —yl* +a?) "2 <N (|z —y|? +a?)"2

= Cm(-[l + IQ),
by Holder’s inequality,

—(manp N\ 1/P 1/p
D[ GemwPray ) ([ i)
ly|>N ly|>N

< (/Rm(lyl2 S s dy)l/p,(/lyw
([ Fwray)

where 1 >t p— = 1. Because f(y) € LP(R™), I; is small provided N is large
enough With N fixed,

Crm,
g | M@= (2l = +20),
y|<

= Cm

/N

Fwray)”

IN

I, <

due to f(y) is integrable on {y : [y| < N}, that proves (2.6).
The proof of Theorem 1.2 is now complete. O
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