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Abstract We give an explicit formula of the quasihyperbolic distance from a point
to a line in the once punctured plane and prove the geodesic is orthogonal to the line.
By this result, we give an affirmative answer to the open problem in the case of twice
and thrice punctured planes raised by Klén and generalize their estimates. We also
construct an example to show that the cosine inequality does not hold in twice or
thrice punctured planes.
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1 Introduction

Hyperbolic type metrics play an important role in the geometric theory of functions. In
the case of planar simply connected domains of hyperbolic type, we can easily choose
the hyperbolic metric to be a hyperbolic type metric, since the Riemann mapping
theorem holds and the hyperbolic metric is a conformally invariant metric [1]. For
multiply connected domains the situation is more complicated. There does not exist a
conformal mapping between two multiply connected domains with the same connec-
tivity. Some multiply connected domains such as a twice punctured plane do not have
a hyperbolic metric [6]. In a higher dimensional domains, there does not always exist
a hyperbolic metric by Liouville theorem [14]. Gehring and Palka [5] introduced the
quasihyperbolic metric which is a metric of hyperbolic type and adapt to a general
domain. The boundary of a proper domain €2 is denoted by 9€2. Let d(z, dS2) represent
the Euclidean distance between z and d<2. The quasihyperbolic length of a rectifiable
curve J C 2 is defined as follows

() =/w<z>|dz|,

J

where w : Q — R, is given by w(z) = m Furthermore, the quasihyperbolic
distance between z; and z; in €2 is defined by

kq(z1,22) = il}fﬁkQ(J),

where the infimum is taken over all rectifiable curves J in €2 connecting z; and z».
It is clear that if Q' and Q are proper domains with Q' C ,z1,z2 € @ then
ko (21, 22) = ka(z1, 22) [9].

Given z1, 22 € Q,let y : [0, 1] - Q with y(0) = z1, y(1) = z» be a quasihyper-
bolic length minimizing curve such that

ka(z1,22) = Lo (Y110, 1]) + Lrg (v 1[2, 11),

for all t € [0, 1]. Then y is called a quasihyperbolic geodesic joining z; and z2 in 2
and denoted by y : z1 ™ 22.

The real axis and complex plane are denoted by R, R?, respectively. Gehring and
Osgood [4] proved that there always exists a quasihyperbolic geodesic y with z; and 2
as its end points. However, very little is known about the structure of a quasihyperbolic
geodesics when €2 is given. Martin and Osgood [12] proved that the quasihyperbolic
geodesics are logarithmic spirals in G| = R”\{o} and the quasihyperbolic distance
between two points z1, z2 € G is given by

2 2l

, (1.1)
|z2]

kG, (z1,22) = |a? + log
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where « = /(z1, 0, z2) € [0, w]. Moreover, Martin [13] concluded that quasihyper-
bolic geodesics are Lipschitz continuous with first derivatives.
Viisild [16] posed and proved three conjectures as follows

Theorem A Let 71,720 € G and G C R? be a domain, then

(1) Uniqueness conjecture: There is a universal constant ¢, > O suchthatifa,b € G
and kg(a, b) < c, then there is only one quasihyperbolic geodesic y : a ~ b.
The conjecture holds for G with ¢, = 2.

(2) Prolongation conjecture: There is a universal constant ¢, > 0 such that if y :
a ~ b is a quasihyperbolic geodesic with £y;(y) = kg(a, b) < cp then there is
a quasihyperbolic geodesic y1 : a ~ by such that y C yy and £(y1) = cp. The
conjecture holds for G with c,, = 2.

(3) Convexity conjecture: There is a universal constant cc > 0 such that the quasi-
hyperbolic ball By (a, r) is strictly convex for all v < cc. The conjecture holds
for G with the sharp constant cc = 1.

Martio and Viisild [11] proved that all convex domains satisfy the above three
conjectures without any restrictions to the quasihyperbolic distance. Klén [10] showed
the cc < 1 in Gj. Lindén [7] studied the quasihyperbolic geodesic behaviors in
angular domains. For other topics about hyperbolic type metrics and open problems
see [15,17-19].

Recently, Klén [9] studied the quasihyperbolic length of a contour in a punctured
plane and proved

Theorem B Ler ¥ C R>\{—1, 1} be a closed rectifiable curve enclosing {—1, 1}.
Then

= 1 3
EkRz\{_l‘”(V) > (7 — arctan h),/ 1 + i + =

where h is the solution of the equation d(y, {—1,1}) = V1 + R2e T

Furthermore, Klén [9] raised an open problem as follows.

Open problem C Lef z1,22,23,...,2m € R? and y be a simple and closed curve
that encloses the points z1, 22, . .., Zw. Find a lower bound for £ (y), where G =
R2\{z1,22, -+ Zm)-

In order to study this problem, we first give an explicit formula of the quasihyper-
bolic distance from an arbitrary point to an arbitrary line in G| = R?\{zo} and prove
the quasihyperbolic geodesic y from the point to the line is orthogonal to the line
(see Lemma 2.2). Using this result, we give an affirmative answer to the above open
problem C in the case of Rz\{zl, zo} and R2\{z1, 22, 23}

An arbitrary twice punctured domain can be normalized by G, = R*\{—r, r}, r >
0. We estimate the lower bound of y in G, enclosing {—r, r} and generalize Theorem
B proved by Klén.



658 M. Chen et al.

Theorem 1.1 Let ¥y C Gy be a closed rectifiable curve enclosing {—r,r} and
d(y, {—r,r}) represent the shortest Euclidean distance of y to the boundary 9G>.
Then

_ " [ r2 3 5
chz y) > (n — arctan 7) + ? + 571, (1.2)

where y satisfies that

L (arctan £ —7) .

d(?’ {—I",I"})= y2+r26y
and d(y, {—r, r}) increases in y for a fixed r.

Theorem B is Theorem 1.1 in the case r = 1. It’s easy to know that the estimate of
(1.2) tends to 2 as d — +o00. Especially, the domain G, degenerates to the domain
G1 = R*\{o} asr — 0% and it is easy to get that chl (y) = 2m, so the estimate
of (1.2) is asymptotically sharp. Moreover, we build a bridge between G, and G| by
introducing the parameter r.

Furthermore, we give some estimates about the lower bound of the quasihy-
perbolic length of ¥ in R:\{z1, 22, 23} enclosing {z1, z2, z3}. A thrice punctured
plane can be normalized by G3 = R2\{—2r2, 0,2r1},r1 > 0,rp > 0 or G’3 =
Rz\{r, rei2en reiz(“1+o‘2)}, r>0,a >0,ap > 0and o] + ap < 7. If the thrice
punctured plane can be normalized by G3 then we obtain

Theorem 1.2 Let Gy = R2\{—2r2, 0,2r1},r1 >0, > 0, and y C G3 be a closed

rectifiable curve enclosing {—2r»,0,2r1}. Let d(y, {—2r2,0,2r1}) be the shortest
Euclidean distance of ¥ to the boundary dG3. Then

~ Vi 5 y
Crg, () = | — arctan — 14+ = + —m — 2arctan — (1.3)
: ri yl 2 2

where y| satisfies

d= ”12 + ylze(arctan —1—71) I (1.4)

and y = max{hi(y1), ha(y1)} with

arotan 3T Y1 Y3
h1(y1) :\/medrctdn T r m fr d['CtdIl );

19) ( — arctan 2 ) S (arctan «LI_LH)
ha(y1) = m < \/Erze no+)
logr, — log \/Ty]
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The estimate of (1.3) tends to 2 as d — oo and it is the same as the estimate of
(1.2) in G, as rp, — 0. The estimate of (1.3) in G3 tends to 2w as r, — 0,r; — 0.
By introducing the parameters of r; and r», we build bridges among G3, G2, G and
these estimates are asymptotically sharp.

If the thrice punctured plane can be normalized by G’ then we have

Theorem 1.3 Let G’3 = Rz\{r, reizal,reiz(“1+“2)}, r>0,a1 > 0,0y > 0 with the
condition that a1 + ay < 1w and y C G be a closed rectifiable curve which encloses
{r, ret? pel2@1tey Lot d(y, {r, ret2® | rel2@1+2)Yy represent the shortest Euclid-
ean distance of y to the boundary dGY%. Then

beg, (V) = min{ fi(x), fo(x)} + 27 — o, (1.5)

where 121 = tan(min{a|, 7 — @1 — a2}),

<X <r,

Alx) ( tan ) 1+ k2 !
1(x1) = | 7 — arctan — X 5 =~
) Ry TR

and x satisfies

V= x0)? +kixt kir ( kyxy )
log = 7 — arctan .
Xy —r

d (1+/€%) rox

Furthermore

A

72
k1x1 1+ klrz

xp—r [(1—1—]2%))61—}’]2’

J2(x1) = arctan Xp >,

and x satisfies

Vo —xD? + k] o ki

log = ~ arctan .
d (1+k12)x1—r X1 —r

The estimate of (1.5) tends to 27 as r — 0. This means our estimate in Gg can
reduce to the lower bound in G as r — 0 and our estimate of (1.5) is asymptotically
sharp, too.

It is known that the angle sum of a Euclidean triangle is equal to 7 and the angle
sum of a hyperbolic triangle is less than 7 [2]. Moreover, Klén [9] proved that the angle
sums of a quasihyperbolic triangle and a quasihyperbolic trigonin G| = R%\{o} are
and 3, respectively. We would like to ask whether the angle sums of quasihyperbolic
triangle and trigon in multiply punctured domainsare the same as those in the once
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punctured domain. We give an example of the angle sum of a quasihyperbolic trigon
in G3 is equal to 2z and prove that the cosine inequality does not hold in twice or
thrice punctured planes.

2 Preliminary Knowledge and Lemmas
If the geodesic y : z1 ™~ z2 C G and Z(z1,0,72) = « € [0, ], then it is a subset

of a logarithmic spiral. The polar equation of a logarithmic spiral determined by two
distinct points z1, z2 € G is given by

_ b 1 22

r=ae”, a=|z e ?¥e, b:—log'—l, 2.1)
a "zl

where @« = Z(z1, 0, z2). There are many interesting properties of the logarithmic

spiral. We define a ray by ¢(z) = {z : z = Az1, 2 € (0,00),z1 € G1}. The angle
between ((z) and the tangent of the logarithmic spiral at an intersection point is given
by

1
arctan — = arctan é. 2.2)
b log |z2| — log |z1]

From the above formula we can deduce that the angle dose not depend on z and it is
a constant. In the case b = oo the logarithmic spiral degenerates to a ray and in the
case b = 0 the logarithmic spiral degenerates to a circle.

For z1,2z2 € Gy, then a geodesic y : z; m z3 is uniquely determined by (1.1)
if £(z1,0,22) < 7w (see [9]). If Z(z1,0,22) = m, then there exist two symmetric
geodesics connecting z1 and z,. Moreover, the quasihyperbolic length of each geodesic
satisfies kg, (y) > 7 and the equality occurs if |z1| = |z2|. If y € Gy is a closed
rectifiable curve enclosing {0}, then kg, (y) > 2.

The quasihyperbolic distance and the quasihyperbolic geodesic between a point
and a line £ are defined as follows.

Definition 2.1 The quasihyperbolic distance from a point p to a line £ in a proper
domain G is defined by

kG(p, ) = inf{ke (p.2). 2 € ¢} (2.3)

and ¥ : p ~ z is the quasihyperbolic geodesic between the point p and the line £,
where z is a point reaching the inf value in (2.3).

We note that for arbitrary z1,z2 € Rz\{zé}, 70(xg, ¥o) € R?, the quasihyper-
bolic length of the geodesic y : z1 m z2 is invariant under an inversion, stretching
and rotation with respect to z;,. To study the quasihyperbolic distance from a point
P'(x{, yp) toaline £’ = {(x,y) : y = k'x + ¢}, z(€l' in R?\{z{} is equivalent to
study the quasihyperbolic distance from a fixed point p(xo, 0), xo = |p" — zy| to line
L={(x,y):y= kx+c,c # 0} in G| = R*\{0}, where k,c depend on kK, zj and c.
In fact, we have
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LemrAna 2.2 Let p(x0,0), x0 > 0, be a pointin G| = Rz\{o} andalinef = {(x,y):
y = kx + ¢, ¢ # 0}, then the quasihyperbolic distance from the point p to the line ¢
is given by

2
~ c
kG, (p. 0) = |argzolv/1 + b = [argzo| |1+ - ———r)
[(1 + k2) uo + kc]
where the point zo(ug, vo) € £ satisfies
N 2
. . u(z) + (kuo + c)
|c arg zo| = ((1 +k2) uo+kc) log . 2.5)

X0

Moreover, the geodesic (logarithmic spiral) y : p N zq is orthogonal to the line £.

Proof Let z(u, v) be a point on the line £ = {(x, y) : y = kx+c,c # 0}. We divide
£ into six cases with respect to two coefficients k and c.
Casel.Let —oo <k <0,c > 0.Ifxg = —%, then p is just a point on the line £ and

it is trival. Assume 0 < xg < —%, we have argz = arctan(l% + 5) > 0 (see Fig. 1a).
Let f(u) be equal to the square of the quasihyperbolic length between z and p, then

u? + (lgu + c)2

fu) = kél (z, p) = arctan’ (12 + E) + log? . (2.6)
u X0
By some straightforward computations, we conclude that — ; Ecz <u< —%. Then
N R R R 2
2((1 +k2)u+kc) c arctan (k—i— 5) u? + (ku+c)
flw) = - 5 - - - + log
u2+(ku+c) (1+k2>u+kc X0
2.7
a b
l
<0 b q

Fig. 1 a The case of negative straight slop and positive intersection point has a foot point of positive
imagine part. b The case of negative straight slop and positive intersection point has a foot point of negative
imagine part
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Next we prove the uniqueness of the point z. Let

- 2 .
u? + (ku + C) c arctan (k + ﬁ)

g(u) = log - - =,
X0 (1 + k2) u+ ke
then we get
1+ 2 c arctan (12 + 5)
gy =—v—r |1+
(1+k2)u+kc (1+k2)u+kc
According to the relation _léfil <u< —%, we have (1 + k2)u + ke > 0. So, we

ke le|
pE and g(u) — log P >0

as u — —%. Then g(u) = 0 and f'(u) = 0 have a common root ug. Moreover,

get g'(u) > 0. Furthermore, g(u) — —oo asu — —

ug is unique and f”(ug) > 0. Then f(u) takes the minimum value at ug. Because
f'(uo) = 0, we obtain (2.5). Combining (2.5) with (2.6) we obtain (2.4).

Let ¢ be the included angle between the ray ozg and the tangent line g zo, where g
is the intersection point of the tangent line at zg and the real axis. By (2.1) and (2.2)
we have

2 arctan (12 + u‘—o)
¢1 = arctan — = arctan ——————*.
b u(2)+(kuo+c)

log p

Using the relation (2.5) we get

(1 +/€2) ug + ke

Cc

@1 = arctan

Let ¢, be the included angle of the ray oz and ¢, we conclude that

N C ~
@2 = arctan (k + —) — arctan k.
uo

Then we get
tan (arctan (12 + uio)) — tan (arctan 12) ¢
tan @y = — ~ = — —.
1 + tan (arctan (k + %)) tan (arctan k) (1 + k2) ug + kc
By the equality ¢» = % — arctan m, 0< @< %, we have another expression of

@2:
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. (1+122)u0+12c - |4 g2 A
¢ =5 —arctan =————— = = —arctan | ——uo +k ).

C

So the included angle of the line £ and the tangent line gz is

(l—i-lgz)uo—}—lgc T 1_}_]22 A -
¢1 + ¢ = arctan ——— + — — arctan ug+k )= =.
c 2 c 2

Thus the shortest logarithmic spiral y : p ~ zg of p to £ is orthogonal to the line ¢ at
20-
When the point p(xo, 0) satisfies xo > —=, then arctan(k + ) < 0 (see Fig. 1b).

k
We define f(u) by

X0

fu) = kél (z, p) = arctan? (12 + 2) + log2 (2.8)

u? + (lgu + 0)2

If z3 satisfies argzz = argz,z3 € £, Nz3 < —%, then |z3| < |z| and kg, (z3, p) >
kg, (z, p). So we conclude that u > —%. Thus we get

2 ((1 + 122) u+ Igc) c arctan (12+§)

X0
flw)y=— X 5 ~ —+log = |- 2.9)
u2+(ku+c) (1+k )u+kc M2+(]€I/I+C)
Next we will prove the uniqueness of the point z. Let
Xo ¢ arctan (12 + %)
g(u) =log + ~ —.
Ju? + (ku +c)? (1+k2)“+kc
Then
(1 + 122) c e
gu) =~ - — | 1+ - — arctan (k + —)
(1+@)utke | (1+82)u+ke u

Since u > —% > 0, the inequality (1 + k®)u + kc > —% > 0 holds. Let

1+i2 .
LILEN
C

h(u) = arctan (12 + E) +u
u

Then
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1+ k2 o1 k2
h(u) =— < + >——+-+—>0
u? + (ku + c)? c c ¢ ¢
So h(u) is an increasing function. Hence, we have h(u) > h(—%) = —% > 0 and
xollgl c

g'(u) < 0. Moreover, g(u) < 0asu — +oo and g(u) — log s Oasu — -

Thus the equation g(u) = 0 and f'(u) = 0 have a common root ug. By concrete
computation, we have that u¢ is unique and the inequality f”(ug) > 0 holds. So f (u)
takes the minimum value at ug. We get (2.5) by f'(up) = 0. By (2.5) and (2.8), we
obtain (2.4). Using the same method as before, the logarithmic spiral y : p ~ zp is
also orthogonal to the line £.

LetO <k < 400, ¢ < 0 be Case 2 (see Fig. 2),0 < k < +00, ¢ > 0 Case 3 (see
Fig. 3) and —oc0 < k <0,c¢ < 0 Case 4 (see Fig. 4). By symmetry, one can use the
method of Case 1 to deduce the proofs of these three cases. For simplicity, we omit
these proofs.

Case 5. Letk = o0, ¢ > 0, the straight line ¢ can be expressed by x = ¢ (see
Fig. 5). Then the point z € £ is just the point g(c, 0) and geodesic line y[p, q] is
orthogonal to the line x = ¢. The quasihyperbolic distance from the point p(xo, 0) to
Liskg,(p,£) = |log %L

Fig.2 The case that the Z
straight slope and the
intersection point are positive

p q
l

Fig. 3 The case that the straight
slop is positive but the
intersection point is negative ZQ

¢ q

I »

Fig. 4 The case that the
straight slop and the intersection 14 P q

point are both negative

20
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Fig. 5 The vertical case of a
positive intersection point

Fig. 6 The vertical case of a

negative intersection point Q1
21

22

q2

Case 6. If k = 00, ¢ < 0, then £ is x = ¢ (see Fig. 6). By the symmetry, there are
two points z1(«, 0), zo(—u, 0) € £, u > 0 satisfying that y : z; ~ p,y : 220 n p are
both geodesics between p and £. Moreover, u satisfies

c u Vu? + 2
— (n — arctan —) = log —
u c

The above equation has a unique root ug and y : z1 ~ p, ¥ : Zo » p are orthogonal
to the line x = c. O

Remark 2.3 If ¢ = 0, then the line ¢ degenerates into two rays y = kx(x > 0) and
y = kx(x < 0). The quasihyperbolic distance from the point p(xg, 0), xg > 0 to
the ray y = kx,x >0 (ory = kx,x < 0) is min{larctan12|,n — |arctanl€|} and
the geodesic is geodesic arc. Especially, if k = 0, then £ reduces to the positively
real axis and the negatively real axis. The quasihyperbolic distance from the point
p(xp, 0), xo > 0O to the negatively real axis is 7w and the geodesics are the upper half
circle and the lower half circle. The case of positively real axis is trivial.

An arbitrary twice punctured plane can be normalized by G, = R>\{—r, r},r > 0.
We generalize Lemma 5.2 in [9] as follows.

Lemma 24 Let 71 € G, = Rz\{—r,r},r > 0,0 <argzy <@, F ={z € R? :

T

argz =¢},0 <@ <% and E ={z € R* : argz = 0, Nz > r}. Then

kG, (E, z1) + kG, (F, 21) = kg, (F, 22),

where 7o = r + d(z1), and d(z1) = d(z1, 0Gy) represents the Euclidean distance
from z1 to the boundary dG>.
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Proof According to Lemma 2.2, the following inequality

kG, (F, z2) < kG,(22, 23) < kG, (22, 21) + kG, (23, 21)

holds, where z5 € E, z3 € F satisfy

kG, (21, 22) = kG, (21, E), kG, (21, 23) = kg, (21, F).

So this lemma is proved. O

Lemma 2.5 Denote by F = {z € R? ;argz = ¢},0 < ¢ < Z, and E = {z € R* :
argz = 0, Rz > r}, respectively. Let 71 be a point in G, = R*\{—r,r} withr > 0
and 0 < argz; < @. If p1(d1 +1,0) € E, pa(da, ¢) € F are two points satisfy that
dycosp >rand0 < ¢ < Z, then

kG,(p1, p2) = @, (2.10)

and kg, (p1, p2) = ¢ as dy — oo, % — 1.

Proof According to (2.1), the quasihyperbolic length from p to p; can be expressed
by

, \/(dz cosg —r)?> +d3sin’ ¢

k , = tan?2
G, (p1, p2) arctan (d a

It is obvious to get (2.10). By Lemma 2.2 and (2.5) we have

g—Lﬁw\/dzz —2rdycosg +r? < dy <,/d3 +r2.

Moreover, kg,(p1, p2) — ¢ as di — oo and % — 1, thus the lower bound ¢ is
asymptotically sharp. O

3 Proofs of the Main Theorems

We generalize Theorem B to the planar domain G, = R*\{—r,r}. Let 7 C G2 be a
rectifiable curve enclosing {—r, r}. We can find a lower bound for Esz &).

Proof of Theorem 1.1 By Lemma 2.4, we can assume that p(r + d, 0) belongs to ¥
andd = d(y, {—r, r}) represents the shortest Euclidean distance of  to the boundary
9G,. By Lemma 2.5, we have the quasihyperbolic lengths of the subarcs of ¥ in the
second, third and fourth quadrant have a common lower bound of /2. Let £ = {7 €
R?:Mz=0,3z > 0} and z = yi € £, y > 0. Therefore we have

~ — = 3
b, V) 2 k6, (V) = kG, (p. £) + 5. (3.1

By Lemma 2.2, we have
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~ 2 2 2
kG, (p, 0) = \/(7[ — arctan %) +log2 YT HYT (3.2)

d

where y satisfies

Y24z oor

log 7 = ; (71 — arctan %) . 3.3)

By substituting (3.3) into (3.2) and we get (1.2) from (3.1).

By (3.3), we have
d=h(y) = \/me«%(arm“?v*”),

and
v 1 r(m—arctan?
h’(y)zw/y +r e‘(arctzm ”)(;4——( 32 ’))>0.
Sod(y, {—r,r}) increases in y for a fixed r. Hence, Theorem 1.1 is proved. O
p

We can normalize R*\{z1, z2, z3} by G3 = R*\{—2r2,0,2r1},r1 > 0,72 > 0
when 71, 72, z3 lie in a straight line. Next, we will give our estimate about the lower
bound for quasihyperbolic length of ¥ in G3.

Proof of Theorem 1.2 According to Lemma 2.2, we assume that p(r +d,0) € y
andd = d(¥, {— 2ry, 0,2r1}) represents the shortest Euclidean distance of ¥ to the
boundary 9G3. Letﬁl {(x,y) :x =r1,y > 0}, Zz ={(x,y) 1 x = -1,y >
0}, €3 = {(x,y) : y = 0,x < 0}. Gehring and Osgood [4] proved that there always
exists a quasihyperbolic geodesic " connecting z; and z;. Then there is at least a
point py € 2 satisfying the quasihyperbolic geodesic y : p» {3 is a subarc of
the quasihyperbolic geodesic y : p ¢3. Moreover, there exists a point p3 € 3
satisfyingy : pp ~ p3 =y 1 pa 3 and depending on p; by Lemma 2.4. There is
also at least one point p; € £y satisfyingy : p 3=y :p~piUy :pi ~ prU

Y 1 p2 ~ pa.Let pi(r1, y1) € 81, pa(—r2, y2) € Lo, p3(=2r2 — /13 + ¥3,0) € L3
By symmetry, we get £x;, (V) = kg5 (V) = 2kg,(p, €3) and

2ke, (p. 03) = mln2[sz(P p1)+kas(p1, p2)+kas(p2, p3)]

2 r2+y2

Vit

(n —arctan y_1) —|—10g2 _—
r

d

=2 min
V)2

2 2,2
1 ry+
+ \/(n —arctan L —arctan 2) +- log2 22_)2_'_7_[ —arctan 2
r r 4 ri+yy r
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By Lemma 2.2, we have

2 r2+y2
y1) +log2\/ T (

7 — arctan — >
( r d -

2
1 r
7T — arctan y_) 1+ —]2,

and the equality holds when y; satisfies

n

d _ 1’12 + y%e(drctdn —1—71) i (34)

Next we assume that the point p} (2, y) satisfies y > 0. Let

/2 41 2
Y1 )’)2 2 Aty
+ log

gly) = k%;3 (p1, py) = (JT — arctan — — arctan — —_—
& Vi ot

r
By Lemma 2.2, g(y) takes the minimum at p/(r2, y) and y is the solution of the
equation

L (arctan 2L ~+arctan 72771)

\/y1+rl =,/r3 + )% (3.5)

arctan 2L — 37
We assume that y > r». Then \/y? + 77 > V2rpe ™M) By (3.5), we have

(arctan 2L ~+arctan 7—7{) (arctan ’r—l—%”)
)’1 + "1 = ye’ 2 = ye ! )

and hence y <,/y} +rie (F —arctan ) _ = h1(y1). Therefore

kG (p1, p2) + kG5 (pa, p3) = 7 — arctan 12 ) (3.6)

where pi, pa, p3satisfy y : p ~ 03 =y popiUyipinpUy:poops

If0 <y < rp, then \/m < 2re (arctan

2 (arctan 37”)
y1 + ’"1 > rpe” " s

ra( 37” —arctan %)

\/72 = hy(y1). Hence we have

logrp—log r12+y1

- < r3. By (3.5), we get

and then y <

ha(y1)
o

kG5 (p1, p2) +kGy(p2, p3) > w — arctan (3.7



Quasihyperbolic Distance in Punctured Planes 669

where pi, p2, p3satisfyy :p~l3 =y :pprUy :pixppUy i py s ps.
By Lemma 2.5, we conclude that the quasihyperbolic length of ¥ in the domain

Q={z=u+ivC R% u>ri,v <0} has a lower bound % Combining (3.6) with

(3.7), we obtain (1.3). The proof of Theorem 1.2 is complete. O

If z1,z2,z3 are not in a line, then there always exists a circumscribed circle
of the triz_mgle 42122Z3. The domain R?\{z1, 22, z3} can be normalized by G, =
Rz\{r, ref2en re’z("‘“"”)}, r>0a1>0,00>0,01 +ap <.

Proof of Theorem 1.3 Without loss of generalization, we assume that the intersection
point of ¥ and the ray oz; is p(r +d, 0) and d = d(¥, {r, re!?*1, rel>@1+2)}) repre-
sents the shortest Euclidean distance of y to the boundary 3G’3. Letas =7 —a; —an
and @y = min{ay, 7 — @y — )}, then 0 < ) < 7.

By Lemma 2.2, we assume that the shortest geodesic from the point p to the line
L={y = lglx : 121 = tan(ay)} is y1. The point py(x1, Iglxl) is the intersection point
of y; and £. The point pj(xy, lzlxl) can be devided into two cases.

Case 1: If /5 < x| <r, then
1442

N 2 )
i r—x)?+k?x
S ) + log? oL
1

ng (y1) = II)lclll’l (n — arctan 7

Let kG/3 (y1) = f1(x1). Combining with Lemma 2.2, we have

/21)61 ]2%
fi(x1) = mr — arctan 1+

r=n [(l—i—lgf)xl—r]z’

where x satisfies

VO =) + ki kr ( fixi )
log = T — arctan .
X1 —7r

d (1+1€%) T

Case 2: If x; > r, then

A 2 / 2 . 72.2
k r—xp)"+kix
L ) + log? S

kg (y1) = min arctan
3 X1 Xy —r d

Let kG% (y1) = f2(x1). Combining with Lemma 2.2, we have

A

72
k1x1 1+ kll"2

x| —r [(1+I€f)x1—r]2’

J2(x1) = arctan
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where x satisfies

/(21 —V)2+12%x12 B kir kixy

log = ~ arctan .
d (l—i—k%)xl—r XL —r

By Lemma 2.4, we know that the lower bound of the quasihyperbolic length of ¥ in
domains of Q1 = {z: o] < argz < 201}, 2 = {z: 201 < argz <201 + a2}, 23 =
{z: 201 +ap <argz < 2(a1 +a@2)}, 24 = {z: 2(x1 +ap) < argz < 2(o1 + a2) +
a3}, Qs = {z: 2(a; + a2) + 3 < argz < 27} have lower bounds o, a2, 2, @3, o3,
respectively. Since 2(a + a2 + o3) = 27, we get

kg (7) = min{f1(x1), fa(xD)} + 27 — 1.
The proof of Theorem 1.3 is complete. O

Klén [9] got the law of cosines and the inequality of cosines in the sense of qua-
sihyperbolic metric in R?\{o}. Huang, etc. [8] asserted that the inequality of cosines
does not hold in R?\{—1, 1} (see Example 1 in [8]). The following example shows
that the cosine law and the cosine inequality do not hold in a twice or thrice punctured
plane.

Example Let G3=R*\{2r2,0,2r1},r2 > r1 > 0, z(r1, y1), pQ2ri+d, 0), z1(d, 0),

2201y, 2301, J5r1). 2421 +4d,0), 252y +4d cos B.4d sinf).0 < B <
3n

Z.,d > 0and r1=y1=%6de7. Then

(1) k&, (21, 22) < kg, (21, P+, (22, p)—=2kG5 (21, PGy (22, p) cos L(z1, p, 22);
(2) kgy(z3. p) > kg, (23.2) + kG, (2. p) — 2k (23, 2Dk (2. p) cos L(p. 2. 23):;
(3) kg, (25, P) = kg, (24, P)+kG, (24, 25) —2kG5 (24, P)kG; (24, 25) cos L(p, 24, 25).

Proof By Lemma 2.2, ¥ : p ~ zj passes through z and is orthogonal to the ray
x =ry,y > 0.So we have

3«/571 3«/371

— kG, (21, 22) =kg5 (22, p) = kg5 (z, p)= T

kG, (z1, p)=2kg,(z, p)=

According to (1.1), we get

4 i+t

1 T
b=—log— =1, /(z1,p, = 2arctan — = —.
I og y (z1, p, 22) arc anb >

By the above equalities, we have the inequality (1) holds. Moreover, Z(z1, p, z2) +
L(p,z1,22) + £L(z1, 22, p) = 2. This is different from the quasihyperbolic trigon in
G obtained by Klén [9].
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By some straightforward calculations, we have

kG,

and

2 r24y2 5 5 3 2
(z3, p)= (n—arctani—f) +10g2$= (?”)2_,_ log%—k% ’

o L2

T
ks (2, z)—/ V2 o =C
Jri +x2 V3 2

Then the inequality (2) is proved.
Furthermore, we have

T
kGs(z4, p)=In4, kg, (z4,25)=B, kg;(z5, p)=4/ B2+In’4, L(p,24,25) =7

So we get the inequality (3). O

Acknowledgments The authors would like to thank the referees for their very careful work and helpful
suggestion to improve the quality of this paper.

References

11.

12.

13.

. Ahlfors, L.V.: Conformal Invariants: Topics in Geometric Function Theory. Megraw-Hill, New York

(1973)

Beardon, A.F.: The Geometry of Discrete Group. Springer, New York (1995)

Beardon, A.F., Minda, D.: The hyperbolic metric and geometric function theory. Proceedings of
the International Workshop on Quasiconformal Mappings and their Applications. Narosa Publishing
House, India, pp. 159-206 (2006)

Gehring, EW., Osgood, B.G.: Uniform domains and the quasihyperbolic metric. J. Anal. Math. 36,
50-74 (1997)

Gehring, EW., Palka, B.P.: Quasiconformally homeogeneous domains. J. Anal. Math. 30, 172—-199
(1976)

Goluzin, G.M.: Geometric Theory of Functions of a Complex Variable. AMS, Providence, RI (1969)
Lindén H.: Quasiconformal geodesic and uniformity in elementary domains. Ann. Acad. Sci. Fenn.
Math. Diss. 146 (2005)

Huang, M., Ponnusamy, S., Wang, H., Wang, X.: A cosine inequality in the hyperbolic geometry. Appl.
Math. Lett. 23, 887-891 (2010)

Klén R.: On hyperbolic type metrics. Ann. Acad. Sci. Fenn. Math. Diss. 152 (2009)

Klén, R.: Local convexity properties of quasihyperbolic balls in punctured space. J. Math. Anal. Appl.
342, 192-201 (2008)

Martio, O., Viisild, J.: Quasihyperbolic geodesic in convex domains 11. Pure. Appl. Math. Q. 7,
379-393 (2011)

Martin, G.J., Osgood, B.G.: The quasihyperbolic metric and associated estimates on the hyperbolic
metric. J. Anal. Math. 47, 37-53 (1986)

Martin, G.J.: Quasiconformal and bi-Lipschitz homeomorphisms, uniform domains and the quasihy-
perbolic metric. Trans. Am. Math. Soc. 292, 169-191 (1985)



672 M. Chen et al.

14. Reshetnyak, Y.G.: Liouville’s theorem on conformal mappings under minimal regularity assumptions.
Sib. Mat. Zh. 8, 853-840 (1967)

15. Viisild, J.: The free quasiworld. Freely quasiconformal and related maps in Banach spaces. In: Quasi-
conformal Geometry and Dynamics. Banach Center. Publ. 48. Polish Acad. Sci., Warsaw, pp. 55-118
(1999)

16. Viisild, J.: Quasihyperbolic geometry of planar domains. Ann. Acad. Sci. Fenn. Math. 34, 447-473
(2009)

17. Vuorinen, M.: Conformal Geometry and Quasiregular Mappings. Lecture Notes in Math. Springer,
Berlin (1988)

18. Vuorinen, M.: Metrics and quasiregular mappings. In Quasiconformal Mappings and their Applica-
tions. Narosa Publishing House, India, pp. 291-325 (2007)

19. Vuorinen, M.: Geometry of metrics. In: Minda, D., Ponnusamy, S., Shanmugalingam, N., (eds.) Pro-
ceedings of the ICM2010 Satellite Conference International Workshorp on Harmonic and Quasicon-
formal Mappings (HQM2010). J. Anal. 18, 399-424 (2011)



	Quasihyperbolic Distance in Punctured Planes
	Abstract
	1 Introduction
	2 Preliminary Knowledge and Lemmas
	3 Proofs of the Main Theorems
	Acknowledgments
	References


