LP POLYHARMONIC DIRICHLET PROBLEMS IN REGULAR
DOMAINS IV: THE UPPER-HALF SPACE

ZHIHUA DU, TAO QIAN, AND JINXUN WANG

ABSTRACT. In this article, we consider a class of Dirichlet problems with LP
boundary data for polyharmonic functions in the upper-half space. By in-
troducing a sequence of new kernel functions for the upper-half space, called
higher order Poisson kernels, integral representation solutions of the problems
are provided.

1. INTRODUCTION

In recent years, there has been a great deal of studies on integral representations
of polyanalytic, metaanalytic, polyharmonic and metaharmonic functions in various
types of planar or higher dimensional domains [2-13,15-21,24,25]. The aim is to
find integral representation solutions of some BVPs (boundary value problems) of
certain partial differential equations with various types of boundary data, including
the Holder continuous, continuous, L?, Hardy, Besov, Sobolev types, and so on. The
BVP types include Dirichlet, Neumann, Schwarz, Robin and some mixed problems
in regular domains (in the unit disc: [2,3,5,9-11]; and in the upper-half plane:
[4,6,8,12,15]) and in irregular domains (C* domians [7] and Lipschitz domains: [6,
21,24]), as well as in Riemann manifolds [19,20]. Among other things, polyharmonic
Dirichlet problems (for short, PHD problems) arouse considerable interest.

The objective of this article is to solve the PHD problems with L? data in the
upper-half space, R+

A™y =0 in R}
(1.1)

Ay = f; on 8Rﬁ+1 =R",

where n > 2 is a natural number, R"™ = R" xRy = {z = (z,y) : 2 € R", y €
R,y >0} 2= (@1, 2n), A= Appr i= 4oy £ + £, f5 € LP(R"), m €N,
0 <j < m,and p > 1. By introducing a sequence of new kernel functions, we
will give integral representation solutions of the PHD problems (1.1). The kernel
functions can be regarded as higher order Poisson kernels for the upper-half space
(see next section). To the authors’ knowledge, this result for integral representations
of the solutions of the BVPs with L? boundary data for polyharmonic equations
is completely new. The existing results on such PHD problems ( [2-6,8-10, 15—
18,21, 24, 25] and references therein) only deal with the existence and uniqueness
under suitable assumptions (for example, boundedness of non-tangential maximal
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boundary data) as well as estimates of the solutions, but do not present a complete
and coherent integral representation theory.

2. HIGHER ORDER POISSON KERNELS

Definition 2.1. Let D be a simply connected (bounded or unbounded) domain
in R"*! with smooth boundary D and k € NU {cc}, C¥(D) denotes the set of
the functions that have continuous partial derivatives of order k in D. If f is a
continuous function defined on D x 9D satisfying f(-,v) € C¥(D) for any fixed
v € OD and f(z,) € C(dD) for any fixed z € D, then f is said to be C¥ x C on
D x D and written as f € (C* x C)(D x dD).

Definition 2.2. A sequence of real-valued functions of two variables {G., (-, ) }5°_;

defined on Rﬁﬁ“ x R™ is called a sequence of higher order Poisson kernels, and,

precisely, G,,(-,-) is the mth order Poisson kernel, if they satisfy the following

conditions.

1. Forallm €N, Gy, € (C® xC)(R}T x R"), the non-tangential boundary value
li(mo) Gp(z,v) = Gpn((u,0),v)

exists for all u € R™ and u # v € R"; Gy, (-,u) can be continuously extended to
RTFI \ {(u,0)} for any fixed u € R";

2. Gilept1,v) = %W where w,, is the surface area of the unit ball in
m(v241) "2
n+l
R and equals to 1%?%31), ent1 =(0,...,0,1) € Rf‘ﬁl, and for m € N,
(G, 0)| < M—"—
(1+[vf?)?

for any (z,v) € D, x {v € R": |v| > T}, where D, is any compact subset of R’
T is a sufficiently large positive real number and M denotes some positive constant
depending only on D, and T.
3. AGi(z,v) =0 and AGy,(x,v) = Gp—1(z,v) for m > 1.
4l g emnt epe Jon Gr@0)(0)do = y(u), ac., for any 7 € LA(R™),
p=1L
5. 1imz~>(u,0),m€R1+1,u€R" fR” Gm(z,v)y(v)dv = 0 for any v € LP(R"), p > 1,
m > 2,
where all limits are non-tangential [22].
We note that the Poisson kernel for the upper-half space Rﬁ“ is [22]
(")

Y
2.1 P,(z) = —2
) @)=~k
where x € R", y > 0, and |z| = /2% + -+ - + 22.
Set
(2:2) Di(w,v) = Py(z—v) = e, e

(lz—v?+9?)"=
where z = (z,y) € R:L_H, in which x € R™ and y > 0; v € R", and
2 (=
(2.3) = — = (,ﬁl)-
=

Wn s
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Lemma 2.3. Let © = (z,y) € R:L_H, z € R" and y > 0, then for any s € R,
(2.4) A (yla]*) = s(s +n+ Lylz|*>
and

(2.5) A (ylz|*log |z|) = s(s + n + 1)ylz[* *log|z] + (25 + n + 1)ylz|* 2,

whereA:ZZZl%—F% and |z| = /23 + - + 22 + 2.

Proof. For 1 < k < n, we have

o (ylel*) = syanlel" 2, o (ylel* o o) = el (s og o] + 1)
and
0? 0
2. -~ Sy — s—2
(2. 52z et = 5 (sralel )
= sylel* ™+ (s — 2)yad el
(2.7)

82 s 8 s—2
gz (e log o) = 50 (vl ~*(s1og o] + 1)

— ylal*2(sog |e] + 1) + yadlz*~*[s(s — 2)log|a] + 25 — 2]
On the other hand,

9 s s s— 9 s s s—
afy(ylxl ) = |z]*+sy?|z]*72, %(ylm\ log |z]) = |2|*log |z[+y*|x[*~* (s log |z[+1);

and
02 0
2. . sy — s 2 5—2
(23) 5z Wlel") = 5 (1" + syl ~2)
= 3syla[*™* + s(s — 2)y’[a|",
(2.9)

2
(%2 (ylz]* log|a]) = a% [[2]° log || + 2| ~2(s log | + 1]
= Bylaf*2(slog o] + 1) + yP[a*[s(s — 2) log || + 25 — 2.

Therefore, from (2.6)-(2.9), by direct calculations,
N o?
- + R

— ox?  Oy?

s(s +n+ Dy|z|*2

A (ylzl*) (yl=[*)

and

n
A (yla|* logx]) = Z (ylz|log |x|)

92
k= 1 k
s(s+n+ )y|x|5*210g |z| + (25 +n + 1)yl|z|*~2. O
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Denote
(2.10) a;=s(s+n+1)

for any s € R. Thus, when s # 0, we can rewrite (2.4) and (2.5) as follows:

1 B
(2.11) A (ylfﬂ> = ylz?
o

and
(212) A —ylo]*loglal ) = ylo]*~2log|a] + ( - + ———— ) ylal*

. — Y| X = T X - _— X .

Vil log y g St

Moreover, we also have
(2.13) A ——yloglz|) = ylal

. qvlosll | = ylal ™%

Lemma 2.4. Let x = (z,y) € Rﬁ“, z€e€R" andy >0, andv € R*. Form € N
and m > 2, define

Cp, m—1_ntl
(2.14) Dy (z,v) = Wy (lz —v* +¢°) 3
if n is even, and
m—1—2tL "
a2 — o +9?) T, om<
c m—1-—2t1
(2.15) Dm(x’/l}) = n y (|§ _ /U‘Q + y2) 5

DB B Fags 020023

x [log /ERREE - o (34 )]s o> 258
if nis odd, where By = aog—n-1, k=1,2,...,m — 1, ay is given by (2.10) and c,
is given by (2.3). Then
(2.16) ADy(z,v) =0 and ADp,(z,v) = Dpp—1(x,v), m > 2,
where Dy is given by (2.2).

Proof. By straightforward calculations, it immediately follows from (2.11)-(2.13).
O

In what follows, we need to introduce ultraspherical polynomials [1,23], PZ(A) and

Z(A), which can be respectively defined by the generating functions

(oo}

(2.17) (1—2rg+r3) 7 =>" P (o)

=0

and

(2.18) (1—2r€ + %)M log(1 — 2re +72) = Y QY (&),
=0
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where A £ 0, 0 < |r| < 1 and [¢] < 1. P and QP have the following explicit
expressions:

1
(219) RO~ { g l0-2eer) )
4 |
- g LU—=j+A) —2j
=2 o =2 (2¢)
and
(2.20) Q()‘)(f) S % [P()\) (f)}

_ - 1)7+1 Ll—j+XN) —2j
- Z B POV

where [é] denotes the integer part of é If necessary, for some special values of A,
say A = Ag, the above expressions may be extended and interpreted as limits for
A — Ao (for example, \g is a non-positive integer). Some other properties of the
ultraspherical polynomials can be also found in [1,23].

For sufficiently large |v| > |z| and any real numbers A # 0 and s > 0,

@21)  (z— o +52) > = (o — 22 + [a2)
-
S [1 ol (fﬂ . v) N lfvl"’}
ol \al " To1) T P
xT
e QAZP” (e v5n/|x|>(' ')

o0
= "2 P (- wsn /] o] 0H2Y
=0

and

1 1 1
(2.22) — =

s P} 1

o S
:;Z pts-1y 1
(1+[v)?)2 &= I (L4 [v[?)~

where v = |v|vgn. Therefore

[—2]
(2.23) (lz =P+ 9?7 = D fal BV (@ - vse /|2l o]~ +2Y
=0

+ S 2PV @ vs/

I=[—2X]+1

x|)
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y i (u +Li+a- 1) 1 .
I (1+ |v|2)u+é+>\

pn=0

Similarly, we have

(2.24) (Jz—vf* +1%) M log =
=(|vf? — 2z - v+ |2/*) " log

x z v 2217 T z v x|?
o (128 (o) | {2 () +

— log {1 + |v12} }
3 QP @ v /I (x')l S A e fJa]) ('H')l
=0

=0

X
M8
T
—
=
B
ol
<
=l
=

0
Z |l 2P (- v /|| o] 0+,
=2 s=

~
[

Definition 2.5. Let f be a continuous function defined in R™ that can be expanded
as

(2.25) FO= > alll*

for sufficiently large |(|, where integer m > —n and coefficient functions c(¢) are
continuous in R™. Denote

C k !
(2.26) : Z k(O] +Z Z ( ) Copum k(C)(1+|<‘ e

k=1 p=0

and

(2.27) = Z:: ZZ: ( ) CQ#*’C(C)W

for sufficiently large |¢|. If LP.[f] is L? integrable in the complement of a sufficiently
large ball centered at the origin in R™ for p > 1, then S.P.[f] is called the singular
part of f and LP.[f] is called the integrable part of f at infinity in the LP sense,
p>1.

We immediately have
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Proposition 2.6. Let f be defined as in Definition 2.5, then for sufficiently large
<,

(2.28) f(¢) = S.P.fI(C) + LP.[£](C)-
Proof. Due to (2.25) and (2.22), for sufficiently large |(],

cs( |C|S+Zc_
s=0

. c N o

:Z Q<] +Z - [g > 1+ |C[2)rF3

Ms

(229) ()=

3

| ES—

2 g_ > 1
—Z O+ Y Z ( Q) T E

k=1 p=0 2

=S.P~[f](C) + LP.[f1(O)- 0

Theorem 2.7. Let

(2.30) Gm(z,v) = Dp(z,v) — S.P.[Dy](z,v),
where
(2.31)

c 2m—n—3

23 —m m—n—3—
S.P.[Dy)(w,v) = DI SRR R ) I i

=0

et + 2 kg ()
o Z( )|a:|”Pk§u (2 vsn/|])

k=2m—-n—2 u=0

B1B2 - - 5m—1y

1 }
)

n+1

for any m and even n, or any odd n with m < *3=; and

(2.32)

Cn

S.P.[Dy,](x,v) RCES. B ann —

2m—n—3

n43 _ g
AL Qv laplofmn—

=0

2m—4 5 +1 )
+ Y Z( )| F=20Q("% 7™ (2 - vgn /]a])

k=2m—n—2 pu=0

1
X
(1+ |v|2>%*m+"%3}
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— 1 nt3
AT S R T @ v el

1 /k _ n+l
> i AR T

( 2 —m) 1
<P v el e s
nt3
m— 1 1 2m—n—3 | (m3
- S P v
; <t+t+n+1)[ lz; 27 (@ -vsn/lz])

2 4 2
2m—n—3—1 — 2 —-m + k—2p
< Jo Sy (e &

k=2m—n—2 p=0

(252 —m)
x Py 3# e vsn/|2l)

1
(L+v]2)3 m*"“’”

n+3

for any odd n with m > , where ag, Bs are given as in Lemma 2.4, cn 18 given

by (2.3), and the genemlzzed ultraspherical polynomials pEE—m) , QU ™) qre
defined by (2.17) and (2.18). Then { Gy (z,v) }55_1 is a sequence of hzgher order
Poisson kernels defined in Definition 2.2.

Proof. By using the definition of the singular part, S.P.[-] and the relations (2.21),
(2.22) and (2.24), performing similar calculations as for getting (2.23) and (2.29), we
get (2.31) and (2.32). Note the explicit expressions (2.31) and (2.32), it immediately
follows that for any m € N, G,,, € (C® x C)(R}™" x R"), the non-tangential
boundary value

lim Gm(z,v) = Gp((u,0),v)

z—(u,0)
z€RYT ueR™

exists for all u € R™ and u # v € R™. Further more, G,,(-,u) can be continuously

extended to R\ {(u,0)} for any fixed u € R", i.e., the property 1 in Definition
2.2 holds.
Note that

Di(z,v) =cp Y T

(lz - of? +y2)"

So by the definition of the singular part,

(2.33) S.P.[D1](z,v) = 0.

Therefore

(2.34) Gi(z,v) = Di(z,v) = Py(z —v).

Then Gi(ep+1,v) = fn W and lim,_ (o) €RTH ueRn Jgn Gz, 0)y(v)dv =

~v(u), a.e., for any v € LP(R™), p > 1. Moreover, by the definition, for sufficiently
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large |v| > |z|,
(2.35)

A nyCumn (T,0) L nevenandanym,ornoddandm < %,

|’L)""7

LP.[Dy](z,v) = ~
Bm,nyCmyn(x,v)ﬁ, nodd and m > ”TH,
where A,, ,, and B,, , are positive constants depending only on m and n,

d2m73 nt3

(2.36)  Chyn(z,0) = |z|*m3 {W [(1 = 2r(z - vgn /|z]) + r2)m2]} y

and

(2.37)
. . d2m73 k3
Conn(ar.v) =l g |(1 = 20(a - v lal) + 97
2 m—232
1, 1-=2r(z-ven/lz])+7r 1 1
! AR
28 1472 Z t+t+n+1 r=0

t=1

with 0 < 0,9 < 1. Therefore, for any compact subset D, of Rﬁ“ and x = (z,y) €
D, by the continuity of C,, , and Cy, ,, we have
(2.38) |G (2, 0)| = [LP.[ Dy (z,0)| < M—L

(1+ [v[?)?
where (z,v) € D x{v € R": |v| > T}, T is a sufficiently large positive real number
and M is a positive constant depending only on D. and T. Thus the properties 2

and 4 in Definition 2.2 are established.
From (2.31) and (2.32), we can simply denote

2m—n—3
(2.39) S.P.[Dy](z,v) :Cmy[ S emalz, o)l
=0
2m—4 .
+ Cm,—k(Z,V _ ’
T T

where (), is a constant depending only on m,n, and the coeflicient functions ¢, ;
and ¢,,,—, can be explicitly expressed by the ultraspherical polynomials pE-—m)
and Q(HT%*’"). Therefore,

2m—n—3

(2.40) A[S.P.[Dm](x,v)} :cm[ 3 Alyemalz o)l

=0

2m—4
1
+ Alyem,—k(x,v)] s |-
k:2mz—:n—2 | (1+ IUP)%‘"‘*%}
By Lemma 2.4, we have
(2.41) AGr — Gt = SP.[Dpu_1] — A[S.P.[Dm]}

for any m > 2. Due to (2.38) and (2.39),
AC;rn = Gm—l
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for any m > 2. By taking into account AG; = 0, the property 3 in Definition 2.2
follows.

Finally, we show that the property 5 holds. Denote by V,(u) the cone in RQL_H
with vertex (u,0) and aperture a > 0, viz.

(2.42) Va(u) = {(z,y) € R} : |z — u| < ay}.
In what follows, we often use the truncated cone
(2.43) Van(w) ={(z,y) R}t |z —ul <ay, 0 <y <n}
Case 1: 2<m < "TH Take a splitting,
(2.44)
G (z,v)y(v)dv :/ G (z,v)y(v)dv +/ G (z,v)y(v)dv
R™ lv—u|<§ §<|v—u|<T

+ /|Uu|>T G (z,v)y(v)dv

L1411+ 111,

where u is any fixed point in R™, §, T > 0, § is sufficiently small while T is sufficiently
large, « € Va,y(u), 0 <n < min{é, 1}, and v € LP(R"), p > 1. By the property 1,
y~1Gn(,v) is continuous on the compact set q,,(u) x{v € R" : § < [v—u| < T}.
Therefore,

(2.45) II—-0asz— (u,0),2 € Van(u).

By the property 2, for sufficiently large T, « € qa,,(u) and |v — u| > T, we have

vy
T+ [o)F

where M is a constant depending only on § and T'. So

(2.46) |G, 0)y(0)] < MWW})I.

The RHS of the above inequality belongs to L!(R"), because m e LY(R™)N

2
Co(R™) and v € LP(R™) for any p > 1 and ¢ > 1, where Cy(R™) i; the set of all
functions defined on R™ vanishing at infinity. Since by (2.46), G, (z,v)y(v) — 0 as
z — (u,0) for any x € V4 n(u) and |[v—u| > T, by (2.46) and Lebesgue’s dominated
convergence theorem,

|G (z,0)| < M

(2.47) III—0asz— (u,0),2 € Va,n(u).
Write that
(2.48) I:/ Dy (z,v)y(v)dv —/ S.P.[Dy](z,v)y(v)dv
lv—u|<d [lv—u|<d
21 - L.

Similarly to (2.45), by taking into account y~'S.P.[D,,](z,v) € C(Vay(u) x {v €
R™: |v —u| < d}),

(2.49) Iy = 0as z — (u,0),2 € Van(u).



L? POLYHARMONIC DIRICHLET PROBLEMS 11

For € Va,y(u) and v —u| <4 < 3,

(2.50) Dy (2,0) = A
(lz—v2+y?) 2™
Yy
< Cm nis_

2

[llo = ul = |z = ul|? + 2]

_ Y
- om -
[lo = ul2 + |z — ul(1 = 2} = u]) + 2]
Y

< Cm |U — u|(n+3)_2m7

where ¢, = m Therefore,
1
(2.51) L <cny /|v—u|<5 W’Y(”)dv
(2.52) = cmy/ [v' |2y (u + 0 )do'.
[v’|<é

So
(2.53) I = 0asz — (4,0),z € Va,n(u).

Therefore, in this case, by (2.44), (2.45), (2.47)-(2.49), (2.53),
lim Gz, v)y(t)dv =0
z—(u,0), JJE]R1+17 u€ER™ JRn

for any v € LP(R™), p > 1.
Case 2: m > ”T*?’ For sufficiently large T > 0, we can split

(2.54)
G (z,v)y(v)dv :/ G (z,v)y(v)dv —|—/ G (x,v)y(v)dv
Rn™ lv—u|<T [v—u|>T
£J1+Js,
where
(2.55) Jy :/ G (x,v)y(v)dv
lo—u|<T
= / Dy (z,v)y(v)dv — / S.P.[Dp)(z,v)y(v)dv
l[v—u|<T lo—u|<T
£ I — Jia
Similarly to (2.47) and (2.49), we have
(2.56) Jo—0asz — (u,0),2 € Va,y(u)
and
(2.57) Jig = 0asz — (u,0),2 € Va,n(u).

Since m > %2 by (2.14) and (2.15), y~'Dp(z,v) € C(Vay(uw) x {v € R :
|v —wu| < T}). Similarly to (2.53),

(2.58) Jiu —0asz — (4,0),2 € Vay(u).
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By (2.56)-(2.58), we have
lim G (x,v)y(v)dv =0
a:~>(u70)7w€]R1+l,u€]R" R™

for any v € LP(R™), p > 1.
We thus conclude the property 5 of Definition 2.2. The proof is complete. [

3. POLYHARMONIC DIRICHLET PROBLEMS IN THE UPPER-HALF SPACE

In this section, we solve the PHD problem (1.1), viz.,
A™y =0 in Riﬂ
(3.1) ,
Ay = f; on GRTH =R",

where n > 2, ]Ri“ =R"xRy ={z=(z,9):2€R", yeR, y >0}, A=Ap41:=

n 2 2 .

kzlaaT,%—i'aaiy?’ ;€ LP(R"), meN,0<j<m,and p > 1.

To do so, firstly as a special case extension of Theorem 2.27 in [14], we establish
Lemma 3.1. Let D be a simply connected unbounded domain in R with smooth
unbounded boundary 0D C R™. If f € (C* x C)(D x OD) and there exist gy, g1 €
LP(0D), p > 1 such that

9o(v)
(3.2) |f(z,v)] < MOW
and
0 g1(v)
(3.3) |87jf($>v)| < Mlm

hold for any (z,v) € D, x{v € dD :|v| >T} and j =1,2,...,n+1, where D, is a
compact subset of D, T is a sufficiently large positive real number and My, M7 are
positive constants depending only on D, and T, then

0 af
(3.4) — ( f(ac,v)dv) = —(z,v)dv
dx; \Jap op 0%
foranyl<j<n+1.
Proof. Fix X = (z1,22,...,Zn41) € Dand j € {1,2,...,n+1}, take X; = X +t;¢;
with lim; 4t =0, and e; = (0,...,1,...,0) € R™*! whose the jth element is 1
and the other ones are zero. Denote

f(Xi,v) - f(X,0)

(3.5) Di(X,v) = t
l
0
= %f(X‘Fotlej,fU%
j
where 0 < 0 < 1, then by (3.3),
(3.6) Di(X,0)] < My — 21

(L+[v])%
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uniformly in {v € 9D : |v| > T} whenever X; € {Y : |[Y — X| < R} C D for some
R > 0 and sufficiently large T' > 0. Since f € (C! x C)(D x D) and

: _of
(3.7 l—l}inoo Di(X,v) = E(X,v), v e D,

by (3.2), (3.6), the continuity of f on the compact set {Y : |[Y — X| < R} x {v €
0D : |v| < T}, and Lebesgue’s dominated convergence theorem,

lim Dy(X,v)dv = lim / Dl(X,v)dv+/
l=+co Jop l=+oo | Jiy|<TweaD |v|>TwedD

:/ ﬁ(x,u)dwr/ O (X v)do

v|<Tweap O; lo|>T,weaD 0T
0
:/ —f(X,v)dv,
ap 07

- f@D f(Xl,v)dv—faD f(X,v)dv of X,
l—+o0 tl 8D 6.@_7

Di(X, v)dv]

ie.,

(3.8)

v)dv.

Since X and the sequence X; are arbitrarily chosen, then

0 < af
— f(X,v dv)/ ——(X,v)dv
dx; \Jop (%) aDaTj( )
forany 1 <j<n+1land X € D. Il

As an immediate consequence, we have

Corollary 3.2. Let D be a simply connected unbounded domain in R™1 with
smooth unbounded boundary 0D C R™. If f € (C? x C)(D x dD) and there exist
90, 91,92 € LP(OD), p > 1 such that

go(v)
(39) |f(£C,U)| < My (1 + |’U|2)% )
0 g1(v)
(3.10) |67m]f(17711)| < Mlm
and
o 92(v)
(3.11) Iafxif(x,v)l < MQW

hold for any (z,v) € D x {v € D : |v| > T} and j = 1,2,...,n+ 1, where
D, is any compact subset of D, T is a sufficiently large positive real number and
My, My, My are positive constants depending only on D, and T, then

(3.12) A( - f(x,v)dv) = /6[) Af(z,v)dv.

From the above corollary, we can obtain the following theorem concerning dif-
ferentiability of integrals of higher order Poisson kernels.
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Theorem 3.3. Let { G, (x,v) }59_1 be the sequence of higher order Poisson kernels
as in Theorem 2.7, then for any m > 1 and v € LP(R"), p > 1,

(3.13) A ( . Gm(x,v)'y(v)dv> = - Gr—1(z,v)y(v)dv.

Proof. From the property 1 in Definition 2.2, we know that G,,, € (C? x C)(]R?fl X
R™). For sufficiently large T' > 0,

(3.14) G (x,0) =Dy (x,0) = S.P.[Dy](2,0) = LP.[ D] (, v)
3 1
= e

for any (z,v) € {x € RY™ : |2| < L} x {v € R" : |v| > T}, where ¢, i can be
explicitly expressed by the ultraspherical polynomials P -m) and Q( "52-m) | So
by the property 2 in Definition 2.2, i.e., (2.38) and arguments similar to (2.38), we

obtain

1

3.15 Gm ) S M ()
( ) |Gin(z, )] 0(1+ v[2)F

0] 1
3.16 —Gn(x, M 7
( ) ‘8% (z,v)] 1(1+|v|2)5
and

02 1
3.17 —Gn(z,v)| < Myr——n
(3.17) |ax? (z,v)| DT

for any m > 2 and (x,v) € D, x {v € R™ : |v| > T}, where D, is any compact

subset of RQL_H, T is a sufficiently large positive real number and My, My, My are
positive constants depending only on D, and T'. Therefore, by Corollary 3.2, for
any m > 1,

A ( Gm(x,v)’y(v)dv) = Gr—1(z,v)y(v)dv. O
R® R™

Now we can give the main result for polyharmonic Dirichlet problems in the
upper-half space as follows.

Theorem 3.4. Let { G, (x,v) }5°_, be the sequence of higher order Poisson kernels
on R < R™, given by (2.30), then for any m > 1, the PHD problem (1.1) is
solvable and its general solution is given by

(3.18) u(z) = Z - Gj(z,v)fi—1(v)dv + up(z),

where up(x) denotes the general solution of the accompanying homogeneous PHD
problem

A"y =0 in Ri"H,
(3.19)

Ay =0 on 8Rﬁ+l =R".
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Proof. Note the inductive property 3 of higher order Poisson kernels stated as in
Definition 2.2, and let the polyharmonic operators Al, 1 <[ < m — 1, act on the
two sides of (3.18); by Theorem 3.3, we have

m

(3.20) Aly Z / Gj—i(z,v) fi—1(v)dv + Aluy (2).

j=l+1
Thus, since Aluy, = 0 on R,
(3.21) Alu(s) = fi(s), seR", 0<1<m—1

follows from the property 5 of higher order Poisson kernels and the nice property
of G17 i.e.,

(3.22) lim Gi(z,v)y(v)dv = ~(s)
xz—(s,0) Rn
z€RT seR”
for any v € LP(R™), p > 1. Similarly, letting the polyharmonic operators A™ act
on the two sides of (3.18), we have A™u(z) = 0 for any z € R’"'. Thus (3.18) is a
solution of the PHD problem (1.1).
Denote

(3.23) Z G(x,v)fj_1(v)dv

R™

The above argument shows that «* is a special solution of the PHD problem (1.1).
Since uy, is the general solution of the accompanying homogenous PHD problem
(3.19), then it is immediate from linear algebra that (3.18) is the general solution
of the PHD problem (1.1). O
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