LP POLYHARMONIC DIRICHLET PROBLEMS IN REGULAR
DOMAINS III: THE UNIT BALL

ZHIHUA DU, TAO QIAN, AND JINXUN WANG

ABSTRACT. In this article, we consider a class of Dirichlet problems with LP
boundary data for polyharmonic functions in the unit ball. By introducing a
sequence of new kernel functions for the unit ball, which are called higher order
Poisson kernels, we give the integral representation solutions of the problems.

1. INTRODUCTION

In recent years, there has been a great deal of investigation on various bound-
ary value problems (simply, BVPs) for polyanalytic, polyharmonic, metaanalytic
and metaharmonic functions etc. in some plane domains. Those include Riemann,
Hilbert, Dirichlet, Neumann, Schwarz and Robin problems [2-5,8-10,14]. The main
objective is to obtain integral representation solutions of BVPs in various settings
such as Holder continuity, continuity, Sobolev boundary data and so on. All of those
works are to generalize the classical integral representation theory for analytic and
harmonic functions in planar domains. Among other things, Dirichlet problems for
polyharmonic functions (for short, PHD problems) attract considerable interest. In
the higher dimensional cases, there were also a lot of studies published on Dirich-
let, Neumann, and mixed problems etc., with different boundary data including
LP, Holder, Hardy, Sobolev, Besov and so forth, in various types of domains of
R"™ and Riemann manifolds, such as regular, polyhedral, convex, semiconvex, C!,
Lipschitz domains and so on [6,7,17,20-24,29-31]. However, there have been little
research in PHD problems of higher dimension ( [20,25,30] and references therein)
to get the estimates, existence, and uniqueness under appropriate assumptions, of
the solutions for the problems. In [18], Kalmenov, Koshanov and Nemchenko have
obtained a Green function representation of solutions to a class of Dirichlet prob-
lems of the inhomogeneous polyharmonic equation in a ball. By the method of
layer potentials, Verchota studied the representation of solutions of a biharmonic
Neumann problem in Lipschitz domains in [31].

The main purpose of this article is to solve the following PHD problems with LP
boundary data in the unit ball, i.e.,

A™y =01in B,,
(1.1)

Ay = fj on S"H
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where n > 3, A = A, := ZZ=1 86—;% for any x = (z1,22,...,2,) € R", B, is the
unit ball, S"~! is the unit sphere in R”, f; € LP(S"!), m € N consisting of all
positive integers, 0 < j < m, and 1 < p < co. In [2], Begehr, Du and Wang studied
the same PHD problems with Holder continuous boundary data in two-dimensional
plane R2, that is, there all f; were Holder continuous. The main technique of [2] was
transformation of the PHD problems to the classical Riemann problems for analytic
functions on the unit circle. That was done by means of certain decompositions
of polyanalytic and polyharmonic functions originated by the authors, as well as
Schwarz reflection principle. By introducing a class of kernel functions, integral
representation solutions of the problems were given. Those kernel functions are
higher order analogs of the Poisson kernel for the unit disc (So they are called
higher order Poisson kernels). Explicit formulas for the kernels were not available
due to the complexity until the presence of [10] in which they were given for the
continuous boundary data setting. By establishing a new decomposition theorem
for polyharmonic functions, Du et al gave explicit representations of higher order
Poisson kernels, and further extended the integral representation results in [2] to
the continuous boundary data setting [10] and L? data setting [11,12]. In the
present paper, we introduce a sequence of new kernel functions, which are higher
dimensional analogues to the higher order Poisson kernels in the unit disc. Using
these kernels, we shall give the integral representation solutions of PHD problems
(1.1) in LP boundary data setting.

2. HIGHER ORDER POISSON KERNELS

Definition 2.1. Let D be a simply connected (bounded or boundless) domain
in R™ with smooth boundary D and k € N U {oo}, C*(D) denotes the set of
all functions that have continuous partial derivatives of k order in D. If f is a
continuous function defined on D x D satisfying f(-,v) € C*(D) for any fixed
v € 0D and f(z,-) € C(OD) for any fixed € D, then f is said to be of C* x C
smoothness on D x dD and written as f € (C¥ x C)(D x dD).

Definition 2.2. A sequence { g, (z,v) }5°_; of real-valued functions defined on
B, x S™ ! is called a sequence of higher order Poisson kernels, or more precisely,
gm(2,v) is an mth order Poisson kernel, if it satisfies the following conditions.

1. Forany m € N, g, € (C*® x C)(B,, x S"~71), %QT’; and 6;5; belong to C(B,, X

S"=1) 1 < j < n; the non-tangential boundary value

lim Im (T, 0) = gm(u,v)

r—u

z€B,,ucsS" !
exists for all v but v # wu, where u is any fixed unit vector belonging to S™~1.
Moreover, g, (-,u) can be continuously extended to B, \ {u} for all u € S"~1;
2. Agi(z,v) =0 and Agp(z,v) = gm-1(z,v) for m > 1;
3. limg .y eB,, uesn—1 fgn1 g1(2,0)y(v)dv = y(u) ae. for any v € LP(S"™1),
p=1
4. limg .y zeB, uesn—1 fsn,lgm(z,v)*y(v)dv =0 forany 2 < m < n-—1 and
v € LP(S"1), p > 1; and
5. limy_,y zeB, uesn—1 gm(z,v) = 0 uniformly on v € Sn—1 for any fixed u €
St m >n,
where all the limits are non-tangential [27].
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Higher order Poisson kernels are the key in our approach to solve the PHD
problems (1.1). In what follows, we shall show their explicit expressions of power
series of |x| with coefficients in terms of ultraspherical (or Gegenbauer) polynomials,
PI(A). The latter can be defined through a generating function [1,27]. Let

o0

(2.1) (1—2re+ ) =3 PV (),
1=0
where 0 < [r| < 1, [{] < 1 and A > —31, then Pl()‘) is called the ultraspherical

polynomials of degree [ associated with . PZ(A) is a polynomial of precise degree [,
and has the following explicit expression (see [16,28]):

22) P =3 (-1 e LT oy

2T 2)

Introduce the spherical coordinate

r1 = rcosfy,

T9 = rsin by cos b,

x3 = 7 sin 6 sin 65 cos O3,

(2.3)
Tp_1 =1sinfysinfy---sinf,_5cosb,_1,
T, =rsinfysinfy---sinf,,_,sinf,,_1,
and set
(2.4)
u = (cos 01, sin 0y cos O, sin O sin Oy cos b3, ..., sinf; sinfs - -sin b, _osinb,,_1),

then the polar coordinate is
(2.5) T = ru,

where r = (22 + 22 +~~+az%)1/2, 0<64,05,....,0, o <mand 0<0,_1 <27 By
a straightforward calculation, the polar coordinate form of the Laplacian is

1 0 0 1
2.6 A= —(P" T =)+ S5 Agn-
( ) pn,1 3/)('0 ap)+ p2 Sn—1,
where the Laplace-Beltrami operator
0? 1 02 1 0?
2.7 Agn1 = — + —— —— + .-+
27) st 903 sin” 0, 063 sin? @, - --sin®6,,_y 0602_,
1o} cotfy O
—2)cot 0y — —3)—— —
+(n ) ot 691 * (n Sin2 91 802
cot 03 0
_|_ — e
(n sin? 6y sin? 0, 003
cot 0,2 0

sin? 6 - -sin® 0,3 00,2
Consider the partial differential equation on the unit sphere,

(2.8) Agn-1® = \D,
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where ® is a function defined on the unit sphere, A is a constant. If the above partial
differential equation has a nonzero solution for some A, then A is called an eigenvalue
of Agn-1 and the nonzero solutions ® are called eigenfunctions corresponding to
such A.

In [16,17], Hua established some excellent results, one of which is the following

Lemma 2.3 ( [17]). All eigenvalues of the Laplace-Beltrami operator Agn-1 given
by (2.7) are

(2.9) A ==l(l+n-2),

wherel = 0,1,2,.... The eigenfunctions corresponding to any such \; are Pl(%_l) (u-
v) onu € 8"t for any fized v € S, where u - v = ZZ:l urv s the euclidian
inner product of the unit vectors u = (uy,ug,...,u,) and v = (v1,v2,...,v,) in
Sn—t,

Remark 2.4. If we define

(2.10) Z0 () = PP (e v),

where the constant (see [16])

1 n n
e gt (4500 (G)

Zl(,l) is called the zonal harmonic of degree | with pole v [27]; the space ] consisting
of all zonal harmonics is called the space of spherical harmonics of degree [; the
dimension of 7] is finite, more precisely,

(2.12) dim 7 = (“*ll_ 1) - (” ;’_153) .

So the dimension of the eigenspace corresponding to eigenvalue )\; is finite and
equals to dim J#. Such eigenspace consists of all Pl(i_l)(u -v). From [27],

(2.13) 128 (W) < 120 ()] = awy 2y
for any u,v € S"!, where w,_; is the surface area of the unit sphere S"~1,

Wno1 = gg;. Therefore, by (2.10), (2.11) and (2.13),

-2
2.14 POy < POy o) = 4=
(214) PO o) < |PO@w-v)| = 5~ a

for any u,v € S?1.

Set = ru, u € S~ 1. From the generating function (2.1), by a direct calculus,
the Poisson kernel for the unit ball in R™ can be expanded as (see [17])

1 1—|z?
2.15 P, =
(2.15) W@o) = i

1 1—7r2

Wp—1 (1 =2ru-v+1r2)%

_ 1 =20+n—-2, (21
— wn71§ — r' P (u-v)

)

where 7 = |z| < 1 and v € S"~ L.
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Lemma 2.5.
(2.16) A (rSPl(%”*”(u . v)) = (M = A 2P ),

for any nonzero s € R and | € NU {0}.

Proof. Asl =0, for any nonzero s € R, the LHS of (2.16) = Ar® = (53—:2 4 2= Q) r =

r or
s(s +mn —2)r*=2 = —)\,; For any nonzero s € R and positive integer I, by Lemma
2.3,
s (in—1) H? n—109 1 s o(in—1)
A(rPl2 (uv)) = (87"2+7“87"+7“2Asn1 r*P;? (u-v)
= (= A)r2PE (),
Thus (2.16) is established. O

In what follows, for any positive integer [, we denote

(2.17) A,(cl) = AN — Ai+2k,
1
(2.18) <A(l)>0 = {1},

(2.19) <1> I
' AD ) T\ A A AD

for any positive integer k, and

1 1 1 1

Introduce a class of index transformation operator, which is defined as follows:

(2.21) A ] <A1<”)oo —1I (A1<l>>

kp
where 1 < j < oo, and the set [T (4fr) = {H;’L_l (1&”) :meNk, e NU {O}}
P

Namely, [] (ﬁ)w is composed of the products of all the members in the set
(ﬁ)m (C (ﬁ)m) with non-negative integer indices for any m € N; the operator

A§-l) makes the index of the factor ﬁ in any such product increase by 1. (It is
j

noteworthy that H;”Zl W = ;:1 W with ki, =0, m+1<p < jas
P P

m < j. Of course, in the following, we only consider the products as some part of
the members of the set ] (ﬁ)w)
Moreover, define a formal operation of vector operators:

(222) (Tl,Tg, . ,Tq) o (hl, hg, ey hq) = (T1h17T2h27 . 7thq)a

where ¢ € N, T, is an operator on some appropriate linear space H, and hy € H,.
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Set
(223) Agrlt) :(Agrlz)flv A’Efl)fz 7A7(ql1)737 AE‘rlz)f?n R A](cl)v RS A](cl)a
N——
20 term 2! terms 2m-2-k terms
l l l l l l
...,Ag),...,A§>,A§>,...,A§>,A§>,...,A§>),
2m-5 terms 2m-4 terms 2m-3 terms
and
(2.24) X, :(|x|2<m*1> B P R L I P
20 term 2m—2-k terms
T
R L TN P L (R P S I P o 1)
2m—4 terms 2m-3 terms

for any m € N and m > 3, where and in what follows, either (---)T or [---]T

always denotes the transpose operation. With the above preliminaries, we can give
the following definitions:

(2.25) D=1

1
(2.26) )= AP =
A
and for any m > 3,
(2.27) V=AW o

Therefore, we have

Lemma 2.6. For any x € R" and fived v € S"71, let

(2.28) (ng)l (z) = | PV <|i| ~v> :
(2:29) (2, @) = (o = 1) (BD) (@)
and

(2.30) (1), @ = (1), @] ()" ).

where m = 3,4,...,1=0,1,2,..., and \; given by (2.9) are the eigenvalues of the
Laplace-Beltrami operator Agn-1 defined in (2.7). Then

(2.31) A (H§l>)1 =0

and

(2.32) A (ng)m - (ng)m_l ,m> 2.
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Proof. Tt is immediat from Lemma 2.5 that A (Hq(,l))1 () =A [|x|lPl(%7l) (l v)} =
0. Similarly, as m = 2, by Lemma 2.5,

1 (2-n (T

1
:|I|ZP(%*1) i.v
: ||

- (H}P)1 ().

That is to say that (2.32) holds for m = 2. For any m > 3, noting the definitions
(2.23)-(2.27) and (2.30), we can write that

(2.33) A (H,gl>)2 (z) = A

AY
a1y (#0) @) ={[dom ol = 1) = =R s [l - 1]
1

m—32m 377 O]

Y X [alaf -2 St [l - 11}
1
x (ng)l (),

where the coefficients dom—2 and d,; depend only on Agl), s=1,2,....,m— 2.
Therefore, by the definitions (2.27) and (2.30),
(2.35)

A¢
{Az) don—2 (|2 — 1) — A0 2do.m-2 (al* 1) |

(), - () ) ]
|

m—1
22m—2-J ()
1 . AP,
=3 Y g sl - 1) = 2ty (a2 - 1)
j=3 p=1 Aj A
l m=2=j !
AR SN B Si SN (. = V)
1 s — 1) m— PsJ— 1 PsJ—
Ag) Ag j=3 p=1 A()

% (jz]2 = 1) } (Hgl>)1 ().

So, by Lemma 2.5 and a straightforward calculation,

A (Hél))m - (Hél))mfl ' B
Remark 2.7. Define an ordering relation < in R™: For any a = (aj,az,...,a,)
and 3 = (by,ba,...,by,), comparing the corresponding components in the order of

1 to n, if there exists the first j € {1,2,...,n} such that a; < b;, then o < ;

otherwise, &« = 3. In (2.34), the coefficients dom—2 = [[ie fﬁ and d,; =

(—1)krr H (1\“))7“’ with the indices (k1 j,k2,p.j,.- ., km—3,p,;) satisfying
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the following properties:

(2.36)

(2.37)

(238) (kl,s,j; kQ,S,jv DR}
and

(2.39) (ki1 k2160,

kipj+kap i+

kipj 2 k2,p,;
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+hkm-3ps=m—2,

-2 km—B,p,ja

where 2 < j,t,t+1<m—3and 1 <p,s,s+1<2m 27,

If we define a vertical sum as in [10]:

(2.40)

then, for example, we have the following expressions

(2.41) (H(l)

v

) -

(2.42)

()0~

km—3s;) = (k1st15: k25415, s km—3.s+1,5)
km—314) = (k11,041 k2.1 6415 - -+, km—3,1,041),
a1
Z o =tai1+az+ -+ an,
an
()
l et - 1)
(Hf} ))1 (x) x Z ﬁux'Q —1)
T2 k(e - )
A1A2A3A4(|x|8 -1)
AzA (120 = 1)
A2A2(|x|4 -1)
| T2 —lalt - 1)
H,S))l(x)xz m(mz_l)
—ﬁ(lwIQ -1)
) (el -
) R
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and
(2.43)
1
A AsAsALAs (|lz[* = 1)

1 8
_AfA2A3A4(|$| - 1)

1 6 _
- x7ags (120 = 1)

—m(lxIG—l)

e (ol = 1)

(el =)

bz (el = 1)

-y
— s (2l — 1)

CONCEICIROEDY (2 — 1)

A%A2A3A4

1 2
i (P - )

ﬁ(\xﬁ -1)

T (e - 1)

T ATA,

1 2
s Jaf? = 1)

1 2
_A%Ag (|$| - 1)

_Z L

ATAS
-2
—as(jz* = 1)

(Jz* = 1)

o

Lemma 2.8. Let K is a compact subset of R™, R is a positive real number.
Assume that the variable coefficient power series > joqai(u)r! with oy € C(K),

I =0,1,2,..., is uniformly convergent on any compact set K x [0, R'], where
0 < R' < R, and the limit

o0

Sy

Kau'—uek =0

ezists for some u € K, then for such u € K, the limit

— 1
1~ / l
Jimo D g
Kau —uek =0
also exists for any nonzero constants A, B € R with % > 0.
Proof. Tt is enough to deal with the special case A =1 and B > 0. To do so, set
(2.44) F(ryu) =Y ay(u)r!
1=0
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and
=1
_ 1
(2.45) G(r,u) = lgo i Bal(u)r ,
where 0 <r < R and u € K. Then, as 0 < r < R, by termwise integrations,
= 1
(2.46) G(r,u) = 27+ Bal(u)rl
= 1
_ ,—B I+B
=7 2 I Bal(u)r

S T
= r_BZ/ ar(u)stPds
1=0 /0
r
:r_B/ Zal(u)sl"’B_lds
0

1=0
= r*B/ sB1E (s, u)ds.
0
By the assumption, lim, . p— k5w —uex F(r,u') exists. If F(R,u) is defined by this
limit, we get that F' € C([0, R] x K). Thus, from (2.46), by elementary calculus,

the lim, ,r—, k5w —uek G(r,u') also exists.
U

As a simple consequent, we have

Corollary 2.9. The same conditions as in the above lemma are provided, then for
any m € N,

oo m

(2.47) lim >

r—R—
Kau' —uek 1=0p

1

——a(u)r!
=5 (Al + By

also exists for any nonzero constants A,, B, € R with % >0, and k, € N, 1 <
P

p<m.
Theorem 2.10. Let

1 =2+n—-2
_ )
(2.48) gm (7, ) " (HU )m (),

_ n—2
n 1[:0

where m € N, z € B, v € S" !, and (Hg”) (z) given as in Lemma 2.6. Then
{gm(x,v) }2°_, is a sequence of higher order Poisson kernels defined as in Definition
2.2.

Proof. Since (Hf,”)l (x) = |x|lPl(%71) (x -v/|x]) is a homogeneous polynonials of

degree [ with respect to € R™ [27], g, given by (2.48) is a power series in n
variables [19].

Owing to (2.15) and (2.28), ¢1 is just the Poisson kernel for unit ball in R™. So
g1 satisfies the related properties stated in Definition 2.2. By (2.30),

oo 0) = wnl_l g 2l;—112— 2 (Hy))1 (x) [(c%})TXm} .
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By (2.14),

-2
) o] =gt
(2.49) ‘(H @) < gl
where a; is given by (2.12). Since from (2.12) and (2.17),
AY —2k(20 + 2k + 1 —2) = O(1 +1) (I — +00),
by (2.24) and (2.28), for any = € B,,

(2.50) (cﬁ))TXm‘ <O ——=— (1-[2P),
(I+1)
where C' is a positive constant, and in which we use the basic facts as
(2.51) 2 — 1= (|z)* = 1)1+ |z]* + - + [2]*P72)
and

(2.52) (m—1)+(m—2)x2°4+(m—3)x 2" 4. 1 x2m 3 =2m~1
From (2.30), (2.49) and (2.50), due to the fact

-2 —
(2.53) a; = 2l++ (” +ll 3) =0 ((l+1)"?) (I — o0),
204+n —2 : _ aj
@) < _ 2\min{m—1,1} l
sy [PEEZE(80) @) <o) el

for any m € N, x € B,, and v € S"~1. Especially, when m > n,

204+n—2 a;
. A = (U] < (1 — |12 1
(2:55) \ e (1), @) < C )l
1
<Cc(1-|z]))—————z|.
<C(1—| |)(l+1)m+1‘"‘ |

Therefore, The power seriers of RHS of (2.48) is uniformly convergent on K x S"~1
for any m € N, where K is any closed set of B,,. So g,, is real analytic in B,, x 7!
(see [19]). Then, the following facts are obtained:

(1) By Lemma 2.6 and termwise differentiations (also see [19]),
Agi(z,v) =0 and Agp,(z,v) = gm-1(z,v), m > 2;

(2)
lim gm(z,v) =0

uniformly on v € S~ for any fixed u € S"!, m > n.

Thus the properties 2 and 5 in Definition 2.2 are established.
Denote

(2.56) ol = [ P on e

Sn—l
for any v € LP (S"~!) and fixed u € S"~!. By Hélder inequality,

n—2 p=1
(2.57) e (N)](w)] < malwnfﬂw\p < +00,
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where a; is given by (2.12), and w,,_ is the surface area of the unit sphere S"~1.
Then, by termwise integrations, for any v € LP (S”fl),

(2.58) F(ru) : = /3an g1(ru,v)y(v)dv
- >
i "
(2.59) Fj(ru): = /Sni1 Gm (ru, v)y(v)dv

1 204n-2
_,,—1 2 l
=Wh1 (7" - 1) Z Fﬁ[pz(v)}(u)r
=0 1
and

(2.60) E) (ru) : :/n_ gm (ru, v)y(v)dv

- i[( e

=0

=wly (- 1) i[(az) A O

n—2

where & = ru, r = |z|, m > 3, X, = (|z|* - 1)_1 Xom, Xm is given by (2.24). By

the definitions of ¢\, and X,,, similar to (2.34), we can write that

m—22m~277

(2.61) ( (l)) = dOm 1 Z |$|2q + Z Z dp,j Z ‘x|2q

j=1 p=1
here the coeficients d = Hmfl s andd,; = (—1)Fwi M —%%—,in
w 0.m=1= lls=1 3® P = AD N
which the indices (k1p j,k2,pj,-- s km—2p,;) have the properties stated in Remark

2.7. Since lim, 1 gn-154—yegn—1 F{ (rv/) = y(u) ae. on u € S"! [27], by
Corollary 2.9 and (2.58)-(2.61), we obtain
(2.62) lim F2(ru') =0, a.e. onu e S"*

r—1l— m
S" oy —uesm?t
for any m > 2. That is, the property 4 in Definition 2.2 is verified.
Finally, it is noted that the non-tangential boundary value
lim g1(z,v) = g1(u,v)

r—u
z€B,,ues" !
exists for all v but v # u, where u is any fixed unit vector belonging to Sn—t,
Moreover, g;(-,u) can be continuously extended to By, \ {u} for all u € S"~1. By
an argument similar to (2.62), for m > 2, the non-tangential boundary value
lim gm(2,0) = gm(u,v)

r—Uu

z€B,,ues" !
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exists for all v but v # u, where u is any fixed unit vector belonging to Sn—1: and
gm (-, 1) can be continuously extended to B, \ {u} for all u € S"~!. The property
1 in Definition 2.2 is also established. Thus we complete this theorem. O

Remark 2.11. As n = 2, set z = (z1,72) = 79, where ¥ = (cosf,sinf) € S!, 0 €
[0,27), ST is the unit circle. Let T = S* and D denotes the unit disc, and introduce
the Chebyshev polynomials of the first kind 7;(z) = cos(l arccos z), x € [—1,1] and

1=0,1,2,... (see [28]). Then we have the the following expression of the Poisson
kernel for the unit disc in R?;
1 1—72
2.63 Py(rd = ——
( ) Q(T 7410) ot |7ml9_Q0|2
1 —
=3 1+ 2;7" cos(1(6 — ¢))]

2

1 & )
(1= %) 7ieost0 - ) .
1=0
where ¢ = (cos¢@,sin¢), ¢ € [0,27), and &)y is the Kronecker’s symble. Denote

PI[O] (z) = |2'Ty (I%\)7 where 2 € R?, then, by the properties of Chebyshev poly-

nomials of the first kind and some direct calculations, Pl[o]

properties:

have the following nice

A: Pl[o] is a homogenous polynomials of degree [;
B: API[O](I') = 0, where A = 3872% + 8872% = ;722 + %a@p + %%7 which is the
Laplacian in R?;

C: aa—:zPl[O] (cosf) = —lQPl[O] (cos ).
It must be pointed out that the above Pl[o] is different from the Gegenbauer poly-

nomials PZ(O) since the latter vanishs identically for [ > 1 [28]. Based on the above
facts, by a similar argument, we can give alternative explicit expressions (similar
to (2.48)) of the higher order Possion kernels for the unit disc, which are expressed
by some vertical sums detailed in [10].

3. POLYHARMONIC DIRICHLET PROBLEMS IN THE UNIT BALL

In this section, we solve the PHD problem (1.1), i.e.,

A™y =0in B,,
Ay = fj on S"H
where B, is the unit ball, S"~! is the unit sphere in R", f; € LP(S""'), m € N,

0<j<m,and p>1.
To do so, at first, as a special case extension of Theorem 2.27 in [13], we establish

Lemma 3.1. Let D be a simply connected bounded domain in R™ with smooth
boundary OD. If f € (C* x C)(D x dD) and 5%_ € C(D x0D), 1< j<n, then

(3.1) a(zj ( . f(:c,v)dv) Y B .

aDa.CCj
for any x = (x1,22,...,2,) €D and 1 < j < n.
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Proof. Fix X = (z1,22,...,2,) € D and j € {1,2,...,n}, take X; = X +t,e; with
limy 400ty =0, and e; = (0,...,1,...,0) € R” whose the jth element is 1 and the
other ones are zero. Denote

f(lev) B f(va)
t

0
= aij(X + Otie;,v),

(3.2) Di(X,v)

where 0 < 6 < 1, then from f € (C! x C)(D x dD),
of

(3.3) l—l}g-noo Dy(X,v) = 87j(X, v), v € 0D
and by L € C(D x 9D),
of
. — <
(3.4 \a%cxv>_ﬂ4

holds on the compact set D, xdD for any 1 < j < n, where D, is any compact subset
of D including X, M is a positive constant depending on D. and n. Therefore, as
X; € D, by (3.3), (3.4) and Lebesgue’s dominated convergence theorem,

lim Dy(X,v)dv :/ ﬁ(X, v)dv,
l—+00 Jop aD Bx]—
i.e.,
X, v)dv — X, v)d
(3.5) lim Jop S Ko 0)d = Jop F(X v)dv_ 9L (X, v)dv.
l—+o0 1 oD 89cj
Since X and the sequence X; are arbitrarily chosen, then
0 0
— ( f(X, U)du) = —f(X, v)dv
ij 8D 8D ail,'j
forany 1 <j<mnand X € D. O

A natural consequent is obtained as the following

Corollary 3.2. Let D be a simply connected bounded domain in R™ with smooth
2

boundary OD. If f € (C? x C)(D x dD), 887]; and gTéc belong to C(D x 9D),

1<j<n, then

02 0?
3.6 — flz,v dv):/ — f(z,v)dv
(36) i (], o) = [ s
for any x = (x1,x2,...,2,) € D and 1 < j < n. Immediately, it follows that
(3.7) A ( f(x,v)dv) = Af(x,v)dv.
oD oD

Secondly, we establish an important theorem concerning the differentiability of
integrals of higher order Poisson kernels as follows.
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Theorem 3.3. Let { g, (x,v) }5°_, be the sequence of higher order Poisson kernels

m=

defined in Theorem 2.10, then for any m > 1 and v € LP(S"™1), p > 1,

(3.8) A </ ) gm(x,v)v(v)dv> :/ 1 Im—1(z,v)y(v)dv.

Sn— Sn—
Proof. Set x = ru and r = |z|. Applying (2.58)-(2.60), similar to (2.54), we have
—1

a = 1
anfl [Ipr

for any m € N, where C is a positive constant and a; is given by (2.12). Note (2.53),
limy_, o / (l—s—laﬁ = 1. Therefore, the power series Z?io W@lrl convergents

uniformly on the compact sets of [—1,1]. Then the power series in n variables given
in (2.58)-(2.60) are uniformly convergent on K x S™~! for any m € N, where K
is any closed subset of By. S0 [¢,_1 gm(x,v)y(v)dv is real analytic in B, x S~
(see [19]). Certainly, it belongs to (C%xC)(B,, x S"~1) and satisfies the assumptions
as in Corollary 3.2. Therefore, (3.8) immediately follows from Corollary 3.2. (]

(3.9) ‘2l+n22 <H1€l)) (z)| <C(1— |x|2)min{m71,1}

n —

Now we can give the main result for polyharmonic Dirichlet problems in the unit
ball as follows.

Theorem 3.4. Let { g (x,v) }5°_1 be the sequence of higher order Poisson kernels
defined on B,, x S, given by (2.48), then for any m > 1, the PHD problem (1.1)
is solvable and its general solution is given by

(3.10) u(x) = Z/Snil gj(z,v)fi—1(v)dv 4+ up(z), © € By,

where up(x) denotes the general solution of the accompanying homogeneous PHD
problem
A"y =01in By,
(3.11) ‘
Ay =0 on S*1
where 0 < j <m —1.

Proof. Note the inductive property of higher order Poisson kernels stated as in
Definition 2.2, and let the polyharmonic operators A!, 1 <1 < n — 1, act on two
sides of (3.10), by Theorem 3.3, we have

(3.12) Mu@) = 3 [ g 0@+ Alu o)

=141

Thus, since Aluy, =0 on S"~!, the non-tangential boundary value

(3.13) Alu(s) = fi(s), s€ S, 0<i<m—1

follows from (2.62) and the nice property of g1, i.e.,

(3.14) lim / g1(z,v)y(v)dv = y(s)
r—=s Sn—1

z€B,,seS" 1

for any v € LP(S"1), p > 1. Similarly, letting the polyharmonic operators A™
act on two sides of (3.10), we have A™u(x) = 0 for any = € B,. Thus (3.10) is a
solution of the PHD problem (1.1).
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Denote

(3.15) u(z) = Z/ gj(z,v) fj—1(v)dv,
j=1

Sn—1

the above argument show that u* is a special solution of the PHD problem (1.1).
Since uy, is the general solution of the accompanying homogenous PHD problem
(3.11), then it is immediate from linear algebra that (3.10) is the general solution
of the PHD problem (1.1). O
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