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1. Introduction

Since 1970s, the singular integral operators on Lipschitz curves and surfaces have been studied extensively. In 1977,
Calderén [1] first proved the L? boundedness of the singular Cauchy integral operators on a Lipschitz curve y, where
the Lipschitz constant is small. Later, Coifman-McIntosh-Meyer [2] eliminated this restriction. We refer the reader to
Coifman-Jones-Semmes [3], Coifman-Meyer [4] and Jerison-Kenig [5] for further information.

In higher dimensional spaces, let X' be a Lipschitz surface given by

Y ={gxe+xeR"": xeR"},

where g is a Lipschitz function such that |Vg|loo < tanw, ® € [0, Z). Li-McIntosh-Semmes [6] embedded R™**! in

Clifford algebra R(;) with identity eq and considered the right monogenic functions ¢ satisfying |¢(x)| < C|x|™" on a sector
Sﬁ, u > w. C.Li, A. McIntosh and T. Qian proved that the convolution singular integral operator

Tpu() = lim {/ o x —y)ny)u)ds, + d)(sn(x))u(x)} (1.1)
yeX,ly—xlze

e—>0+
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is bounded on I[P(X¥), 1 < p < oo. Gaudry-Long-Qian [7] gave another proof by a T(b) type theorem and a martingale
approach.

It is well-known that there exists a correspondence between the convolution singular integrals and the Fourier
multipliers. See E. M. Stein’s book [8] for details. On infinite Lipschitz curves y, by the Fourier transform on the sectors
and H*°-functional calculus, McIntosh-Qian [9,10] established the theory of [P-Fourier multipliers and proved that the
convolution singular integral operators on y are equivalent to Fourier multipliers associated with Dirac operators. See also
Gaudry-Qian-Wang [11] and Qian [12] for the theory of L Fourier multipliers on the closed Lipschitz curves.

On a Lipschitz surface X, Li-McIntosh-Qian [13] generalized the Fourier transform holomorphically to a function of
m complex variables. Let —iDs = ka=1 —iexDy, x, where Dy = (9/9x) |su, k = 1,..., m. Li-McIntosh-Qian [13]
proved T4 4, defined by (1.1) can be written as T ¢) = b(—iDy) = b(—iD; 5, —iDy 5, ..., —iDp x), where b is the Fourier
transform of ¢. -

The above theory was further extended to the starlike Lipschitz surfaces by Qian [14,15]. Let S, , and S{ be the sectors
defined in Definition 3.4. The results of T. Qian are restricted to the bounded holomorphic Fourier multipliers b belonging
to the following classes

H>(S; 4) = [b : S+ —> C, bis bounded holomorphic on S;, and satisfies |b(z)| < C,,z €S;, ,,0 < < a)}

A natural question is whether there exists a relation between the convolution operators on X and the multipliers b
dominated by a polynomial, that is,

Ib@)| < Culzl’, z€S, ., 0<p<ow.

If X is the Euclidean space or its unit sphere, such multipliers are the classical fractional differential and integral operators
and are widely applied to the study of harmonic analysis and partial differential equations.

Li-Leong-Qian [16] obtained the following result. Let {P®} be the monogenic polynomials defined in Definition 3.1. If
b e H*(S;), then the function

¢ = Y blPP () € K*(H,).
keZ\{0}
See Section 3 for the definitions of H*(S) and K*(H,,). If s = 0, the multipliers b become the bounded Fourier multipliers.
Hence the above-mentioned result is a generalization of those of McIntosh-Qian [9] and Qian [14,15].
In this article, we consider the converse of the result obtained in [16]. Further, we establish a correspondence between
our Fourier multipliers and the kernels of the convolution operators on starlike Lipschitz surfaces. Precisely, we prove that
the following are equivalent:

(D) PO = Yen o) PP ®) € K* (Ho,2):
(ii) There exists b € H¥(S;, ;) such that by = b(k), k € Z \ {0}.

For the Fourier multipliers on Lipschitz surfaces, there exists a substantial difficulty. On the unit sphere, the [*-
boundedness of Fourier multipliers can be obtained by the Plancherel theorem directly. In the new context, i.e. the starlike
Lipschitz surfaces, the Plancherel theorem does not hold. For s = 0 and n = 3, Qian [14] obtained the equivalence of (i) and
(ii). For the case s # 0, our method is similar to that of Qian [14,15] but with some necessary modification in technology.

(i)=={(ii). This part has been obtained by Li-Leong-Qian [ 16]. For the cases s > 0 and s < 0, Li-Leong-Qian [16] used the
Kelvin inversion and Fueter’s result, respectively. We point out that if the dimension n is odd, we could estimate the kernels
of the Fourier multipliers for the cases s > 0 and s < 0 by the same method. We omit the details. See Theorem 3.9.

(ii)==(i). Given ¢ as above. For s = 0, such a relation has been obtained by Qian [ 14]. However, for the case s # 0, if we
apply the method of [14], we can only get b € H¥2 (S5, +) rather than H*(S{, ). See Theorem 3.10. Applying Proposition 3.3,

we construct the function b by using z*. This method also helps us avoid the difficulties occurring in the estimate of [P@ (x)].
See Theorem 3.12.

Remark 1.1. In this paper, we assume that the dimension n is odd. We point out that our method cannot be applied to
the Clifford algebras with an even number of generators. In fact, our proof of Theorem 3.12 is based on a generalization of
Fueter’s result which holds when n is odd. See (6) of Proposition 3.3.

In Section 4, we give two applications of the theory of the Fourier multipliers obtained in Section 3. Lets € Z, U {0}. In
Section 4.1, we introduce the Sobolev spaces Wﬁ:(Z‘) on the starlike Lipschitz surfaces. We prove that if b € H*(S{), s > 0,

r € Z4 U {0}, the multiplier operator M} is bounded from Wér“l (X)to Wéf()?). See Theorem 4.3. This result implies that
our Fourier multipliers could exert an influence on the index of the Sobolev spaces associated with I%.

In Section 4.2, we establish the equivalence between two classes of Hardy-Sobolev spaces on X. We can see that there
exist two methods to define the Hardy-Sobolev spaces associated with I':. By the Fourier multiplier theory, we prove the
two classes of Hardy-Sobolev spaces are equivalent. See Theorem 4.4.

Our paper is organized as follows. In Section 2, we state notations, knowledge and terminology which will be used
throughout the paper. In Section 3, we obtain the correspondence between the kernel functions ¢ and the multipliers b
by use of Fueter's result. In Section 4, we give two applications of the Fourier multiplier theory on starlike Lipschitz surfaces.
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2. Preliminaries

In this paper we work with the real Clifford algebra R™ generated by e;, e, ..., e, as its basic vectors, over the real
number field under the multiplication relations:
ep=1;
6’,-2=—€0=—1, lfifn;
eiej+ee =0, i#j1=<ij=<n
Denoted by R} and R" the linear subspaces of R™ generated by {eg, €1, €2, ..., e,} and by {e;, e, ..., e,}, respectively. A

vector in R is represented as x = xgeo + X, wherexo € Randx = 27:1 xie; € R". We call xpeg and x the real and imaginary
parts of x, respectively. There are two basic operations on the basic elements:

i"'i*:ei"'ei7
(el el), 1 , 1 ,
(ei; - --e) = (ei) -~ (),

where (eg)’ = eg, (¢))) = —ej,j = 1,..., n. By linearity, they can be extended to RM, R}, R". We define the operation

“—"byXx = (x*).Ifx,y € R™, thenXy = yX.Ifx = xo + x, then X = xo — . If for a nonzero vector x, its inverse x~! exists:
-1 X

X

R

We also use the complex Clifford algebra C™ generated by e, . . ., e, over the complex number field, whose elements
are also denoted by x,y, ... . The complex imaginary element i commutes with all thee;,j = 0,1,...,nand i’ = —i.
Therefore we can extend the definitions of *,” and — to C™, respectively. The natural inner product (x, y) between x and
yin C™ is the complex number Ysxsys, where x = Xsxses,y = Xsyses and S runs over all the ordered subsets (i1, . . ., i)
withi; < i, < --- < jjoftheset{1,2,...,n}andes = e; - --e;. Hence the norm associated with (-, -) is defined as
x| = (x,x)1/2 = (3 Ixs|*) /% It is easy to see that (x,y) = X(|x +y|> — |x — y|?). The angle between two vectors x and y
is defined as arg(x, y) = arccos(x, y)/(|x||y|), where the function arccos takes values in [0, 7r). We denote the unit sphere
{x € R} : [x| = 1} by Sgn and the unit sphere {x € R" : |x| = 1} by Sgn.

Letf =3 cfsesbea C'-function and D = ZL -9_¢,. The differential operator D = % + D applies to f and gives

1 9xg
— fs
Df = Z €xes,

=0 3Xk

In the polar coordinate system, the operator D can be decomposed into

1 1
Dzsa,—fangg(a,—f@),
r r

where % is a first order differential operator depending only on the angular coordinates known as the spherical Dirac
operator. See Delanghe-Sommen-Soucek [17].

A C!-function defined on an open subset of R™! with values in R, or Cg is called left monogenic if Df = 0 and
right monogenic if fD = 0. All real analytic functions f in domains in R" have both left- and right-monogenic extensions to
domains in R""!. These two extensions coincide if and only if Df = fD, so they coincide if f is scalar valued particularly.

One basic example of both left- and right-monogenic functions is the Cauchy kernel E(x) = x/|x|"*!. By this kernel, we
can define the Kelvin inversion I(f)(x) = E(x)f (x_1). This operation preserves the monogenicity of the functions. Take the
unit sphere Sgr for example, for f is a monogenic function defined on the interior of Sgx, I(f) is also a monogenic one defined

on the exterior ofSRq. It is easy to see that [I(f)(x)| < |[f(x)|/]x|".

3. The correspondence between the kernel functions and the multipliers

3.1. The kernel functions
In this subsection, we estimate the kernels of the multipliers generated by a class of monogenic polynomials.

Definition 3.1. Let Z, be the set of positive integers. For k € Z, we define the monogenic polynomials in R as

k1,9 (k-1
P00 = o () B,

PO ) = 1(PT) ().
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— —

Given a set O in the complex plane, we could define a set O in Rf. Then for any function f defined on O, we establish
a relation between f and f°, where f° is a function defined on O. Therefore, we can use f° to estimate f. Now we give the
definition of the induced functions and the induced sets.

Definition 3.2. Let f° be holomorphic, defined in an open set O in the upper half plane of C and f°(z) = u(x, y) + iv(x, y),
z = X + iy, where u and v are real valued functions. Then

—
(1) we call f° the “induced function” from f°, which is defined by

= X
7 (o + %) = ulxo, |x]) + ﬁv(x(), [x]);

(2) we call 6) the “induced set” from O, which is defined by

—
0 = {(x.0 € R} : (xo, x]) € O}

Denote by 7° the mapping
—
7'.0 . fO N k;]A(n71)/2f0.

It is noted that t° is linear with respect to the addition and real scalar multiplication. The main result in this subsection is
based on a generalization of Fueter’s result. We state it as the following lemma.

Proposition 3.3 ([15, Proposition 1]). Let k € Z... Then (1) PV (x) = E(x); (2) PC R (x) = <(*,j_)';;l (%)’Hm); (3) PX and
P%*=1 are monogenic; (4) P* is homogeneous of degree —n + 1 — k and P*~" homogeneous of degree k — 1; (5) PCK =

1(P*=D); (6) if nis odd, then P*=1 = ¢ ((-)"*=2),

We define our Fourier multipliers in the following sets in the complex plane.

Definition 3.4. For w € (0, 2), let

{Sfu!i = {z e C:|arg(+2)| < a)},
& =55, USE

3} w,—

where arg(z) is the angle of z and takes value in (—, ]. Let

Soa(my={zeC:Re()| <7, z€S; .},
S () = Sg, (m)US;, _();

Wy o (m) = {z € C: |Re(z)| < m and Im(%z) > 0] USS ();

and

H . ={z=exp(in) eC: ne W] ,(m)},
H{ =H;  NH; _.

Remark 3.5. In the complex plane, a starlike Lipschitz curve has the parameterization y = y (6) = expi(6 +iA(f)), where
Ais a 2 -periodic Lipschitz function. Let |A|| oo = tan(wp), wo € (0, Z).1fz, n € y, we can write z = exp i(6; +iA(6;)) and
n = expi(f, + iA(6,)). Then zn~" = exp(iu), where u = (1 — n2) + i(A(8;) — A(6,)). Hence we get | tan(arg u)| < [|A'||loo
and argu < w for w € (wo, 7). This implies u € S;, , and zn~1 = exp(iu) € HE.

Remark 3.6. We call H; , and the complement of H{, _ heart-shaped regions. Please see [14, Figure 1] for the shapes
of H _. '

In [11,12], the authors studied a class of bounded Fourier multipliers in the complex plane. They proved that the kernels
of the Fourier multipliers belong to some function space in the heart-shaped region. To deal with our Fourier multipliers on
starlike Lipschitz surfaces, we define the following spaces.

For —oo < s < oo, we define the kernel function spaces and the multiplier spaces, respectively, as follows.

KSHS ,) = {¢° : HS , —> C, ¢° is holomorphic and satisfi 0(2)| < _ 6
o) = “H, 4 , phic and satisfies |¢" (z)| < .

H C
2] ineveryH; ., 0 <v < a)]

and
KS(HS) = {¢° :H, — C:¢° = ¢ + ", ¢*F e K*(H, )} .
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The corresponding multiplier spaces H*(S, ) and H*(S;) are defined by
H (S, L) = [b : S, + —> C, bisholomorphic and satisfies |b(z)| < C,|z[* ineveryS; ,,0 <v < a)}
and
H(S5) = {b : S, —> C, by = bxpec;trez=0) € H'(S, 1)}
Qian [18] got the following holomorphic extension result on the complex plane.
Theorem 3.7. Let —00 < s < 00,5 # —1,=2,....If b € H(S, ,.) and ¢(z) = Zkez\{o} b(k)z*, then ¢ € K°(HE, 1)

Define

. (EInfx]) —
Hy+=1Xx€eR|: —— <tanwg¢=H, .,
' arg(x, eo) '
_ _ n. x|
H,=H,+NH,_=1x€R]: ———— < tanw;.
arg(x, e)

Similar to Qian [18], we consider the Fourier multiplier operators defined on regions H,, . Set

KS(Hy ) = {(1) ‘Hytr — C™, ¢ = Z &P®, ¢, € C, is monogenic
keZN(0)

G
and satisfies |¢p(x)| < “7

X|”+5’X €H,+,0<v < a)}

and
KiH) = {91 Ho — R, ¢ = 6% +97, 9% € K(Ho) |-
As a preparatory of the main result, we state an estimate of the derivation of ¢° € K* (H, 1)-

Lemma 3.8 ([16, Theorem 3.5]). For ¢° e K°(Hg, ) andany 0 < v < w, we have

: 2j1C 1
0\0) (7)| < v
@@ = 5T

where C, is a constant and §(v) = min {1, tan(w — v)}.

Based on the above preliminary definitions and lemmas, we could estimate the kernel functions of the multipliers. In the
complex plane C, the corresponding result has been obtained by Qian [18]. Hence our result generalizes that of Qian [18] to
the general Clifford algebras with an odd number of generators.

Theorem 3.9. Let nbe odd and b € H*(S;, ) with —00 <'s < 00,5 # —1, =2, ... If $(X) = X 1) b(k)P® (x), we have
¢ € K’(H, +).

Proof. The proof is similar to that of [ 16, Theorems 3.7 and 3.9]. We point out that when the dimension is odd, we can deal
with the cases s > 0 and s < 0 by the same method. For simplicity, we omit the details. O

3.2. The converse result

On R", the Fourier theory justifies that there exists a correspondence between the kernels of the convolution singular
integral operators and the symbols of the multipliers. By Theorem 3.9, for b € H*(S))), there exists a function ¢ € K*(H,,).
Now we consider the converse of Theorem 3.9. For ¢ € K°(H,,+), we prove that there exists a function b"(z) € H*(S} )
such that by = b"(k),0 < v < w.

Let n = 3. Such b" has been obtained by Qjan [14] for the case s = 0. The main tool is the following polynomials P®. For
anyz € S, let

P =1(()), z €S

w,—’

PP =1%((y"?), zeS. ..

where (-)* = exp(z In(-)), where in the first case the In function is defined by cutting the positive x-axis, and in the second
case, defined by cutting the negative x-axis.

By use of the new functions P and Pf) , we can get the following result. For the ease of computation, we still assume
n=3.
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Theorem 3.10. Let n = 3and —00 < s < =2.If ¢(x) = X", 5 o) kP (X) € K*(H,, 1), then for every v € (0, w) there exists
a function b’ € HS+2(55,i) such that b; = b* (i), i = +1, &2, .. .. Moreover,

b'@) = lim — / PO G EWINWSTEy)do 9),
L+ (v)

r—>1- 27
_
where L* (v) = exp(il* (v)) and the path I*(v) is defined as
Fw) = {z € C:z =rexp(i(wr £ v)), ris fromm sec(v) to 0; and thenz = r exp(—(Z£iv)), risfromO0 to sec(v)}.

%
Proof. Because 7% : f© —> JAfO, write f = n?, where n = x + iy. For x = (xo, |x|) € L*(v), there exists n € exp(il*(v))
such that n = (xo, |x|). Set e = x/|x|. We have known that

AfS = A = 2 SEr (Xo,|x|)+2e(| =

Now'fo = ei”z_, where n € li(_v). Then f = u +iv, where u and v are the real and imaginary parts of f, respectively. We have
%(e’”z) = ize”. Set n = re”™* and z = |z|e’. We get

2 (o Ix1) — x IZU(XO’ |X|)>

e~ = exp(—ir|z|e'® M) = exp(r|z| sin(6 — w)) exp(—ir|z| cos(® — w)).

Because ¢ € K°(S,,), we have
C
lp(x)| < T where x = xg + x € L* ().

For such anx, there exists anz = x-+iy € exp(il* (v)) suchthatz = e = exp(r sin u+ir cos w) and |x| = e" S sin(r cos ).

Then we have
T sec b
|b*(2)| < C/ |z|e‘”z|5i“("_0)71. llr2
—Jo 1 —e|s+3 |x] |x]

For the factor 1/|1 — €”[**3, we have
[1—e"? =14 s — 2e"SIMH cos(r cos ).

)

0 = = 1. Hence we can find a constant C such

Letf(r) = r?and g(r) = 1+ e sin# — 2SN cos(r cos ), we have lim,_,o
that

r
PEEE——.
|1 _ ersin;teircos;4| =C re€ (O’ 7TS€CpL),

thatis, 1/|1 — e" sin#eir ©0si|5+3 ~ 543 Finally we have

T sin . 1 1 r2
@l c [ e '
0 T5+3 e3r sinp r sin u sm(r Ccos ,lL)
7T sin T
< C|Z| —r|z\sm(;L 0) e—4rsinudr
0 rs+4
< ClzI**?,

where in the second inequality we have used the fact thats < —2. O

Theorem 3.10 implies that by the method of Qian [14], we can only get b € HS+2(SC +) rather than b € H*(S;, ) for the
case s # 0. In order to get a better result, we apply a new method. Our idea is based on two observations. On one hand,
the function b which we want should be defined on S;, ., C C. On the other, by Proposition 3.3, we know that when the

dimension n is odd, the polynomials P~ and P*=V k c Z+, satisfy the following relations:
P(*k) — .L.((.)fk)7 P(k71) — T((.)k+n72).

Hence our method is to construct a function ¢° € K *(Hg, 1) by use of ¢ € K*(H,, +). Then we could represent the function

b via ¢° and the technique on the complex plane. At first we introduce a lemma about the relationship between H 4
and H,, +.
For each element e in the vector space @, the linear span of 1 and e over R is called the complex plane in R’ induced

by e, denoted by C®. Denote by HY , and H{ the images on C* C IR(") of the sets Hy, , and H, in C, respectively, under the
mapping i. : a + bi —> a + be. By the same method of [ 14, Lemma 4], we can prove the followmg lemma.
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Lemma 3.11.
Hye=|JHS. and H,o=|JHS ..

ee/ ec/
where the index set ] is the set of all the unit vectors.

By Lemma 3.11, we could establish the correspondence between monogenic kernel functions and the holomorphic
multipliers stated in Section 1.
Theorem 3.12. Let n be odd and ¢(x) = 3"z o) kP (%) € K*(H,,, ). If the series 3", ;. o) biz" converges in H, ., then for
every v € (0, w) there exists a function b € H*(S] ) such that by = b¥(k), k € Z \ {0}.
Proof. By Proposition 3.3, we know that if n is odd, for k € Z,

P(—k) — TO((')_k) and P(k—l) — ,L_O((.)iH-k—l).

For g(X) = > 0 bP® (x) on H,, 1, we define the following function ¢° on HY, , as ¢°(z) = > kezo) bz, where

z € Hg, .. For simplicity, we only estimate ¢"in the region H; ,.lete = ‘% Foranyz = u+iv € H, ,,we havex = u+ve =

(%0, %) € Hj | C H,, 1 byLemma 3.11. We have proved thatforz € H,f)y+ there exists a constant §(v) = min {%, tan(w — v)}
such that the ball S, (z) is contained in H, , where z is the center and the radius r equals §(v)|1 — z|. We denote by B(x, r)

the ball {y € Rﬂ"), x =yl <8(W)|1— x|} and have B(x,r) C Hj , C Hy 4.
Assume that f and g are the real and imaginary parts of ¢°(z), respectively. The induced function is defined by

%
#°(x) = f (%o, x]) + eg(xo, X])

—
and satisfies A D720 (x) = ¢(x), where x = (xo, X) = u + ve. We can see that
- c C,
6000l < / ¢ &
By X — Y2 [T —y[mHs
For any q € B(x, §(v)|1 — x|),
T—yl=[1—x]—|x—y|> (1 —-58W)I1—x]

We can get
N C s q
s s [ k-
3

< —.
|-1 _X|l+s

—
By the definition of |¢°|, we have

-3 C, C,
6°@)| = 16°®)| < T

X|1+s - 11 _z|l+s'

By the use of the above estimate, we could construct the function b € H*(S;, ) as follows.
Fors <Oandz €S ,

1
() = f exp(—inz)¢® (exp(in))dn,
27 Jis

where

Ar() = {17 € Hi),i | n =rexp(i(w £ w)), ris from z sec u to; and then n = r exp(Fiw), r is from 0 to 7 sec;/,]

C
andfors >0,z € Sp4

1 . .
b*(z) = — lim (/ exp(—inz)¢°(exp(in))dn + ¢Jg5,|i(2)>,
27 e=0\ Jige, Jz1~ 1) Ues (121~ 1)U A (127 1], 10)

whereifr <m
le,r) = {n:x+iy|y:0,xisfr0m —rto —e&, andthenfrometor},

ce(r,p) = [n =rexp(ia) | aisfromm + p tow, thenfromOto F ,u},
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and

Ar(r,pn) = lr/ € Wyt | n=pexp(i(w £ n)), pisfromm secu tor;
and then n = p exp(Fiw), p is from r to 7 sec ,u}

and ifr > m,
le,r) =1(e,m),  cx(r,p) =cx(m,p),  AxL(r,p) = Ax(m, p)
and in any case,
—inz)i!
(—inz) )d ,

d’[s] (2) = ¢0(eXp(in)) (1 + (=inz) +--- + ol

L+ (e)

where L, (¢) is any contour from —¢ to ¢ lying in C,, +.
By Cauchy’s theorem and Taylor series expansion, we could prove that b” € H*(S{) and b; = b"(i),i = £1, £2, ... by

the estimate of the function ¢° obtained above. We omit the details here and refer the reader to Qian [18]. This completes
the proof. O

3.3. Unbounded holomorphic Fourier multipliers

Definition 3.13. A closed surface X is said to be a starlike Lipschitz surface, if it is star-shaped about the origin and there
exists a constant M < oo such that forany x, ¥’ € X,

|In[x~1x|
arg(x, x')
The minimum value of M is called the Lipschitz constant of X', denoted by N = Lip(X).
In the sequel, we will be working on a fixed starlike Lipschitz surface X and assume that w € (arctan(N), Z). Denote

o :min{|x| RS 2} and l:max{|x| 1X e 2}.

Our Fourier multiplier operators are defined on the following dense subclass of [?(X) (see [14]).
A = {f : f(x) is left monogenic in an annual p — s < |x| < [+ s for some s > 0} .

Let My be the finite dimensional right module of k homogeneous left monogenic functions in R, and let M_ ) be the
finite dimensional right module of —(k 4 n) homogeneous left monogenic functions in R7 \ {0}. The spaces My and M_ ()
are eigenspaces of the left spherical Dirac operator. We define the projection operators on My and M_ ), respectively, as

Pe:f = P(f) and Qc:f — Q(f).

For f € #, in the annuals where f is defined, we have the Laurent series expansion

foo = Zpk(fxx) + Z U)X

k=
Here we have used the projection operators Py and Qi given by

P = / G (& ME@ING) ()do (),

QP (x) = 7/ v~ k(6 ME@INWf () do (1),

where x = [x|€ and y = |y|n. Here C n+1 (&, n) and C; (&, n) are the functions defined by

G i€ n)—[ (n+k =62, m) + (= me e e m — En)

and

1 n— n —
Crnal&e == [(k+ DEL (6. ) + (1 =6 2 (. 6D, ) = 78) |

where C;/ is the Gegenbauer polynomial of degree k associated with v.

Let b € H*(S{). Now we introduce the unbounded Fourier multiplier operator M, on a starlike Lipschitz surface X. Note
that the functions ¢ obtained in Theorem 3.9 satisfy |¢(x)| < C,/|1 — x|"** for s > 0. In order to compensate the role of s,
we need to restrict our multipliers into some subspaces of [2(X). Hence we introduce the following Sobolev space on the
starlike Lipschitz surface X.
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Definition 3.14. Lets € Z" U {0} and X be a starlike Lipschitz surface. Define the Sobolev norm || - ||Wg,s(2), 1<p< o0,
3
as

S
I gy = I s + > I lees).
j=0

where I denotes the spherical Dirac operator. The Sobolev space associated with I% is defined as the closure of the class

__llypos sy
o under the norm || - [[»s 5, thatis, A 787"
%

Now we give the definition of the Fourier multiplier operators. By Definition 3.14, 4 is dense in W}f, In the next definition,
we assume f € .

Definition 3.15. Let {b},cz be a sequence satisfying |by| < k°. We define the Fourier multiplier operator My, as follows.

Mpof %) = Y bePe(H)(®) + D bt 1 Q).
k=0

k=0

Now for k > 0, we define

PO =y X' G and PRV =y 6 ).
Then the projection operators P, and Qy can be represented as

1 ~
P00 = o [ PUG 0BG 0)o ),

nJx

1 -
WH® = o [ FHVGTHECNWF 0o ).

nJx

For f € s, the above introduced multiplier My, is well defined. For b € H*(S;,), we consider the following multiplier:

My () =D BP(H)(X) + Y bk 1@, p—s<xl <l+s,

k=0 k=0

wherex € ¥, r~ landr < 1.
We denote by M; and M, the two sums in the above expression of M(rbk). For My, |by| = |b(k)| < k1, we take b1(z) =
z7%1b(z). It is easy to see that by is also holomorphic in S{. Then we have

My = k;bkpk(f)ax) = ;bl,kkﬂpk(f)(m),

where by = bi(k) = .

TP (f)(rx) = kPy(f)(rx) and

Because the spaces My is the eigenspace of the left spherical Dirac operator I, we have

M; = ;b],krglpk(f)(rx) =r; (;; bLkPk(f)(rx)> )

According to a result of [17], we give another expression of Py (f).

1 .
POI® = o f By mE()N)S ()do (1)
nJx

o [ 3 VoW oo 1o ),

l|=k

where we used the Cauchy-Kovalevskaya extension

PRYTEY) = ) Va()Wa ().

la|=k
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where V, € My and W, € M_,_ (see [17, Chapter 2, (1.15)]). The above relation implies

TePe(F) (%)

f Z KVe OW 0N )f (9)dor (v)
)

|or|=

B /E o= "+k—2V () + k= 2)W, (y)ny)f (y)do (y)

> V(5 Wa) ) (1)do ().

n+k 2.Q o)

We denote b4, k( )Sl by by x again and see that |b;, k(
of functions in A we have by integration by parts,

—)*1| < C. Because of the fast decay of the Fourier expansions

S1 r .
My = ;bw(n +,<_2> El; Va (OWa 1)) (1) ()dor (7)

=2 b o [ P07 e o)

1 -
= f (Zbl.kpk(y—lrx)> W) (I f (1)do ()
nJE \ k=1

1 ~
= & / 1 'EW)N) (I f (v))do ().
nJx

Similarly, for the term M, by the Cauchy—[(ovalevskaya extension again ([17, Chapter I, (1.16)]), we have
S by k+1
M2 k—1 +
= (k+ 1) k
i b_j_ k+1
= (k+ 1)51 k
b_ D1 k+1
k + 1)51 k
b_g—1 (k+1

T T)Sl as b_1_j and get the singular integral expression of M, as follows.

/ Z W, (™ %)V, 1)) ()dor ()
X

lor|=

fx Z W (™ %) (IS Vo) (n)f (1)do (v)

lor|=

xmg

fx Z W 0V, 0)n) () (»)do (v).

lor|=

As above, we still write the term
1 il -
My = o / (Z b_k_lp“(wr‘x)) EQ)n)(I51f) y)do (v)

= o f G2~ T OE@)nW) (I f (1))do (v).

Finally we rewrite the multiplier M(b )(f) as

My, (H() = lim — f (@107 'm0 + G20 T IRE@NG) ) ) do (1),
where we have used the fact that the series defining Mbk (f) uniformly converges asr — 1-for f € .
Similar to the case of a singular Cauchy integral, we could deduce a Plemelj type formula for such Fourier multiplier
operators with s > 0. We refer [16] for the proof.

Theorem 3.16 ([16, Theorem 4.6]). Let b € H(S;)) withs > 0 and sy = [s] + 1. For f € A andx € X, we have

Myf (%)

r—>1— 272

1
lim 7/ (6107 'm0 + ¢ (v ') EQIn)f (1) do (v)
X

1
= lim { / (G170 + ¢2(y~ %) E@n) (I f) ()do (v)
[1—p~1g|>¢, pex

e—0 2772

+ (#1660 + (e 0)) (1"§1f)(7<)},



446 P. Li, T. Qian / Nonlinear Analysis 95 (2014) 436-449

where
Fi(ex) = / $1WEWNK)do (),
S(e,y,+)
Fale.x) = / ORI,
S(e,y,—

where S(g, x, %) is the part of the surface |1 — y~'x| = ¢ inside or outside ¥, depending on =+ taking + or —.
4. Applications to Sobolev spaces on Lipschitz surfaces

4.1. Boundedness on Sobolev spaces

Now we consider the boundedness of the operators M, on Sobolev spaces. Our proof is based on the Hardy space theory
on starlike Lipschitz surfaces established by Jerison-Kenig [5], Kenig [19] and Mitrea [20].
Let A and A€ be the bounded and unbounded connected components of R} \ X. For « > 0, define the non-tangential
approach regions A, and A¢,(x) to a point g € X to be
Ap(X) = Ag(x, A) = {y €A ly—x| < (+a)dist(y, ):)}
and
AS(X) = Ag(x, A%) = {y €A Iy —x| < (14 a)dist (y, ):)}.

Let f be defined on A. The interior non-tangential maximal function N, (f) is defined by

No(D@ =sup{F )] 1y € 4], xe .

The exterior non-tangential maximal function can be defined similarly.
For 0 < p < oo, the left-Hardy space #"(A) is defined by

HP(A) = {f : fisleft regularin A, and N, (f) € Lp(Z‘)}.

We can define the space #?(A°) similarly, except that the functions in #P(A°) are assumed to vanish at the infinity. See
Mitrea [20] for further properties of #”(A) and #P(A°),p > 1. For the special case p = 2, #2(A) and #2(A°) have
equivalent characterizations of the higher order Littlewood-Paley g-functions. Taking #2(A) for example, we have the
following.

Proposition 4.1 (Mitrea [20]). Suppose that f € #?(A). Then the norm If Il 52y is equivalent to the norm

T ol a-rmwn®) . =12
() o) :

As two subspaces of L?(X), #2(A) and #?(A°) are orthogonal with each other, we state this property in the following
proposition.

Proposition 4.2. Suppose that f € L?(X). Then there exist f* € #?(A) and f~ € #H?(A°) such that their non-tangential
boundary limits, still denoted by f*, f~, respectively, lie in [>(X) and f = f* + f~. The mapping f — f* is bounded on [*(X).

By an example given in Eelbode [21] and Eelbode-Sommen [22], we can see that for b € H*(S)), s # 0, the Fourier
multiplier operators are unbounded on L?(X). See also [16, Example 1.1]. The occurrence of the terms k*P,(f) implies that

we should assume f owns some regularity to justify the boundedness. This observation hints us to consider the boundedness
of the Fourier multipliers on some Sobolev spaces.

Theorem 4.3. Let w € (arctanN, Z),s > Oandr € Zy U {0}. If b € H*(S.), then with the convention b(0) = 0, the Fourier
multiplier operator introduced in Section 3.3 can be extended to a bounded operator from Wé s (X) to Wﬁg "(X), where s is

the constant defined by

s — s, Ssisaninteger ,
= )[s]+1, otherwise.

Moreover, for the operator norm || - ||op, we have

b

M <C|——
” b”op_ |Z+1|51

, arctanN < v < w.
L(S5)
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Proof. It is obvious that W,z-jl (¥) C I*(X).Forany f € W,Z-;(Z), Proposition 4.2 implies that f = f* 4 f~, where
ft e #%(A)and f~ € #%(A°) such that [|[f*] 25, < C”f”wz,s](z_). Applying Theorem 3.16, we have My (f) = My+(f™)
%

+ M- (f7), where

M=) = im [ 92y WEDNOF 1o ). xe 5.
r—>1- 5
Hence it suffices to prove
ITEM= ()l < U F ey Vh= 12001, 1)

We only prove (4.1) for the part f* and omit “+” in the sequel for simplicity. The treatment for f~ is similar. By
Theorem 3.9, for b € H*(S))), we have

o0l <

- |1 —y*1x|3+s :
Holder’s inequality implies that

1/2 2
(/ el dm)) ( / |¢<x—‘y>||r§1“+"f(y)|2d"(y)>
z 5 Wk Dy ly|"

t

172 1/2
c / 1 dow)\ " / I WP do(y)
s 1=yl yl s T=y7xmes P

1/2

| 1—.;+51 +I<be (X) |

IA

IA

1/2

1—v51+1+k 2
/ IETHOE )
Tla-vor+65]

1/2

IA

([ L
Tla-vor+e3]

1/2 FS1+1+1< 2
C( 1 ) / )l o)
a=vor/ \Jr[a-ver+e3]*

Finally by Proposition 4.1, we have

1 2 dt
K
| TEMf 2z, < / | M )| (- 0 o )
0

1 2 ( _\/5)51 dt
sk : / J g de
Efofz‘ £ f(JX)‘ (2[(1—\/5)24-95]533 ‘70’))( V) o(x)t
1
d
< / [ et io| - Vhde e &
0o Jx

—+k
< 11

where in the fourth inequality, we have used the facts:
(1= V¥ = (1 = /)2 < (1 V)™ fort € (0, 1)
and the integral
/ a-vo —do(y) < C.
s [(1- VD2 + 63T
This completes the proof of Theorem 4.3. O

4.2. Equivalence between Hardy-Sobolev spaces

In the proof of Theorem 4.3, we use the Hardy decomposition of L?(X). For f € 1?(X),f =f* 4+f~, where f* € #%(A)
and f~ € #%(A°).Iff € Wé;f(E),f+ and f~ belong to the so called Hardy-Sobolev spaces. For these spaces, there exist
two methods to give the definitions.
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Method L. For f € [*(X),f = f* 4+ f~, where f* € #%% and f~ e #%~.Thatis, f* belongs to the Hardy space, while
f~ belongs to the conjugate Hardy space. We define the Hardy-Sobolev spaces on X' as

in‘qsl(E) = {f . there exists a function g € 1?(X) such thatf = g* € [*(¥) and Fg(g+) el}(X),j=1,2,..., s}

and
Jff‘qsl(E) = {f :€ [2(X) there exists a function g € L?(X) such that
f=g el(Dandrig) e (D), j=1.2....5}.
Method II. For every f € W2 s ij el*(X),j=1,2,...,s We get the decomposition I"Ejf f)Jr + (I f) where

(1"§f)Jr € H>* and (Fgf) € H2 »~. The Hardy-Sobolev space is defined as follows.
in‘qsz(E) = {f . there exists a functiong € L?(X) such that f = g™ € [*(¥) and (I g)Jr cl}(x),j=1,2,. }
and
J(’ESZ (X)) = {f . there exists a functiong € [?(X) such that
f=g elX(D)and (Ilg)” € (D), j=1,2,. ]

On the unit sphere, the order of Riesz transforms and the Dirac operator can be changed. The above two Hardy-Sobolev
spaces are the same one obviously. On a general starlike Lipschitz surface, we prove the two spaces are equivalent by the
Fourier multiplier theory.

Theorem 4.4. Let X be a starlike Lipschitz surface and s be a positive integer. The Hardy-Sobolev spaces }t’is 1(X)and ,}t’i’fz ()
are equivalent. '

Proof. Because s is dense in L?(X), without loss of generalization, we assume f € 4. By spherical monogenic extension,
we have

f= Zpk(fxx) + ZQm(x).

Let f* =32 P(f)(®) and f~ = D)2 Qu(f) (x). We can get

rifH =Ty (Z Pk<f><x)) .
k=1

Because Py (f) € My, the homogeneous eigenspace of order k, we have

ILH@ =Y kP(f)x)  forf € .

k=1

On the other hand,

1 ~
Pe(f)(x) = o / P (YE@In)f (v)do (v)
nJx

1
= o [ 2 VeWWa®nmf 9)do ),
n I ja|=k
where we have used the Cauchy-Kovalevskaya extension again

PEOTVEW) = ) Va)We ),

lee|=k

where V, € M and Wg € M_,_i. Therefore we can get

(FH 0

5 Z Vo ()7 —— 7 (k1= DWa)n()f )do ()

¥ la|=

1 o0
an;‘k e /x ‘;v L () I3 Wa )W) )do (7).
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Because f € 4, f decays fast enough. By integration by parts, we have

1 & k ~
ri(fFHe = —27 / PO (OEW)NW) (1) (1) do (y)
X

.Qn — k+n
-1 (o]
= 5 2 i .
‘Q" k=1
Let by, = m% We have I (ft) = Mg, ((IEf)™). It is easy to see that |b| < C.Take s = 0 in Theorem 4.3. We obtain

that M, is bounded on [2(X) (we can also deduce this result by the H*-Fourier multiplier theory on X). There exists a
constant C; such that

||(st+)||L2(2) <G ||(F§f) ||L2(2)

For the converse, let b, = "’“Tl Similarly, we have

1 k
()"0 = Z +Z (TEPU()) () = My (T (FH)) ().
m k=1

So there exists another constant C; such that

1) li2esy < GITEE D Nli2cs)-
This completes the proof of Theorem 4.4. O
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