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1 Introduction

The Beurling-Ahlfors operator T is defined on LP(C), 1 < p < oo, by

L9
T/(2) = —ov [ [ Lm0, (11)

where pv means the Cauchy principal value and m is the Lebesgue measure in
the plane C. The Beurling-Ahlfors operator arises naturally in the study of the
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solutions of Beltrami equations [3, 5]. This operator and its multidimensional ana-
logues are fundamental tools in several areas including quasiconformal mappings,
partial differential equations, calculus of variations and differential geometry (see
3,4, 5, 8, 18, 25, 30] and the references therein for more details).

For a function f = u+iv: C — C, we denote its formal partial derivatives by

0F = £ = 5o+ i) = s — vy +iluy + 1)),

0 = f. = 5(fs = i) = s+ 0, +i(0a — ),

and write

Df = {“x “y}.

Uy Uy

Let Wt (C,C), 1 < p < o0, be the homogenous Sobolev space of complex-valued
locally integrable functions in the plane whose distributional first derivatives are in
LP(C). A function f : C — C is called radial if f(re?) = g(r), while, f is said to
be a stretch mapping if it is of the form f(re®) = g(r)e, where z = re? and g is
a nonnegative locally Lipschitz function on (0, c0) with g(0) = 0 and Th_)I?O g(r) =0.
Let S denote the set of all stretch mappings.

The Beurling-Ahlfors operator T is an isometric operator in L?*(C) that sends
df to Of for f € WHP(C,C) (p52-53 in [3], or p94-96 in [5]). The Calderén-
Zygmund lemma says that T has a finite LP-norm bound C), with C, — 1 as
p — 2 in LP(C) (p62-66 in [3]). In [26], Lehto showed that ||T||i»c) > p* — 1,
p* = max{p, z%}’ by using a family of stretch mappings. Iwaniec [24] conjectured
that ||T||zrc) = p* — 1. This conjecture is equivalent to the inequality

J[ v < @t =y [[10sram (1.2)

for complex-valued functions f € Wt» (C,C).
The Banuelos-Wang conjecture is stated as follows [11]: For every function
f e WhP(C, C), it is true that

[ Bpnam =0 (13
C
where the Burkholder functional B, is given by

B,(Df) = ((p" — DIof| = [of)(|0f| + |0f])"~. (1.4)
The Sverdk conjecture is as follows [31]: If f € W1?(C,C), then

/[ snam=a.

where the Sverdk functional S is defined by

_ [ 1OfP—0fF, i |of]+0f] <1,
S(Df) = { 210f| — 1, otherwise.



The validity of the Sverdk conjecture implies that of the Bafiuelos-Wang con-
jecture (see Section 1 in [7] for a proof). By the Burkholder inequality (p16-17 in
[13])

p(1= (" = 1Iaf = 05| + 0y < (0 = PIOf ~ oflr, (1)

the Banuelos-Wang conjecture in turn implies the Iwaniec conjecture.

In 1952, Morrey [28] conjectured that the rank-one convexity of a functional
F : M(m,n) — R does not imply its quasiconvexity when both m and n are at
least 2, where M (m,n) denotes the set of all m x n matrices with real entries. Due
to the rank-one convexity of the Burkholder functional and the Sverdk functional,
the above three conjectures are also closely connected with the Morrey conjecture.
One can see Section 5 in [7] or [32] for a precise statement of these relations.

Baniuelos and Wang [11] used martingale inequalities [13] to show that ||T||rec) <
4(p* — 1). Utilizing an analytic approach with Bellman functions, Nazarov and
Volberg [29] improved it and got 2(p* — 1). So far, the best result is ||T||ir(c) <
1.575(p*—1), obtained by Banuelos and Janakiraman [9] by probabilistic techniques
of Burkholder [13, 14]. One can refer to [12, 21] for its asymptotical estimates and
see [19, 20] for the LP-norm estimates of the powers T™.

On one hand, there have been efforts to decrease the constant C' in the inequality

ITfllzee) < €™ = DI fllercy (1.6)

for all functions f € LP(C), while, on the other hand, there were results establishing
this inequality with C' = 1 but just for particular subclasses of LP(C).

Baernstein and Montgomery-Smith [7] showed that the Banuelos-Wang conjec-
ture holds for every stretch mapping f € S N W'(C,C) and consequently the
Iwaniec conjecture is valid for this class of mappings. Recently, Volberg [32] ex-
tended the above result to complex radial functions.

Theorem A. If a complex valued function f has an expression

fz)=f=D),  fe g (C),
then it follows
ITf]lLre) < (" = DI Le(c)- (1.7)

Let H be a separable Hilbert space over R with norm | - | and scalar product
< -,->,and F : C — H belong to L*(C). Banuelos and Osgkowski [10] used mar-
tingale inequalities to show that the inequality (1.7) holds for all radial functions
F and the constant p* — 1 is the best possible for 1 < p < 2.

Let €2 be a simply-connected domain of C. Recall that a harmonic mapping f
defined on €2 is a solution of the conjugate Beltrami equation

f2 = afz (18)
in W'?(Q), where a is analytic and |a| < 1 on Q. We refer to [17, 22, 23] for the

loc
study of harmonic mappings. In [7], Baernstein and Montgomery-Smith proved

the following



Theorem B. If f € W'?(C,C), 1 < p < oo, is harmonic on CU oo\{|z| = 1},
then the inequality (1.3) holds.

In this paper, we aim to give several new classes of complex-valued functions
that validate the Banuelos-Wang conjecture and the Iwaniec conjecture.

Firstly, we study the class of logharmonic mappings f : €2 — C which are
solutions of the quasilinear conjugate Beltrami equation

+_ [

f:=a ffz (1.9)
in W,22(Q2), where a is an analytic function on Q with |a| < 1. For two analytic
functions h and g with |¢’h/gh’| < 1 on Q, f = hg satisfies (1.9) with a = ¢'h/gh’
almost everywhere. There are solutions of (1.9) which are not of the form f = hg.
For instance, f(z) = z|z|**, R{a} > —1/2, f(1) = 1, is a solution of (1.9) on
C with a = a/(1 + a). Denote by §(a,) all nonconstant solutions in WW,*(Q)
satisfying (1.9) almost everywhere in 2. Abdulhadi and Bshouty [2] obtained the
representation theorem and boundary behaviors of functions in §(a,2). In [15], it
is shown that a sense-preserving logharmonic mapping f in C*(f2) is p-harmonic

with p = 15, that is , it satisfies

If12°
f22+(logp>40ffzf2:0 (110>

almost everywhere in €, where ( = f(z). See [1, 16] and the references therein for
more properties about logharmonic mappings. -
Let D be the unit disk of C, and D¢ the exterior of . Set

) _{ 2, zeD,
PRE)= 1/z, zeD-

Using the technique of subharmonic functions, we obtain

Theorem 1.1. Suppose g is a locally univalent logharmonic mapping of the unit
disk D in WL2(D). Let f = gop. If f € WHP(C,C), then the Baruelos-Wang
congecture and the Twaniec conjecture are true for f.

Secondly, we will use principal solutions to construct some classes of mappings
validating the Banuelos-Wang conjecture and the Iwaniec conjecture. Let p be a
measurable function satisfying ||¢||lc < 1 on C. A principal solution is a global
W2 (C)-solution of the Beltrami equation

loc
fe=unf (1.11)
with the asymptotic normalization
f(2)=z+bz + bz 24+ for |z| = o0.
The function p is called the Beltrami coefficient of (1.11). A series

A+ p T+ pTuTp+ pTpTuT + -
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is called the Neumann series. When p satisfies ||p||c < k < 1 and has a compact
support, the Neumann series converges in LP(C) norm, where k is a constant (see
pl63 in [5]). If p is degenerative, i.e., ||u||o=1, the convergence of the Neumann
series is not easy to be determined. For some particular classes of degenerative
Beltrami coefficients p, the convergence of their Neumann series can be determined
if there exist explicit representations of Cu and Ty (see Lemma 3.1).

If the conjugate of a Beltrami coefficient p is analytic, then we call it a co-
analytic Beltrami coefficient. Let I be the identical mapping in this text. We show
that if f+ I is a principal solution with a co-analytic Beltrami coefficient, then the
Banuelos-Wang conjecture and the Iwaniec conjecture are true for f (see Theorem
3.1).

Moreover, using the Parseval formula we give two classes of principal solutions
f + I with degenerative Beltrami coefficients that enable the corresponding map-
pings f validating the Banuelos-Wang conjecture and the Iwaniec conjecture for
p =2 and p = 4 (see Example 3.2 and Theorem 3.2). We note that these mappings
are not stretch or complex radial.

This rest of this paper is organized as follows. In Section 2, using the fact that
the integral means of a subharmonic function are non-decreasing, we obtain the
proof of Theorem 1.1. In Section 3, we use principle solutions to construct several
classes of non-stretch mappings that validate the Banuelos-Wang conjecture and
the Iwaniec conjecture.

2 Proof of Theorem 1.1

Proof. By the assumption that g € I/Vllof(]D) and |a| < 1, we have that, as a solution
of (1.9), g is a locally quasiregular mapping of D. Consequently, it is open and sense
preserving. Denote by Z(g) the zero set of g. For any point zy € D\Z(g), there
exists a 7 > 0 such that log ¢ is harmonic on D(zg,7) = {z||z — 20| < r} and thus
g € C*(D(29,7)). Hence, by (1.10) we have g is ﬁ—harmonie on D(zp, ), that is,
g satisfies

992z = 9:9z, 2z € D(2,7). (2.1)

Differentiating both sides of (2.1) in z, we obtain

9zzz = gZ;QE’ EAS D(Zm 7")‘

The assumption of the locally univalence of g implies that log g is locally univalent
on D(zg,r). By the Lewy theorem [27], the harmonicity of log g on D(z, ) implies
that the Jacobian Jiog, > 0 on D(zp,r) and consequently |g.| > 0 on D(z,r).
Multiplying ¢. to both sides of the above equality, we have

929225 = 22923, 2 € D(ZO7 ’I").

Direct computation shows that

Aloglg.| =0 (2.2)
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holds for all z € D\Z(g). This implies that log|g.| is subharmonic on D. The
relation (1.9) and the subharmonicity of log |g.| and log |a| show that log|g:| is also
subharmonic on D. Hence, the logarithms of both |g.|(|g.| +|gz|)?~* and |g:|(|g.| +
|gz|)P~! are subharmonic on D. Thus, the functions themselves are subharmonic
on .

Let f =goy and ( = . For any z € D, it follows that

N =

f.= (009) = (02 = 0O+ 0:OG = —CoelQ), (23
and 1
fo = (g0 9): = (0(2): = 0OG + 060G = ~Cac©). (2.4)

For z € D, we have

fo=(90¢):=9g., f:=(90¢):=gs (2.5)

By the definition of B,(Df) and the assumption that f € W(C, C), we get from
(2.3), (2.4) and (2.5) that

//CBp(Df)dm: //H)Bp(Df)dm+//ch(Df)dm

— [ = Dlacl = laclae] + b dom(c)

+ [ [ 10" = Dlacl = lacllal + oy I 2am()

= 107 = 1= 1P el el + gl rars

# [ [ = 01P < Wlael(lcl + gl rdrde = 1+ 11,

where ¢ = re®. It is clear that I = [T = 0 when p = 2. If 2 < p < oo, then I > 0.
Now we can also show that 11 > 0.
Write

2m B 1 2m B
() = o [ laclacl + 1 a0, L) = o= [ lacllacl + lacl a6 (26)
0 0

Then II can be written as
1
Il = 27r/ [(p — )r*=3 — r] L (r)dr.
0

Integration by parts gives

1= 27r/0 5 -1 ; VI (r). (2.7)



When 2 < p < oo, the inequality § — @ > 0 holds for 0 < r < 1. The
subharmonic property of the integrand of [;(r) implies that [, (r) is non-decreasing
for 0 < r < 1, that is, dI;(r) > 0 a.e.. Hence, IT > 0.

When 1 < p < 2, Il > 0 is obvious and the inequality I > 0 can be deduced
from the non-decreasing property of I5(r) on (0, 1) and the technique that we use
in the case 2 < p < oo. Thus, for 1 < p < oo, we have

/[C B,(Df)dm > 0.

So, the Banuelos-Wang conjecture is true for a mapping f = go ¢ € Wl’p((C, C),
when ¢ satisfies the partial differential equation (1.9). As a consequence, the I-
waniec conjecture is also true for this class of mappings. O

3 Non-stretch explicit examples constructed by
principal solutions

The Cauchy operator is defined by

2 == [ [ == = 22500, (3.1)

for a function f € LP(C), p > 2. For f € LP(C), p > 2, Cf is Holder continuous
with exponent 1 — 2/p (see Theorem 4.3.13 of [5] or [3]), while, for f € L?(C),
Cf belongs to the space VMO(C) (see Theorem 4.3.9 of [5]). When f is also
compactly supported, the integral is going to be analytic near co with the Laurent

series
X(C\]D) / f d ]- . n
m J— —_—

where b, n > 2, are constants. One can see Chapter 4 of [5] for more properties of
the Cauchy operator. Before constructing explicit examples which are non-stretch,
we need some lemmas. From the Green formula and a limit process, we have

Lemma A. If f € L’(C), p > 2, then the relations
OCf=Tf, OCf="f. (3.2)
hold in the distributional sense.

See p52-53 in [3] and p112 in [5] for a proof of Lemma A.

Let Q be a bounded domain and xq the characteristic function of Q2. Let p be
a measurable function on C with ||u||oc < 1. Then pyq belongs to LP(C) for any
p > 2 and thus C(uxq) and T(uxq) are well defined. Define

Qf = uxTf
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for f € L?(C). Write
Q"f=Qo---0Q(f), neNT.
———

n

By induction, Q"(uxq) is well defined for all n € N*. If the series Z Q" (1xa)
n=1

converges and its sum h belongs to LP(C), p > 2, then
f=z+C(uxa+h) (3.3)
is a principal solution of the Beltrami equation
[z = pxalf:
Moreover, f, —1 € LP(C), p > 2, and

f:=1+T(uxa+h), f:=puxa+h

Lemma 3.1. Let y = 2"z, where n and m are integers. Then the following
relations hold. If n > m, then

me(2)"
Cluxn)(2) = 2" = (3.4)
and
nﬂﬂzm_lénﬂ, m#0,z €D,
T(uxn)(2) = { 0, » m=0,z€D, (3.5)
— ) m T z € e
If n=m —1, then
1 — |52n+2
C(uxp)(2) = _n|—+|1X]D> (3.6)
and
T(pxp)(2) = 2"2" ' xo. (3.7)
Ifn < m — 2, then
Zm (D) 2n+2
C(uxp)(z) = _n—+1<1 — |2*")xo (3.8)
and
m—(n+1) . . m o1
T(pxp)(2) = (—%z (nt2) 4 1 L2 xp. (3.9)
Proof. Let ¢ = re?. By the definition of the Cauchy operator, we have
L [f¢¢™x Y om
Clue)2) = —1 [ [ F2dmc) = =2 [ L (0
T )Jc (—=2 0



where
1 1

~2mi icl=r C"THHC = 2)

I(r) d¢. (3.11)

When n > m, we obtain

I(r) = _ﬁXﬂ)‘ (3.12)
Thus, it follows from (3.12) that
' 1
Clxo)(2) = =2 [ L) = s, 2 €D
and
C(uxp)(z) = -2 /|Z P2 (r)dr + /1 r? L (r)dr = L ZmEzv e D.
0 I2] (n+1) ’

By the first equality of (3.2) of Lemma A, one can get (3.5).
The proofs of the cases n = m — 1 and n < m — 2 can be obtained by the
method used in the case n > m, we omit for simplicity. O]

Example 3.1. Let u = z. Then a principal solution of the Beltrami equation

Jz = uxn/f-

is given by
f(z) = ze?® — 1 (3.13)

Proof. Choose m = 1,n =0 in Lemma 3.1. Then by the relation (3.7), we have
Q(uxp) = 2Zxp-
The relation (3.5) gives
Q*(1xn) = 1252X10>-

2
Hence, it follows from induction that

1
Q" (uxp) = ﬁzinx]@, n e NT.

Set Q°(xp) = pxp- By the convergence of the series Z Q" (uxp) and the fact

n=0
that its sum belongs to LP(C), p > 2, we have that f = z + C(D>_ ~, Q" (uxn)) is
a principal solution of the Beltrami equation f; = zxpf.. Moreover, for z € D,

f(z) = z2+CQ_ Q" (nxw)

1 1 1
(11— 22 SE24 ot S o et
z—( |z|)+z(22 tag t +(n—|—1)-n!z +--0)
= z2¢ — 1.

Similarly, for z € D°, we have f(z) = zex — 1. O
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Next, we will use principal solutions to construct several classes of mappings
validating the Banuelos-Wang conjecture and the Iwaniec conjecture.

Theorem 3.1. Let I be the identical mapping and p is co-analytic on C. If f+ 1
is a principal solution with the Beltrami coefficient pxp, then

/ /(C B, (Df)dm > 0, (3.14)

and the equality holds when p = 2.
Proof. The assumption on p implies that p can be represented by a power series
Z@Z”. Owing to (3.5), we have that uxpT(z"xp) = 0 for all n € NT. Now the

n=0
linearity of the Beurling-Ahlfors operator implies

Quxp(z) = 0.

So,
Q"(uxs) =0, neN*,

By the linearity of the Cauchy operator, we get
fHI=24+C0O_Q"(1xp) =2+ Y _ Cl(anz"xp).
n=0 n=0

According to (3.4), we have

f(z) =) Clanz"xn) = ngp( ) = (3.15)

n -+

Now we prove that f validates the Banuelos-Wang conjecture.

By (3.15), we have

I = //(p— DD ap2"Pdady,
D n=0

and

oo 1 oo . -
II= //C]Zanzn+2|pdxdy = //D|Zanz 2P| 2| " dm(2).
n=0 n=0

Let z = re?. Then,

//C B, (D f)dm = //D P ((p — 1) — r2®=D)rdrdg > 0,

and the equality holds when p = 2. O

10



Generally, it is difficult to explicitly represent a principal solution for a given
Beltrami coefficient. For some special classes of Beltrami coefficients, we can obtain
their explicit principal solutions and use them to construct non-stretch examples
validating the Banuelos-Wang conjecture and the Iwaniec conjecture.

Example 3.2. Let g(z) = f(z) — 2+ 1, where f(z) is given by Example 3.1. Then

//C By(Dg)dm = 0, //C B, (Dg)dm > 0.

Proof. By the equation (3.13), we get

et —1, lz| <1, zef, |zl <1
o = ! 3.16
g {ei—iei—l, 2] > 1, {0, |z| > 1. ( )

It follows from the Parseval formula that

//quezy? e = 1P)dm(z) =7y T(Zn_‘); (3.17)

and

/ka_zz_”dm@)—ﬁz:Z$i. (3.18)

By the above two equations we have

e* — ze* — 12
// B2(Dg)dm = // |ze*|* —|e* — 1> — | [ | )dm(z) = 0.

From the power series Z — of e?, it follows that

nO
. 2n72 n z 2 . 2" =2 n
:}20%_%3, (=12 =)_ ", (3.19)
n=2 : n=2 :
e —ze* —1 OO2"n—2 + 22"
Colp oy Topay 620

Next we prove the second assertion of Example 3.2. By direct calculations, we have

/ / B, (Dg)dm — / / (31gs1* — 12" + 61, 219 + 81g.lg:[*)dm
C C

> // (31g:I" — |g:|)dm(z) = 11T — IV,
C
where

111://@[3|22 202 (et — 1)2P]dm(z), IV = / ’6_’2‘2;_1)2‘2dm(z).

11




Using the Parseval formula, we obtain from (3.19) and (3.20) that

> .92n (9n _ 9)2 2)2 4+ [27(n — 2) + 22
-1V =3 e Ui - )¥%i$?{+gP =
" n ! n n nin
31 = 11 4n
>r{=+ Y — } > 0.
16 nz:; 144[(n — 2)2(n + 1)
The proof of Example 3.2 is now complete. O]

Moreover, we can get a more general result as follows

Theorem 3.2. Let I be the identical mapping and p = z"z on C, where n > 1. If
[+ 1 is a principal solution of the Beltrami equation with the Beltrami coefficient

HXD, then
// By(Df)dm > 0.
C

Proof. By induction, we get from the equality (3.5) at Lemma 3.1 that

@

1_ 1  Zk(n+l)

Kl Scnﬂ)kz et
n+k+1 1

T kl(nt1)k ZkntRt2s |Z| > 1,

(3.21)

where k£ > 1. Hence, by the equality (3.4) of Lemma 3.1 we have

1 1 —k(nt1
C(Qk(NX]D)» _ { (k—lil)! (n+11)k+1z (”1 )z, |Z| < L
(k+1)! (nt1)F+T Zk(nFD+F 2] > 1.
Then the representation (3.3) gives
(xnt!
flz) = ze i — 2.
Moreover, it follows
5n+1
fZ:{enTll—l, 1 2] <1,
e(n+1)z”+1 — an+1€(n+1)zn+l — 17 ‘Z‘ > 17

and
2n+1

fz = zZ"e 1 xp.

Using change of variable, we have
_ 4 4 20 ¢ 12 3
J[Baonam = [[ G =151+ 6L PLE + SIS
> [[ @l = 1am = v - v
C

where

Zn+1 Zn+1
V= // [3]22 V25T 2 — (e — 1)?Pldm(2),
D

12



and

(T — aneTET — 12
entt — 2ZTlentt — 1]
VI = //D o dm(z).

e} n

From the power series expansion e* = E — it follows
n!
n=0
n+1 zn+1
(ezn+1 — 2"l —1)?

k 1 Zn-i—l

= 1 -2 2
=3 o = (e ) = G

n+1

e
Il
[\
—~

Utilizing the Parseval formula, we obtain, from (3.19) and the above relation, that

= 1 _ (2F —2)2
—VI=2 22 (4 1) —
V=V ”g (PG (n+ 1"~ e
1 2k — 2 1 1
_r (gk-2 12 — A AL R
SR A G o My s W AU Rl 2Ol omgrg y g
The assumptions that n > 1 and k£ > 2 imply that
2k — 2 1 ok 2k _2
k=2 1)? - 1— ) > (%~ 1) >
(n+1) ==+ 1= 1) > (5= )+ 1) 20
and (2F — 2)2 92k 3
92(k=2) I 2 _ 2 g2k
(n+1) ]{2<k—1)2> 11 >0
Thus, we have
= 1 3 22k
V—-VI>2 -
”; (=2 )P A2k 1 1) 5 2
_ k(n+1)—3
22(k 2) 1 4 )
) =2 Y
Therefore, Theorem 3.2 follows. O
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