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In this paper, for real para-vector-valued signals, we obtain stronger uncertainty
principles in terms of covariance and absolute covariance based on Fourier trans-
form in both directional and the spatial cases. We provide certain conditions that
give rise to the equal relation between the two uncertainty principles. Examples
are presented to verify the results.

Keywords: uncertainty principle in higher dimensions; Fourier transform;
covariance

AMS Subject Classifications: 46F10; 30G35

1. Introduction

Uncertainty principle in time—frequency planes plays an important role in signal processing
[1-11] and in physics [12-21]. The classical form of uncertainty principle states that for a
given signal of unit energy f(#) with Fourier transform

flw) = J% [ Z Fie o,

the product of spreads of the signal in the time domain and the frequency domain is bounded
by a lower bound

2.2
oo, >

1
4_1’
where otz and 05 are the duration and bandwidth of a signal f(¢), defined, respectively, by
(0.¢]
of = / (t = ()1 f @) de
—0o0

and

o2 i / " (@ = (@)1 f @) Pdo,
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respectively. Here,
o
W= [ sl
—00

is the mean time and

() == f ol f(@)*do

—00

is the mean frequency.
If f(¢) is expressed in the polar form f(r) = |f(t)|e‘9(’) = ,o(t)e'e(’), then a stronger

version of uncertainty principle [13] is
1 2
=5 1 +4Covy,,, (1.1)

where Covy, is the covariance of the signal defined by

1
0,04 > —5 + iCovy,

Covip 1= / (t = (O (1) = () p*(1)dt.

The covariance is a measurement of the relation between instantaneous frequency, 6 (1),
and time ¢.
Recently, in [22], Dang et al. strengthen the result of (1.1), they obtained

1
= E‘/l +4COV2 (1.2)

where COV,,, is the absolute covariance of a signal defined by

00y =

[
— E + lCOVtw

o
COV,p = / |t = ()0 () — ()| p* (1)dt.
—00
Due to the trivial inequality [ (t — (1)(®'(t) — (@)p>(1)dt < [ 1t — ()(©O' (1) —
(a)))|,02(t)dt, (1.2) is stronger than (1.1).

Without loss of generality, we let (#) = 0 and (w) = 0. The essence of uncertainty
principle will not be affected.

For the importance of uncertainty principle, there are many efforts to extend it to
various types of functions and integral transformations. Recently, researchers discussed
the uncertainty relations for fractional Fourier transform [6,10,23] and linear canonical
transform.[9,20,24,25] A stronger uncertainty principle in LCT involving the phase deriva-
tive of the signal was discussed in [26].

While in higher dimensional spaces, how to describe the uncertainty principle? In
Clifford algebra, Hitzer et al. [27-30] investigated a directional uncertainty principle for
the Clifford—Fourier transform, which describes how the variances (in arbitrary but fixed
directions) of a multi-vector-valued function and its Clifford—Fourier transform are related.
Using the scalar-valued phase derivative of hypercomplex signals,[31] two uncertainty
principles, of which one is for scalar-valued hypercomplex signals and the other is for axial
form hypercomplex signals, for Fourier transforms were studied in [32]. In [33], we prove
the classical uncertainty principles without covariance using the LCT of hypercomplex
signal. To our knowledge, a work on the investigation of the stronger uncertainty relations
with covariance of hypercomplex signal is not carried out yet.
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In the present work, we study the real para-vector-valued signals. Using the polar form
of it, the stronger uncertainty principles with covariance and absolute covariance for the real
para-vector-valued signal are established. These uncertainty principles prescribe a larger
bound on the product of the effective widths of real para-vector-valued signals in the time
and frequency domains. Examples are given to verify the results.

The article is organized as follows. Section 2 gives a brief introduction to some general
definitions and basic properties of Clifford analysis. In Section 3, some important properties
about Fourier transforms are recalled. They are necessary to prove the uncertainty principles.
The latest results about the Heisenberg uncertainty principle with absolute covariance and
covariance are generalized for the real para-vector-valued signals in Section 4. At last, we
give some examples to verity the results in Section 5.

2. Clifford algebra

The theory of Clifford algebras is intimately connected with the theory of quadratic forms
and orthogonal transformations. They generalize the real numbers, complex numbers,
quaternions and several other hypercomplex number systems.[34,35] Clifford algebras have
important applications in a variety of fields including geometry, theoretical physics and
digital image processing. They are named after the English geometer William Kingdon
Clifford.

Most of the basic knowledge and notation in relation to Clifford algebra hereby are
referred to [36] and [37].

Let ey, ..., e, be basic elements satisfying e;e; + e;je; = —25;;, where §;; = 1 if
i = j, and §;; = O otherwise, i, j = 1,2,...,m. Let

R} = {xo—i—glxoeR,)_ceRm},
where
R”" ={x|x=xie; + - +xpem.x; €R, j=1,2,...,m}

be identical with the usual Euclidean space R™.

Anelementin R™ is called areal vector and an element in RY" is called a real para-vector.
The multiplication of two real para-vectors xo +x = Z?’:o xjejand yo+y = Z'j'»’:o vje;
is given by

(x0 +x)(yo + y) = (xoyo +x - y) + (xoy + yox) + (x A y)

with

i .

|<

- 1
== i = Sy D = —(x)
1

j=
1
XAy = Zeij(xin —Xjyi) = E(J_CX — yx).
i<j
There are three parts altogether, a scalar part xoyo + x - y, a vector part xoy + yox and

a bi-vector part x Ay, respectively. We denote the scalar part of (xo + x)(yo + y) by
Scl(xo +x)(yo + Y1
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The real (complex) Clifford algebra generated by ey, ey, ..., e, denoted by Clg ,, is
the associative algebra over the real (complex) field R (C). A general element in Cly ,,
therefore, is of the form

X = szes,
s

xs € R(C) and es = e;,€,, ...¢;, and S runs over all the ordered subsets of {1, 2, ..., m},
namely

S={l<ij<ih<---<ij<m}, 1<l<m.
The conjugation of eg is defined by €5 := €;;...¢€;1, here €; = —e;. Especially, we have
e;e; = —e;e;. So the Clifford conjugates of a vector x and a bi-vector x A y are X = —x
and x Ay = —x Ay, respectively.

The natural inner product between x and y in Cly ,, denoted by (x, y), is the complex
number ) ¢ xsys, where x = ) ¢xses,xg € Cand y = ) ¢ yses, ys € C. The norm
associated with this inner product is

1
2
1
x| = (x,x)? = (Z |x5|2> :
S
For p = 1 and 2, the Clifford-valued modules L” (R™; Cly ) are defined by

LP(R™; Cly,,) = {f :R" = Clon |

”f”i/’(Rm;Clo.m) = A |f(.£)|pd.£ < OO}

For two Clifford-valued signals f, g € L>(R™; Cly ) can be equipped with a Hermitian
inner product,

(fs @) 12®m;cig ) = SC [ fR f()_o@d)_c] @2.1)

whose associated norm is

1/2
i = ([ 1roPar)
’ Rm
In this paper, we study the signals which are defined in R™ taking values in RY". That is

fx):R" — RY,
f@ = fo@) + five + fo(x)ex + -+ fu(x)en,

where f;(x),i = 1,2,...,m is real-valued functions.
For any signal f(x) € (R, R}"), we have the polar form [31]:

f@) = fox) + fikve + fa(x)ex + -+ fin(x)en
= £ (@)t

— p(x)eﬂ(i)e(y,
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with amplitude

p) = [fx)] = \/foz(@ + fEE) 4+ fR)

and orientation
_ fier + Hr(x)er + -+ fin(X)en

JR@+ B@ -+ + 2w

belongs to the unit sphere ! := {x € R™ ||x|> = 1} of m-dimensional Euclidean space
R™. The phase angle is

u(x) :

JR@+ B+ + 2@
Jox)

0(x) := arctan e [0, ]

and the phase vector is e“ 0

3. Fourier transform of hypercomplex signals
If f € L'(R™, Cly. ), the Fourier transform of f is defined by

1 .
FUINE) = [ et @)
- N Qm)m Jrm
where (x, &) 1= x1&1 + - - + xp&p is the usual inner product in Euclidean space R™ and
the inverse Fourier transform by

1
~Q2m)m

Note If f € L'(R™, R’f), then F{f} is a complex para-vector valued.
Let f(x), g(x) € L*(R™, Clo,m), for

f) = [R SR )@

. ew) =Se [ fws@is
the well-known Plancherel Theorem holds
sc [ /R f(&)g(ﬁ)di} = s [ /R F{f}(g)F{g}(g)dg} .
In particular, for f = g € L>(R™, R'"), the Parseval Theorem is obtained:
/ v@ﬁu=/|ﬂﬂ@W@. (3.2)
Rm Rlﬂ
Next, we prove the following partial derivative properties.

Lemma 3.1 Let f(x) be a real para-vector-valued signal. If f(x) and %(f) e L'(R™)
fork =1,...,m, then

)
F{a—f(i)}(§)=i$k1’{f}(§)- (3.3)
Xk
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Proof Applying the integration by parts and complex value —iu; can be commutative
with any para-vector-valued signals, we obtain

Fl2 ()}( yo L [i ()] —ird) g
{a_xk“ D= Tz / pxg ] D¢
_ v “i(e.g)
= \/W/l;m( &) f(x)e =2 dx
=& F{f}().

O

Lemma 3.2 Let f(x) be a real para-vector-valued signal. If % e L>(R™) for k =
1,...,m, then

2
dx. (3.4)

2 2 0
f EIF{fHE)I d§=/ P f @)
R™ RM Xk

Proof Applying (3.3)in Lemma 3.1 and Parseval Theorem of Fourier transform, we obtain

2
/R CBIFLA©PE = /R srtrane|

a
=/ F {a—f()_c)} ®
m Xk

_ d
—/m a—xkf(i)

2
dg

2
dx.

4. Uncertainty principles

In the following, we explicitly prove and generalize the latest result about the stronger

uncertainty principle with absolute covariance to real para-vector-valued signals. We also

give sufficient and necessary conditions such that they minimize the uncertainty product.
Before this, we need the following propositions.

ProposiTiON 4.1 For any real para-vector-valued signal f(x) = A(f)(x)et@0® f
%g()_c) exists fork = 1,2, ..., m, then

Sc [(iﬂ(ﬁ_c)) E(J_C)} =0. 4.1
Xy

_ h@er+ e+ -+ fm(en
JR@+ RO+ + 2w

Proof For

u(x)

3
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we have u?(x) = —1. by calculation directly, we have
a
0= —u’x)
8xk

= (iz(£)> u(x) +u(x) (iz()_c)>
0Xy X

= (iz(£)> u(x) + (iz()_c)> u(x)
0xy Xy

0
= 2S8c [(—z(&)) Z(i)} :
Xy

This completes the proof. (I
ProposiTioN 4.2 For any real para-vector-valued signal f(x) = 0 (x)et@0@ - jf
%keﬂ@@@ exists fork = 1,2,..., m, then

Se [(ieu@9®> eu@@@] _o. 42)

8xk

Proof Applying the generalized Euler formula, we have
O9D = ¢o56(x) 4 u(x) sin 6 (x).

By calculation directly, we have
)

9 uwo
0Xx
00 du() 26(x)
= —sinf(x)—— + sin 0 (x) + u(x) cos 0 (x) .
0Xy 0Xy 0xy
Therefore,
<ieu@0(x)> 1)
0X
. 00(x) = du(x) . 26 (x) .
= (— sin 0 (x) + sin 6 (x) + u(x) cos 6 (x) ) (cosB(x) — u(x)sinf(x))
00Xy 0Xy 0xy
= 290+ 229 G o) cos ) — 22 (1) sin (). “3)
0Xy, 0Xy, ox

Clearly, the scalar part of the multiplication of (%e!@e@) and e 4@9W) js decided by

the scalar part of
du(x) .
- u(x) sin” 0(x).
axk

Due to Proposition 4.1, we have

sel (22 ppop@ ) 1o | )
00Xy

This completes the proof. 0



Downloaded by [University of Macau Library] at 00:26 24 August 2017

Complex Variables and Elliptic Equations 1703

Remark 4.1 In one-dimensional cases, for signal f(x) = p(x)el?™ | it is easy to see that

(ig@u)) e—i@(x) — iB’(x).
ax

Remark 4.2 From formulas (4.2) and (4.3), we find that the multiplication of (% PIET @))

and e 4P has two parts: the vector part and the bi-vector part. Therefore, we have

I i) pruwow (9
0xk 0Xy

qu)9@)> e~ uX)0x) — (.

ProposiTiON 4.3  Foranyreal para-vector-valued signal f(x) = p(x)et®0®), ifff)ka()_c)
exists fork =1,2,...,m,
then

2 2

9
—f)

ot (4.4)

9 2
= [a—p()_c}} + 0% (x)
Xk

9 uwhw (emmer)
Xy

Proof For f(x) = p(x)et®?®  we have

% [p()_c)ez@)e@]
d

3
R P T (eg@e@),
oxp = Oxk

0
a—xkf()_C)

Therefore,
PN N RN
i@ = /W @

— i u6 i u6 ] (i ) —uf i uf

N [<8xk’0)e +paxk (e ) 3xkp ¢ +p8xk (67 )

_ 3 : 2 9 u) 9 u 9 9 uf\ ,—uf 0 uby ,—ub
_<@> +p a(@*)a(ef)-f—p(@p) @(6*)6*4—@(67)67 .

By Remark 4.2, we have

= (pu0Y) ,—ub _— (pub\ ,—ub
ot (e )e + ot (e )e 0
While,
Zi zei 6\ — 2i u6 —zﬁi 0\ ,—ub
8xk (e ) 8xk (e“ ) P 8xk (e ) 8xk (eﬂ )e :
— ,02 d (euﬂ) e—u@ :
8xk
This completes the proof. 0

Clearly, using (3.4) and (4.4), we have
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Tueorem 4.1 For any real para-vector-valued signal f(x) = 0 (x)et@0 i £ ¢
L N L2(R™), andfork =1,2,...,m, %xkf exist and are also in L*(R™, RY"), then

9 2
/ EIFIfIE)dE = / [—3 p@} dx
R™ R™ Xk

9 2
+/ 22(0) <a_eu@>e<x>> (euoc)e@)‘ A (@45)
m Xk

Remark 4.3 (4.5) is an effective formula to compute [p, £Z|F{f}(§)|*dé. Using this
formula, we can avoid computing the Fourier transform of f(x).
Due to Remark 4.1, in classical cases, we have [13]:

0= / " pRdr+ / " e i,

TueoreEMm 4.2 (Uncertainty Principle in spatial case) Let f(x) be a real para-vector-
valued signal with || f (x)||;2 = 1. If x f and % € L2(Rm)fork =1,...,m, then

Fr@Pd) ([ @IFwP) = L+ cov?,, .6)
R™ R™ 4

where the absolute covariance of every variable is defined by

Xk <ieu(X)0(X)> e U@

2
dx.
ot P (x)dx,

COV, s = /
R™
The equality (4.6) holds if and only if
f(x) = e~ T 0 ()

and

'(iy@@) e HWIW| _ g1l

0Xy

Here ay > 0and B > Ofork =1,...,m.

Proof Applying formula (4.5), we have

( / x/glf(z)lzd&) ( / s,3|F{f}<§)|2d§>
Rm Rm
2

</ X§p2d£> (f [ip()_f)} d)_6+/ p’

m R™ axk m
<[ x2 2d)c> / [i (x)i|2dx

R™ kpeL R™ B.ka_ -

2 o 2 K u@e(x)) —u@B) ‘2

(/Rmxkp d)_c> (/Rp (x) <BXke (e )| dx @.7)

2
RS (e ay
0Xy -

+
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Using Holder inequality, we have

9 2
(f ) ([ [ )
9 2
> (/ Xk p [—p()_C)} d&)
9
/ Xk [B—ka()_c)} dx

Xk
/ 19 ( )d / Loy 2
X, X — - X
o 2o PR EET 50

1

R

2
>

1705

(4.8)

The first term of (4.8) is a perfect differential and integrates to zero. The second term gives

one half since we assume the signal is unit energy.

Similarly, we have
2
JESLIE) (efmm@) dx
3 Xk -

(/ x£p2d£> (/R p?(x)
9 2
> (/ w (_eume(x)) (e—u(xwg))‘ Pzd)_f>

R™ axk

= COkaEk

connecting (4.7)-(4.9), the inequality (4.6) holds.

(4.9)

Next, we deduce the conditions under which the equation holds in (4.6). The equatlon

in (4.8) holds if and only if aa p(x) = fagxgp(x), where o > 0. Thatis p(x) = et

For f(x) € L2(R™), then we choose p(x) = e~ 2 .
Clearly, the equation holds in (4.9) if and only if

9w ) @
0xX

This completes the proof.

= Brlxil, B > 0.

CoroLLARY 4.1 Let f(x) be a real para-vector-valued signal with || f(x)|;> =

xkfand f EL2 R™) fork =1, ..., m,, then

1
( /R ) x/?lf(£)|2d£> ( /R ) E;?IF{f}(z)lzdz> > 5 +Covig,

where the covariance for every variable is defined by

a
Covxkék = /m Xk (Eeu(x)e(l)) eiﬂ(&)e(i)pz(i)dz

O

1. If

(4.10)

Tueorem 4.3 (Uncertainty Principle in directional case) Let f(x) = | f (x)]4 D@ pe
a real para-vector-valued signal with || f||;2 = 1. If x¢ f(x), a‘aka(i) e L*(R™), for
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k=1,2,...,m, then

(f |£|2|f<z>|2d»_c> (/ |§|2|F{f}(§)|2d§)
R R

> - +COVi. “.11)

where the absolute covariance in directional case is

m
COV,y; i= Y COVye.
k=1

The equality (4.11) holds if and only if f(x) = e 3@ gng
}(aieﬂ@”@) e‘ﬂ@f)@‘ = Blxk|. Here « > 0 and B > 0.

Xk

Proof Applying (3.4) and (4.4), we have

(/ Iglzlf()_c)lzcm)(/ I§I2|F{f}(§)|2d§>
R™ R™

z(/ > xEp?dx / Zs,ﬂﬂf}@ﬁdg)
R™ 21 R™ k=1

( “ 2

( [ ]rw dg)
(

(

m 9 2 2
f > 8—/)(&)] + p?(x) d&)
R =y L9xk
m P 2
> _Ep(z)] dz)
9 umpw (e—gme@) ’ dx
0X =

Applying the Schwarz inequality of continuous and discrete cases, we have

(me ]éx/fpzd)ﬁ) (/R ,é [%M&)T@)
L) (56 ) =

k=1 k=1

"/
/ Z(—p> X pdx
m 3)(](
k=1
2

m
2 .

v

2
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(4.8) is used in the last step. Similarly, we have

m m
/ > xip’dx f S 02 |( et (emuer)
R™ 7 L X

m a 2
(S b )l

2
d)_C)

1707

Similarly, like Theorem 4.2, the equality (4.11) holds if and only if f(x) = e 51 U)o
and |(%eﬂ@)9@)e’ﬂ@9@| = Blxx|. Here « > 0 and B > 0. This completes the

proof.

O

CorROLLARY 4.2 Let f(x) = |f(x)|e“D%) be a real para-vector-valued signal with

Nfllz2 = I.Ikaf(i),%kf(@ EL2(R’"),f0rk= 1,2,...,m then

(f I)_CIZIf(&)IZd&) (/ |§|2|F{f}(§)|2d§)
Rin Rm

2

’

2
= mT + ‘COV£§

where the covariance in directional case is

m
Covyg = Z Covy,g -
k=1

5. Example
Example 5.1 Consider a real para-vector-valued signal of unit energy

Ix?

o\ 7 —ax?
f@:(;) e~ el

where « is a positive real number and u € S™ is a vector-valued constant.
Computing directly, we have

2 2. _ (¢ 7 2 —alx?
dr = (£ IR
/Rmmf@n = () fmxke x

and

9 2
/ E2IF(£)(E)2dE = / (a—,o> ax + / o
R™ R™ X R2

m
o\ 2 _ 2 o\ 2 _ 2
_ (_) az/ xZe~lxPdy 4 (_) / xpeeiP gy
T R™ T m
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It is easy to see that Covyg, = 2, COVyg, = 5o,k = 1,2, ..., m. Then

— 2w’
( / Xflf(z)|2d£> ( / 55|F{f}<§>|2dg)
Rm Rm
. 1 n 1
T4 402
2
1 1 1
=37 (5) =3+Vas
1 u o, 1 2
=Z+|E| Z+|C0Vx1§1|
and
( / I)_clzlf(z)lzd)_c> ( / |§|2|F{f}(§)|2d§)
R R
B m . m?
T4 402
—m2+(m)2—m +COV3
T4 2/ 4
_m2+|mu|2 +’COV 2
T4 T T .
Note that, in this case, the stronger forms of uncertainty principle of Theorems 4.2 and 4.3
become equalities. In fact, |(%e£@9@)e_ﬂ®9@| = |uxy|, which satisfies the conditions

as given in (4.6) and (4.11).

Example 5.2 Consider a real para-vector-valued signal of unit energy

m 2
- T

where « is a positive real number and g1 € R.
By Example 5.1, we have

2 2 o\ 7 2 —alx?
dx = (— d
mexklf(J_C)l X (n) /Rmxke X

_ 1 (5.1)
T 2 '

By direct calculation, we have

/SllF{f}(S)lzd A(aixl )2 +/m,02
G e (L
o
2t

and fork =2, ..., m, we have
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3 \? 3
/ EAF(£)(E)Pdg = / (a_p> dx + / p? <—eu9>e—u6
R™ RM ,X,'k m axk
(T 2 [ 2-ah?
= <n) o /mxke dx
= <. (5.3)

o
2

2
dx

Clearly, we have Covyg, = 0,fork =1,2,...,m,and COV, ¢, = %, COVyg =0
fork=2,...,m.
Therefore, we have

(/ Xflf(£)|2d£> (/ s%|F{f}<§>|2d§>
Rm Rm

8

200

—_— ] =

_ ﬁ_%_l coVv?
~ +7roz_4+ X8

1
=5+ |Coviy,z, 1 (5.4)

(/ xZIf(£)|2d£> (/ 5,3|F{f}<§)|2d§)
Rln R’T’

>

N

andfork =2,...,m

= - 4+ COV?2

Xk

i S e S

=+ |Covyg, % (5.5)

Expressions (5.4) and (5.5) verify Theorem 4.2.
Applying (5.1)-(5.3), we have

/ Pl () Pdx = -,
R™ 2(1

mo

f EPIFUAIEIPAE = == + BT
Rm

(/ |)_c|2|f@)|2d)_c> (/ |§|2|F{f}(§)|2d§>
R™ R™

Then

_mme
=7 TRl
2 2 2
m Bi 2
—+ — = —+COV
4 To 4 + x§
m? m? 2
> e = —+ Covx§ . (5.6)
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Here Covyz = 0 and COV ¢ = % (5.6) verifies Theorem 4.3.
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