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1. Introduction

The Fueter theorem is a useful tool to generate Cauchy-Fueter regular functions from holomorphic functions in the upper
half complex plane C™, see [ 1]. Furthermore, let O be an open subset of C*, f (z) = u(s, t)+iv(s, t) be a holomorphic function
defined on O and H be the set of all quaternions. £2, is an open subset of H and is induced by O, i.e., 2, = {q = qo + q €
H | (qo, |q]) € O}, where qo, q := q1i+ q2j + g3k denote the real and the imaginary part of the quaternion g, respectively. In
£, the function B

q
=

F(qo, q) :== Aq | u(qo. Iq) + al

(9o 19D

is both left and right regular (or monogenic) with respect to the quaternionic Cauchy-Riemann operator
Dq = g, +10g; +J3q, + Kdgs,

i.e, F satisfies D;F = FDy = 0, where A, = 92 + 95 + 9, + 97, denotes the Laplacian operator in the four real variables
qos - - -5 q3.

Qian by means of Fueter’s theorem developed a singular integral theory on the quaternionic unit sphere and its
Lipschitz perturbations that corresponds to the operator algebra of the spherical Dirac operator, which is identical with the
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Cauchy-Dunford H* functional calculus of the spherical Dirac operator. He also developed a theory of bounded holomorphic
Fourier multipliers in the Coifman-Meyer formulation of Fourier transformation on the Lipschitz surfaces [2].

Under the above assumptions on f, in 1957, Fueter’s theorem was extended to R"*! by Sce [3] for odd values of the
dimension n. Specifically, taken a function f as above, the Clifford algebra valued function

n— X
G(xo, X) = AT (u(xo, Ix]) + ﬁv(xO, |&|)> , x=2xp+xeR", (1.1)

is left and right monogenic with respect to the generalized Cauchy-Riemann operator in R**!

n
D=0y + ) _ ey, (1.2)
i=1

i.e.,, DG = GD = 0, where

n
A=) 0 (1.3)
i=0

is the Laplacian in the n + 1 real variables. Moreover, the function G as in (1.1) turns out to be axially monogenic, namely it
is monogenic and it has the form A(xo, |x|) + (x/|x|)B(xo, |x|) where A and B are real-valued (more in general, for an axially
monogenic function A and B may have values in a Clifford algebra).

Qian in 1997 extended Sce’s result to R™*! for all positive integers n. In fact the Fourier multiplier method used by Qian
for n even is also valid for n odd, see [4,5] and also [6]. To the author’s knowledge, the approach of using Fueter’s theorem
is, so far, unique, in establishing the singular integral operator algebra theory on the sphere and its Lipschitz perturbations.
In contrast, the analogous theories for various contexts of unbounded Lipschitz graphs of one and higher dimensions were
established with a considerable variety of methods [7-11].

Fueter theorem can also be understood in terms of representation theory as an intertwining map between some
sl(2)-modules, see [12]. In particular, it is related with some properties of Gegenbauer polynomials. These polynomials
are important in the representation theory for the spin group Spin(n), within the setting of branching rules and axially
monogenic polynomials on R". Fueter theorem is also connected with some Appell sequences, see [13].

For further generalizations of Fueter’s Theorem beyond Sce and Qian we refer the reader to [14-19].

It is natural to ask whether there exists any converse result: given a monogenic function, is it possible to find its Fueter’s
primitive? The main goal of this paper is to show that the Fueter mapping is surjective on the set of axially monogenic
functions, and it is possible to solve the following inverse problem for all dimensions n:

Problem 1.1. Given an axially monogenic function
f(X) = A(XO’ r) + QB(X(% r)’

where x = xg +x € R*™!, r := |x|, w := x/r, and A(xg, 1), B(xg, ) are Clifford algebra valued functions, determine a slice
hyperholomorphic function f (the so-called Fueter’s primitive) such that

>

f) = AT FX).

We note that for n odd integer this result was previously proved by Colombo et al. in [20,21] in which A®~D/2 is a
pointwise differential operator. In this paper, we give a uniform treatment for all integers n in which A®~1/2 is defined by
the corresponding Fourier multiplier and show that when n is odd our result coincides with the above mentioned result in
[21].

The proofis a combination of the method used by Colombo, Sabadini, Sommen in[21], as main strategy, and Qian’s Fourier
multiplier method as given in [4,5], as technical approach. Although the Fourier multiplier method is applicable only to the
Clifford Cauchy kernel type meromorphic functions, through the Clifford Cauchy integral formula for general domains one
can obtain Fueter’s inversion for a general class of axially monogenic functions.

It is worthwhile mentioning that the method used in [21] can be further generalized to obtain Fueter’s inversion for
axially monogenic functions of degree k, see [22], and then obtain results in the case of monogenic functions, when the
dimension n is odd. Using a completely different approach, it is also possible to relate the class of slice hyperholomorphic
functions to the class of monogenic functions by using the Radon transform and its dual, see [23]. This approach does not
depend on the dimension n considered.

The plan of the paper is organized as follows. Section 2 contains preliminary results on Clifford algebras, monogenic
functions, Fueter’s theorem and its inversion. In Section 3 we recall some basic facts on slice hyperholomorphic functions.
Section 4 is the core of the paper and is devoted to obtain the inversion of Fueter’s theorem.
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2. Preliminary results

We start the section by revising some basic facts on (universal) Clifford algebras. Let e, e;, ..., e, be an orthonormal
basis of Euclidean space R", satisfying the relations e;e; + eje; = —28;, i,j € {1, 2, ..., n}, where §; is the Kronecker delta.
That is ei2 = —1fori=1,2,...,nand e;e; + eje; = 0 for 1 < i # j < n. The real Clifford algebra R , is the real algebra
constructed over these elements. A basis for the Rg , as a real vector space is given by the elements es := e; e;, - - - €;,, where
S = {j1.j2, -k} € {1,2,...,n}withl <j; <j, <--- <jir < n;orS = ¢, and we denote e; := 1. Hence the real
linear space Rg , has dimension 2". An element a € Ry , can be written as

a:Zases, as € R.
S

Foreachk € {1, 2, ..., n}, denote the subset of k-vectors of R , by
R(()k; = {a (S] RO,n La= Z ases
S|=k

which means that the set Rg‘i is spanned by the products of k different basis vectors of Euclidean space R". In particular,

when k = 1, Rf)]; is identified with R". And when k = 0, Rg)z is actually R and for this reason a 0-vector is usually called
scalar. Thus we have

n
_ (k)
Ro,n - @ RO,n

k=0

and for an element a € Ry, we can also rewrite it by

a=) lal
k=0

where [a]y is the projection of a on Rgf)n.
There are three involutions defined on Ry ,: the main involution, the reversion and the conjugation. For an element
a € Ry , the main involution ~: a — ais given by

a= E aség
S

where & = (—1)*es where the length |S| of S is such that |S| = k. For an element a Ry, the reversion x : a — a* is
given by

at = Z ases
S

where e} := (—1)¥¢=1D/2e5 with e = e;,e), - - - e;,. Finally, the conjugation of a is a combination by the main involution and
the reversion of a. In details, for an element a € Ry ,, the conjugation — : a — a is given by

i=@ =) as@)".
S
For elements a, b € Ry, suppose thata = )", ases and b = ), bgeg, the product of a and b is given by

ab = Z Z aAbBeAeB.
A B

Then, it is easy to show that

ab = @b,
(ab)* = b*a*,
ab = ba.

Now we can give the definition of norm of R . For elements a, b € Ry ,, a norm of a, denoted by |a], is given by

1
2
ja] = (laalo)? = (Z|a5|2> :
S
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The complex Clifford algebra over ey, . .., e, is denoted by Cy ,, and it is defined by
Con = CQ®Ro,n = Ro @ iR n

where i is the imaginary unit of C. An element a € Cg ;, can be written as
a= Zases, as € C.
S

All the concepts introduced in the case of Rg , can be reformulated in the case of Cg 5. In the case of the conjugation, for an
elementa = ) ases € Co , the conjugate of a is defined as @ = ) ; ds€s withi = —i.

An important subset of the real Clifford algebra Ry , is Rg); ® RS; = R @ R", whose elements are called paravectors.
Actually, a paravector is the sum of a scalar and a 1-vector, thus R@R" is the real-linear spanof 1, e, ..., e, andx € ROR"
can be written as x := X + x, where xp € Rand x := 2}1:1 x;e; € R". Thus R @ R" may be naturally identified with R"*! by
associating all paravector x = xo + x with the element (xo, X1, ..., X,) € R*"1, In view of this identification, we will write
R™!instead of R @ R". It is immediate from the definition of norm that

i (80" = B+ A

for all x € R™"!, where X := xo — x. Ifx € R""1\ {0}, then the inverse x! exists and x™ ' := X - |x| 2.

We denote by C'(£2, Cly ;) (resp. C'(£2, Cly ,)) the continuously differentiable functions which are defined on an open set
£2 C R (resp. 2 C R")and take values in the Clifford algebra Cly , which means either R , or Cg . Forallf € Ccl(£2, Cly.y)
it has the form

f= Zfses
S

where the functions fs are R-valued or C-valued. Let k be a nonnegative integers, we denote d; be the derivative for the kth
variables, i.e, 9y := dy, for x; be the kth variables of x € R™1. The Dirac operator is denoted by

1

Dy := 0y,€1 + O,€2 + - -+ + Oy, €, X € 2.

For all x € 2, the generalized Cauchy-Riemann operator is denoted by
D := 9y, + Dy.

We also need to introduce the Laplacian in the n + 1 real variables xg, X1, ..., X,
A=00 +0; +--+ 3.

Monogenic functions are a crucial object in Clifford analysis.

Definition 2.1 (Monogenic Function). Let f(x) € C'(£2, Cly,,) (resp. f(x) € C'(£2, Clp.)). Then f(x) (resp. f(x)) is called a
(left) monogenic function if and only if

Df (x) = 0 (resp. Dyf (x) = 0).
Axially monogenic functions are special case of monogenic functions.

Definition 2.2 (Axially Monogenic Function). A function f (x) € C'(£2, Clp ;) is said to be axially monogenic if it is monogenic
and has the form

F() = Axo. 1x) + %B(m X))

where A, B are Cly ,-valued functions. Let 2 C R™!, we denote by A.M(£2) the set of all axially monogenic functions in £2.

By the definition of monogenic functions the axially monogenic functions satisfy the Vekua’s system.

Theorem 2.3 (see [21, Theorem 2.10]). Let 2 C R 1. If f(x) = A(xo, ) + wB(Xo, ) € M (£2), then the pair of the functions
A(xg, 1) and B(xq, r) forms a solution of the Vekua’s system, i.e.

n—1
OxoAX0, 1) — 0;B(xg, 1) = fB(Xo, r),
aXOB(x()v r) + arA(XOa r) =0

and vice versa.
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Fueter's theorem is a useful tool in Clifford analysis and it can be seen as a bridge from complex analysis of one complex
variable to quaternionic analysis [ 1]. Then, Fueter’s theorem was then extended to R™*! separately by Sce [3] for odd values
of n and by Qian [4] for even values of n. In details, let C be the complex plane and C* be the upper half complex plane, i.e.,

Ct:={zeC|z=x +iyo,yo > 0}.

Let O be a non-empty open set in C* and let
fo(2) = u(xo, yo) + iv(x0. yo)

be a holomorphic function in O. Then the set O induces an open set in R™*! defined as
Q:={x=x+x€R"™ | (x, |x]) € 0}.

We will say that £2 is the set induced by O and for x € §2, we can define the so-called induced function

o) = utxo, [x]) + %U(Xm 1x0).

By the mentioned generalizations in [3] and [4] of Fueter’s theorem, the function
AT, xe

is axially monogenic.
In the paper, N denotes the set of positive integers. Let n € N and t be the mapping defined by

n—1-=
(fo) = A7 fo,

where f, is the function induced by f, and A™~/2 is in the distributional sense of which the precise meaning will be
given below in the same section; or, altegnatively, the reader may refer to page 117 in [24]. We note that t(fy) is an axially
monogenic function, while the function fy belongs to the class of slice hyperholomorphic functions which will be rigorously
defined in the next section.

A natural question is whether the mapping 7 is surjective on the set of axially monogenic functions. In other words we
ask:

Question 1. Given an axially monogenic function f, establish whether there exists a complex holomorphic function f; such
that f = t(fo).

Closely related, the main question we address in this paper is Problem 1.1, i.e., to establish the existence of a Fueter’s
primitive of an axially monogenic function. As we explained in the introduction section, Colombo, Sabadini and Sommen
give, in [21], a positive answer for the odd dimensions n. The full answer to this question is given by the study in Ehe present
paper. We shgw that for a given axially monogenic function f, there exists a slice hyL)erholomorphic function f such that
f = AT=D/2f ‘where n can be all pgsitive integers. The existence of such function f establishes the inversion of Fueter’s
theorem in general, and the function f will be called a Fueter’s primitive of f.

When n € Nis an even integer, A®~1/2 is not a pointwise differential operator. In order to solve the inversion problem,
we need some knowledge on Fourier multiplier operators. Fourier transform and inverse Fourier transform of functions f
defined on R**! are formally defined by

FO© = [

Rn

and

F0 = [ e,

RM+1

respectively. As is well known, the Fourier inversion formula & ~'# (f) = f holds for f in the Schwarz class. We will use the
so-called Fourier multiplier operator induced by g:

Mg (f) = 7 'gF (P].
In particular, for n € Nand x € R, the fractional Laplace operator (—A)®™~1/2 is defined via the Fourier multiplier
operator M, with g(x) := (27 |x|)""".

By using the Fourier multiplier operator the following key relation is established in [4]: for all positive integers k,

(_1)k71)‘-n

AT = k—1)!

((3)*'E) (),
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where A, is the constant given in Lemma 4.5, and E is the Cauchy kernel of monogenic functions (see [25]):

E(x) == x € R™1\{0}, (2.1)

a)n|x|n+1 ?

where w, = 27 ™V/2/[(n 4+ 1)/2] is the surface area of the n dimensional unit sphere in R"*', The expression (2.1) of
the Cauchy kernel will be crucial in the proof of Lemma 4.5. The Cauchy kernel bears this name because it is the kernel used
in the Cauchy integral formula for monogenic functions, which we recall below (see [25] for more details). This formula will
be used in the proof of Theorem 4.15.

Theorem 2.4 (see [25, Corollary 9.6]). Let S be a region of R"*1, S C £2, and S be compact differentiable and oriented. If f is
left monogenic in 2, then

f(x), xes°
| £ —xdr0ro) - {O’ s

where S° denotes the interior of S, and the differential form do (y) is given by do (y) := n(y)dS(y), n(y) is the outer unit normal
to dS at the point y and dS(y) the surface measure of 0S.

3. Slice hyperholomorphic functions
We now recall the definitions and some properties of slice hyperholomorphic (or slice monogenic) functions, see [26-29].
Denote by S*~! the n — 1 dimensional unit sphere in R", that is
STli={xeR": |x*=1}.
If w € S", itis well-know that @?> = —1. Let
Cp=R+oR:={ut+owv:uveRwesS" . (3.1)

For some x = Xy + x € R""!, define
X
—, ifx#0
o, = 1 Xl
any element of S"~!, ifx = 0.

Thus, by (3.1) we know thatx € C,,_and x = xp + w,|x|. We also need the following notation. Given an element x € R,
we denote

[x] :={y e R"™" |y =Re(x) +1|x|, V1 e S" '},

where Re(x) is the real part of x. The set [x] is an— 1 dimensional sphere in R**1.Ifx € R, then [x] = {x}, and the radius of the
sphere is zero. The notation reflects the fact that [x] is an equivalence class, precisely it contains the elements y equivalent
to x under the equivalence y ~ x if and only ify = s~ 'xs, fors € R"™!, s #£ 0.

In this section we denote by O an open set in R x R, then

2 ={x=xg+x¢€ R™T (%o, |X]) € O}

is said to be the set induced by O. It is an open set satisfying the property described in the following definition:

Definition 3.1 (Axially Symmetric Open Sets). An open set 2 C R"! is said to be axially symmetric if the (n — 1)-sphere
[u + wv] is contained in £2 whenever u + wv € §2 for some u, v € R.

We define the set of slice holomorphic functions only on axially symmetric open sets 2.

Definition 3.2 (Slice Hyperholomorphic Functions). Let 0 C R x R™ and let £2 be the axially symmetric open sets induced
by O. We say that a function f : £2 — Ry, is slice hyperholomorphic if it is of the form

fo(®) = f(Xo + @r) = a(xo, 1) + @B (X0, 1), (3:2)

where r = x|, w € S""!, « and B are Ry ,-valued differentiable functions, a(xp, 1) = a(xg, —1), B(X0,7) = —B(xp, —T)
for all (xg, r) € O and satisfy the Cauchy-Riemann system

axga - 87‘5 = O’
Brer + By, B = 0.
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Note that the hypothesis «(xo, ) = a(xg, —1), B(Xo,7) = —pB(xo, —r) is necessary in order to have the function
f(xo + wr) well defined, in fact:
fxo+wr) = f(x + (—2) (1)) = a(xo, —1) — @B (X0, —T),

if and only if @ and 8 are even and odd in the second variable, respectively.
Functions f slice hyperholomorphic according to Definition 3.2 are such that their restriction f, to the complex plane C,,

are in the kernel of the Cauchy-Riemann operator dy, + @d,, see [27], for every w € S"1. The converse holds on axially
symmetric slice domains. We recall that an open set £2 is said to be a slice domain if £2 N R is non empty and C, N £2 is a

domainin C, forallw € S".
Now we give the definition of Fueter’s primitive for axially monogenic functions.

Definition 3.3 (Fueter’s Primitive). Let n € N, £2 be an axially symmetric domain in R and f be an axially monogenic
function defined on £2. Then a slice hyperholomorphic function f, defined on £2, is a Fueter’s primitive of f on §2 if it satisfies

f=a"F.

4. The inversion of Fueter’s theorem

We start the section by recalling a result which will play an important role in the sequel, namely in the proof of Lemma 4.5.
We refer the reader to page 73 in [24] for more details.

Lemma4.1. Let 0 < o < n+ 1, k € Nand P,(x) be a homogeneous harmonic polynomial of degree k. Then

P P
/ Mkf%?(ﬁﬂ)(x)dx = Vk,a/ k(X) QD(X)dX (41)
Rrn+1 R

n+1 |X|k+a

for every ¢ which is sufficiently rapidly decreasing at infinity and
Viw = i V2= m (k2 4 a/2) /T (k/2 + (n+1)/2 — a/2),

where i is the imaginary unit of the complex plane C and I is the Gamma function.

Remark 4.2. The formula (4.1) implies, in the tempered distribution sense,

Py.(x) Py(§)
[|X|I<+n+l—a] €) = Vra |& |leta
or
P(x) 1| Px(®)
|X|kJ’rn+1—a = YeaF ! |:|%-l|k+ai| ).

Let n € N, the following lemma states that the partial derivative dx, can commute with the fractional Laplace operator
(_A)(nfl)/Z.

Lemma 4.3. Let n € N and f be in the Schwarz class, then

o [T F 0] = (—2)"7 [0, 0]

Proof. In fact, by the definition of (—A)®™~ /2 we have

o [T F0| = 77 F {a, [T ]| @]
FH2rig) 7 [T fe0 | ©)) @

=7 H{@rlg)" " (=27ik) F F(0] )} )

= 7 {@rlgh™ ' F [0uf 0] €} @)

= (=)' 3]

where f belongs to the Schwarz class. O
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Remark 4.4. Likewise, the lemma is also true for the generalized Cauchy-Riemann operator D = dy, + 0, L.e.

D[ fw] = (=) D).

Now we prove the following lemma.

Lemma 4.5. Let n, k € N. Then x ¥, defined on R"t'\ {0}, is a Fueter's primitive of

(_1)k_1)¥n
(k — 1)!

)" ' wpYin

k-1 _
((30)'E) (x), where A, = oy,

Proof. The essence of the proof is contained in [4] or [5], we repeat the computations for completeness and to justify the
related constants as well. By the relation

— Ok k-1 _
—k _ i _ (_1) k— A
i _(|x|2> BRTER <|x|2>

and Lemma 4.3, we have

O [0 ()]
COT N = G0 | T (1

—1)k-1 1 X
=§k_)l)!<axo>"* F- 1{ [ z(li")}(s)}o«)}

-1 k—1 v
ISl F 1[(2n|§|)“1 (ﬁ) (5)] (x)}

Applying Lemma4.1fork =1, =n,we g

n—1 —1 k=1 [ £
(—2) 7 " = D (B) 1| F! (Vl,n(ZJTIEI)“ : )(X)]

(k—1)! |& [+
By using Lemma 4.1 for k = 1, « = 1, we obtain

( )k])/ln

il ky n—1 k—1 X
(87 = k-1l y (2 )" (0y) <|x|“+1)'
Thus we have
n—1 _ ( 1) 7] k
AT (xk 30 'E
) = k=1 = ((00)'E) (),
where A, := (27)" 'wpy1.0/ (" Py1.1). In addition, it is immediate that x ¥ is slice hyperholomorphic. Thus, the statement
follows. O

Remark 4.6. It should be noted that the Rg ,-valued function x* is a Fueter’s primitive of the Co,p-valued function
(=D A,/ (k—D)!]- ((80)"*]E) (x) for n even. While for n odd this does not happen, and, instead, both the axial monogenic
function and its Fueter’s primitive take function values in the real Clifford algebra.

Let n and k be positive integers, then Lemma 4.5 yields

(—])k_l)\n
(k—1)!

Thus the formula (4.2) can be seen as the definition of A®~D/2(x~) for all k, n € N. However, for k € N, x is not in the
Schwarz class, so the method in Lemma 4.5 cannot be used to give the definition of A®~1/2 (x") . We note that when n is odd,
and for positive powers k the function A®~ /2 (x¥) may be defined through pointwise differentiation. Thus we need to define
AM=D/2(xky when n is an even positive integer. Inspired by the method in [4], we will give the definition of A®~1/2(x¥) for
all k, n € N. And when n is odd the defined functions coincide with those obtained through pointwise differentiation.

For a given function f, its Kelvin inversion is denoted by I(f)(-) := E(-)f ((-)~!). Let k € N, and let

AT M = - ((30)"'E) (0. (42)

PR = A" (), PRV =1ph),



110 B. Dong et al. / Journal of Geometry and Physics 108 (2016) 102-116

Definition 4.7. Let n, k € N. For all x € R™ ! and k > n — 1, we define

A"T () = PR (x),

Remark 4.8. The above definition is natural. For n odd, the right hand side is equal to the left hand side under the pointwise
differentiation A™=1/2 (see [4]). For n even, it may be shown from Lemma 4.1 that A®=D/2(xk) = pk+1-1) (x) indeed in the
distributional sense. We note that the rule P*+1=" = [(p(~(k+2=m)) together with —(k 4+ 2 — n) < —1 gives the restriction
k > n — 1. In the sequel we will use only values of k in such a range. The restriction of the range k > n — 1 in the definition
of the mapping from x* to P**1= (x) reflects the fact that in R"*! there are no monogenic functions with homogeneity
degrees —1, —2, ..., —(n— 1) (see [30]). We will use this definition of A®~D/2(xX), k > n — 1, as a crucial tool in the proof
of Lemma 4.12.

The functions chf defined below will play an important role in the proof of Theorem 4.15.

Definition 4.9. Let n € N and E(x) the Cauchy kernel defined in (2.1). For all x € R™"\S"~1, we define the kernels
K= [ Ex-wds@
sn=
and
K, ) = / : E(x — ) 0dS(®)
sn—
where dS(w) is the surface measure on S"~'.

Remark 4.10. From Theorem 3.6 in [21], we know that X" (x) and X, (x) are axially monogenic functions. Furthermore,
for all xg € R we have

Xo
(Xé + 1)(n+1)/2 ’
1
(X% + 1)(n+1)/2 ’

lim X (x) =G,
|x|—0

lim X, (x) = -G,
|X]—0

where
_ TIlin+1)/2]
T Ay
Next lemma is crucial to prove Lemma 4.12. Before introducing it, we need some notations. Let k € NU {0}. A monogenic
homogeneous polynomial P, of degree k in R" (we recall that R" is identified with the set of 1-vectors x via the map

(X1,...,%,) — xi1€; + --- + x,e,) is called a solid inner spherical monogenic of degree k. We denote by M, the set of
solid inner spherical monogenics of degree k.

Lemma 4.11 (See [31, Theorem 2.1]). Let Pr(x) € M be fixed and Wy(xo) an analytic function in 2 C R. Then there exists a
unique sequence {Ws(Xo) }s=o of analytic functions such that the series

f(x0.%) =Y ¥ Wi(xo)Pr(®)

s=0

is convergent in an open set U in R"*! containing the set ?2, and its sum f is monogenic in U. The function Wy(Xo) is determined
by the relation
. 1 X n—1
Pr(w)Wo(x0) = lim —-f(x0,%), w=— €S .
=0 x|k x|
The series f (xo, X) is the generalized axial CK-extension of the function Wy (Xg).

The following Lemma is devoted to find Fueter’s primitives of X, (x) and X, (x).

Lemma 4.12. For all xy € R, denote

C X
»+ — " . p-eo-nf_ 0
Pn (x0) = " Dy { (14 x3)m+D/2 } '
Cn 1
Pr(x) =— D"V —— 1
n ( 0) )\‘;, X0 (1 +X%)(n+l)/2
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where A, == An/(n — 1)! whenxo < 1, A, := (—=1)""A,/(n — 1)! whenxo > 1, and DX_O(”_1 stands for the (n — 1)-fold
antldenvatlve operation with respect to varlable Xo. Let ;7 (x) and P (x) be the functions obtained by replacing xo by x in
Pt (xo) and P, (xo), respectively. Then, for all x # 0, |x| # 1, P, (x) i lS a Fueter’s primitive of X, (x), and £, (x) is a Fueter’s

primitive of JC x).

Before giving a proof of Lemma 4.12 we note that D;O(”_l) is the (n — 1)-fold antiderivative operation with respect to
variable xo. Hence, the representations of Oi(x) may differ by a term in the kernel of (axo)"—l However, the notation
Dy, =1 does not give rise to any ambiguity. This due to the fact that Fueter’s primitives are not unique and, in fact, any two

Fueter s primitives differ by a function in the kernel of A"=1/2,

Besides, our proof of Lemma 4.12 splits into two cases, namely |xo| < 1and |xq| > 1, each of which leads to a value of
the constant A;,.
Proof. We will only prove that £, (x) is a Fueter’s primitive of X (x) for x # 0, |x| # 1, that is, £, (x) is slice
hyperholomorphic, and A= 1/2 PF(x) = X (x). Following a similar procedure, one can show that £, (x) is a Fueter’s
primitive of X, (x) forx # 0, [x| # 1.

We will see that the main part of proof it to prove limyy_o A™" V22" (x) = limy_o X, (x) forx # 0, |x| # 1. We
separate it into two parts. When |xg| < 1, we have

G Xo
P (%) = — - D "D {7}
n AL %0 1+ x%)(nﬂ)/z

n

C 00 n+l
_ " ( -1 2k
n

C o] ﬂ+1
= ,Dx—o(n—l) {Z (— k2 >x5k+1}

=

n k=0
G n+1 x(2)k+n
:x,g( 2 )(2k+2)(2k+3)-~-(2k+n)’
where we used the fact that the power series Z;io ( l;jl ) x2* converges absolutely in [xo| < 1. Replacing xq by x, we have
. Cn o [ n+ 1 x2kn
=5 k; < y ) k+2)2k+3) - Ck+n)’ 43

For any given k,n € N, x***" is slice hyperholomorphic. Thus, 2. (x) is a slice hyperholomorphic function for x| < 1.
Indeed, the power series (4.3) converges absolutely, and uniformly on all compact sets in |x| < 1. We now note that we can
apply the operator A~/ to both sides of (4.3). In fact, A~ D/2 (x?+7) is well defined:

o c. = [ n+l AT (x2ktm)
AT P =2 ) 44
TR = Z( 2 ) T (4.4)

k=0 k 2k +2)2k+3) -
Now we calculate A®~1/2 (x?+1) By Definition 4.7 we have

AT (X2k+n) — pHD ()
= (P(*(2k+2))) ®)

=B (00 E) ).

2k + 1)!
Then we have
. a1 okrny | An 2k+1 -1
[ 2] =~ e e

_ An 2k+1 X0
= (2k+1>'5("°) ((B0) E)<|X0|2>

_ )‘7 (42D ok
= Tkt ) ( n— 1 )

A2k
T k+Dn—1""°
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where we obtain the second equality by the continuously differentiable function E and the third equality by the definition
of partial derivative.

Taking the limit |x| — 0 on both sides of (4.4), and setting A, := A,/(n — 1)!, we have

‘X‘A)O

2k +2)2k+3)--- 2k +n)

lim [ A p +(x)] & ( ) llm 7 (X2k+”)]
ix|—0 A,

:iki:<
(e

=GC-

An (4 2k) 12K
(2k+2)(2k +3) - -- 2k +n)(2k + 1)!(n — 1)!

(1+X2)(n+1)/2
= lim X, (x).

[x|]—0

PF(x0) =

»\p

When |xy| > 1, we reason in an analogous way and we have
—(n—1) Xo
X0 (1 +x2)(n+l)/2
= . (“ 1){X|X|(n+)z<

If xo > 1, we have

C [e%9) n—+ 1
n —(n— —
P (x0) = I - D" Ixolxo| T Z < ) 0

»\p

=~

C 00 n+1 (ki)
n —(n— - —(2k+n
= )7 . DXO(n D Z ( 2 XO }
n k=0 k
B Cn i _ n—+ 1 (_1)n71x8(2k+1)
T e\ @ Gkt n—D@k+n—2 - @k+ 1)

Replacing xq by x, we have

G, & (_n+1> (— 1)1y~ @k+D)

f C ) Gkrn—n@k+n—2)--2k+1)

Prx) =
k=0

For any given k € N, x~*+1 is slice hyperholomorphic for [x| > 1. And the power series expressing P (x) converges
absolutely, and uniformly on all compact sets in |x| > 1. Thus ;" (x) is a slice hyperholomorphic function for |x| > 1.

Again reasoning as in the case |xg| < 1, we obtain

C, i (_n + 1) (—l)””A% [X7(2/<+1)]

) @Gkrn—D@k+n—2)---Qk+ 1)

n k=0

Now we compute A™D/2 [x~@D] By Lemma 4.5 we have

AT [X—<2k+1>] = p@kHD) () — ((30)2k5) ). (4.5)

(21 !



B. Dong et al. / Journal of Geometry and Physics 108 (2016) 102-116

Taking the limit |x| — O to the both side of (4.5) we have

Al e (2k+1D7 }\n BBt 2k
\)1<|ILHOA 7 [x 1= (2k)! Iillgo (0)*E) )

= Gigr (0”E) x0)
i An .(n+2k—1)!x—(2k+n)
T (2k)! nm=1! °
A+ 2k = D! g4
To2kim—1)! " '

By setting A/, = (—1)""'A,/(n — 1)!, we obtain

¢ = n+1 (=11 lim [ A7 x 0]
—1 —
lim A"z » (x) == Z il
x|—>0 Ay = Rk+n—1)QRk+n—-2)---2k+1)
G & (=) (0 + 2k — 1)y @™
- Ay = Rk+n—1)QRk+n—-2)---2k+ 1D(2k)!(n — 1)!
00 n+1
=C,-x —n Z ( ) —2k
X
=C,- 0

(1 + xé)(n+1)/2
- im0

If xo < —1, we have

C o _ o0
PF(x0) = )T” .on(n 1) [xo|x0| (n+1) Z(
— g . Df(nfl) (_1)n+1 Z
A p
K=

) —Zk]
) Xa(2k+n) }

G & n+t1 —(@2k+1)
n -
)‘ﬁ.kz(,( k2 )(2k+n—1)(2k—|—n—2)...(2k+1)'

=~

===

By the same way in the case xo > 1, we obtain

c & _n+1 AT [y @k+D)
ATlgvn-F() J.Z ) [ ]
AL Rk+n—1)QRk+n—-2)---2k+1)

k=0 k

where AD/2 [x~@+D1] s already obtained by (4.5).
Taking the limit |x| — O to the both side of (4.5) we have

lim A2 [x D] = Hn_ lim ((30)*E) (x)

|x|—0 2k)!  1xI-o0
(21 N - ((30)*E) (x0)
_ (—])n+1 )Vn . (n + 2k — 1)!x—(2k+n)

(2k)! m-1! °
A+ 2k — D! _oppn

_ (_1\n+1
=D Q-1 °

113
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By setting A, = A,/(n — 1)!, we obtain

~ n4+1 lim [A %x*(z"“)]
Z (— ) |X|—0

O

. n-1
fim a0 = -

2 ) @k+n—1D@k+n—2)---(2k+1)

G & ntl (=)™ (n + 2k — 1)l @4
Py 2 ) @k+n—1)Ck+n—2)---Ck+ DR — 1)

n k=0 k
00 n+1
- C . XO(_])n+1xa(n+1) Z <— ,2 )Xazk
k=0 \¢

00 n+1
=C - X0|X0|_(n+1) Z - X(;Zk
k=0

2
k

=

k=0

=

=

Xo
(1 + X%)(nﬂ)/z

= 1i Tx).
o Ko @)

=G,

Theorem 1 in [4] yields that PC~@*1D) and P@*+2 are both monogenic. It is easy to see that they are both axially
monogenic. Therefore, A=/ Zg?,f (x) is axially monogenic. Invoking Lemma 4.11 for the homogeneity 0 case, we have
A("‘l)/zf,j“(x) = X, (x). Since £, (x) is also a slice hyperholomorphic function for x # 0, [x| # 1, we conclude that
itis a Fueter’s primitive of X,/ (x) and this concludes the proof. O

Remark 4.13. When the dimension nis odd and k € N, in [4], Qian proved that P*~V (x) = A™D/2(x"*+k=2) Computations
similar to those in the proof of Lemma 4.12 then give £, (x) = %W;r (x) and £ (x) = %W{ (x), where W (x) and W, (x)
are the functions obtained in [21] as Fueter’s primitive of X/ (x) and X (x), where K, is a constant depending on n. For more
details, one can see [21]. Note that when n is odd, A}, assumes the same value for |x| < 1and for |x| > 1. This coincidence
shows that, for n odd, the method based on Fourier multiplier used in Lemma 4.12 gives rise to the same result proved
in [21], the latter being based on the pointwise differential operator.

Remark 4.14. We note that the two slice hyperholomorphic extensions ,‘Pni (x) obtained as sums of the corresponding power
series may be defined in a set larger than R™"! \ {x = 0, |x| = 1}. See for example the case n = 3, where we have
P (x) = 5= arctanx, 5 (x) = s-xarctanx, see [20,21].

We can now state and prove the main theorem of this paper. The proof will follow the lines of the proof of Theorem 4.2
of [21].

Theorem 4.15. Let n € N, §2 be an axially symmetric open set in R"! and let f(y) = f(yo + wr) = A(yo, 1) + wB(yo, 1)
be a Cly n-valued axially monogenic function on £2. Let I" be the boundary of an open bounded set V,, C R + wR" and
V = U,esn-1 V,, C £2. Moreover, suppose that I' is a regular curve whose parametric equations in the upper complex plane
Cl = {yo + wr, yo,r € R} are given by yo = yo(s), r = r(s) and are expressed in terms of the arc-length s € [0,L],L > O.
Then, forallx € V,

f(x) = / P (X _ry°> r"2[dyoA(yo, 1) — drB(yo, 1)] — / P (@) r"2[dyoB(yo, 1) + drA(yo, )]
r r

is a Fueter’s primitive of f (x), where {Pni (x) are defined in Lemma 4.12.

Proof. We need the following notations.
(1) X is the manifold defined by
Y ={yo+or|y,r) el wes .
(2) ds is the infinitesimal arc-length, dS(w) is the infinitesimal element of surface area on S"~!.

3)t= % (Yo + wr) is the unit tangent vector at a point of I" C C,,, while the normal unit vector n is given by

d
n=—-owt= d—[r(S) — wyo(s)].
S
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(4) The scalar infinitesimal element of the manifold X, expressed in terms of ds and dS, is given by
dX = r"ldsdS(w).

(5) The oriented infinitesimal element of manifold do (s, w) is given by

do (s, w) =ndx = %[r(s) — wYo(s)]r" dsdS (w)
or
do (s, w) = [dr(s) — wdye(s)]r"'dS ().

Since f is monogenic, for all x = xo 4+ vt € V, we can write it by using the Cauchy integral formula in Theorem 2.4:
footvo) = [ [ B0o+er - po)doG.0f 0o + o) (46)
r Jsn—1

We can rewrite (4.6) splitting into two parts:

fxo+vp) = —/

r

[ / E(yo + or —Xo — vp)wdsw)} r"dyeA(yo, 1) — drB(yo, )]
Sn—‘l

+ [ | Eoa+er—x- vp)dS(w)] #[dyoB¥o, 1) + drAQp, 1],
r sn—1
Since the Cauchy kernel has homogeneity degree —n, i.e. E(tx) = t "E(x) for t > 0, we have

fxo+vp) = /

r

n X—Yo n—1
_ / [ / r E( : —w)dsw]r [dyoB(yo. 1) + drA(yo. 1)].
r LJsn—1

Recalling the definitions of JCni we may rewrite the above relation as

r

[/ -’ <X ; yo ) ] .
rE —w | wdS(@) | " [dyoAo, 1) — drB(yo, 1)]
Sn—l

oo = / x; ("_ry")r—l[dyoA(vo,n—dchyo,r)] - / xF (@) r11dyoB(o. 1) + A, 1)].
r r

Set X' := *=20 and let Ay be the Laplacian in the variable x'. Due to Lemma 4.12, £ are Fueter’s primitives of,
respectively, Jcni Note that Lemma 4.12 asserts that :Pni may only be defined outside a set consisting of the origin and
the sphere |x| = 1. This restriction affects the integral below through the fixed x but upon the related integral variable s on
the curve I'. The restriction, in fact, just excludes a set of Lebesgue measure zero on I" and thus does not actually affect the
integral value. We obtain

100 = [ 47 [7; 60 tdyo0, 1 = 0,1 = [ A7 2 600]r o, +drAGrn, .
We now note that the power of the Laplacian and r can be interchanged, i.e.,
A)(('j—l)/Z — rn—lA(n—l)/Z'
In fact, from the definition
Y={yo+or|y.relwes"}
we can see that r is identical with [y|. It is, therefore, a constant for the Laplacian in x or X'. Hence we have A;'f_l)/z =

ri-1 A,((”_l)/ ?_Besides, since none of the involved integrands have singularities, we can exchange the order of the integration
and the differential operation A®~D/2_ As a consequence, the following equation holds:

fy=a" { / Py (X_ry °>r"‘2[dyoA(yo,r)—drB(yo,r)]— / P (@)r”‘z[dyolscyo,n+drA(yo,r)]}.
r

r
By setting
Fo) = / P <@)r”‘2[dyo/«(yo,r)—drB(yo,rn— f P (@) r"2[dyoB(yo. 1) + drA(o, )],
r r

we have f = A~/ Zf. From Lemma 4.12, we know thatf(x) is a slice hyperholomorphic function on V. Therefore,f isa
Fueter's primitive of f. The statement follows. O
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Remark 4.16. If we can find a Fueter’s primitivef of an axially monogenic function f, wheref is such that the involved
functions « and S are real-valued, then it is immediate that f is the induced function of the holomorphic function fo (x+iy) =
a(x,y) + iB(x, y). This shows the existence of fy such that 7 (fy) = f. Hence Question 1 in Section 2 is positively answered.
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