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which both correspond to the strongest form of the Heisenberg type uncertainty
principles for the one-dimensional space. The lower-bounds of the new uncertainty

é{iZZZIOsT?rf'Euclidcan spaces principles are in terms of a scalar-valued phase derivative. Through Hardy spaces
Hilbert transform decomposition we also obtain two forms of uncertainty principles for real-valued
Uncertainty principle signals of finite energy with the first order Sobolev type smoothness.
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Amplitude derivative

1. Introduction

In history both W. Heisenberg and N. Wiener promoted the concept uncertainty principle in relation
to physics [13,16]. In quantum mechanics the Heisenberg uncertainty principle addresses a fundamental
problem: the values of a pair of canonically conjugate observables such as the position and the momentum
of particles cannot be both determined precisely in any quantum state. In the language of harmonic analysis,
the uncertainty principle says that a nonzero function and its Fourier transform cannot both be sharply
localized. It is Gabor’s fundamental work [15] that really brings uncertainty principle to the sight of signal
analysts. The classical uncertainty principle [15] can be represented by the inequality

: (1.1)

o~ =

2 2
0t7so Z

w,s

where o7, and o7, , are respectively the duration and bandwidth of a signal s(t) € L*(R) with [|s[s = 1,

defined as

S
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o0

o2, 2 / (— (t)o)?]s(0)Pdt (1.2)

—00

and
o2, L / (@ — (@) [3(w) Pdw, (1.3)

where (t)s; and (w)s are the means of time ¢ and Fourier frequency w, respectively, defined by

o0

0.2 [ dsopa (1.4)
and
(), 2 /w|§(w)\2dw, (1.5)

where §(w) is the Fourier transformation of s(t), defined by

N A L Ooefitws
S(w) = \/ﬁé (t)dt. (1.6)

For a signal expressed as s(t) = |s(t)|e’¥(!) a stronger result is available [8,7], referred to as the strong

uncertainty principle:

0700 > i + Cov?, (1.7)
where
Cov, = / 1 (6)]5(0) 2dt — {t)s () = / (t— (1)) (@ (1) — (w)o)ls(t) Pt

is the covariance of the signal.
The recent paper [9] strengthens the result (1.7) through proving a larger lower-bound, called extra-strong
uncertainty principle:

1
0752,303;,3 > 1 + COV?, (1.8)

where COV is the absolute covariance of the signal, defined as
COV. = [ 1t = @)@ (0) — (@) lls() (19)

By definition, COVy is obviously larger than Covs. In our view, all the progresses of the classical uncer-
tainty principle correspond to the three mentioned forms, viz., (1.1), (1.7) and (1.8).
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Recently some researchers studied uncertainty principles for signals in higher dimensional Euclidean
spaces with the Clifford algebra setting [1,2,18,17,21,22,24], as well as the quaternionic setting [3,14,23].
For higher dimensional signals, uncertainty principles expose, as an important aspect, how the variance of
a multivariate vector-valued function and the variance of its Clifford Fourier transform, or its quaternionic
Fourier transform, if appropriate, are related. In the present study, we work with the Clifford algebra setting.
The literature [1,17,18] obtain a “directional” uncertainty principle for multivariate and Clifford-valued
functions f : R™ — Cl,,0, m = 2,3 (mod 4). The obtained directional uncertainty principle essentially
corresponds to the primary step (1.1). The work [21] obtains two uncertainty principles for signals in higher
dimensions of which one is for real-scalar-valued signals, and the other for axial-form signals. In order to
state the obtained results in [21] and those in the present paper we need to recall a number of definitions.
We first note that the improvements of the classical uncertainty principle (1.1) are all dependent on a phase
derivative concept. In signal analysis phase derivative is well accepted as instantaneous frequency of a signal,
the latter being of central importance in signals analysis. This paper further promotes the role of phase
derivative in uncertainty principles for higher dimensional spaces.

Let eq,..., e, denote the basic elements spanning the Euclidean space R™ of which each is like the
complex imaginary element i with the property e% = —1, but with the anti-commutativity exe; = —e;ey,
k # 1. The corresponding real- and complex-Clifford algebras both are of the linear dimension 2™ whose
elements are of the form x = x¢ + 2/, where z¢ and ' are the scalar and non-scalar parts of z, denoted,
respectively, by zo = Sc{z} and 2’ = Nsc{z} (for more details see Section 2). We will be working on
functions defined on R™ or R* = {& = 29+ 2 : z9 € R, z € R™}, and taking values in the complex
Clifford algebra. The elements in R™ and RT* are, respectively, called vectors and para-vectors. To define
the phase and amplitude and their derivatives of a para-vector-valued function f(z) defined on a region
Q C R™, we represent f(z) in the polar coordinate form [22]:

f(z) = folz) + filz)er + fa(z)ez + - + f(z)em

folz) | ulz)
W@ T o)
folz) w

= pla)eron’@, (1.10)

where u(z) = fi(z)e1 + f2(z)ea+- -+ fm(2)em, pz) = /3 (z) + fE(x) + f3(z) + - + f2(z) is called the

2
amplitude, and 0(z) = arctan %(é))‘ is called the phase angle. We, in particular, note that (%) = -1,

that partially justifies the above introduced phase concept. Below we adopt the phase derivative definitions

given in [24] and define amplitude derivatives of f(z) in the consistent way.
In higher dimensions, to define phase derivatives, the following first- order partial differential operator,

called Dirac differential operator will be used, that reduces to the operator * E in the one-dimensional case:

0
D=_2
D 8$181+ +

——e,,.
0T,

u(z)
Definition 1.1. Let f(z) = p(z)e™@1°® ¢ L2(R™) be real-para-vector-valued, and all the first order partial
derivatives of f(x) exist. Then there are two alternative ways to define the phase derivative of f, namely

01 (z) = Sc{[Df(@)][f(x)]~"} (1.11)
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or

bh(a) = Se{lDo]

1. (1.12)
Two alternative amplitude derivatives are accordingly

pi(z) £ Dp(x) (1.13)

and

pa(x) = p(z)Nsc {[Df ()][f(2)] 7"} (1.14)

The above phase derivatives 61 (z), 65(x) are first studied in [24]. For m = 1, 8} and 6 coincide with each
other, both being identical with the classical phase derivative, and so do p} and p4. In higher dimensions
the two above defined amplitude derivatives lead to two definitions of variance of the frequency, viz., vare
and varg, as given in Definition 1.2 (for more details see Remark 4.5). -

With the Dirac operator, like the Cauchy—Riemann operator in the one complex variable case, one can
define Clifford holomorphic functions in the higher dimensional spaces, being analogous with the complex
holomorphic functions of one complex variable, called monogenic functions. In particular, the Hardy spaces
constituted by the para-vector-valued monogenic functions in the upper-half space coincide with the conju-
gate harmonic systems in the sense of Stein and Weiss [20]. The Hardy spaces employed in this theory are
not restricted to only contain para-vector-valued monogenic functions.

u(z)
Definition 1.2. Let f(z) = p(x)e™@ 0@ ¢ 2 (R™) be real-para-vector-valued with || f||2 = 1. Assume that
all the first order partial derivatives of f(x) exist. Then the mean of time is given by

@) = [ ialfwPds (1.15)
Rm
the variance of x is
var, = [ (i~ )PP (110
R’"L

the mean of frequency is

© = [ [EIf+©Pde— [ ligllf~(©))2de, (1.17)
/ /
the mean of §2 is defined by

@ = [ heriiora,
R’VTL
the variance of frequency is alternatively defined by one of the following two formulas:

varg = / li€] — (©P1F+(©)[2de + / liE] — (€121 (©)[2de, (1.18)

RrR™ RrR™
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v 2 [ #1(2) ~ @PI@Pdz+ [ 161 @)Pdz. (1.19)
R™ RrRm™
The covariance is defined by
Cov= [ iz~ ()6} @) ~ @ f@)Pd (1.20)
Rm

and the absolute covariance is defined by

cov = [ iz~ @@ - ©Ilf @)z, (121
R’HL

where f({), fA+(§) and fl (&) are Fourier transform of f(z), f*(z) and f~(z), respectively, and f* and f~

are the upper- and lower-Hardy H2-spaces projections of f, with the relation f = f+ + f~.

We will, in the main part of this paper, give justifications and detailed explanations for the above
introduced definitions. Now we are ready to review some existing results. For real-scalar-valued signals
f(z) € L2(R™) the work [21] obtains

2

vargvarg > mT; (1.22)

while for signals of the axial-form f(z) = U(|z|) + %V(@D € L2(R™) where U(|z|) and V(|z|) are scalar-
valued, [21] obtains

vargvarg > [—% +(m-1) / V2dz)? 4+ Cov?. (1.23)

RrR™

It is easy to see that when m = 1, the lower bounds of (1.22) and (1.23) reduce, respectively, to those
of (1.1) and (1.7). With this observation we say that (1.22) and (1.23) correspond to the weaker types of
uncertainty principles. Moreover, (1.23) is restricted to only signals of the axial-form. The work [22] gives

u(z)
an uncertainty principle for real-para-vector-valued signal f(z) = p(z)eT«@ 9@ read as

A 2
[ aPlr@pdz | | [ 1€P1F©Pa | = % + covi, (124
R™ R™

where the absolute covariance COV ¢ is defined by

a u(x ulz
s { (et ) @ 1) P (1.25)

m
COVye = /
k=1gm
where p(z), u(z) and 0(z) are defined in (1.10).
The uncertainty principle given by (1.24) does reduce to the strongest form (1.8) for m = 1. It, however,
for m > 1, does not use the global scalar-valued phase derivatives given in Definition 1.1. It would be very
interesting to establish uncertainty principles in terms of the scalar-valued phase derivatives and compare
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their sharpness. In the present paper through a scalar-valued phase derivative related COV, we achieve to
obtain two incomparable uncertainty principles, namely

2
mT +COV2 (1.26)

Varzvarg >
and
1
vargvarg > Z|im + M|? + COVZ, (1.27)

The uncertainty principles (1.26) and (1.27), for real-para-vector-valued signals, are under the assumption
that all the first order classical partial derivatives exist. Both those uncertainty principles essentially corre-
spond to (1.8). As in the classical case both those results and the proofs are naturally related to phase and
amplitude derivatives of the signals.

If we do not assume existence of the first order partial derivatives, we cannot directly define the phase
and amplitude derivatives. Without such smoothness assumption we, instead, use the Hardy spaces de-
composition. As example, we consider real-scalar-valued signals. For those signals, under a Sobolev type
smoothness condition (weak smoothness), two types of uncertainty principles, corresponding to (1.26) and
(1.27), respectively, are derived.

The paper is organized as follows. In Section 2, we recall some basic knowledge of Clifford algebras. In
Section 3, we define and analyze phase and amplitude derivatives of real-para-vector-valued signals in the
Clifford algebra setting. Section 4 is devoted to studying the means and variances of time and frequency
in the Clifford algebra setting. Section 5 discusses uncertainty principles for real-para-vector-valued signals
with all the first order partial derivatives. We deduce two different types of uncertainty principles, both
corresponding to the strongest form in the one-dimensional case, (1.8). In Section 6 we treat non-smooth
real scalar-valued signals by using the Hardy spaces decomposition method.

2. Preliminaries

We now recall some basic knowledge of Clifford algebra (see [6,12]). Let eq,..., e, be basic elements
satisfying e;e; + eje; = —24;;, where d;; = 1 if ¢ = j and d;; = 0 otherwise, 4,5 = 1,2,...,m. Let

1 =A{ro+z, z € R"},
where
Rm:{gleelJr...ermem:xj GR’j:172’_'_,m}

is identical with the usual m-dimensional Euclidean space.

An element in R™ is called a vector. The real (complex) Clifford algebra generated by eq,es, ..., e,
denoted by R, (C,,), is the non-commutative algebra generated by ej, es, ..., e, over the real (complex)
field R (C). A general element in R,, is of the form z =) . xrer, where zr € R, and er = €;,€;, - - - €;,,
being called induced products, where T runs over all the ordered subsets of {1,...,m}, namely

T={1<i1<--<ix<m}, 1<k<m.

When T = ¢, we set e, = eg = 1. We denote |T| = [ where [ is the number of the indices involved. A general
Clifford number z may be decomposed into
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A Clifford number of the form z() is called a Clifford number of I-form. A Clifford number of 2-form is also
called a bi-vector.
The multiplication of two vectors x = Z;nzl xjej and y = Z;n=1 y;€; is given by

zy=z-y+zAy

where z - y is a scalar, denoted by Sc(zy) and given by

m
ijg— (zy + ya) = —(z,y),

and x A y is the non-scalar part of zy, denoted by NSc(xy) and given by

1
TNy = Zeij(fﬂiyj —T;y;) = §(£g —yz),

1<j
being a bi-vector, denoted by Bi(zy).
The Clifford conjugation and reversion of er = e;, ---e;, are er = €;,---€;,, € = —e; and ér =
e;, - - - €;,. So the Clifford conjugation of a vector z is T = —z.

It is easy to verify that 0 # z € R™ implies

|
-
‘IHI

T = ‘2'

B3

The natural inner product between x = Ypzrer and y = >, yrer in C,,, denoted by (z,y), is the
complex number Y rx7y,. The norm associated with this inner product is

1
2

2| = (z,2)% = (Sp|er|?)? .

Let f(z) = S fr(z)er, where x = 29 + 2 € RY", and fr are complex-valued functions. We will use the
homogeneous Dirac operator D and the non-homogeneous Dirac operator D, where

0
D=~
D 8x1e1+ +

o ©m
Oxm
and

0
D= D.
8(EO+

We define the “left” and “right” role of the operators D and D, respectively, by

Df = ZZafTeleT, Df = ZzafT

=1 T =0 T

and
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If f has all continuous first order partial derivatives and D f = 0 in a (connected and open) domain 2 C R,
then we say that f is left-monogenic in Q; and, if fD =0 in Q C R}?, we say that f is right-monogenic
in Q. If f is both left- and right-monogenic, then we say that f is monogenic.

We call

X

the Cauchy kernel in RT*. It is easy to verify that E(z) is a monogenic function in R7*\{0}.

3. Derivatives of phase and amplitude of signals on R™

Phase derivative is well accepted as instantaneous frequency of a signal, the latter playing an important
role in signal analysis ([4] and [5]). In the studies of uncertainty principles of one-dimensional signals, the
phase and amplitude derivatives are involved [8,11,10]. In the present paper we will consider uncertainty
principle for signals on R™. To develop a comprehensive theory in higher dimensions we need to formulate
appropriate phase and amplitude derivative concepts for multivariate functions. We first have a revision on
the one-dimensional case.

Let s(t) = p(t)e’*® be a signal defined on R, p(t) = |s(t)|. Assume that the classical derivatives of s(t),
p(t) and @(t) all exist. Taking the derivative with respect to ¢ and dividing s(¢) on both sides, we obtain

&(t) = Tm {88 g))] , (3.28)

and

o) = slome| S5 (3.20)

where Im [ 0 } and Re [ 0 ] denote, respectively, the imaginary and the real parts of ((t))

In the following, we assume that signals f(z) are defined in R™ taking values in R}, that is,

f(z) = folz) + fi(z)er + fa(z)es + -+ + frm(z)em,

where f;(z),i=0,1,2,--- ,m, are real-scalar-valued and have all the classical first order partial derivatives.
Similarly with one-dimensional case we define the Fourier transform of f € L*(R™) by

pey— L (2,8
f(f)—(%)gle & f(z)dz. (3.30)

If f is also in L'(R'™), then the inversion formula holds, that is

f@) = / A9 f(e)de. (3.31)

(2m)®
Rm
There holds the Plancherel Theorem

IFI3=1/13,  feL'®™)NLAR™).
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Through a density argument, both the Fourier transformation and its inverse can be extended to L%(R™)
in which the Plancherel Theorem remains to hold. When we use the formulas (3.30) and (3.31) for L2(R™)
functions, we keep in mind that the convergence of the integrals is in the L?-sense.

The Hilbert transform of f(x) is defined as any of the following equivalent forms

1 Dellz)
Hf(z) = = [ = f(&)dg
2m) % 2%
et ) T
1 i . R
_ = l(z,é)f(f)df
= e
@2m)= J ¢ i
an
2 z—1
=—1 — t)dt
Om en0 / |z — tjm+t ()t
|z—t|>e
== _&Ri(f)(@),
j=1
where R;(f)(z) = Uimlimsﬂ(yr f\zilx %f@)dﬁ is the jth-Riesz transform of f [20], o, =

o / F(%) is the surface area of the unit sphere of R™*1,

For f(z) € L?*(R™), we have the decomposition f(z) = f*(z) + f~(z), f£(€) = x+(&)f(€), where
fE(z) € Hy (R™), and (see [19])

= lim f*(x), (3.32)

where

1 . o
f:l:(x) — / eﬂFmoIé\ez(@@Xi(é)f(é)dﬁ’ rT=xz0+x€ R;n:l:,
Rm

‘\m

and x+(§) = $(1 £ i). It is straightforward to verify that YA€) = x£(8), x+(&) + x=(&) = 1,

X+(E)x—(§) = x—(x+(§) = 0 and [{|x+(§) = Filx+(§). HF(R™) a;ld HQ_(R;L) are t;le non—ta_ngential

boundary values of the Hardy spaces functions on R7** and RJ*~, the latter being the upper- and the

1|

—~

lower-half (m + 1)-dimensional Euclidean spaces (see [19]).

Remark 3.1. When m =1, { = z1e;, and

Ti€e1

X=(©) = S0 ELS) = LR = L ey)

€2

|z1e1]

Let e; = —1i, then

[1 +isgn(z1)el] = 5 [1 £ sgn(a1)] = x(21).

x+(§) =

N
N
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Based on this, when m =1,

o 10

Q:

—e; = - .
0:61 ! i 8x1
In the introduction part, we represent f(z) in the polar coordinate form

u(z)

F@) = folz) + fr(@)er + fo(@)es + - + fin(z)em = p(z)emen?@)

and define phase and amplitude derivatives. In fact, the phase derivatives ) (z), 65(x) correspond to, re-
spectively, the right- and left-hand side of (3.28). We explain this through computations.
On the one hand, since

f(z) = p( )elu(r)\e(ﬂﬂ)

we have

On the other hand,

Df(z) = Dlp(x)e=51°@] = [Dp(z)]e HH1°® + p(z)[Der1?)],

Hence,

[Df (2)][f(z)] "

_ RACNTES, RACNIES, 1 6

=D Tu(a)] DeTu@] \u(r)l

{[_p(ﬁ)]e + p(z)[De ]} [p@e ]

— M + [26%9( )]e |u(1)\0($) (333)
p(z

We further obtain

[Qe%%ﬁ)]e T 0(@)

—{Q[cose@) o Smo } A 0(z)
—{ - sm0Dow] +sin 0D + ot D0()] 1 e
= {smo@IDol e iy + oI

+cos 8o DAL e )
~ {100 8 eos0(0) + 50 2L+ sy 1 o
= {120t M0 1 inoge M Lo
= [Db(z)] uz) +sin6(z)[D ) e G0
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Therefore,

[Df@)f @) === +[D9(x)1%+sm9@)[p Je” @@, (3.34)

If we want to define the phase derivation like the right-hand side of (3.28), then we have

01 (z) £ Sc {[Df(2)][f(x)] '}

If we want to define it in accordance with the left-hand side of (3.28), which is a direct application of the
spherical Dirac operator to the phase function, we should have

u(z)
[u(z)

1=

05(z) £ Sc{[Db(z)] }.

According to (3.33) and (3.34), taking into account the fact that % is a pure vector, we have, explicitly,

0, (z) = Sc {[Df (z)] fx 7}

= Scq [D0 (& + Sc ¢ sinf(z)[D u(z) o a0
{pota iy } + se {smowip e e}
u(z)

= 04(z )+Sc{sm9( )[f|u(§)\

E~2

\ &3

Jle~ TetaT 9(“7)} . (3.35)

Therefore, the difference between the two phase derivatives is Sc {Sin 0(z) [legﬁme_ \7753\'9@)}, Similarly,
based on the left-hand and right-hand sides of (3.29), we can define amplitude derivative as

pi(z) = Dp(), (3.36)
or
pa(z) = p(w)Nse {[Df (@)][f(2)] '} (3.37)
Based on (3.33), we have
Dplz) = p(a) { [ @)][f @] - [DerE " @e ) (3.38)

Since Dp(z) is vector-valued, (3.36) can be further represented as

pi(z) = Dp(z)
= pl(z) {Nsc{[Lf @[ (@)] "} — Nse{[De @] ki) }

= oy(z) — p()Nsc{[DeTton @]~ i ¥@)y. (3.39)
In the one-dimensional case, corresponding to the homogeneous case m = 1, under mild conditions
D8 = 1oL [tsgn(f1)] = 0. Then Sc{sinf(z)[Dh]e @} and Nsef[DeHH /@] i)}

reduce to zero. As a consequence, 0 (z) = 05(x), and p}(x) = p5H(z).



P. Dang et al. / J. Math. Anal. Appl. 437 (2016) 912-940 923

4. Mean and variance of time and frequency for signals on R™

In this section, for a real-para-vector-valued signal f(z) and its Clifford Fourier transform f (€), we are to
define means of z and frequency &. Since, for one-dimensional signal s(t), ¢ € R, the mean of ¢ is called the
mean of time, in higher dimensions we also phrase the corresponding quantities as the mean of time instead
of the mean of the space variable x. We first review the related knowledge for the one-dimensional case in
subsection 4.1. Then in subsection /.2 we give definitions of means and variances of time and frequency for

signals on R™ with the Clifford algebra setting.
4.1. Means and variances of time and frequency for signals on R

The revision on the one-dimensional case is methodological. It would hint which would be the reasonable
ways to define the counterpart concepts in higher dimensions. The definitions of means and variances of
time and frequency for signals on R are given in the introduction part. In [8], (w)s and o7, , are represented
in the time domain. The representations of (w)s and 03,’5 in the time domain give reasons for the means, as
well as the phase and amplitude derivatives. Here we enclose the proof of the results.

Theorem 4.1. Let s(t) = p(t)e'*®) € L2(R), p(t) = |s(t)| with ||s||2 = 1. Assume that the classical derivatives
p'(t), ¢ (t) and s'(t) all exist and are Lebesgue measurable, and s'(t) is in L?>(R). Then there hold

oo

<m:/www%, (4.40)
and
om=/wm%+/wm—w$WWw (4.41)

Proof. Since s,s' € L?(R), then §(w), wd(w) € L*(R). Holder’s inequality implies w|3(w)|?, w?|3(w)|? €
L'(R), and hence (w), and o2 , are well defined. Then

wx?wwmmw

and
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oo
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where L = {t € R|s(t) #0}. O
4.2. Means and variances of time and frequency for signals on R™

Now we discuss the means and variances of time and frequency for signals on R™. The paper [21] proposes
some definitions of means and variances of time and frequency for real-valued signals on R™, that essentially
correspond to (1.4), (1.5), (1.2) and (1.3). In this study, we also use the similar method to define mean and
variance of time and frequency. Since the signals we consider are para-vector-valued, our definitions of mean
and variance of frequency have some differences from those in [21]. We have gave our definition of mean and
variance of time and frequency in the introduction part. In the following, we give some comments about our
definition.

Remark 4.2. When m = 1, the mean and variance of time for f(z) € L2(R™), that is, (1.15) and (1.16),
are reduced to

@ = [iwelf@Pdz = [ alf@Pd
R R
and
var, = [ (e — (@) PIf@)Pde = [ (o1 (2)21f(@) P
R! R

Those coincide with (1.4) and (1.2), respectively, in the one-dimensional case.
In the following remark we verify that var, is a real number.

Remark 4.3. It is easy to see that the mean of time

@=/mmw@

Rm

is complex-vector-valued number and can be written in another form
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(z) = ia,

where a is real-vector-valued number. Then

var, = /(iﬁ—@))Qlf(&)lzdz: / |z — af’|f(z)*dz,
Rm

Rm™

where we used (z — a)? = —|z — a|?.

Remark 4.4. When m = 1, the mean and variance of frequency defined in (1.17) and (1.18) are reduced to

- / €161 fH(©)2de — / irer] | £ (©)2de
Rl 1

/51|f Idf+/€1|f )|2d

- / &1f(©)Pde,

and

varg = / ligrer] — (€)1 xs (€)F(©)2de + / [ lirea] — ()2 1x— (62)F(€)2de

R! R!
. 0

:/[ ORI >|2dg+/[ (ORI f(©)de
0 — 00

=/< @I,

Those, respectively, coincide with (1.5) and (1.3).

Remark 4.5. In Definition 1.2, we have two versions for variance of frequency. Those two versions both are
inspired by the one-dimensional case, that is (4.41). As Remark 4.4 indicates, varg corresponds to (4.41).
Theorem 4.7 represents vare in the time domain, that is

v = [ 104@) — ©PIf@Pdz+ [ Iohla)Pz, (4.42)
Rm

R™

that gives support to use p5(z). Replacing ph(x) with pf(z) in (4.42) we have an alternative version of
variance, that is,

/ 10)(x) — ()| f(x) P + / 19, () 2dz,
Rm

R m

that is just the definition of Varf When m = 1, o2 varg and varg all coincide. When m > 2 they are,

w,Ss?
however, not. In the following we will establish an uncertainty principle for each of the two formulations

varg and varg.



926 P. Dang et al. / J. Math. Anal. Appl. 437 (2016) 912-940

In the following two theorems, we represent (£), <§2> and varg in time domain.

Theorem 4.6. Let f(z) = p(z )e'“(”'e(w) € L2(R™) be real-para-vector-valued and Df(z) € L*(R™) with
| fll2 =1. Then there holds

- / 0, (2)|f () Pde, (4.43)
R"L

where 0} is given in Definition 1.1.

Proof. Since f(z) € L*(R™) and Df(z) € L*(R™), (£) is well defined. Since f(z) € L*(R™) is real-para-
vector-valued, we have

f(z)
|f(2)]?

[fl@)] ' =

f () is a complex para-vector-valued function, x(§) f (§) and x_(§) 7 (§) are complex-valued and are sums
of some 0-form, 1-form and 2-form. There holds the relation

(O F©F = Sefx=(©) f( )+ () F (O]}

In what follows the property [{|x+(§) = £ix+(§) will be used. The property can be obtained directly by
i

using the expression y+(§) = ( %)

Then we have

o= [ ReFr©ra- [ gl ©ri
R™ Hm

:Sc{ [ ge@iov@ie- | |§|X—(§)f(§)x—(§)f(§)d§}

Rm™ rR™

~ Se / i () F(©)xs (O F(©)de + / i§x-(§)f(§)x-(§)f(§)d_}
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= [ se{lDs@Ir@) "} f@Pde

B
- [ t@lr@Pd. (4.44)
Bm
where the equalities
SC{ it A(g)[x@f(g)]}dg} ~o. (4.45
B
and
Sc{ / ig{x(5>f<£)[><+<£>f<f>]}df} =0, (4.46)
B

guarantee the fourth equal relation of (4.44).
We only prove (4.45). The proof of (4.46) is similar with the proof of (4.45).

where we used the property x—(§)x+(§) = x—(§)x+(§) = 0. The proof is complete. O

Theorem 4.7. Let f(z) = p(g)e%“@ € L?*(R™) be real-para-vector-valued and Df(z) € L*(R™) with
|| fllo = 1. Then there hold

(€2) = / 10, (@)1 f () Pz + / 1o (@)|2dz, (4.47)
R™ R™
and
vare = / 8 (x) — ()21 ()2 + / 10 (@)|2dz, (4.48)
R™ R™

where 0} and py are given in Definition 1.1.
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Proof. Since f(z) € L*(R™) and Df(z) € L*(R™), <§2> and varg are well defined. Since f(g) is complex-
para-vector-valued, we have

P IF O = (EF(©)1? = Sc{iEf(O)liEf ()]}

Since f(z) is a real-para-vector-valued function, we have that Df(z) is a sum of some O-forms, 1-forms
and 2-forms. Thus [Df(z)][f(z)]~! is a sum of some O-forms, 1-forms, 2-forms and 3-forms. By direct
computation, we have

se{ (D @)/ @] RF @]}

= [[2f@)][f ()] 1|2
=S {[Df@NIf(@)] 7"} + INSe {[Df@)[f(z)] "} .

Then

— [ ligP1i©Pa
Rm™

_ SC{ / [Qf@nf@n1mu@>ﬁc@}
~ [ se{pr@lre) DF@IF@IT} (@)l
:/{SCQ{[Qf( )7} + INSe {[Df @)][f (@)] 1} 1} 1/ (@) da
i
— [ s {pr@ll@) @ + / NSe {[D@IF @]} PIf(@)de,

and we further have
vare = [ (6] — ©PIFr@Pd + [ 1-lig] - ©FIF (P
R™ R™

— [ 1 ~ 20)hel + AP @Pde + [ 1i€P + 29lig] + @75 ©Pdg

RrR™ R™
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/ iEPIf* (€)Pde + / e (6) P

/|15|\f+ )2de /|1£||f )[2de)

/|f+ |d€+/\f ) 2de]
/|1§||f )2dg — 2(¢ /\f £)[2d

_ / S {[Df @)/ (@)] 71} |f (@) Pdz

RrR™

+ / INSe {[Df @) [F@)] "} P1f (2) 2de

s
—28) / Se {[Df@IF@)] ) (@) P+ (€ / (@) dx
/ [Sc{DF@)F@)]) — O |f(2)Pdz

Rm

+ [ NSe{DF@IIr @)} PP

- / 0, (x) — (©)PIf (@) Pde + / 10 (o) 2dz,
Rm

Rm

where we used
/ B2+ (©) P + / 21 () [2de = / eI Fe)Pde (4.49)
R™ R™
and
/ FHOPE + / F(©)Pde = / o). (4.50)
Now we prove (4.49).

/ gl (g + / i1 (©Pd

{ / BEPLFHE (0 + <§>f<§>]d§}

=SC /Iiél2 (s ©F O+ ©F ] + b OOl x- () F(©)]

+ - (©OF O+ ©F (O] + [x—(§)f(§)][x-(§)f(§)]}d§}
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/ i€ O F(©) + X ©F @I+ ©F©) + x- (O F(©)de}

/ i Fe) o)
S LSHGRA
R‘"L

The proof of (4.50) is similar with that of (4.49), that is

/ FH©)[2de + / o (©)de
Rm

and

The proof is complete. O

Remark 4.8. The reference [21] not only gives the definitions of the mean and variance of time and frequency
for real-valued signals, as noted in the start of subsection 4.2, but also represents the mean and variance of
frequency in the time domain. However, the method used in [21] is only valid for real-scalar-valued signals.
Theorem 4.6 and Theorem 4.7 effectively represent the mean and variance of frequency in the time domain
for real-para-vector-valued signals.

5. Uncertainty principle for real-para-vector-valued signals

The following is an application of Minkowski’s inequality.
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Lemma 5.1. Let g(z) = go(z) + 2%:1 gr(z)er € LY(R™; R,,). Then there holds

/Ig Idw>|/ z)dz|. (5.51)

R™

By Lemma 5.1 and the Holder inequality, we immediately have the following lemma.

u(z

Lemma 5.2. Let f(z) = p(z)el=@I woT@ ¢ L*(R™) be real-para-vector-valued, and zf(x),Df(xz) € L*(R™)
with ||flla = 1. Then

var, / 10 (@)Pde
Rm,

- / (iz — ()% f(z) Pde

RrR™

/ INsc{[Df (@)1 (2)] 1} — Nsc{ [De Tt @ e T} 2 £ () P
Hm

> | / INse{[DF @)1/ (@)]™"} ~ Nse{ [DeE"@]e RSO} (i — ()| £ (z) Pl

RrR™

Lemma 5.3. Let f(z) = p(x )e‘ugf)l @ ¢ L2(R™) be real-para-vector-valued. Assume that all the first order
partial derivatives of f(z) exist. Then

Nsc{[Df(2)]f(z) }iz

= SIDIf@)ia] ~ 31 () P[Dia] + | () PNSe{[De @) HE 00 )i,

Proof. As we indicate in Theorem 4.7, D f(x) is a sum of some 0-forms, 1-forms and 2-forms, then by direct
calculation we know that [Df(z)]f(x) is real Clifford-valued and a sum of some 0-forms, 1-forms, 2-forms
and 3-forms. We will use the notation Tri[h(z)] to denote the 3-form part of h(z) for a Clifford-valued
function h(z).

From

Qf(@) = [Qp(@)]elzggle(l) + p(@) [Qelzgg\e(l)] and f(z) = p(g)e_ ‘Z&g'@(z)’
we have

[Df @)]F(@) = p(2)Dplz) + | f (@) P[De @)~ i o), (5.52)

f@)Df@)] = [Df(@)]f(@) = —p(z)Dp(x) + |f(z)2[Deris @] i o@)

Then we have

Df@)]f(@) ~ /() DI )]
= 2p(2) Dplz) + | () P{[De e T @) [Dert e i ) )
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= 2p(z)Dp(z) +
|f(2)]? {2NSc{[Qe—|553|"(@]e‘—ﬁi;we@)} — 2Tri{[Qe—ﬁi§3|9@]@——\353\9@)}} 7

and

[Df(x)f(z) — f(z)Df(z)]iz
= 20(z)[Dp(a)liz + 2 (z) PNSc{[De a1 @e ™ 1@y ig
— 2| f(z) PTri{[De @ it @) g
= D|f(2)iz] - |f(2)]*[Diz] + 2|/ (2) PNSc{[De @] T @) }ip
— 2| () PTri{ [De T @)~ ) i
Since p(z)[Dp(x)] is vector-valued, by (5.52) we have
Tei{ (DS ()] F(@)} = | (x) PTri{[De T 7))o Rt (o)}

Hence

Nsc{[Df (2)]f(z) Hz
= A{RF@IT@ - f@DF@]} e + i((Df @)@ i

=§Q[|f(£)l2iz]—%If(z)IQ[QizHIf( ) [2NSe{[De @] T @i
— | (@) PTri{[De e @ e~ BT @ Vig 4 Tri{ D f ()] F () Yz

= 2 DI|f(@)Pia] — 5|f(@)P[Dia] + | () PNSc{[DerE @] R @)ip o

Now we study uncertainty principle by adopting varg as variance of frequency. The following is one of

our main results.

Theorem 5.4. Let f(z) = p(g)elrzgglﬂ&) € L2(R™) be real-para-vector-valued, zf(z), Df(z) € L*(R™) and
|| fll2 = 1. Then there holds

vargvarg > v + COV~?, (5.53)

where vary, var; and COV are defined in Definition 1.2.

Proof. To prove inequality (5.53), due to (1.19), we need to prove the following two inequalities:

m2
/ ()P > (5.54)
Rm
and
war, [ 1612~ (@1 @)z = COV2 (5.59
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Now we prove the inequality (5.54). By using Lemma 5.2, we have

var, [ 1o} (@)Pde

i
~ [z~ @PIf@)Pde
i
’ / INse{[Df (z)][f(z)] "'} — Nsc{[De s *@1e~ m1 @1 2| () 2da
i
> | / {Nse{[Df (@)][£ ()]} = Nse{[DeH @) PO} (i — (2)| () Pdaf?
i
=| /Nsc{[Qf@)}[f(z)]‘1|f(£)l2}(i£— (z))dz
i

= [ Nsc{(DeHB e ) iy - (2)) (o) P

Rm

oy / Nsc{[Df (@)@ }izdz

/ Nsc{[De @) e~ rten @) Vig| £(2)[2dz?
R‘nL

— 1 [ {32l - §17@PDid] + PNt ] EE @i Ly
J

- / Nse{[De 1@~ 5@ }ig| £ (z) Pde?

~1 [ {321r@Pi - 1 @PDia | d?

sz
m?
= (5.56)
The third equality in (5.56) is a consequence of the relation
[ {Nsellpr@Ir@] 1 - Nse{ [DerEH @ RO | ) (o) = o (5.57)

R™

It is to be proved below. The fourth equality in (5.56) is obtained by using Lemma 5.3. The last equality in
(5.56) follows from the following two relations:

/ D[|f(2)|%iz]de =0 and D(iz) = —im.

Next we show (5.57). We recall, by invoking (3.38),

[ {NsellDs@l# @)} - Noe{(De 7 @e @)} () (@) Pz

RrR™
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Dp(z)

X 2 LT
(@) |f ()" dz(z)

[Dp(2)]p(z)dz{z)

Finally, we prove (5.55) through Hoélder’s inequality:

var, / 10)(2) — (©1f (@) Pdz

A
= [z- wPlr@lde [ SlDs@IFe) ) - ©FIf @z
> { [ iz~ @ISARI@IF] ) - ©I1F @) Pdz)?

=Cov:. o

By using varg as variance of frequency, we obtain, alternatively,

Theorem 5.5. Let f(z) = p(g)e—ﬁﬁigm(z) € L2(R™) be real-para-vector-valued, zf(z), Df(z) € L2 (R™) and
7|l = 1. Then there holds

1
vargvare > 7 [im + M|* 4+ COV?, (5.58)
where
M=2 / Nsc{[De 1@ ]~ RGP @ Y iz — (2))| () 2da.
R'm,

Proof. The proof of Theorem 5.5 is the same as that of Theorem 5.4, except that, instead of (5.54), we need
to show

1
vy [ Ih(a)Pde = Jlim + MP. (5.59)
Rm

It is proceeded as

var, / 10 (@) 2dz
Rm

= /(iz—@)zlf@)lzdz' / INsc{[Df (@)][f ()]~ }?1f ()| *dz
Fm

RrR™

> | / Nse{[Df (@)][f (2)] " Hiz — (@)If (z)[*dz]?

R™
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oy / Nse{[Df @)]1f @) ~\I/ (@) izdz
Rm

- / Nsc{[DS @) [f(@)] 1} @) f () df?

—| [ Nsel[Dr@IF@iadz ~ [ Nse{[DA(@)[f(@) Ha) (o) Pdaf

= | / {%Q[If@)ziz] - %If(z)lQ[Qig} + |f(£)|2NSc{[QeZE89(1)]eme(m)}@} dr

R™

- [ Nse{lDs @I @) Ml )PP

R‘rn

:i'im”‘/ Nse{ [Dem 1 @e™ FE1 0} iz — ()] f () P

Rm
where

/ Nse{[DF @)L (@]~ Ha) | f (@) Pdz

Rm

- / {2 +Nsc{[De%9<I>1e—fi?—i?““}}|f@>2dz<z>

Dpx
)

o)Pdete) + [ Nsc{[Derh /e D) 1 (o) Pt

Rm

- / Doa)lp(e)dale) + [ Nse{[DerEH e ) f(0) Pdata)

1 u(z u(x
=5 [ IDr@ldse) + [ Nse{(DeFE D HER D) o) Paata)
an RfYL

[ Nsc(peFE e D) (0) (),

R‘In.

where we used the relation [, [Dp?(z)]dz = 0. O

Remark 5.6. By Remark 4.2 and Remark 4.4, we know that when m =1,

cov = / lizrer — (2)]16(2) — (€)1 ()|2day

R

coincides with (1.9). Hence for m = 1 the lower-bounds of (5.53) and (5.58) both reduce to that of (1.8). In
other words, the two uncertainty principles both correspond to the strongest form of the classical uncertainty
principle in one dimension.
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Remark 5.7. As we indicated in the introduction section [22] gives the following type uncertainty principle

for real-para-vector-valued signal f(z) = p(x)e e (@),

R 2
[ aPlr@paz | | [ 1gP1F@Pag | = 7 + cov. (5.60)
m Rm

The left-hand side of (5.60) is the same as that of (5.58), except that the means of time and frequency both
are assumed to be zero. If we also assume that the means of time and frequency are zero in (5.53) and
(5.58), they can be rewritten as

2
[aPir@paz) | [o@Pir@Pds [ 1h@P ) = 7+ cov? (5.61)
Rm™ Rm™ Rm™
and
2 2 1 . 2 2
R / €1/ (©)de | > Llim + MP + COV?, (5.62)
Rm
where
M =2 [ Nso{[DeHE D) 0 i) (o) P
R’rrL
and

cov = [ iz} (@)1 )P

R™

To compare the lower-bounds in (5.60), (5.61) and (5.62), we write COV and COVy¢ precisely, as

cov [ el @l )P
Rm

- / liz] [Se {[DF @))If @)~} 1 (@) Pde
R’Vﬂ,

S | fialfse {pertER @) B ) |72
Rm

1 LS 8 u(z) . _ o u(z) x
Sc {Zek (a—mkewn"(—)) e W)G(JH |f () dz

Il
—~
™
8
TN
~—
S]]

rRm™ k=1 k=1
= ] (éxi)z {ieﬂSc{(%ew ) ()>e e oz }H|f( )2dz,  (5.63)

and
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covgzi /
C k=lgm
= [ >l

Rm k=1

0 ua@) _u(z)
zNSc { (a—meugfge(”)) e “E””;g(x)}‘ |f (2)|da

NSc { <8iem9(w)) e 0@ H |f (z)|*dz. (5.64)
T

Based on the last parts of (5.63) and (5.64) we are unable to show which of COV and COV is larger.
However, an example in [22] shows that COV is greater than COVy¢ at least for some signals. The used
signal is

—ola|?

m
) 1e 2 eﬁlflel7

flz) =(

(67
™

where « is a positive real number and 5; € R. The means of time and frequency of f(z) are both zero. It
can be calculated directly that

0 | u@ _ u(@)
— emu@?@ ) cTr@?@ = g,
ﬁxl

and

(iezgg"@v e TeraT0@) 0, k=23, ,m.
61:k

Then by (5.64) and (5.63), we have

COVag = [ foafal If (@) Pz,
Rm

cov = [(Xad)¥ 8 If@)Pdz > COV.e.

Rm k=1

and
M =2 / Nisc{[De o @) )e~tH10@) (iz) | £ (2)|2dz = 0.
Rm

We can conclude that for this signal the lower-bound of (5.61) and that of (5.62) coincide, and they both
are larger than that of (5.60).

6. Uncertainty principle for real-scalar-valued signals on R™

For a real-scalar-valued function f(z) € L?(R™), it is easy to see that f*(z) are real-para-vector-valued,
f () is complex-scalar-valued and f} (§) are complex-para-vector-valued.

We call f+(z) = %[f(g) + Hf(z)] the monogenic signal associated with f, where Hf is the Hilbert
transform in R™. In the following, we will study fT instead of f. As a matter of fact, the analytic or
monogenic signal fT is more informative than f itself in studying the space and frequency means. Moreover,
/7 has the great advantage being the non-tangential boundary limit of a Hardy space function in the related
domain [11].

To define the phase and amplitude derivatives of the monogenic signal f*(z), we represent f*(z) in the
polar coordinate form (see [24]).
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fHa) =z[f(@) + Hf(2)]

f@)  Hi)
_m@+m@]

[ flz) | Hf(z
_P+(£) |Hf(£

DN | =

= p+(2)

= py(z) |Hf(£)|:|

)
) pe()

Hf(z) .
ziﬂzn$“&”£ﬂ

= pi (w)eTtE =), (6.65)

= p+(z) |cosb(z) +

where py(z) = 2/f2(z) + [Hf(2)]? is called the amplitude, 0, (z) = arctan ‘f?(c(g)”)‘ the phase angle,

\IPIII}‘ Ble—s-( ) the phase vector, and eTHTG+ (@) the phase direction of f.

The following explanation would be necessary. In the following definition we apply the homogeneous

Dirac operator to the amplitude and phase-related functions in relation to the non-tangential boundary
limit of the associated monogenic function, as well as to the boundary function itself. The boundary limit
function, however, may not be smooth. The amplitude and phase-related functions, as consequence, may not
be smooth either. Therefore, the required classical partial derivatives may not exist. The right understanding
of the application of the homogeneous Dirac operator to f* is as follows (see [11]): We apply Dirac operator
D to ft(xo + z), 7o > 0, that, as a monogenic function on RY"", is smooth. Once we have defined
Df*(zo + z), we take non-tangential boundary limit to obtain Df*(z). The definitions of D6 (z) and
Dp, (z) are similar. The existence of boundary limit is guaranteed by the assumption that f belongs to the
relevant Sobolev space.
Now we introduce the phase derivative and the amplitude derivative of f*(x).

Definition 6.1. Let f(z) € L?(R™) be real scalar-valued with §f(§) € L?(R™). Then the phase derivative
of fT(z) =ps (g)e\gjfcg\ 9+@) can be defined by the following two ways

0 () = Se {[DFH@]IF (@] ') (6.66)
and
 a(a) = SelID0: (] R (6.67)
The amplitude derivative is also defined by two ways
Py 1(z) 2 Dpy(z) (6.68)
and
o 2(2) 2 oy (@)Nse { (DS @[ (@)] 1} (6.69)

Definition 6.2. Let f(z) € L?(R™) be real scalar-valued with §f(§) € LA(R™), and zf*(z) € L*(R™) with
lf*ll2 =1, where f* is given by (6.65). Then the mean of time is given by

s = [l @Pd (6.70)

RrR™
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the variance of x is
. 2 2
gy = [ (2= (0PI @)Pd (671)
R’ITL
the mean of frequency is

£y = / €| £+ (€ Pde, (6.72)

the variance of frequency is defined by the following two formulas:

vare.s = [ (] - (P15 O de, (6.73)
Rm
and
g 2 [0, @) -~ @I P+ [ 16 @)Pds. (6.74)
R™ RrRm™

The covariance is defined by

Covy = [ iz~ (@)18}1(2) ~ (417 @) P, (6.75)
R'm,

and the absolute covariance is defined by
COVy = [ fiz — ()48, 1(2) ~ (4117 (@)P (6.76)
RwL

Lemma 6.3. Let f(z) € L2(R™) be real-scalar-valued with §f(§) € L2(R™) and ||f*]l2 = 1, where f* is
given by (6.65). Then there hold

1= [ 0 1(2)|f (2))*dz (6.77)
9= [
and
vare 4 = / 0, 1(2) — ()1 (@) Pde + / 19,2 (2) 2. (6.78)
Rm, R‘nl

Proof. The method to prove Lemma 6.3 is the same as that of Theorem 4.6 and Theorem 4.7. O
Note that the proofs of (6.77) and (6.78) also can be found in the papers [24] and [21], respectively.

Theorem 6.4. Let f(x) € L>(R™) be real scalar-valued with §f(§) € L2 R™), and zf*(z) € L2 (R™) with
I/t =1, where f* is given by (6.65). Then there hold

2

varg varg | > T +COV?Y (6.79)
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and

im + M|? + COV?%, (6.80)

1
varg 4varg y > 1
where

M=2 / Nisc{[De 7+ @)~ I+ @1 (i — (&) )| f ()| de.
Rm

Proof. The proof of Theorem 6.4 is analogous with that of Theorem 5.4 and Theorem 5.5. O
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