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Abstract. The quaternion Fourier transform (QFT) and its properties
are reviewed in this paper. Under the polar coordinate form for quatern-
ion-valued signals, we strengthen the stronger uncertainty principles in
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1. Introduction

The quaternion Fourier transform (QFT) plays a valued role in representation
of signals. It transforms a real (or quaternionic) 2D signal into a quaternion-
valued frequency domain signal. The four components of the QFT separate
four cases of symmetry into real signals instead of only two as in the complex
FT. In [6,7,35] the authors used the QFT to proceed color image analysis.
The paper ([2]) implements the QFT to design a color image digital water-
marking scheme. The authors in [3] applied the QFT to image pre-processing
and neural computing techniques for speech recognition. Recently, the cer-
tain asymptotic properties of the QFT were analyzed and straightforward
generalizations of classical Bochner—Minlos theorems to the framework of
quaternionic analysis were derived in [16,17].

The uncertainty principle in the time-frequency plane plays an im-
portant role in signal processing [9,12,18,19,26,27,32,38,41]. This principle
states that for a given unit energy signal f(¢) with Fourier transform

n 1 > —iwt
fw) = o= [ rwetta
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the product of spreads of the signal in the time domain and the frequency
domain is bounded by a lower bound

2
oiol >

(1.1)

where o, and o, are, precisely, the duration and bandwidth of a signal f(t)
defined by

|

oo

o? = / (t— <t >)?|f(t)|*at

— 00

and

o2 = / (W= < w )2 f(w)Pd,

— 00

respectively. Here
o0
<t >::/ tlf(t)|2dt

—o0
is the mean time and

oo

<w >i= / w|f(w)]*dw
— 00

is the mean frequency. Without loss of generality, let < ¢ >= 0 and < w >= 0.
If f(t) is expressed in the polar form f(t) = |f(t)[el?®) = p(t)el®) | then
the stronger version of the uncertainty principle ([8]) is

1
= 5\/1+4C0v§w, (1.2)

where Covy,, is the covariance of a signal defined by

Covyy, ::/ t0' (t)p? (t)dt.

— 00

1
010, > ‘—2 + iCovy,,

The covariance is to be an indication of how instantaneous frequency, 6'(t),
and time are related. When the instantaneous frequency does not change the
covariance is zero ([8]).

Recently, in [10], Dang, Deng and Qian strengthen the result of (1.2) ,

they obtained:
1
= 2\/1—&-4COVW7 (1.3)

where COVy,, is the absolute covariance of a signal defined by

COVy 1= / 166 (1) ]2 (t)dlt

— 0o

1
O¢0y 2 ‘—2 + lCOVtw

Since [T t0'(t)p*(t)dt < [7°_ [t/ (t)|p*(t)dt, (1.3) is stronger than (1.2). In
[11], they extend the result to linear canonical transform.

Because of the importance of the classical uncertainty principle in physi-
cs [1,8,22-24,28,29,34,40], there have been many efforts to extend it to vari-
ous types of functions and integral transforms, such as [30,36,39]. Since 1994,
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some studies [4,21,31] develop the uncertainty relations with the Quater-
nionic Fourier transform (QFT) in Hamiltonian quaternion analysis. The
uncertainty principle for the Quaternion linear canonical transform (QLCT),
the generalization of the QFT in the Hamiltonian quaternion algebra, are
derived in [25]. All those papers obtained their uncertainty bounds without
covariance in the spatial case. Recently, in [42], under the polar coordinate
form of quaternion signals, we first give stronger uncertainty principles asso-
ciated with covariance based on the right-sided quaternion Fourier transform
both in the directional and the spatial cases.

In the present paper, we extend the results (1.3) to Quaternion-valued
signals. The most advantage of this theory is that for quaternion-valued sig-
nals, if we write them into the polar coordinate form, we can obtain a tighter
bound. Furthermore, we also deduce the sufficient and necessary conditions
under which two uncertainty principles hold. These conditions are easily ver-
ified.

The article is organized as follows. In Sect. 2, Quaternion algebra is
introduced and the polar representation of a quaternion-valued signal is pre-
sented. The quaternion Fourier transform and its properties are reviewed in
Sect. 3. Two tighter uncertainty principles are generalized for the right-sided
quaternion Fourier transform of quaternion-valued signal in Sect. 4. We give
examples to illustrate the results in Sect. 5.

2. Preliminaries

The quaternion algebra H was first invented by W. R. Hamilton in 1843
for extending complex numbers to a 4D non-commutative field ([37]). A real
quaternion ¢ € H can be written in form

q=qo+q=qo+iq +jg2 +kg, g €R, k=0,1,2,3,
where i, j, k satisfy Hamilton’s multiplication rules

iZ=j2=k>=—1,ij= —ji=k,

jk=-kj=1iki=—ik =].

The scalar part of q is qo denoted by Sc|q] = qo, The non scalar part (or
pure quaternion) of ¢ is ¢ denoted by NSc[q] = q.

Using the Hamilton’s multiplication rules, the multiplication of two
quaternion numbers p = pg + p and ¢ = go + ¢ can be expressed as

Pq =Pogo +P - ¢+ Dpog+ qop+p Xgq,
where
p-q=—(P1q1 + P2g2 + P3q3)
and

p x q =i(p3q2 — p2g3) +i(P1q3 — p3q1) + k(p2g1 — p1g2).
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We define the conjugation of ¢ € H by § = qo — i1 — jg2 — kgs. The
quaternion conjugation is a linear anti-involution
i=4q, p+a=p+7q Pq=qp.
Clearly, 7 = 2 + ¢ + g5 + ¢3. So the modulus of a quaternion ¢ is defined
by

ol = VaG = /@ + @+ + a3
It is easy to verify that 0 # ¢ € ‘H implies
1 G
el
In this paper, we will study quaternion-valued signals f : R?> — H that can
be expressed as

q

f(z) = fo(z) +ifi(z) +jfa(z) + kfs(z),

where 2 = z1i+ 25§ € R? and f, k = 0, 1,2, 3 are real-valued functions. Here
‘H is the quaternion algebra.

It is well-known that a complex signal f(t) = u(t) + iv(t) can be ex-
pressed in the polar coordinate form | f(¢)|e?®, where the amplitude | f(t)| :=

u?(t) + v%(t) and the phase (t) := arctan Zgg

We will be using the polar coordinate form of quaternion-valued signals

([5]), viz.,

f(z) = folz) +ifi(z) +jf2(z) + kfs(2)
— |f(z)er @92
_ p@)eg(g)%g),

where e%(@)0(2) ig understood in accordance with Euler’s formula e%(2)0(z) —
cosf(z) + u(x) sinf(x) and

= R@+ @)+ @) + R

ifi(z) +jfe(z) + kfs(z)
Vi) + f3z) + f3(z)

belongs to the unit sphere S? := {z € H||z|*> = 1} of 3D Euclidean space
R3. Here u(z) can be written in the spherical coordinate form

u(x) ==

u(z) =icos¢ + jsingsinT + ksin ¢ cos T,
¢ € 10,7, 7 € [0,27]. The quaternionic phase is

VI @)+ f3(z) + f3(z)
fo(z)

Note that some researchers in [14,15] study monogenic signals fps of
the form

0(z) := arctan € [0, 7].

fu(z) - = folz) +ifi(z) +if2(z)

= |f(z )‘euM(r)f)M(r)7



Vol. 26 (2016) Tighter Uncertainty Principles Quaternion Fourier... 483

where |f(z)| := /f2(z) + fi(z) + f3(z) is the amplitude, Or(z) := arctan

fE(@)+f3 () is the oh d _ . . . idered as th
Fol@) s the phase and u,,(z) := icos¢ + jsin ¢ is considered as the

orientation.
Let the inner product of f(z),g(z) € L?(R?,'H) be defined by

< f(a),g(x) >= [ fla)g(z)dz

R2
Clearly, ||f[2. =< f, f >.

3. Quaternion Fourier Transforms

The quaternion Fourier transform (QFT) is an extension of Fourier transform
proposed by Ell [13]. Due to the non-commutative properties of quaternions,
there are three different types of QFT, the left-sided QFT, the right-sided
QFT and the two-sided QFT [33]. In this paper we only treat the right-
sided QFT, the left-sided is similar. We now review the definition and some
properties of the right-sided QFT ([4,20]).

Definition 3.1. If f € L'(R?,'H), the quaternion Fourier transform (QFT)
of [ is defined by

F{f} 27T/ f —11151 —.]7“2§2dx

and if in addition, F{f} € L*(R? ’H), the inverse Fourier transform is de-
fined by

1 . .
fla) = 5= | PUNQESe e
Lemma 3.1. ([4]) (Plancherel Theorem for QFT) If f,g € L*(R? H), then

< f,g >=<F{f},F{g} >.

In particular, with f = g, we get the Parseval theorem, i.e.

IF1I1* = IELH

Lemma 3.2. ([4]) If f € L'\ L*(R*, H) and for k = 1,2, 52 f exists and is
also in L*(R?,’H), then

| arinera- [ |06

4. Uncertainty Principles

dx. (3.1)

In this section, we will give two uncertainty relations in terms of absolute
covariance. We need the following technical Lemmas.
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Lemma 4.1. ([42]) For any quaternion signal f(z) = p(x)e@)f( zf - and

8‘% exists for k = 1,2, then the scalar part of

0 u(@)0() [emutor@)]
6.Z‘k

18 2ero.

Proof. The proof is given in [42]. To make the paper self-containing, we cite
the proof here as well.

By the generalized Euler formula of quaternion @@ — cosf(z) +
u(z) sinf(x), we have

ai (cx09@) (ut@r@)
T,

= 8 [cos@( ) + usinO(x)] [cos O(z) — wsin 6(z)]

[—sm@ agxk)—l—% sin0(z )—i—gcos@(g)agg(i) [cos O(z) —usin 6(z)]
= u(z) 8(k) + sin 0(z) cos f(z )%fsm 0(z )agif)g(g) (4.1)

Clearly, the scalar part of

ai (eg@e@)) (e—m)e@))
Tk

is decided by the third part of the formula (4.1). Now we prove it is zero.

For u(z) € S?, we have [u(z)]? = —1. Therefore, we obtain
Olu(z)* _ Ju(z) du(z)
o Ozy u(z) +E(£>Txk
_ oqrdul@)
= 2528 o) (42)
=0.
This completes the proof. O

Remark 4.1. In one dimensional cases, for signal f(z) = p(z)el®®) it is casy

to see that
0 :
(ax 10(17)) e*lﬁ(r) _ ia’(l‘)

Lemma 4.2. For any quaternion signal f(z) = p(z)et@0@) f %f(g) exists
for k=1,2, then
0
Y ou(n)o(z) —u(z)0(z)
NSc {(axke ) (e )}

P 2 2
Proof. For f(z) = p(z)e“®)?@) we have

= [8(;,0(%)} 2 +p* ()

67k (z)
(4.3)
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0 0
= - Y u(z)f(z)
. (z) D, [p(x)e ]

9 9
_ < p(x)> D9 1 p(g) 0 (o0

oxy, Tk

Therefore,

e f@)P
S @) 5 ()

8:ck Tk
— i uf i uf 9 e~ ul 8 ud
O N\, 50 w0
—<aka) b o () ()

9 9 ufy ,—ub i ub) p—ub
e <6:ck )[8$k(e )6 +8Ik(€7 )6 e

By Lemma 4.1, we have

0
_ (ouby —ub 7 (puf)p—ub —
21 (e")e +8xk (ew)e 0
and
0 0 0 0
2 uf u@ — ug —uf w0 p—ub
P (€ go(e8) = () o e
P 2
_ 2| Y ub\  —ub
- p axk (e )e
o 2
— 2 N ub —ub
p* |NSc [(6$ke e
This completes the proof. O

Clearly, using (3.1) and (4.3), we have

Theorem 4.1. For any quaternion signal f(z) = p(x)e®®0@) if f ¢ L' L?
(R2,H), and for k = 1,2, alf exists and is also in L?(R?,H), then

[arera= [ [Loe)| a

0
2 N u(z)6(z) —u(z)0(z)
+/R2p () |NSe [(&cke > (e )}
(4.4)

Remark 4.2. (4.4) is an effective formula to compute [g. EF|F{f}(E)[*dE.
Using this formula, we can avoid computing the Fourier transform of f(z).
Due to the mon-commutative property of quaternions, it is complicated to
compute the Fourier transforms of quaternion-valued signals.

2
dz.
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Due to Remark 4.1, in the complex case we have ([8]):

o2 = /_Z 0% (x)dx + /_Z P ()0 () dx

Theorem 4.2. (Uncertainty Principle in spatial case)
Let f(z) = |f(a)|e®@?@ . If f(z) € L*(R*H), a1f(z), 72 f(z) €
L2(R2,H), k=1,2 and ||f|| 12 = 1, then

(/R zilf(z |2dx> (/ EIF{f}(E )|2d§)> +COV2,,, (45)

where the absolute covariance

0 ulz)v(z —u(z)0(x
COVa,e, 1:/ xNSc [(8%6 ()9()> e ()9()}

R?2
a1 .2 oo

The equality (4.5) holds if and only if f(z) = e~ 2Foi~-Foieu@i@ gpg
(%62(&)9(&))6_2(2)9(£) = &xk. Here aq, g > 0 and é?& are pure quater—
nions.

P’ (z)da.

Proof. Applying formula (3.1) and (4.4), we have

([ atvwra) ([ aruyorda) - ([ )
X (/R? [(gkp(x)rdw-k /R2 p° INSc Kaik “(X>9(x)) (e_g(i)e(g)} ‘Qdm)

= </R2 wifdz) </R2 {aikp(x)rdx>
N (/Rz Ii,DQdE) (/Rz () [Nse Kaimea@e@) (6—g<z>e<z>>} ‘de)

(4.6)
Using Holder inequality, we have
o 2
ZOIVAT~CIK
(Azxkp = (Rz al'k (l) =
P 2
> (/. W[a @) dx)
‘/ zp| 8 ~—p(z)]dz
‘/ x dsc—/ 1 2dx i
R228Ik P r R22p B
(4.7)

4.
The first term of (4.7) is a perfect differential and integrates to zero. The
second term gives one half since we assume the signal is unit energy.
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2
da:)

(4.8)

Similarly, we have

0
2 2 2 w(z)f(z) —u(z)0(z)
</R2 e dl’) </R2 p(@) |NSe {<axke ) <6 ﬂ
0
N u(z)0(z) —u(z)0(z)
= </R2 iNNSe [(axke > (6 )]

2
Pde>
= COV%&

connecting (4.7), (4.8) and (4.6), the inequality (4.5) holds.
Next we deduce the conditions under which the equation holds in (4.5).
The equation in (4.7) holds if and only if %p(g) = tagxrp(z), where ag >

0. That is p(z) = etk For f(z) € L*>(R?), then we choose p(z) = e~ Tk,
Clearly, the equation holds in (4.8) if and only if

0
NSc u(z)0(z) —U(Q)Q(E)
[(fm

0 u(z)0(z) —u(x)e(af)
B 2)0(z 4.9
(axk (4.9)

—@.’L‘k.

Lemma 4.1 is used in the first equation of (4.9). This completes the proof. [

Corollary 4.1. ([42]) Let f(z) = |f(z)|e“ 2@ If f(z) € L*(R?,H), z1.f(x),
52 f(z) € L*(R2,H), for k=1,2 and ||f|r> =1, then

([ stvwre) ([ aruere)

1
> 1 + |Covwkfk|2 )

where the covariance

Covy,e, ::/ NSc {(88 “(7”)0(‘”)) e“(“")e(w)] % (z)zrdz.
R? Lk

Theorem 4.3. (Uncertainty Principle in directional case)
Let f(z) = |f(2)le*@’@ . If f(z) € L*(R*H),wrf(2), 55 f(z) €
L*(R?,H),k =1,2 and ||f]|z> = 1, then

([ eriera) ([ ermiore)

>14+ COVW (4.10)

where the absolute covariance is

COVye = Z/ 2 NSc Kal‘k e“0> e~ 9]

The equality (4.10) holds if and only if f(z) = e~ 5lel’ eu@f@) gpg
(%eﬂ@)e@))e_ﬂ@)a@ = fwy. Here a > 0 and B are pure quaternion.

P’ (z)dz.
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Proof. Applying (3.1) and (4.3), we have

([ werirra) ([ groyere)
- (/R 2 kixif@:) (/R 2 ki«iilF{f}(é)lef)
(o) (L glarcral ) - ([, St
(35 oo+ 0 s (5 eveme) (oo e
_ (/R kf;@?m) ([R ki [%p(wfdw)
+( ixifdx) (/R in(z) (8(;e“(“)"(z))(e‘“(z)"“))}‘2daz>-

R? 21 ? k=1
Applying the Schwarz inequality of continuous and discrete cases, we have

(Azgwindx> (/Rzg [aikp(x)rdx>

1 1 2
2 2 2 : 8 2 :
> /Rz (;ww> (;(axkﬂ) > da

2 P 2
> -
2 /R2 E (azkp> Tppdz
k=1
1.

1o}

NSc

(4.7) is used in the last step. Similarly, we have

2 2 2
</ Zmip2d$> </ ZpQ@) NS¢ {(aan(r)@(r)) (eu(r)(’(m)ﬂ dx)
R? R? 11 Tk
2 0
Y ub —ub
> <,§/R2 xNSc [<8xke )e ]

Similarly, like Theorem 4.2, the equality (4.10) holds if and only if f(z) =

e~ 8z’ u@i(@) angd (2L eu@0(@))e~u@)0(®) = Bz, Here o > 0 and 3 is a
Ba:k - -

pure quaternion. This completes the proof. 0

Corollary 4.2. ([42]) Let f(z) = |f(z)|e“ @@ If f(z) € L*(R?, ), x1.f(2),
52 f(z) € L*(R*,H), for k= 1,2, then

([ ervera) ([ eeruiore)

2

b

p*dz

Z 1 + ‘Covgé
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where the covariance z's

Cov,e _Z / NSc [( ue) eue} 2 (z)zxde.

5. Examples

Example 5.1. Consider a quaternionic valued signal of unit energy

where « is a positive real number and u € S? is a pure quaternionic constant.
Computing directly, we have

[ i =2 [ deista
R?2 T Jr2

_ 1
20’
and
2 2
/ §£‘F{f}(§)|2d§:/ (8p> dw—f—/ 0% |NSc [( 9 e 9) e‘“g} dx
R? - - R2 oy, - R2 Oxk =
3 , .
- &/mie—a\zl d£+g/xie_"|§‘ d
™ s
R2 R2
Lo 1
2 20

It is easy to see that Cova,e, = 5=, COVye, = 5=, k = 1,2. Then

([ stiwrae) ([ aruyerae)

1,1
4 4a?
1 1 1
> <2> f+COVgEl£1
>1+\—\ +\cov 2
4 2 11
and
([ lePisras) ([ 1eruere)
R2 R2
—1+72
1 1\ )
1+<2a M) =1+ COVZ,
uoou?
—1+‘%+%’ —1+‘COVI5
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Note that, in this case, the stronger forms of uncertainty principle of Theo-
rems 4.2 and 4.3 become equalities. In fact, (—e“(“’) @))e—u@)b(2) = oz,
which satisfies the conditions as given in (4.5) and (4.10).

Example 5.2. Consider a quaternionic valued signal of unit energy

o —alz|® ;B223 .
Jla)= e R o,

where « is a positive real number and 31, 32 € R.
By Example 5.1, we have

Js@ra = [ e
R?2 ™ JR2

1
=—, k=12 5.1
- (5.1)
By direct calculation, we have

2

| awrinere= [ (55 o [ se| (5met) e
3 T R2 ory 1
_ o wlemolzl gg 4 2L oy / eIzl gy
T JR2 R2 -
o
and
a ) ?
| @iruora- [ (p) dat [ |Nse [( eue) 9} dz
R?2 - - R?2 8562 R2 8 €ro
:13 %—am dz + 52/ xge—amzc@
™ JR2 ™ R?2
a (32
=35 i (5.3)
Clearly, we have Covy, ¢, = 0, Covy,e, =j52 and COVy, ¢, = m, wofy =
%. Therefore,
([ atirpas) ( /. f’f’lF{f}(f)Qdf)
&
4 2a
LB
> 4 = +COV%1§1
11 )
> Z = Z + |COV$1§1| (54)
and
([ rwra) ([ @ruyore)
R?2 R?

1 B2 1
=114 =17V
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1
= 1 + |COV902€2|2

> i (5.5)

Expressions (5.4) and (5.5) verify Theorem 4.2. Note that, in formula (5.5),
the stronger form of uncertainty principles of Theorem 4.2 becomes equality.
In fact, (a%e@@)e@)e*@@e@ = jPoxo, which satisfies the conditions of
equation (4.10) holds.

Applying (5.1) and (5.2), (5.3), we have

1
IREERIE

2
| PPN OPs = a+ 52+ 52,
R2 «

Then

P
— 142 2
+oz+2042

161 151\ )
>1+<\/ﬁ 5o ) = 1T COVg

>1+ <ﬂ2> _1—|—‘COV£§

Here Covye = j52 and COVye = \I}Bl—l + ‘g;‘. (5.6) verifies Theorem 4.3.

Example 5.3. Consider a quaternionic valued signal of unit energy

f(x):\/fe% erzel< +,6‘1II>7

where « is a positive real number and (1, B2 € R.
Clearly, by Fxample 5.1 and 5.2, we have

1
/ xilf(z)\de:%, k=1,2, (5.7)

2
(5.6)

/ EIF{1}(6)2de = &

and Covg,e, :j%, COVyye, = |26—2|

(e
So we only calculate the quantities about variables x1 and & . In fact,

9 ’ 9 u —u ?
| arinera= [ () e[ o |use[ (o) e

dx

3
- > x%e—a\z\zc@_’_ g/ o1 + 61|2e_0‘|§|2dg
™ JRr2 ™ JR2
1 2
_e, L gy 28 (5.9)

2 2« var
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and

COVQCl & =

Therefore,

. Yang, P. Dang and T. Qian ~ Adv. Appl. Clifford Algebras

2 .Bgz%. 7.,62'1%

dx
o0 o0 2 2
_ 2 2 .B2w2. _.52'1;2
/ (z] + 151 )e azldxl/ e 2 ie 2 day

2 —az? > —ax? 'ﬁzz%- 7'76213
xie” **1dxy e “2ed T2 eI T2 dag
- — 00

oo
o0 2 ©0 2 2
/ x%e“”l dazl/ e~ %2 2250y

2L AL AL 3L 3L

3
B

—i
a—jf
i, (5.10)

o
Q

=l =
\

—.

ol

e 2P|z (@) + By)|da

x?e‘am?dg—l—a'ﬂﬂ/ |1‘1|6_a@|2dl
m R2

|81
Vra

([ stswra) ([ ariyore)
1

8 Iﬁl\

402 " 2a TQ

|51|
( =) 23 L cove,

i 1
+]———=1F = 7 +[Covi,”

204\/1+j% 4

IN
N
Q‘Hﬁ\Q 3]e

— 5

+

(5.11)

_|_

vV
+

V

e B
w
Q

—_

> T (5.12)

(5.12) wverifies Theorem 4.2. Using (5.7) and (5.8), (5.9), we have

| PPN Pa =a+ 24 oo+ 6+
R2

Q\»—‘

/ 2| f () P =
R2

ﬁz 2|51

Vra
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([ ierwpa) ([ 1erriera)

33 1 B 216
:]_ _— _
+2 2—’—2 + +a T

1Bl | 1B
1 1721
> (2 + N o + 2

Then

2
) =1+ COVZ,

i 2
> 1+|12 ;F:l—i—‘Covig (5.13)
@ 2a4/14j2 -
(5.13) werifies Theorem 4.3.
6. Appendix
Proof of (5.6): We are to show
51 ﬁz |51| |52|
—+ —=>1 .
+ 200 >1+ — 2a
We have the following equivalent relations:
x5 |w+@2
2042 T 20
ﬁ1 3 61 |51H62|
= L+ =
+ 2a2 + 2042 * e
2 2
(@;+i>1gmm
a  4a? T ma ayra
—1
PG [N
T 42 ay/Ta
It is easy to see
(m—1)B¢ 4+ 22 5 51 4+ P2 |51H52‘
T 4a2 T 4a2 T ay/ra’
This completes the proof.
Proof of (5.13): We are to show
gy 1, Bt 2B L 18 15
1+ —=+— >1
+22+22 a+a T + 204jL T 2a
We have the following equivalent relations:
3 1 6 2\51| 1Bl | 1]
e BT e 3 172142
2a2+2a2+a+a (20¢+\/7ra+2a)
D S NN - T S 1 Y - YO S A YO

202 2a? «@ ay/rTa T 4a? a/ma 202 Ta an/Ta 402
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3 1 +ﬁj+ |81 82| | B, |B1|Be]

402 4o « a/Ta T 202 ma ay/Ta

(1 —6a]) + (m —1)6% S 18182 = 1)

42 o a/Ta

—

Clearly
(1 —162))? 4 (m —1)p% > (1 —[B2))? n ﬁ > 151](18=] — 1).

402 e 402 T /T

This completes the proof.
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