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Abstract Subsequent to our recent work on Fourier spectrum characterization of
Hardy spaces H”(R) for the index range 1 < p < o0, in this paper we prove further
results on rational Approximation, integral representation and Fourier spectrum char-
acterization of functions for the Hardy spaces H” (R), 0 < p < oo, with particular
interest in the index range 0 < p < 1. We show that the set of rational functions in
HP(C4y) with the single pole —i is dense in H”(C4 ) for 0 < p < oo. Secondly,
for 0 < p < 1, through rational function approximation we show that any function
f in L?(R) can be decomposed into a sum g + h, where g and A are, in the L? (R)
convergence sense, the non-tangential boundary limits of functions in, respectively,
HP(C41) and HP(C_y), where H”(Cy) (k = £1) are the Hardy spaces in the half
plane Cy = {z = x + iy : ky > 0}. We give Laplace integral representation formulas
for functions in the Hardy spaces H”, 0 < p < 2. Besides one in the integral repre-
sentation formula we give an alternative version of Fourier spectrum characterization
for functions in the boundary Hardy spaces H? for0 < p < 1.

Communicated by Fabrizio Colombo.

G. Deng was partially supported by NSFC (Grant 11271045) and by SRFDP (Grant 20100003110004).
T. Qian was partially supported by Multi-Year Research Grant (MYRG) MYRG116(Y 1-L3)-FST13-QT,
Macao Science and Technology Fund FDCT 098/2012/A3.

B Tao Qian
fsttq@umac.mo

Guantie Deng
denggt@bnu.edu.cn

School of Mathematical Sciences, Beijing Normal University, Beijing 100875, China

Department of Mathematics, University of Macau, Macao (Via Hong Kong), China

® Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s11785-015-0490-7&domain=pdf

904 G. Deng, T. Qian

Keywords The Paley—Wiener Theorem - Hardy space

1 Introduction
The classical Hardy space H” (Cy), 0 < p < 400, k = %1, consists of the functions

f analytic in the half plane C; = {z = x + iy : ky > 0}. They are Banach spaces for
1 < p < oo under the norms

1

o0 P

IIfIIHkP=kSHPO(/ If(x+iy)|”dx) ;
y> —00

and complete metric spaces for 0 < p < 1 under the metric functions

d(f.g) = sup/ | f(x +iy)|Pdx.

ky>0J —o0

A function f € HP(Cy) has non-tangential boundary limits (NTBLs) f (x) for almost
all x € R. The corresponding boundary function belongs to L? (R). For 1 < p < oo,

Ifllp = (/_ If(X)Ide)p =1 gy

For p = oo the Hardy spaces H*°(Cy) (k = %1) are defined to be the set of bounded
analytic functions in Cy. They are Banach spaces under the norms

I fllgpe = sup{| F@)I : z € Cil.

As for the finite indices p cases any f € H°(Cy) has non-tangential boundary limit
(NTBL) f(x) for almost all x € R. Similarly, we have

[ flloo = esssup{|f(x)] : x € R} = [ flla=(cy-

We note that g(z) € H?(C_,) if and only if the function f(z) = g(z) € H?(C4y).
The correspondence between their non-tangential boundary limits and the functions
themselves in the Hardy spaces is an isometric isomorphism. We denote by H,f R)
the spaces of the non-tangential boundary limits, or, precisely,

H,f(R) = [f :R — C, f is the NTBL of a function in H”((Ck)].

For p = 2 the boundary Hardy spaces sz (R) are Hilbert spaces.

We will need some very smooth classes of analytic functions that are dense in
HP(C41) and will play the role of the polynomials in the disc case. Garnett [5] shows
the following results.
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Theorem A [5] Let N be a positive integer. For 0 < p < oo, pN > 1, the class Uy
is dense in HP (C1), where Uy is the family of HP (Cy1) functions satisfying

1. f(z) is infinitely differentiable @
2. 1zIN f(z) > 0asz — 00,z € Cyy.

We shall notice that the condition pN > 1 implies the class 2y is contained in
HP(C4y). Let o be a complex number and Ry (o) the family of rational functions
@) =@+ NPz + o)™, P(w) are polynomials. We notice that the class
Ry (@) is contained in the class Ay for Ima > 0.

The tasks of this paper are threefold. The first, replacing the class 2y by the class
Ry (i), we will generalize Theorem A as

Theorem 1 Let N be a positive integer. For 0 < p < oo, Np > 1, the class Ry (i)
is dense in H? (C41).

Corollary 1 Let N be a positive integer. For) < p < oo, Np > 1, the class Ry (—i)
is dense in HP (C_y).

The second task is decomposition of functions in L? (R),0 < p < 1, into sums of
the corresponding Hardy space functions in H f |(R) and in H P | (R) through rational
functions approximation, and, in fact, by using what we call as rational atoms.

Theorem 2 (Hardy spaces decomposition of L? functions for 0 < p < 1) Suppose
that 0 < p < 1l and f € LP(R). Then, there exist a positive constant A, and
two sequences of rational functions {Px(z)} and {Qx(2)} such that P, € HP(C4y),
Qr € HP(C_y) and

; (||Pk||i,£1 + ||Qk||Zpl) < Al f1p, (1
dim || f = (P + Q| =0. @)
k=1 P
Moreover,
g() =D Pi(2) € HP(Cy1), h(x) =D Qk(z) € H'(C-y), 3)
k=1 k=1

and g(x) and h(x) are the non-tangential boundary values of functions for g €
HP(Cyy) and h € HP(C_y), respectively, f(x) = g(x) + h(x) almost everywhere,
and

IAI5 < lglth + I7lY < Apll £I15,
that is, in the sense of L” (R),

LP(R) = HI|(R) + H" | (R).
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For the uniqueness of the decomposition, we can ask the following question: what
is the intersection space H f 1 (R) NH » 1 (R)? Aleksandrov [1,2] gives an answer for
this problem.

Theorem B [1,2] Let 0 < p < 1 and XP denote the L? closure of the set of f €
L?(R) which can be written in the form

N
.
f(x)zzx_]a‘, aj €R, ¢; € C.

j=1 I

Then
XP = HY R) (| H (R).

Aleksandrov’s proof [1,2] is rather long involving vanishing moments and the
Hilbert transformation. We present a more straightforward proof for this result.
The Fourier transform of a function f € L! (R) is defined, for x € R, by

fu>=77%;/£fxoei”dn

Based on the Fourier transformation defined for L!(R)-functions, Fourier trans-
formation can be extended to LZ(RR), and then to L”(R), 0 < p < 2, and finally to
LP(R),2 < p < 00, the latest bring in the distribution sense.

The classical Paley—~Wiener Theorem deals with the Hardy H?(C) space [3—
6,10] asserting that f € Lz(R) is the NTBL of a function in H 2((C+1) if and only if
supp f C [0, 00). Moreover, in such case, the integral representation

fz) = 2 f(r)dr 4

1 o0
— e
2 /0
holds.

We recall that Fourier transform of a tempered distribution 7 is defined through
the relation

(T,9) = (T, )

for ¢ in the Schwarz class S. This coincides with the traditional definition of Fourier
transformation for functions in L” (R), 1 < p < 2. A measurable function f satisfy-
ing

Jfx)
———— e LP(R 1<p<o0
T €L® (1 =ps00)
for some positive integer integer m is called a tempered L? function (when p = oo
such a function is often called a slowly increasing function). The Fourier transform is
a one to one mapping from S onto S.
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It is proved in [7] that a function in H fl(R), 1 < p < oo, induces a tempered
distribution T’y such that supp ff C [0, 00). In [8], the converse of the result is proved:
Let T be the tempered distribution induced by fin L?(R), 1 < p < oo.If suppf"f -
[0, 00), then f € H{|(R).

The third task of this paper is to extend the above mentioned Fourier spectrum
results, as well as the formula (4)to 0 < p < 1.

Theorem 3 (Integral representation formula for the index range 0 < p < 1) If
0<p<=<1, feHP(Cyy), then there exist a positive constant A, depending only
on p, and a slowly increasing continuous function F whose support is contained in
[0, 00), satisfying that, for ¢ in the Schwarz class S,

(Fp = tm [ reting
y>0,y—=0 JR
and that

FOI< Apllflle 11177, (e, )

and

fz) = F(1)e'"dt (z € Cyy). (©6)

1 o
2w /0

Duren cites on page 197 of [4] that the argument to prove the integral representation
(4) for p = 2 can be generalized to give an analogous representation for H?”(C1)-
functions for 1 < p < 2. A proof for the range | < p < 2, in fact, is not obvious, and
so far has not appeared in the literature, as far as concerned by the authors. We are to
prove the following theorem corresponding to what Duren stated.

Theorem C ([4], integral representation formula for index range 1 < p= 2) Suppose
Il <p <2 feLPR). Then f € H{ (R) if and only if suppf C [0, +00).
Moreover, under such conditions the integral representation (4) holds.

We, in fact, prove analogous formulas for all the cases 0 < p < 2. For the range
0 < p < 1 we need to prove extra estimates to guarantee the integrability (see the
proof of Theorem 3). The idea of using rational approximation is motivated by the
studies of Takenaka—Malmquist systems in Hardy H? spaces for 1 < p < oo [9,11].
For the range of 1 < p < oo this aspect is related to the Plemelj formula in terms
of Hilbert transform that has immediate implication to Fourier spectrum characteri-
zation in the case. For the range of 0 < p < 1 the Plemelj formula approach is not
available.
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2 Proofs of Theorems

We need the following lemmas.

Lemma 1 Suppose that 0 < p < 1 and R is a rational function with R € L?(R).
For k = %1, if R(2) is analytic in the half plane Cy, then R € HP (Cy).

Proof Let0 < p <1, R(z) = %, where P (z) and Q(z) are co-prime polynomials

with degrees m and n, respectively. Then there exists a constant ¢ # 0 such that
lim R(2)7" ™" =c.
—> 0

As consequence, there exists a constant My > 1 such that

c
%IZI’"‘" < IR@| = 2lellzI"™", |z > Mo.

R € LP([My, 00)) implies that p(m — n) < —1, and so for y > 0,

/ IR(x + iy)|Pdx < (2|c|)1’/ Ix +iy|P" M dx
|x|>Mo |x|>Mo

op+lye1p
< 2le])? / P gy < 21T
[x|>Mo pn—m)—1

Similarly for y > M,

/ IR(x + iy)|Pdx < (2|c|)P/ Ix +iy|P" M dx
|x|<Myp

[x[<Mo

<2Qle)? ML < oo,

If R(z) is analytic in the upper half plane C,, then Q(z) # O for z € C, ;. If,
furthermore, Q(x) # 0 for x € R, then R(z) is continuous in the rectangle Ey =
[—Mo, Myl x [0, Mp], and so R € HP(C,y). Otherwise, the null set Ng = {a €
R : Q(a) = 0} of Q in R is a finite set. Let Ng = {a1, a2, ..., a4} witha; < az <

- < ag,and P(ay) # 0(k =1,2,...,¢q). Then there exists a polynomial Q1(z)
with Q1(ar) #0 (k =1,2,...,q) and positive integers ly(k = 1,2, ..., q) such
that

Q@) =G@—a)'"@—a)? (2 —ap) 01(2);
and, there exist positive constants &, &g and M > gq such that
£0 < |R(2)(z — ap)| < My,

forz=x+iyvel={z=x+iy:0<|x —ar] <8, 0 <y <6}
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Therefore,

/ |[R(x)|Pdx > 86’/ Ix — ax| " P*dx.
[x—ak|<é |x—a|<é

The fact that R € L?([ay — 8, ar + §]) implies that ply < 1. So, for y € [0, 4],

/ |R(x+iy)|pdx<M1p/ Ix + iy — ag| P*dx
=<5 lx—ag| <8
2MP§1=pl
< Mf’/ v — ax| Phdx = ——— < co.
|x—ax|<é 1 — pli

Since the poles of R(z) in the closed upper half plane are identical with Ng, R(z) is
continuous in the bounded closed set

{zeEy:z2¢ I, k=1,2,...,q}.

Therefore
/ |R(x +iy)|Pdx
[x]<Mo

is uniformly bounded for y € [0, Mp]. This proves that R € HP(C4y). If R(z) is
analytic in the lower half plane C_;, Lemma 1 can be proved similarly.

Lemma2 If0 < p <1, f € LP(R), then, for ¢ > 0, there exists a sequence of
rational functions { Ry (z)}, whose poles are either i or —i, such that

oo
D IRl < L+ o)l f11 ™
k=1
and
n
dim [1f =D Rellp = 0. ®)
k=1

Proof For the case 0 < p < 1, we can assume that || f ||§ > 0. The fractional linear
mapping (the Cayley transformation)

1—w
14+w

z=a(w) =1I

is a conformal mapping from the unit disc U = {w : [w| < 1} to the upper half plane
C.1, its inverse mapping is

i—z
ﬁ(z)_z~|—i'
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Let x = a(e'?), 6 € [—7, 7]. Then x = tan% and dx = %. So,
/oo|f()|pd /" ft 9)1’ a0 00
|Pdx = an—-)| — <
NS r 2 1 4 cos6

This implies that the function

0
f(ta—nz)l e LP([—m, 7]).

(1 +cosB)»r

g0) =

Since the set of trigonometric polynomials is dense in L?([—m, 7]), there exists a
sequence of rational functions {r; (w)}, whose poles can only be zero, with the expres-

sion r(e'?) = ';Z_mk ck,je'%, such that

lim [|g(®) — re(€|Lo(—r.x)) = O.
k—o00

Furthermore, for any ¢ > 0, the sequence of rational functions {ry(w)} can be chosen
so that

; A
0 £
18©) = ri @ o nm) < 3555+

where A, = || f ||§8. Since 0 < p < 1, there exists a positive integer /,, such that
1 < p2'» < 2.Takem = 2/»~!. Then m is a positive integer satisfying 1 < 2pm < 2.
Thus we have 0 > 2(pm — 1) > —1, and, as consequence, the function

_ -2 4 pm—1 1 T
21(0) = 2sin26)" 1 e L [0, 2].

1. . . . .
The function go(x) = x 7 " is also continuous in the interval [0, 2]. The Weierstrass
Theorem asserts that there exists a sequence of polynomials {gx(x)} such that

Ag
xX)—qr(x)| < —————, 9
820 a0 < p s ©)
where
mg %
M= > ol +1, cl=/ £1(0)df.
0

J=—my

Thus we obtain

T

T 1@sin? 0)7 " — ge(2sin? 0)|P gy (0)dO < — 5



Rational Approximation of Functions in Hardy Spaces 911

The function
sk(e'®) = r(@?)gr (1 + cos ) (1 4 cos )™

is a trigonometric polynomial, and satisfies

T
sz/
-7

i 1
= sz/ 11 — gx(1 + cosO)(1 + cos )" 7|Pdo

-7

s (e'?)

re(e?y — do.

-1
(1 4+ cosb)r

7 1
M,f/ |(14cos6)? ™ — gi(1 + cos0)|P (1 + cos0)P" ' do

—TT

s
= M,f/ 1g2(1 + cos0) — g (1 + cos 0)|P (1 + cos 8)P" 6.

-7

Hence, by (9),

Jk

Ae " 1 0)Pm=lqp = Ae : 2 cos0)P"14p
W _n( + cos ) = W _71( Ccos )
2

Ae 3 . 24,
2

Finally, the function

si(e'?)
gk0) = ——
(1 4+cos@)r
satisfies
[Py A
i P i P Ae
< llg = k(€N Lpmmp + 1K€ = &kllLp(pmpy = k1
and
T 0 0 P do
g — gkllfpq_pap = /_ﬂ f(tan E) —sk(e) 1 + cosé

p

o0 i—x
=/_m\f (0 = (m)

&
< <
M=

The function

Qi (2) = sk (g)
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is a rational function whose poles are either i or —i, and

||Q||”—/OO|Q<x>|f’dx—/oos X px<||f|| e
Kip = | 1%k I N R A aTes]

and

[e'e) H P
p_ i—Xx 2A;
||f—Qk||p—/_oo‘f(x)—Sk(m) dxfmc
Therefore, the sequence of rational functions {Qf(z)} can be chosen so that

- — <—€ k=23
||Qk Qk 1||p_ Ik ( ’ 7"')
Let

Ri(z) = Q1(2), Ri(2) = Qk(2) = Qk-1(2), (k=2,3,...).

{Rk(z)} is a sequence of rational functions whose poles can only be i or —i, satisfying
(7) and (8). This completes the proof of Lemma 2.

Lemma 3 Suppose that 0 < p < 1 and that R € L? (R) is a rational function whose
poles are contained in {i, —i}, then there exist two rational functions P € HP (C4)
and Q € HP(C_y) such that R(z) = P(z) + Q(z) and

4
1PIG, +1Q1, < (”ﬂ) IR,

Proof Let0 < p < 1, R € LP(R), and R be a rational function whose poles are
contained in {i, —i}. Then R(z) can be written as

n

R@ = Y c(B@)', where p(x) = —.

L
Pt zZ+

Therefore, B(x) = 9@ where 0(x) = arg(i —x) —arg(x +i) € (—m, ) forx € R.
Define, for each ¢ € R,

_ (B@)"RE) _ (BE)T"RE)
Pad) =gy —ar 2O = Gryn—eiv

where m is any positive integer greater than the positive integer n. By Fubini’s theorem,

+oo 50 80P | R ()]
_ )4
= /_/ PG, 9)dxdy = /_/ [BGoY —etwpp9e

400 R p
:/ / [R(X)| dodsx.
|1 — eip=mbC))|p
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Observing that

/” 2Pdy _/” 2Pdg _/” dy <4/’5 dg _ 2n
|1 =eie=imb@p [ 1 —ele|p [ sinp% =~ o (%(p)l’_l—p’

we obtain

21—p “+o00
I < ”/ |R(x)|Pdx.
p

- —00

Therefore, there is a real number ¢ such that

—+00 27 “+o00
/ IPCx@)lPdx < - / IR(x)|Pdx.

—00 P J—

For this specially chosen real number ¢, by defining P(z) = P(z,¢), Q@) =
Q(z,¢), we have R(z) = P(z) + Q(z). Since m > n, the functions P and Q
are rational functions and the poles of P(z) and Q(z) both are contained in the set
YUk : £k =0,1,2,...,n — 1}, where through the Cayley Transformation

i

1
Xp = a(eﬁ(‘p"'z"”)) = tan? (%(w + 2k7‘[))

are real numbers. Therefore, P(z) is analytic in the upper half plane C, 1, and Q(z)
is analytic in the lower half plane C_{, and

—+00 2 “+0o0
/ \PCO\Pdx < —/ R(0)|Pdx
—00 1-p /-

+o00 +00
/ 10()|Pdx < (1 +12_—”p)/ IR(x)|Pdx.

By Lemma 1, P € H?(C41), Q € HP(C_y). This completes the proof of Lemma 3.

Proof of Theorem 1 If f € HP(C41), Np > 1, then, for any ¢ > 0, by Theorem A,
there exists function fy in H”(Cyp) () C*°(C ) such that

N+1
Z 72)=0
\z|—>0,1m120| | [ fv(2)

and

Ifn = fllgr, <e.
The fractional linear mapping (the Cayley Transformation)

—w

z:a(w):ll+w
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is a conformal mapping from the unit disc U = {w : |w| < 1} to the upper half plane
C., its inverse mapping is

i—z
w—ﬂ(Z)—m~

Let h_N(w) = fy(a(w)) and hy(—1) = 0, then hy (w) is continuous in the closed
disc U and

1—w N+1 o
hN(w)(i ) — 0, weU\{-1},w —> —1.
14+ w
So,
hy(w)
W—)O, w—>—1,|w|§1,w7$1

If let Ay (w) = % and i1y (—1) = 0, then &y (w) is analytic in the unit disc U
and continuous in the closed unit disc U. Therefore, there exists polynomial Py such

that

hy (w)

W_PN(]+U))<8’ |w|§1,w7é—l

Thus,

|fv (@) — (1+w)N TPy +w)| < el +w¥ wl < 1w # —1.

Since z = a(w) and w = E_Ti’ the above inequality becomes

2i \ V! 2i 2i |VH!
z)— |- Pwn | - <eée|- , Imz>0.

fn@ (l+Z) N(1+Z) i+z
Therefore, we obtain
00 00 1 (N+Dp
/ | fy (& +i3) = RGx +iy)IP dx < e"2<N+””/ 2 dx,
o oo | X7+ 1

where R(z) = (Z0)NH Py(;22) € Ry (i). This concludes that the class Ry (i) is

dense in H”(C1). The proof of Theorem 1 is complete.
The corollary can be proved similarly.
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Proof of Theorem 2 According to Lemma 1 and 2, there exist two sequences of ratio-
nal functions {Py(z)} and {Qk(z)} such that P, € H?(C41), Qr € HP(C_y),

> 2
Z(IIPkIIfl +1Qklly) < 2(1 + 1—) (Wl
k=1

and
n
dim [[f = > (P + Q0] =0.
k=1
Since
||Pk||Hp =[Pl and [|Qkl% Hr = IOkl
we have that (1) and (2) hold. For any § > 0, y > 0, the functions |P|” and |Q|? are

subharmonic. Hence,

p

< Z |Pe(x +iy +i8)P < — Z 1Pel5-

k=1

ZPk(x +iy+id)
k=1

This implies that the series

> Pz)
k=1

uniformly converges in the closed upper half plane {z : Imz > §} for any § > 0. As
consequence, the function g(z) is analytic in the upper half plane C ;. Similarly, we
can prove that the function /(z) is analytic in the lower half plane C_;. (1) implies that
(3) holds. Therefore, the non-tangential boundary limits g(x) and A(x) of functions
forg € H?(Cyy)and h € HP (C_) exist almost everywhere. (2) implies that f(x) =
g(x) + h(x) almost everywhere.

A new proof of Theorem B There exist f(z) € HP(C41), g(z) € HP(C_1) such that
f(x) = g(x), a.ex € R. By Theorem 1 and Corollary 1, for any ¢ >, there exist
R € Ry (i) and Ry € Ry (—i) such that

& &
Lf = Rillpgy, = 11f = Rillp < 7+ llg = Rallyr = 11f = Rallp < 7

By the definition of R € Ry (i) and R, € Ry (—i), there exist polynomials P; and
P> such that

Ri@=Pi(B@+DB@+DVT Ry@)=Po((B2)~" + D((B@) '+ DN,

where 8(z) = =
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Letm > max{degP;, degP>}+ N + 1, and define, for each ¢ € R,

(B(2)™(R1(2) — R2(2))
(B)™ — ei? )

R(z,9) = R1(z) —

Notice that B(x) = €', where 6(x) = arg(i —x) —arg(x +i) € (—m, 7) forx € R.
By Fubini’s theorem,

+ +00
J =/ / IR(x, ) — Ri(x)|” dxdg
—TT —00

=/+°°/+” |R1(x) — Ra(x)|P dodx.

- |(1 _ ei(p—imf)(x)lp

Observing

/” 2Pdy _/” 2Pdy _/” dy <4/’5 dg _ 2n
|1 =eie=imb@p [ 1 —ele|p [ sinp% = o (%@)P_l—p’

we obtain

21—1) +oo
J<= " / IR1(x) — Ry(x)|Pdx.
l—p -

Therefore, there is a real number ¢ such that

+00 27
/ IR(x, 9) — Ri(x)|" dx < _p((8/4)p+(8/4)p)-

oo 1
Therefore, we have
+o00
/ [R(x, ) — f(x)|” dx
—00

400 +oo
5/ |R(x, ) — Ri(x)|” dx+/ |R1(x) = f()I” dx

M e/ay.
)4

< (/N7 + 1=

So, R(z) = R(z,¢) € LP(R) is a rational function of z. There is a polynomial P3
with degP; = N + 1 + degP; such that R(z) = P3(B(z) + 1). So the poles of R are
contained in {x; : k=0,1,...,m+ 1}, where

i(+2k) 5 ((go + 2kn))
xkzoz(e m ):tan -—).
2/‘"

Thus, R(z) € XP.
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Proof of Theorem 3 Recall that the Paley—Wiener Theorem asserts that g € H>(C,.)
if and only if ¢ € L?(R) with the support suppg C [0, 00), such that

1 o0 .
$O= = /O (e dr (z € Chy).

In the case there holds the equality
* 2 2
g()|“dt = .
/0 18 ()] IIgIIHil

Let0 < p <1, f € HP(C4y). For§ > 0, let fs(z) = f(z 4+ i8). Then |f|? is
subharmonic, and, for y > 0,

_1
oG+ < Cpll fllgré 7,

where C) = % Therefore

[e'9) o8] _ _2
/ Ifa(x+iy)|2dX</ 5G4 ipIPLfs(x + iy) P Pdx < Cp ”||f||§,£16‘ 7
—0o0 —0o0

and

00 0 _ _1
[ it iniar= [ st s il P < 50y 817

—0o0 —00

Therefore, supp ﬁs C [0, 00), and

1 RN ;
f5(2) = E/o fo(s)e'“dr. (10)

Fory > 0, fs(x +iy) = (Py * f5)(x), where

“Re( )Y
p=re(5) = s

is the Poisson kernel of the upper plane C. . It is well known that f5 € L*(R), Py e
L'(R), Py(s) = e ¥ for almost all s € R, and fs4,(s) = fs(s)e™ 1. So, for
almostall s € R, ﬁgﬂ(s)e'”(“” = fa(s)e‘”‘s.Hence, the function F'(s) = ft;(s)e'”‘3
is independent of § > 0, with suppF C [0, 00), and

/ ¥ F(s)Pe2ogs = / 1 oldx

oo
2— _2
=/ o) Pdx < Cp P If I 8777

—00
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Therefore, for any § > 0,
~ 1— _
[F&) =1/l <N fslhe’ < Cp "I flgr e*6 5,

where B, = -~ — 1 > 0. Since

1
P
inf{|s|6 — Bylogé :§ > 0} = B, — B,(log B, — log|s|),
we have
1- -B
[FOI<Cp "I f e, By "ePr1s|Pr.
Thus F is a slowly increasing continuous function F' whose support is contained in

[0, 00). Letting 6 — 01in (10), we see that (7) holds. F can also be regard as a tempered
distribution defined through

(F,9) :/RF(x)é(x)dx

for ¢ in the Schwarz class S. So,

+oo
lim /R fr@pdx = lim /0 AP
+00
= lim / F(x)e %*¢(x)dx = (F, §).
§—0 0

This completes the proof of Theorem 3.

A proof of Theorem C Let1 < p <2.If f € L? and suppf C [0, c0), then
1X10.00) (N F ()] = 10,00/ (DI f (D] € L' (R"),

where x[0,00) () is the characteristic function of [0, 00), that is, x[0,00)(f) = 1, for
t € [0, 00), and otherwise zero. It is evident that the function

G = J% /R ¢ f(1)di = /R 0,00y (€ F (D)t

is holomorphic in C 1. To complete the proof of Theorem C, it is sufficient to prove
that G(z) € HP(C4) and the boundary limit of G(z) is f(x)asy — 0.Fixz € C4;
and let

izt

2:(1) = X(0.00) (”577’ () = g.(—1)
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then g, € L'(R) N L2(R), &,(s) = m and
G = / X000y (D)l —— ( / e_”’F(s)ds) di
22 JrRT V2m \JR

_ 1 f(s)ds

2wi Jp S —2

For z, w € C41, let

1Gw) = 1/]R f(t)dt

472 Jp (t — )t — w)

Then

I(z,w) = /R 8. f ()& (—1)d1.
For 2, w € Cy1, V27 8.(1) 8w (—1) = g, * 8w (1), where

(g * 8w)(t) = /Rgz(é)gw(t —&)dE Z/Rgz(é)gw(é —1)dé
1 . .
=5 /R X10.00) (B X10,00) (E — Ne* P E
Therefore,
I(z, w) = «/%_n /R F($)X10,00) () (g2 * Bu) ()dls

_ 1 ; 2miz-& 2miw-(£—s)

= wz——n)S/Rf(S)X[o,oo)(S)/RX[o,oo)(E)e X[0,00)(§ — 5)e déds.
By Fubini’s theorem and the relation

X10,00) (1) X[0,00) (t + $) X[0,00) (8) = X[0,00) () X[0,00) (5),

we have
1 o
I(z,w) = m/R/RX[O’OO)(S)X[O’OO)(I)X[O'OO)U —i—s)elz(ert)elwtf(s)dsdt
1 o ~
= 7y /]R /R X10.00) (1) X[0,00) (8)€' 2 ' CT f(s)d1ds

_ i G
T 2rz4w’
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Thus, for z € C4 |, we have —z € C4 1, and

So,

where P(x,y) = -

L _ 16k _G@E
I(Z’_Z)_Ez—z_%y’

z=x+1iy, y>0.

. 4yf(t)dt B _
G(Z)_/R(zﬂ)2(t—z)(t—2) —/Rf(t)P(x t,y)dt,

Y

P is the Poisson Kernel of the upper half plane C ;. There-

fore, the boundary limit of G(z) is f(x) as y — 0 and G(z) € H?(C4 ). The proof
of Theorem C is complete.
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