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Preface

The 10th International ISAAC Congress (International Society for Analysis, its
Applications, and Computations), was held at the University of Macau, China
from August 3 to August 8, 2015. It has been a tradition that at these conferences
there is a session “Clifford and Quaternionic Analysis”, starting from the first
International ISAAC Congress held at the University of Delaware in 1997. Its
tradition of mixing speakers from the area and from related fields as well as using
the opportunity of inviting local speakers has not only made it one of the largest
sessions, but also contributed to show how active and interesting the field is to
other mathematical communities. For a branch of mathematics which started as
an active research field in form of a generalization of complex analysis only in
the 1970s, these sessions are crucial in promoting and advertising the area, in
particular, showing new and interesting directions. It is obvious that only a small
part of the talks could find its way into a single volume. Therefore, the papers
in this volume present a careful selection of the contributions presented during
the session. The editors hope that the present choice of several different aspects
and direction of hypercomplex analysis will give the interested reader many new
ideas and promising new directions. Among the new directions, the editors would
like to point out the overviews on quaternionic spectral theory, Clifford differential
forms, and script geometry. That also classic topics in Clifford analysis are well
alive and running can be seen in the papers by de Ridder, Eelbode, Eriksson,
Ferreira, Kheyfits, Ren and their co-authors. Moreover, also applications are an
important part of the field as the papers by Baratchart, Cerejeiras, Guerlebeck,
Grigoriev and their co-authors demonstrate.

The editors express their gratitude to the contributors to this volume and
to the work of the anonymous referees without which this volume would never
have seen the light. They also thank warmly professor Tao Qian as chairman of
the local organizing committee of the Conference, and the University of Macau
for the organization of such a wonderful event. Furthermore, they would like to
thank professor Luigi Rodino, president of the ISAAC society, for his work and
dedication to make ISAAC the foremost international organization in the area of
Mathematical Analysis.

May 2016, The Editors
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Cauchy—Pompeiu Formula for Multi-meta-
weighted-monogenic Functions of first class

Eusebio Ariza Garcia and Antonio Di Teodoro

Abstract. In this paper we give a Cauchy—Pompeiu type integral formula for
a class of functions called multi-meta-weighted-monogenic using a distance
calculated via the quadratic form associated with an elliptic operator. This
is used for the construction of the kernel over the domain R™*!, constructed
by fixing the real part for all products of

R™M = R™ x R™2 x - x R™".

Also, we present a section where we discuss the inhomogeneous meta-n-
weighted-monogenic equation and a distributional solution for this equation is
obtained. In some special cases, the distributional solution becomes a classical
solution.

Mathematics Subject Classification (2010). 30A05; 15A66; 30G35.

Keywords. Monogenic functions, meta-monogenic functions, multi-meta-
weighted-monogenic functions, meta-n-weighted-monogenic functions, Clif-
ford type algebras.

1. Actual state of theory of multi-monogenic functions

The theory of multi-monogenic functions generalizes the theory of holomorphic
functions in several complex variables to the case of monogenic functions. This
theory (Cauchy’s integral formula, Hartog’s extension theorem, Cousin problem,
and so on) can be found in [11] as an extension of the works [10, 21] to the case
of holomorphic functions.

In addition to the construction of this theory, Tutschke and Hung Son [23]
discuss a theory of multi-monogenic functions in the case that the dimension 2™
of the corresponding algebra of Clifford type is defined by

j=1
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With the help of Clifford algebras depending on parameters in [22], the authors
discuss the case when all of the factor spaces R™*! have the same real part. On
the other hand, in [1] the multi-meta-monogenic theory worked out when for each
partial space R ! have its own real part and m; imaginary units.

Another approach to the theory of monogenic functions in several vector
variables, in the special case ¢;; = 1, was developed by Sommen and collaborators.
The main difference between the works of Sommen et al. and Tutschke and Hung
Son is the motivation. While for Tutschke and Hung Son the problem is how to
define the dimension of the Clifford algebra in such a way that the dimensions
m; of the n given Euclidean spaces R™ have an equivalent influence on the final
choice of the dimension m. That is, no space R is preferred in comparison with
the other spaces. On the other hand, for Sommen and collaborators the idea is to
define axial algebras to extend the Clifford structure, see [3, 4, 6, 13, 18, 19, 20].

Another difference between these works is the use of the first-order differ-
ential operator. Whereas Tutschke and Hung Son use the Cauchy—Riemann op-
erator and its consequences in lower dimension [22, 23], Sommen et al. use the
Dirac operator and the simple factorization of the Laplace operator, and as conse-
quence, the applications in physics [6, 3, 13]. Despite the use of the Dirac operator
in physics problems, the modification of the Clifford structure for a more gen-
eral structure like Clifford depending on parameter algebra, allows us to use the
Cauchy—Riemann operator with the identification of the real part with the time
parameter, in order to obtain operators as D’Alembert, Heat, among others. See
[9, 16, 26].

Finally, the extension of the theory of multi-monogenic functions in several
variables in the Sommen—Soucek approach has allowed to obtain many properties
in the direction of axial algebras, as series expansion, harmonic spherical, polyno-
mial representation and separately monogenic functions. See [6, 7, 13, 18, 19, 20].

In the ideas of Tutschke and Hung Son many things are yet to be covered.

Recently, we contributed to the development of this theory constructing in-
tegral representation formulas using an algebraic structure of Clifford type, where
the Cauchy-Riemann operator is constructed placing for each partial space R™i+1,
its own real part and m; imaginary units. To do that, the multi-meta-p-monogenic
of second class operator was introduced. See [2].

When we discuss the so-called Dirac operator, with constant parameters,
one can, physically, model Dirac fermions realized in a homogeneous material.
Consider the description of such Dirac fermions by means of a space-dependent
velocity that allows the extension of the analysis to heterogeneous material, i.e.,
situations in which the sample is composed of two or more materials attached to
each other. In these circumstances, the boundary or matching conditions at the
interfaces are an important ingredient in determining the physical properties of
the sample. Mathematically speaking, this corresponds to determining a boundary
value problem and the conditions for the existence and uniqueness of solutions to
the corresponding Dirac equation. See [17].
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A natural mathematical extension of these previous situations is to consider a
case where the parameters (or weights) of the modified Dirac operator are Clifford
or real-valued functions. In this case, it is interesting to discuss the relevant math-
ematical and physical implications for the associated boundary value problem.
See [8].

That is the reason for considering weights in the structure of the Dirac op-
erator. As a first step, we propose integral representation formulas for constant
parameter (or weights). This method combined with the ideas of multi-monogenic
functions and separately monogenic functions allows us to construct integral rep-
resentation of the non-constant weighted Dirac operator.

In this paper we give a Cauchy-type integral formula for a new class of func-
tions called multi-meta-weighted-monogenic over a bounded domain Q c R™*!
constructed by fixing the real part for all factors of

R™HL = R™ x R™2 x ... x R™n.

In order to do this, we first introduce a more general class of functions, called
meta-n-weighted-monogenic functions. We obtain a Cauchy—Pompeiu integral for-
mula for this class of functions. Second, motivated by the fact that multi-meta-
weighted-monogenic functions are a particular class of meta-n-weighted-monogenic
functions, we have that the Cauchy—Pompeiu integral formula obtained for the
multi-meta-weighted-monogenic functions is also valid for the meta-n-weighted-
monogenic functions.

Additionally, in this work we present a section where we discuss the inhomo-
geneous meta-n-weighted-monogenic equation and obtain a distributional solution
for such an equation.

Although the integral formula is developed only for an elliptic operator, we
believe that this contribution represents a first step in the extension of the theory.

2. Preliminaries and notations

2.1. Clifford algebras depending on parameters
Let A;, for I > 1, be the classical Clifford algebra with basis {ea}, A = (a1, ..., k)
with 1 < a; <--- < ag <1, and the multiplication rules given by

2 _
€y = €0,

3]

e; = —eo, for i=1,...,1,

eer +epe; =0, for i,wk=1,...,n and 1i#k,

where eq is the identity element. Thus, A; is 2'-dimensional as a real space and
non-commutative for [ > 2. See [5].

A generalization of the Clifford algebra is given by fixing a set of real-valued
functions «;(p) and vk (p), i,k = 1,...,1,i # k, possibly depending on a parameter
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p where p can be a real number or a real-valued function, and considering the more
general multiplication rules for the elements of the basis {e4}, (see [24, 25]),

e =1,
e? = —ay, for 1=1,...,1,
eer + epe; = 27, for i,k=1,...,1 and i#k.

The obtained algebra is called a Clifford algebra depending on parameters,
and it is denoted by A;(2, o, vix). If the «;’s and ;s are constant, this algebra
is usually denoted by A7 ,.

The uniquely defined Cauchy-Riemann

1
D =0y+ Z e;i0;,
i=1
where 0; = 0., is the partial differentiation with respect to z; for ¢ = 0,1,...,1[.
A continuously differentiable Aj,-valued function is said to be monogenic if it
satisfies the equation Du = 0.
If the operator considered in A7 , is the weighted-monogenic operator given by

I
Dy =qdo+ Y gicidi,

i=1

where ¢ = (qo, q1, .., q) is a constant vector in R"*!, a continuously differentiable
Aj o-valued function is said to be weighted-monogenic if it satisfies the equation
Dgu=0.

Let Q be a bounded domain in R! with sufficiently smooth boundary. If

u Rl—‘rl — A?,?

is a weighted-monogenic function in €2, then we get the homogeneous second-order
differential equation

!
D,Du = qoju+ Z 2O — 2 Z%kqiqkaﬁku =0 (2.1)
i=1 i<k

where
!
Dy =00 — Y _ giei0;.
i=1

Since the coefficients «y and ~; are real, the differential equation (2.1) is uncou-
pled, that is, each real-valued component u 4 of u satisfies this differential equation.
If the ay are supposed to be positive and the absolute values of the ~;, are not
too large, then (2.1) is elliptic.
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Without lost of generality, we can assume that go = 1, thus the coefficient
matrix of the differential equation (2.1) is

1 0 0 e 0
0 a1g} —7Y1291G92 —YUQQ

B=| 0 —2iae 243 —Y2uq2q | (2.2)
0 —yuqa —YeeRa - gt

We will assume that the determinant of (2.2) is different from zero. This is satisfied,
for instance, if it is the elliptic case. Then (2.2) has an inverse matrix having the
form

1 0 ... 0

Bt 0 Ay ... Ay

0 An ... Ay
where A;;, = Ag;. We must assume that ¢, # 0 for each k € N. Using these
coefficients, we define for two points £ = (§o,&1,...,&,) and © = (2o, Z1,- .., Tm)

of R a non-Euclidean distance p by

I
0* = (0 — &)+ Y Awlzi — &)z — &) (2.3)

ik=1

Using this distance, the function £(z, £) is constructed, for a bounded domain
Q in R with sufficiently smooth boundary 99, by

l
1 1
E(x, &) = To — — eiqiAi(xr — &) |, 2.4
(z,8) Wi o1 (o — &) 7;1 k(Th — &) (2.4)
for z,& € RIFL
Following the idea given in [25], it is easy to see that E(z,£) is a (left and
right) weighted-monogenic function.
Denoting
l

o8 =32 " (2 = &), (2.5)

s=0 %%

we define the function &y (z,§) by
Note that the function £y (x,&) satisfies the equation

DyEx = AEn,
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l
where \ = Z Aie;. In fact,
i=0

Dgén(z,8) = Dq (exp (p(,€))) - E(x, &) + exp (p(,£)) - D€ (,§)
= Z Qzev exp (x,f)) ) E(x,f)

- )\g)\ (Z‘, f)
In view of this, we have that
qu)\(xvg) - )‘g)\(xvg) = Oa

that is,
©q7A(€A($,§) = Oa

where D, = D, — A is the, so-called, meta-weighted-monogenic operator. This
mean that £y(x,§) is a (left) meta-weighted-monogenic function.

Remark 2.1. £, (x, &) is also a right solution of D ».

3. Clifford-algebra-valued functions in several variables

Consider the function u defined in the (real) Euclidean space

Rk—‘,—l % Rm2+1 N Rm'”’+1

with dimension equal to

k+ Y mj+n.
=2
Function u depends on n variables
W = (x(()l), .. ,x,(cl)) and ) = (x(()j), .. %)7), j=2,...,n

Suppose we take the same real part for all of the factor spaces, in such a way
that
A el =l g
is the common real part. In this case we put £ = m; — 1 and the functions can be
considered as defined in the space

R™ x R™2 x ... x R™",

Remark 3.1. A second possibility is to use different real parts. This case is discussed
in [2].

We define ¢)- and ¢)-Cauchy-Riemann operators, for j = 2,...,n, re-
spectively, by

mlfl

Do = oo+ Y pi€id;

i=1
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and
mi+-+m;—1

Do) = podo + Z piei0;,

i=mi—+-tmy_1

where 0y corresponds to the derivative with respect to the common real part z,
0; corresponds to the derivative with respect to x;,

mlfl

80(1) =0 + Z Pi€i,

=1
mi+--+mj;—1

W = o + Z piei,

i=mi+-+m 1
m+1=mq+---+m, and ¢; can be real-valued functions defined in R™*!,

Remark 3.2. For each j = 2,...,n, operator D, can be rewritten in the form

mjfl

D) = eopo()do + Z Cita; Pita; (%)0ita, (3.1)
i=0
and
mj—l

SD(j) = o+ Z Pita;Cita;s
1=0

where a; =mi + - +mj_1.

4. Clifford type algebra and the associated
multi-meta-weighted-monogenic operator

Define

n
m+1=> m;, (4.1)
j=1
consider R™*! and the corresponding algebra of Clifford type, which dimension is
2™ defined by following algebraic structure. Denote the basis vectors of
Rerl = le X Rmz X X Rmn.
by
{eo=1,. . €m1—1;€mys- s Emytma—1i---Cmemys---sCm}-
Let s be one of the indices:

s=my,my+ma,...,mi+ - +mp_1, (4.2)
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whereas k and [ are indices (between 1 and m) which are different from these n—1
indices s. Then the algebra A, (c1) is defined by the structure relations

2 2
el =g, €= —ay,
s T Tk g (4.3)
exer + eeg = 2,
where ay and v, = Y are real numbers, s is as (4.2) and [,k =1,2,...,m.
The @Lp(j)’)\(j) operator is given by
D020 =Dy — A9, (4.4)
for j=1,...,n, where
mlfl
AW =g + Z Ai€i,
i=1
mjfl
A0 = Ao + Z )\i-l—ajei—i-aj; for j=2,...,n,
i=0
A; are real numbers and D ;) is given by (3.1) .
Definition 4.1. A function u € C'(Q, A,,(01)) satisfying the system
Do au =0,
for each j = 1,...,n, is said to be multi-meta-weighted-monogenic of first class or

multi-meta-weighted-monogenic (for short).

Remark 4.2. In order to clarify the purpose of the paper. We work with a multi-
algebraic structure based in fixing the real part for all products of

R =R™ x R™2 x ... x R™n.

this induces the treatment of the theory to find integral representation via elliptic
operators, based on a specific kind of operator according to this algebra. On the
other hand, other possibility to construct a multi-algebraic structure is putting,
for each subdomain, his own real parts,

R =R™FEx R™ T R
This case is discussed in [2].

In the next section we will construct our kernel using a distance calculated
via the quadratic form associated to an elliptic second-order operator.

5. n-weighted-monogenic functions

Let Q be a bounded domain in R™*+! = R™ x ... x R™». Consider the Clifford
type algebra A,,(c1) defined by (4.3) , AU) and ¢\¥) as in Subsection 4.
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Definition 5.1. Let ©, be the operator given by

Dtp = n(poao + Z (pieiai. (5.1)

i=1
A continuously differentiable A, (o1)-valued function u defined in €2 and satisfying
D, u = 0 is said to be an n-weighted-monogenic function.

Remark 5.2. Note that
D= Do
j=1

Therefore, if v is a multi-weighted-monogenic function, then u is n-weighted-
monogenic as well.

5.1. Green’s integral formula for O,

Let QU) be a bounded domain in R™, 1 = ZuAeA and v = ZvBeB A (01)-
A B

valued functions defined in Q@ = QM x Q@) x ... x Q) c R™*! and continuously

differentiable in Q. Using a similar argument to that given in [25], it can be proved

the following Green type integral formula

/(v@w-u—kv-@@u)dx:|N<p|/v-dr-u, (5.2)
Q 90

where

NAP = (SDON(% (,OlNl, R ()OmNm),

N,

|Ny|

Let us write the left-hand side of (5.2) as

dr = ]V@lu and N, =

/(v@w-u—l—v-(@@u—/\u—i—)\u))dx
Q

= / W@y +A) - utv- (Dy — Nu)de.
Q
where
A =ndoeo + > A€, (5.3)
i=1

Ai €Rfori=0,1,...,m. Doing ®, y =D, — A and D, _» = D, + A, we obtain
the formula

o0
We will call this formula the Green type formula for operator ©, ».

/(v@AP?_A-u—Fv-@@?Au)dx:/ v-dr - u. (5.4)
Q

Remark 5.3. A solution of D, u = 0 is called a meta-n-weighted-monogenic
function.
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Remark 5.4. Note that if v is a multi-meta-weighted-monogenic function, then
is meta-n-weighted-monogenic. In fact,

n
Dpr = E D) A6 -
=1

5.2. Solution for ©, x

Consider the operator @, given by (5.1). Let © be a bounded domain in R™*! with
sufficiently smooth boundary. If u : R™*! — A, (o) is a n-weighted-monogenic
function in €2, then we get the homogeneous second-order differential equation

D, Dou= nQ@(%agu + Z aigofafu -2 Z Qg goij 8§ju -2 Z%k%wkaﬁku =0,
i=1 =2 i<k
(5.5)
where

m
Dtp = n(poao — Z (pieiai.
i=1
Since the coefficients «j, and ~; are real, the differential equation (5.5) is uncou-
pled; that is, each real-valued component u 4 of u satisfies this differential equation.
If the ay are supposed to be positive and the absolute values of the ~;, are not
too large, then (5.5) is elliptic.

We can assume, without lost of generality, that @9 = 1, thus the coefficient
matrix of the differential equation (5.5) is

n? 0 0 XX 0
0 a1p] —Yi2P1P2 o Y ImP1Pm

B=| 0 —21p192 203 —Yem$P2Pm | (5.6)
0 —Ym1P1Pm —Vm2f2Pm - Cmipr,

where the (s + 1)(s + 1)-entrie is of the form bss = —as¢?, being s given by (4.2).
Assuming that the determinant of B is different from zero (this is the case for
elliptic operators), B has an inverse matrix having the form

L oo ... 0
B*l 0 A11 Alm
0 Api .. Amm

where A;p = Ag; and we must assume that ¢ # 0 for each

kEe{l,2,...,m}.
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Using the coefficients of B~! we define, for two points ¢ = (&,&1,...,&m) and

x = (20,71,...,%m,) of R™T1 the non-Euclidean distance ¢ by
1 m
0° = 2 (@0~ &)+ Y Al — &) (wr — &) (5.7)
ik=1

With this distance, we define the function &(x, &) by

1 1 1

€(z,§) = Wmag @1 I eipidin(zr — &) |- (5.8)

[ 1

vl

It is easy to see that

Wm,—i-l@go@(xaf) = gip (gr,jJrl) : K(xaf) + anilJrl ' QWK(xaf)v

where K (z,§) = ; (xo —&o) — Z eipi Ak (xk — &)- A straightforward calculation

i,k=1
gives
m—|— 1 1
wm+1©<p€(x7 g) = o (Z‘ f) (Qf, f) + Qerl (1 + m)
m+1 ,
T T s o+ Qerl(l +m)
= 0,

ie., &(x,€) is a (left) n-weighted-monogenic function.
Remark 5.5. ¢(z,¢) is a right n-weighted-monogenic function also.

Denoting

m

o(,6) = Noliro — o) + 3 ;i (2 - &), (5.9)

j=1"/
we define the function €, (x,&) by
Ex(z,8) = exp (p(x,§)) €(x,§). (5.10)
Note that the function €, (x,&) satisfies the equation
D, E\ = A&y,

where A is given by (5.3), i.e., A =nX + Z Aie;.
i=1
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In fact, since exp (p(,

x,€)) is a real-valued function, we have
Qcp@)\(xvf) = DLP (GXp

)
(@((E,f))) : @({E,f) + exp (p(xvf)) @we(x,f)

nXo+ Y J}Pjej‘| - exp (p(x,€)) €(x,€)
=1 ¥i

= )\@A(l‘,f)

In view of this, we have that

Dtp@)\(xag) - )\@)\(x,é-) = Oa
that is,

Qcp,)\@)\(xag) =0.

This means that &y (z, &) is a left meta-n-weighted-monogenic function.
Remark 5.6. €, (x,¢) is also a right solution of ®,, . A similar calculation shows
that

e—)\ = €xp (_@(x, f)) @(33, g)
is such that D, _\€_x(z,&) = €_»(z,£)Dy - =0.

5.3. Cauchy-Pompeiu formula for ®, »

Now we are going to show that €, (x,£) turns out to be a fundamental solution
for ©, » with the singularity at = £ (see [15] for more details of fundamental
solutions).

First, since the differential equation (5.5) is supposed to be elliptic, the non-
Euclidean distance o defined by (5.7) can be estimated by o > ¢r, where ¢ is a
constant and r is the Euclidean distance of x and £. Thus we have

L1 [lzo—&l | <
m+1 0 =1
const
S m o

Therefore €y (z,£) has a weak singularity at x = £. The same is true for €_,(z,§).
Now, let U.(£) be an e-neighbourhood of £. Applying the formula (5.4) on
Q. =Q —U.(§) and v = E_y(z,£) we obtain the expression

/(‘E_A(a:,f)-ig%,\uda::/(‘E_A(x,ﬁ)-dT-u—i— / E_x(x,€) -dr-u. (5.11)
Q. o0 |z—¢&|=¢
Consider the points in |z — £| = ¢ represented in the form x — £ = ey, where

y is a point of the unit sphere. Let gy be the non-Euclidean distance between the
points y and (0,0, ...,0). Then (5.7) implies that ¢ = 9o and

_ 0) 1 1 1 u“
€ _x(y,0)=e =9y, 0) Com (nyo - Z Spiez’Aijyj>'

+1_m
Wm+1 QO g ij=1
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Moreover, we have du = €™du;, where duy is the measure element of the
unit sphere. And so the integral

/ €_x(x,§)-dr

lo—¢|=e
is independent on €. It depends (continuously) only on the values of the constants

o, 75 in the structure relations. We denote this value by c¢(a;,v;;). On the other
hand, since w is continuous then

lim Az, €) - dr - u(z) = lim E_x(x,€) - dr - (u(z) — u(§) + u(§))

e—0 e—0

|o—&|=e |z—¢|=¢
= —c(ay,7ij) - u(§)-

Hence, we have established the next result.

Theorem 5.7. In interior points £ of ), each function u twice continuously differ-
entiable with values in the Clifford algebm An (2, 05,755) can be represented by

cag, i) - u(§) = €E_x(z,§) -dr-u(z /@ (2,€) - Dy pu(z)de  (5.12)

[5}9)

Remark 5.8. As a corollary of this formula we have the Cauchy type formula

(i) - u(€) = /a €@ dr-ula),

In a complete analogous way, we can obtain the Cauchy—Pompeiu formula

Theorem 5.9. In interior points & of Q each function v twice continuously differ-
entiable with values in the Clifford algebra A(cy) can be represented by

v(€) - clo, i) = /8 vla) - (o €) - / V(2)Dp - Er(, E)da

Remark 5.10. Remark 5.4 implies that these integral representations are also valid
for multi-meta-weighted-monogenic functions.

5.4. Example

Consider the case n = 2, m; = 2, mo = 1. Then m = 2 and functions u are to be
defined in R™*! = R? x R!. We have

U= U(ﬂfo, T1, 332) = uo(ﬂfo, 331,332) + U1($07$1; 3?2)61 + U2($0,$1,$2)€27

where 1, e;, ey is the standard basis of R3. If a1 = as = 1 and 12 = 0, the
Clifford type algebra A, is generated by the structure relations

e% = —1, e% =1,
e1es + esep = 0.

D, =200 + p1e101 + p2e202

Note that
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and
D0 =0+ 1101, DE) =0+ p2e20s,
where 7 and @9 are real numbers. Thus, if u = ug + uie; + ugeq, we have that

@fpl)u =0 and ’D&mu = 0 are equivalent, respectively, to the systems

(90’(1,0 — @1811“ = 0, 80U1 — (,01(91’(1,0 = 0,
oy = 0, 90181“2 =0,

and

oug + p20auz =0, Jour =0,
Ooun + @282u0 =0, @1821“ =0.

This implies that a multi-weighted-monogenic function must satisfy
u(xo, 21, T2) = coTo + c171€1 + CaT2e2,
with cg, c1, co € R. However, a 2-weighted-monogenic function is not necessarily of
this form. In fact,
u(xo, x1,x2) = 2(x1 + 22) + (T2 — x0)P1E1 + (X1 — T0)P2€2
and

11 /1 1 1

&(z0, 21, 72) = 3 | 5%o— mer+ w6
w3 0° \ 2 1 P2

are two 2-weighted-monogenic functions but not multi-weighted-monogenic, where

o is the distance defined by

1 1 1
2 1 o 2 2
VA L

and (o is small enough.

6. Distributional solution for the inhomogeneous
meta-n-weighted-monogenic equation

The theory developed above is useful to solve some types of differential equations.
In particular, the equation u®, _) = h with h a continuous function in .
In fact, we have the result

Theorem 6.1. Let h be a A(oq)-valued continuous function in 2. Then

u() = — /Q B(E) - ¢ Moy, yay) - €ox(, €) d (6.1)

is a solution of the equation uD, _x = h in Q, where €_y defined as in (5.10) and
c(ay,vij) is supposed to be invertible.
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Proof. Let ¢ be a test function k times continuously differentiable. Replacing u
with ¢ in the Cauchy—Pompeiu formula (5.12), we obtain

(a5, 75) - HE) = / € A(2,€) - Dprd(x) da.

Taking into account Fubini’s theorem for weakly singular integrands, we have

(@) - Dyab(e) de = - /Q /Q B(E) - e M as ) - €on(@,€) - Dyrd() de da

J.

= —/th(é“) ce”Hag,7ig) - [/Qwﬁx(x,é) Dy ad() dx] d¢ = _/Qsh(f) () d.

Thus
/Q [0(e)  Ddlr) + i) - 9(0)] dr =0 (6.2)
Using (5.4),
[ @)D 600) + ule) - Do) de =0
is also true. The last equation and (6.2) give us, for any test function ¢, that

/Q () Do+ 6l) + h(a) - 6(2)] da

~ [ lFu@ 0+ b)) ola) d =

Therefore, from the Fundamental Lemma of variational calculus, it follows
that —u(x)®_x + h(z) =0. O

Remark 6.2. If A is not continuous but it is integrable in €2, then u defined by
(6.1) is a distributional solution of u®,, _x = h in Q.

7. Concluding remarks

e An alternative to the approach presented in this work is to iterate, in each
QU) | a Cauchy integral formula given for weighted-monogenic functions. This
approach is discussed in [2, 6] and can be adapted to this case.

e A disadvantage of this method, as can be seen in section 5.2, is that the
method works for elliptic operators because we construct our kernel through
the use of a distance calculated via the quadratic form associated to an elliptic
second-order operator.

e A wide quantity of problems can be solved using the integral representations
given in this work. For example, initial value problems and boundary value
problems involving the weighted monogenic differential operators, the study
of properties of the different integral operators derived from our integral
representations and its applications, representation in power series of the
different weighted-monogenic functions defined here and its applications, etc.
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e We believe that this theory of multi-monogenic functions, in connection with
the theory of wavelets, allows us to solve problems related with solar energy,
phototherapy, climate change. See [12, 14].
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Greedy Algorithms and Rational
Approximation in One and Several Variables

Laurent Baratchart, Wei-Xiong Mai and Tao Qian

Abstract. We will review the recent development of rational approximation in
one and several real and complex variables. The concept rational approxima-
tion is closely related to greedy algorithms, based on a dictionary consisting
of Szegd kernels in the present context.

Mathematics Subject Classification (2010). 45P05, 30H.

Keywords. Rational orthogonal system, Takenaka—Malmquist system, Szegd
kernel, Hardy spaces.

1. Introduction

Traditionally, rational approximation is mostly restricted to approximation to
functions of one complex variable in various domains. Recently a number of adap-
tive or sparse representation methods were developed, including in principle the
greedy algorithms and those based on learning theory, including the SVM method
([25, 26]), that all fit into the concept of rational approximation. This article
mainly concerns the greedy algorithm method in relation to a dictionary in the
context at hand. Under the greedy algorithm method, rational approximation is
generalized to include approximation in several complex and real variables. This
idea, in particular, is applicable to function spaces with a Cauchy structure, as
well as to reproducing kernel Hilbert spaces. Below we discuss this concept in a
number of individual contexts.

2. Preliminaries on Greedy algorithm in Hilbert spaces

Let H be a Hilbert space with a dictionary, where, by a dictionary, we mean a set
D C H satistying (i) e € D implies |le]| = 1; and (ii) span{D} = H.

Supported in part by MYRG116(Y1-L3)-FST13- QT; and FDCT 098/2012/A3.
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The most basic greedy algorithm would be the following. Let p € (0,1] be

fixed. Let f € H and g; = f. Choose e; € H such that
(g1, €1)[ = psup{[(g1,€)| | e € D}
When p € (0,1), a desired e; always exists. While for p = 1, a desired e; satisfying
the above requirement may not exist. In the context of the present paper, where a
Cauchy structure prevails, the desired e; for p = 1 always exists. Our discussion,
however, is for the general case p € (0, 1]. Subsequently, we have the decomposition
[ =1{g1,e1)e1 + g2,

where gs is the standard remainder:
92 = f —{g1,e1)e1.
Obviously, go is orthogonal with (g1, e1)e1, and hence,

£ = lldgr, en)enl|* + llgll* = [{gr, en)* + llg2]1*.

Therefore, to minimize ||g2||? is to maximize |(g1,e1)|?. If we apply the same re-

duction to gs, we obtain the standard remainder g3, where

f={g1,e1)e1 + (92, e2)ea + g3,
and

IF1I = Kgu, en)l* + (g2, e2)|* + llgslI*,

where e5 is chosen so that

(g2, €2)| = psup{[(g2,€)| | e € D}.

Repeating the same procedure on gs we get g4, and so on. Inductively we
obtain

n

F= {grex)er + g
k=1
and
n
IF11P =" Hgw, en)” + llgrsll?,
k=1

where ey, is chosen to make

{9k, ex)| = psup{|(gk,€)| | e € D},

while eq, ..., ex_1 were previously chosen.
The theory of greedy algorithms ([18], [40]) asserts that

F= (grener and ||fI> = [gr: ex).
k=1 k=1

The above-described algorithm is the so-called General Greedy Algorithm. A refine-
ment of the general greedy algorithm is the so-called Orthogonal Greedy Algorithm.
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The difference is only that the g are replaced by the orthogonal remainders gy,
defined through the relation

f= Z@k, By) By + Gr+1, (2.1)
k=1
where {By,..., Bi_1, By} is the G-S orthogonalization of {By,..., Bix_1, €}, and
er is chosen so that

[(Gr, ex)| = psup{|(gk, )| | e € D}.

Among the well-known greedy algorithms, the most effective one would be the
just described Orthogonal Greedy Algorithm. We note that neither the General
Greedy Algorithm, nor the Orthogonal Greedy Algorithm can repeatedly select
dictionary elements: Repeated selections or even selecting one in the linear span
of the already selected will give nil contribution to the energy approximation.

When the space is a reproducing kernel Hilbert space, consisting of functions
defined, say, in a set D, and if the dictionary consists of the normalized reproducing
kernels e,, where a ranges over a set D C CN for some N, then for any f € H,

(f€a) =r(a)f(a),
where 7(a) > 0 is the normalizing constant that makes ||e,| = 1.

In such a case, at each recursive step of the General Greedy and Orthogonal
Greedy Algorithms, one seeks a suitable e, such that

r(a)lf(a)| = psup{r(b)|f(b)| | b € D}.
Numerically this is easy to achieve through computation based on the information
on the known function f.

We will show that under certain assumption there exists a variation of the
Orthogonal Greedy Algorithm that allows repeated selection of the variable a. Re-
peating the selection of the variable a corresponds to selecting directional deriva-
tives, of order one and higher, of the dictionary elements e,.

This new greedy algorithm proposed in [37], called Pre-Orthogonal Greedy
Algorithm (P-OGA), is formulated as follows.

Let {eq,,-..,€a,_,} be the (n — 1)-tuple of the previously selected dictio-
nary elements, and {Bi,...,B,_1} its G-S orthogonalization. Sometimes By =
Bya,,...,apy 18 more precisely written as B"{l;h. The selection criterion for

..,ak_l}'
ay, 1S
(B ) = 05Dl (fa By o ) 2D}, (22)
where f, is the standard remainder with respect to the orthonormal system
{Bi,...,Bn_1}. We note that under such a selection criterion f, is different from

g defined through (2.1).
Now we add an assumption under which the machinery that we design will

work. Namely, we assume for any f € H and ay,...,a,—1 € D that
i (G, B, o) =0, (23)
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where 0D indicates the boundary of D in CV U co. We show that under this
assumption, if the dictionary is suitably extended, then the threshold p = 1 can
be reached, and the following equality holds:

[(Fns Blay...oan_iy) | = max{[(fn, Bly, 4, )| | @ € D} (2.4)

The extension of the dictionary consists in adjoining the directional deriva-
tives of the kernels e, with respect to a, in all directions and for all a € D. This of
course only makes sense if D is open and e, has some smoothness with respect to
a. Hereafter we assume that a — e, is smooth as a function D — H, in particular
the derivatives of e, again lie in H as limits of divided differences in H. In all
examples that we shall deal with, e, is even analytic with respect to a, and this
warrants the discussion below.

In fact, the Cauchy—Schwarz inequality gives

[(Fns Blay,oan_ 1) < [ fnll-

Thus, there exists a sequence of points, a(!), converging to an interior or a boundary
point of D, lim;_,~ a¥ = a,, such that

. (1)
S [(fu B )| =su{l(fu B, 0y}l |0 € D}, (2.5)

With the assumption (2.3) the limiting point a, of a® must be an inte-
rior point of D unless f,, = 0. In the latter case, our contention trivially holds.
Otherwise, the relation (2.5) becomes

a®

lll)r& |<f’ﬂ7 {al,...,an_l}>| = max{|<fn, t{lal,...,an_l}>| | a € D} (26)
Next, we compute

{al,...,an,1}'

Denote by Pjg,, .. q,_,} the projection operator from H to span{Bi,..., B, 1}.
Now, there are two cases.

1. The limiting point e, is not in span{Bi,..., B,_1}. In such a case, a,, in
particular, does not coincide with any of ay,...,a,_1, and B?gl 1) is
just given by

Ba" €a, — P{a1y~~~7an—1}ean

A1 yeeeyQp—1 = — ’
{ B } ||ean PalynwanfleanH

(2.7)

and
{B17 ey anlv B?gl,...,an—l}}

is the G-S orthogonalization of

{Bla' . aBn—laean}-
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2. The limiting point e,, lies in span{Bi,...,B,_1}. In particular, if a,, co-

incides with one of ai,...,a,_1, we are in this case. We note that none
o®
{al,.

|(fns f{l;ll) an_1}>| will have no contribution towards the maximum. We con-

sequently have

of the e,q) is in span{By,..., B,_1}, for, otherwise, Bf =~ ) = 0, and

pa® _ €y = Play, . a,_1}€a®
{a1,an—1} Hea(” - Palyuwanflea(l) ”
_ (€ = Play,.an-1y€a) = (€an = Play...an-1}€a)
I (ea) = Pay,csan—1€a) = (€an = Play,...an_1}€an) |
 (eqwy —€a,) = Play,...an_1} (€q0) — €q,,)
I (eay = €an) = Play,..,an_1} (€a) — €a,) ||
€,(1) ~€an _ €,(1) “€an
() = P (e ey
€y "Can \ _ p €,() ~€an ’
I (i =ecmn) = Peoran (it =iy )
Extracting a subsequence if necessary, we may suppose that (e ) — €q,)/|l€qw —
€a, || converges to some unit vector v € H. If v is not in span{Bi,...,Bn_1},
then we can take the limit in the above expression as al!) — a,,, to obtain that

o . ..
‘{Ial B ?g?” an 1} where the notation 0, indicates that we

computed the directional derivative of e, in the direction v.

When v € span{ By, ..., B,_1}, then the above expression has indeterminate
limiting form 0/0, and higher-order derivatives must be computed that we will not
discuss further. Observe there may be several directions v, accounting for the fact
that a, needs not be unique. In particular, the directions along the real or purely
imaginary axes induce partial derivatives of the reproducing kernels ([37]).

The just described theory mainly grows out from the study of the Hardy
space H? on the open unit disc. It is then applied, at least in part or adaptively,
to other contexts in one or several complex variables, as well as in the Clifford
algebra setting. That helps to form a concept of rational approximation in various
contexts. In the following sections we will briefly review the particulars of each
individual context.

an_,} converges to B

3. The Hardy H?(D) case

The so-called AFD and Pre-Orthogonal Greedy Algorithm were originated from
this context. In this section D represents the open unit disc. Among the equivalent
definitions of the Hardy H?(D) space we will cite only

o0

H*D) = {f(z) =) _eaz" | ex € C, |flme= Y lenl* < o0, |2 < 1}.
k=0

= k=0
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f € H?*(D) implies that f is holomorphic in D, and, as an important property,
the partial sum of the infinite series on the unit circle has a L?(9D)-limit that
equals to the non-tangential boundary limit lim,_,;_ f(re’’) almost everywhere.
Those boundary limits form a closed subspace of the L? space on the boundary
circle, denoted by H?(9D). The mapping from H?(D) to H?(0D) is an isometry.
We hence identify the space H?(0D) with H?(D). If we start from a function f in
L?(0D) with Fourier coefficients cx, k = 0,41, £2, ..., then we have the so-called
Hardy spaces decomposition f = f+ + f~, where

o —00
er(eit) — cheikt, f-f(eit) — Z Ckeikt.
k=0

k=—1
If f is real-valued on the circle, then we have
f=2Ref" —co.

The last relation shows that approximation of functions in L?*(9D) can be
reduced to that of functions in the Hardy class. In other contexts we have analogous
relations, so the case of Hardy spaces on which we concentrate below will be a
prototypical example.

In H?(D), the normalized reproducing kernels (also known as Szegé kernels)
are the rational functions

o VizlelP o p (3.1)

ca(2 1—az

Then {e,}acp is a dictionary of H?(D). Let A = (ay,...,a,) € D" be a
n-tuple. If the ay are all distinct, we associate to A the n-tuple (eq,.. ., ) of
normalized reproducing kernels. More generally, if A consists of m < n distinct
points b1, ...,b,, where by is repeated [l times with Iy 4+ --- + [, = n, then we
associate to A the n-tuple

(Bpi 1y Bonnys oo 1y Bpo o} -5 Bppp 1y -+ s B 1y) - (3.2)
defined as follows. We set E{o j3(2) = 27, and if aj, # 0 then Ey,, j1(2) = (f(f;ka)y :
where c(ag, j) is the constant making || Ey,, ;3 || = 1. The orthogonalization of (3.2)

is the so-called Takenaka—Malmquist (TM-) system, or orthogonal rational system,
(B1,...,Bpn), where

B \/1 — |ax|? At z—a

Bi(2) = Bias,.oy (2) = 1—apz H 1—az
=1

[28, Lecture V]. We call each By a modified Blaschke product. One recognizes

V1-lan|?

that the rational function la,~ n front is the Szegdé kernel and the product
thereafter is the Blaschke product with the zeros aq, ..., a;_1. The claim is: when
studying rational approximation in H?(D), TM systems are unavoidable. This is
no wonder, because every rational function is a linear combination of Ey, ;, for
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some by. Existing studies on TM systems include Laguerre and Kautz systems.
The traditional works on TM systems deal with the condition

> (1= ag]) = oo. (3.3)
k=1

This is called the hyperbolic non-separability condition. For any p € [1, 00),
it is necessary and sufficient for the corresponding TM system to be complete
in H?(D) ([15]). Also, for 1 < p < oo and any sequence (ai,...,an,...), the
corresponding TM system is a Schauder basis of the closure of span{B,}>2, in
H?(D) ([33)).

The difference with the current study is that the parameters ai,...,an,...
used to approximate a given function are not fixed before hand, nor are they
required to satisfy the hyperbolic non-separability condition (3.3), and, corre-
spondingly, the induced TM-system {B,} is not necessarily a basis. Instead, we
adaptively select the parameters a,, as in greedy algorithms, and thus formulate
expansions of given signals with fast convergence. Below we will introduce our main
algorithm in the unit disc case called Adaptive Fourier Decomposition, abbreviated
as AFD ([34]).

Let f be any function in H?(D). Letting f; = f, recursively and for any n
complex numbers aq, . ..,a, in D, we have

F(2) = {1y ean)ea (2) + fol2) S~

1—a2’
and

Fo(2) = (f2. €as)eas (2) + fa(2) T

1—asz’
etc. so that we arrive at

zZ — Qg
. 3.4
1—arz (3.4)

Z fkveak B{al, ,ak}( )+fn+1(z) H
k=1

k=1

This identity gives rise to an interpolating rational function to f for the
interpolating points a,...,a, where repeated points correspond to interpolation
with derivatives of the function.

The identity, furthermore, gives rise to fast approximation in energy if one
selects ay, once aq, ..., ar—1 have been fixed, according to the formula:

ay = argmax{|{fx,eq)|* | a € D}. (3.5)

The following energy relation is to be noted:

1FI2 = 5 (s o)l + I fnsall®.

k=1
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Under the selection criterion (3.5) we can show that in the energy sense ([34]),
namely in the sense of strong convergence in H?(D),

f=> {frrea)Br.
k=1

The above-described AFD, or Core AFD algorithm was published in 2012 and
lately, in 2015, found to be equivalent with the Pre-Orthogonal Greedy Algorithm
([37]). The motivation of AFD is characterizing positive-instantaneous-frequency
decomposition, or mono-component decomposition of signals. There followed two
elaborations on AFD of which one is the called unwinding AFD (]27, 30, 17]) and
the other is geablack towards n-best rational approximation ([35, 31]).

Unwinding AFD dwells on Core AFD and the principle of energy front-
loading for Nevanlinna outer functions in one complex variable. The latter principle
addresses the following fact: if F(z) = > p cx2” is a H?*(D)-function with the
Nevanlinna factorization (see [20], [43]): F(z) = I(2)O(z), where I(z) and O(z)
are, respectively, its inner and outer factors, and if we write O(z) = Y2, diz",
then there holds for any positive integer N that

N N

D len < ldil.

k=0 k=0
Since

Y lewl> = IFIP =017 =Y ldif?,
k=0 k=0

the above inequality amounts to saying that the outer part of a Hardy function has
best polynomial approximation of degree N in H?(D) that converges faster than
that of the original function. This suggests that when decomposing a function in
H?(D), it may be a good strategy to perform the Nevanlinna factorization and then
decompose the outer part instead of the original function, to finally multiply back
by the inner factor which is a finite Blaschke product, at least when the function is
continuous on dD. Of course, performing the Nevanlinna factorization is not such
an easy business as it essentially involves estimating conjugate functions, and fair
judgement should be used in each case.

The related theory is developed in [27, 30, 17]. Experiments show that Un-
winding AFD is indeed among the best positive frequency decomposition methods
([32]). The authors became aware late 2015 that the Ph.D. thesis of M. Nahon
([27]) at Yale University, 2000, under the guidance of R. Coifman, develops an
analogous unwinding algorithm based on the Nevanlinna factorization ([20, 43]).
In a recent paper by Coifman and Steinerberger, theoretical aspects of the algo-
rithm are further developed ([17]).

Cyclic AFD was designed to approach the problem of n-best rational approx-
imation in H2(D). The problem is formulated as follows. Given f € H?(D), find a
rational function of the form p/q, with deg{p} and deg{q} not exceeding n, and ¢
zero-free inside the unit disc, such that || f — p/q|| is minimum among all possible
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rational functions of the same kind. The latter are just the rational functions of
degree no larger than n in H?(D). Existence of such minimizing rational func-
tions was proved a long time ago, but a theoretical algorithm for finding p/q to
give rise to the minimum is still an open issue. A detailed account of the problem
may be found in [4, 11, 5, 12, 14]. Both the RARL2 algorithm (which extends
to the matrix-valued case, see www-sop.inria.fr/apics/RARL2/rarl2.html for
a description and tutorial as well as [7, 9, 19] for further references) and the one
through Cyclic AFD ([31]) provide practical algorithms. RARL2 is a descent algo-
rithm using Schur parameters to describe Blaschke products of given degree along
with a compactification thereof to ensure convergence to a local optimum. It is
used in identification and design of microwave devices, see [29, 39]. The algorithm
using Cyclic AFD is parameterized by the zeros of the denominator polynomial,
and uses the fact that the expansion as a sum of modified Blaschke products
n
Z<fk76ak>B{(l1,...,ak}(z)
k=1

is a rational function of degree no larger than n by construction. The theory
and algorithmic scheme of Cyclic AFD are definitely simpler (though the 1-D
search over a € D iterated at each step to reach a fixed point is nontrivial),
but convergence to a local minimum is still an issue. Cyclic AFD corresponds
to simultaneous optimal selection of n parameters, while Core AFD corresponds
to sequential selection of n parameters ([31]). For some related studies we refer
to [5, 8, 14, 13]. Other algorithms based on fixed point heuristics or balanced
truncation of Hankel operators to approach rational H?(D)-approximation can be
found, e.g., in [41, 22].

The above considerations and algorithms extend to the context of the half-
plane rather than the disk, by means of conformal mapping. The reason is that
a conformal map from the disk to the half-plane is a rational function of degree
1 (i.e., a Mobius transform) and therefore it preserves rationality and the degree,
see [20, Ch. I]. There is also a parallel approach by using TM systems and the
corresponding maximal principle in the half-plane. More generally, the relevant
extension of what precedes to more general domains is that of best meromorphic
approzimation with n poles, see [10].

For functions of multivalent variables, finding a basis is equivalent to finding a
uniqueness set. That is a fundamental task and therefore of great interest in math-
ematical analysis. It is, however, in many cases difficult to achieve. On the other
hand, Szeg6 kernels are usually simple rational functions, and fast representation
of signals as linear combinations of Szegé kernels has great significance in relation
to applications. The principles outlined in the last two sections are valid and the
results available in a number of contexts for several real and complex variables,
and with functions valued in vectors and matrices. We give a brief introduction to
this circle of ideas in the following sections.
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4. Quaternionic and Clifford contexts for functions
of several real variables

Denote by Q the quaternion algebra, and by A, the Clifford algebra of linear
dimension 2™. The analogues of AFD have been formulated for Hardy spaces in
the setting of Q and of A, in [36] [42], respectively. The first setting is very much
in the spirit of AFD. The second, however, is more in the spirit of General Greedy
Algorithm with dictionary consisting of the higher-order Szeg6 kernels, due to the
fact that the inner product of Clifford algebra-valued functions is not necessarily
scalar-valued. That prevents the G-S orthogonalization process from being applied.

Define RT"H = {z = (v0,2) € Rz > 0,2 € R™}. We briefly in-
troduce the AFD (General Greedy Algorithm) in the Hardy space H?(R%) of
the upper half-space (resp. H 2(RTH)), which consists of Q-valued (resp. A,,-
valued) left monogenic functions [21]. For the parallel theory in the Hardy spaces
on the unit ball, see [36, 42]. Denote by ¢,(z) the non-normalized Szegd kernel

of H*(RY) (vesp. H*(RT)), i.e. ¢o(x) = |f:g|4 (resp. ¢q(x) = ‘If;",ﬁﬁﬂ). Re-
garding H Z(Ri), although Q is a non-commutative algebra, it is not difficult to
apply the P-OGA to {¢q(z),a,z € R} to obtain an orthonormal system {3, }52
parameterized by the selected sequence {a(™}22 | in R% . Similar to AFD, one has
limy, o0 || f = D p—y Bi(f. Bi)|| = 0. We note that the study of AFD in the setting
of Q predates that of P-OGA: the latter is a generalization of the former.

As to H?(R"™), we introduce the completion of the Szegé kernel dictionary
given by

ﬁ = {ﬁ:l;ij?vﬂ = (517"'aﬁM+1)7a”x € RT+1}7

where

o8l

¢a().
dalr .- 8@%’:“11 (@)

Vg,a(z) =

For each f € H 2(RTH), applying the General Greedy Algorithm with D
one has

lim
n—oo

" w k k w k k

f—Z B, a (k) <gk, B0k a () > o,
[P0 o || [P aw ||

where gj, is the standard remainder defined in §2.

The sphere cases are also considered in the quaternionic and Clifford algebra
settings ([36, 42]).

In both settings it is shown that a global maximal selection of the parameter
is attainable at each step of the recursive process (i.e., p = 1). In particular, one
can obtain rational approximations of functions in L?(R*) by applying the corre-
sponding AFD and the well-known Sokhotskyi—Plemelj formula (e.g., [21, 36]).
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5. Several complex variables

Similar approximation schemes in settings involving several complex variables have
also been studied. In fact, one can consider functions defined on various classical
domains, with values in CN, or CN*M matrices, etc.

5.1. Functions defined on n-torus

Denote by T the n-torus, where T' = JdD. There are two generalizations of AFD
in the Hardy space of the n-torus H?(T™) ([37]). One merely consists in processing
P-OGA in this context (i.e., it is shown that P-OGA is applicable to H?(T™)). The
other is based on the product-TM system. As to the former, we omit the details as
it should be clear from the previous section already how to perform. Below, we give
a brief introduction to the latter. For simplicity, we consider only the case n = 2.

Denote by Bi(z) the modified Blaschke product (a member of the TM sys-
tem) associated with the sequence a = {ax}32; in D. We introduce the tensor
product type modified Blaschke product {B2(z) ® BP(w)}, where a,b C D and
(z,w) € D?2 = D xD. For f € H?(T?), we look for a rational approximation
of f of separable type given by f = lim,, EKk’Km(f, B2 ® BP)B2 ® BP =
lim,, 00 Sp(f) in the H2-norm. Denote by Dy, (f) = S (f) — Sm_1(f) the m-
partial sum difference. The main step is to select (aZ, 1, b5, 1) € D? according to
the maximal problem

@ Vus) =g s (DI, -1
(@m+1,bm+1)€ED?

where {a1,...,an} and {by,... by} are previously fixed.

The existence of (ay, ,1,b;, 1) is proved in [37] through a technical discussion.
In a way similar to previously described AFD, S,,(f) converges to f in the H>-
norm if each (ag, by) is selected according to criterion (5.1). As an application, one
can obtain rational approximations of functions in L?(T?).

5.2. Functions defined on R™ in the setting of Hardy spaces on tubes

As mentioned in the previous sections, one can obtain rational approximations of
functions in L? of the boundary of a domain by applying AFD in the domain. Since
R™ can be written as the union of 2" octants, seeking rational approximations
of functions in L?(R™) motivates the study of AFD in Hardy spaces on tubes
over octants ([24]). For the purpose of illustration, it suffices here to investigate
AFD in the Hardy space of the tube over the first octant H?(Tt,), where 11, =
C+ X A X C+.
Denote by S, (w) the Cauchy-Szegd kernel of H?(Tt,), i.e.,

-1

wi — 2)

Sz = .

(w) H 27i(
7j=1

By using the methodology P-OGA, one can obtain an orthonormal system

{By}2, parameterized by the sequence {z(®}2° | C Tr,. Indeed, {By}{°, is the

G-S orthogonalization of the selected Cauchy—Szeg6 kernels and, if necessary, their
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higher-order directional derivatives. It is concluded in [24] that the attainability
of a global maximal selection at each step follows from a certain kind of boundary
behavior of functions in H?(Tr,), called “boundary vanishing condition (BVC)”
(also see [37]). After verifying the BVC in H?(Tt, ), the convergence follows from
the general theory given in [37]. In [24] the P- OGA generalization of AFD in the
Hardy spaces on tubes over regular cones is also given.

5.3. Matrix-valued signals defined in the unit disc

We denote by HY*? the space of p x ¢ matrices with entries in H?(D). In a recent
paper of D. Alpay, F. Colombo, T. Qian and I. Sabadini they show that it is
possible, as in the scalar case, to decompose those functions as linear combinations
of suitably modified matrix-valued Blaschke product, in an adaptive way. The
procedure is based on a generalization to the matrix-valued case of the maximum
selection principle of 1-D AFD, which involves not only selections of suitable points
in the unit disc but also suitable orthogonal projections. It can be shown that the
maximum selection principle again gives rise to a convergent algorithm ([1]). The
analogous parametrization in terms of Schur analysis and tangential interpolation
directions was given earlier in [6], and has been used to design a matrix-valued
version of the RARL2 algorithm, see [19].

5.4. Adaptive decomposition: the case of the Drury—Arveson space

Blaschke factors and products have counterparts in the unit ball of CV, and this
fact allows us to extend the maximum selection principle to the case of functions
in the Drury—Arveson space of functions analytic in the unit ball of C™. This gives
rise to an algorithm which is a variation of the higher-dimensional AFD. In the
corresponding paper of D. Alpay, F. Colombo, T. Qian and I. Sabadini they also in-
troduce infinite Blaschke products in this setting and study their convergence ([2]).

5.5. Matrix-valued signals defined on the polydisc

The polydisc case has been given special attention, due to its connection with
image processing. It develops in the context of multi-trigonometric series, like 2-
D AFD treated in an earlier subsection. An alternative setting is given in the
third paper of D. Alpay, F. Colombo, T. Qian and I. Sabadini where they develop
interpolation theory as well as an operator-valued Blaschke product method that
offers an adaptive expansion of holomorphic functions in the Hardy space over the
polydisc corresponding to signals on the n-torus ([3]).

6. AFD and Aveiro method in reproducing kernel Hilbert spaces

We first note that the Hardy H? space is a reproducing kernel Hilbert space,
where the reproducing kernel is given by the Szegd kernel. Subsequently, P-OGA
was proposed as an expansion algorithm in reproducing kernel Hilbert spaces (see
§2) although in the previous sections we restrict ourselves to AFD in various
Hardy spaces. The key of AFD (or P-OGA) is the construction of an orthonormal
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system by applying the G-S orthogonalization process to the selected reproducing
kernels and their higher-order derivatives. Such a construction ensures that the
approximating function and its derivatives meet interpolation conditions to the
approximated function at the selected points.

The study of interpolating functions is closely related to interpolation and
sampling problems in reproducing kernel Hilbert spaces, some prototypical aspects
of which may be found in [38]. We use the notation Hy to indicate that H is a
reproducing kernel Hilbert space admitting a reproducing kernel K (g, p). Suppose
that H consists of holomorphic functions defined in an open set E C C. Let
further {px}%2, C E be a sequence of distinct points. The so-called Aveiro Method,
proposed by S. Saitoh et al. in [16], aims at constructing an approximating function
to f € Hg involving a finite number of sampling points {p1,...,pn}.

Based on this work, the authors of [23] propose the so-called “Aveiro Method
under complete dictionary (AMUCD)” by combining the ideas of P-OGA with
Aveiro Method. Roughly speaking, AMUCD enhances the power of Aveiro Method
in that the approximating function given by AMUCD does not require all elements
of {pr}32, to be distinct. As in AFD, the representation and its derivatives enjoy
interpolation properties at {pg}52 ;. It is shown in [23] that AMUCD is applicable
to the classical Hardy spaces and Paley—Wiener spaces. It turns out that AMUCD
is, in fact, an alternative representation of AFD. Nevertheless, AMUCD has the
advantage not to require working out the related orthonormal system, whereas
in many instances of P-OGA one does not know explicit formulas for the related
orthonormal system of functions.
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Abstract. The classical M. Riesz theorem on the boundedness of the conjuga-
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1. Introduction and statement of results

Monogenic functions of octonion variables, due to their potential, yet not com-
pletely fulfilled utility in physics [9], continue to attract attention of researchers.
J. Baez in his very informative survey formulates the development of an octonionic
analogue of the theory of analytic functions as the first item in his list of 14 im-
portant open octonion-related problems [3, p. 201, first bullet]. In this note, we
continue the study of this topic; see, e.g., [4, 10, 11, 14, 15, 16] and especially [17]
and the references therein.

An octonionic version of M. Riesz theorem, see MR below, about conjugate
harmonic functions has been recently published [5]; here we give octonionic versions
of the classical Kolmogorov’s weak-type inequality and shorten the proof of Riesz’
theorem [5].

The monogenic functions are analogs of analytic functions in the octonionic
framework. Just like the classical theorems of M. Riesz and Kolmogorov, the gen-
eralizations of these results are useful in the study of boundary value problems for
monogenic functions.

The theorem of Kolmogorov K2 is valid for all p, 0 < p < 1. However, due
to the fact that powers |f|P of octonionic monogenic functions are subharmonic
only for 6/7 < p [10], our Theorem 2 below, which is an octonionic analog of the
theorem K2, is also valid only for 6/7 < p.
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First we remind a few standard definitions and classical results, and state
our results. The proofs are given in Section 2.

Given a harmonic function u(z,y) in a simply-connected domain of the com-
plex plane, a harmonic function v(z,y) is called its conjugate harmonic function,
if they satisfy the Cauchy—Riemann system of partial differential equations

ou Ov ov ou

ox Oy’ Ox oy’
It is clear that a conjugate harmonic function is determined only up to an additive
constant; we norm it as v(0) = 0.

Theorem MR (M. Riesz, 1927). Let u be a harmonic function in the unit disc. If
u € LP[0,27]

for 1 < p < oo, then its conjugate harmonic function v = u € LP[0, 27| as well,
and

[ollr < Ap|l £l e

The exact value of the constant A, was found by Pichorides [19], it is A, = tan 2
if 1 < p < 2, and its reciprocal A, = cot 27; if 2 < p < oo. We remark that
A, = 7r(p271) asp— 1land 4, = ipasp—)oo.

If p = 1, the statement fails, that is, the conjugation operator is not bounded

in L'. However, in this case the operator has the weak-type 1.

Theorem K1 (Kolmogorov, 1925). Let u be a harmonic function in the unit disk
and v = u its conjugate harmonic function. For any positive A > 0, the inequality
is valid,
[l 1

)\ ?
where meas stands for the Lebesque measure and A is an absolute constant.

meas{z : |v(z)| >} <A

Moreover, the following inequality holds good too.

Theorem K2 (Kolmogorov, 1925). If a harmonic function
u € L0, 27],

then its conjugate harmonic function v, normalized by v(0) = 0, is integrable as
well, v="1u € LP[0,2x] for any 0 <p < 1, and

[ollzr < Bpllullzr
where the constant B, depends on p only.

It should be mentioned that a quaternionic version of the M. Riesz theorem
is known, see Avetisyan [2] and the references therein; namely the quaternionic
monogenic function is integrable, whenever its vector component is integrable.
Conjugate harmonic functions in Clifford algebras were studied by Nolder [18];
our Proposition 1 below is an analog of Lemma 1.6 in [18]. However, the algebra
of octonions is not a Clifford algebra due to the non-associativity of the octonions.
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The non-commutative, non-associative, alternative division algebra of octo-
nions O is an 8-dimensional vector space with the basis elements {ey =1, eq, .. .,
er}, satisfying the multiplication table

e, X e; e €9 €3 €y €5 €p ey
el -1 ey e; | —ey | eg | —e5 | —e3
ey —e4 | —1 es e; | —e3| er | —eg
es —e7 | —e5 | —1 €g e | —ey| e
€y €2 —e€e1 | —€g -1 er €3 —e€5
es —e; | e3 | —ey | —er | —1 e ey
€g e; | —e;| e4 | —e3| —er | —1 es
er €3 €g —eq €5 —€4 | —€y -1

The non-commutativity and non-associativity of the algebra O result in cer-
tain difficulties in a study of this algebra. However, as early as in 1933, P. Stein
[21] employed the subharmonic functions in his study of M. Riesz’ theorem. Since
then, this tool has been used by various authors, see [7], [20] and the references
therein and above. If the final claim depends only on the modulus |f| of the left-
or right-monogenic function f, the use of subharmonicity allows in many problems
to fix certain ordering and/or association from the outset and work with this order
to the end of the proof, when it can be seen that the result does not depend upon
a particular ordering and association.

We use the following notation. Let x = (w9, 21,...,27) € R® be a vector of
real numbers and

7
oct = E x;e;
j=0

be a generic octonion oct € O. Consider real-valued continuously differentiable
functions

fo(x),.., f7(x), x € 0,

in a simply-connected domain €2 C R®. The octonion-valued left-monogenic func-
tions in € are defined as 8-dimensional vector-functions

7
fx) = fix)ej,x € 9, (1.1)
j=0
satisfying the operator equation
D[f] =0, (1.2)
where D = Z;‘:o agj e, is the Dirac or Cauchy-Riemann-Fueter operator; 9/0x;,
j=0,1,...,7, are partial derivatives with respect to the coordinates in R®. Thus,

we study functional-theoretical properties of the elements of the kernel of the Dirac
operator D.
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Solutions of the system [f]D = 0 are called right-monogenic functions; the
functions, which are both left- and right-monogenic, are called (two-sided) mono-
genic functions. Hereafter, we always discuss the left-monogenic functions; the
proofs go word-by-word for the right- and two-sided monogenic functions. More-
over, since adding a constant to any component f; of any solution of system
(1.2)—(1.3) does not violate the system, we will assume that f(0) = 0.

Combining representations (1.1) and (1.2) and using the linear independence
of the basis octonions ey, ...,er, it follows that equation (1.2) is equivalent to
a system of eight first-order linear partial differential equations with constant
coeflicients with respect to the unknown functions fy, f1,..., f7. This system can
be written down as the matrix equation

I A A A N A
6x0 8251 6x2 8:53 ax4 8%5 axG ax';
0 o 9 0 o 0 0 0 F
ox1 Oxo Oxy Oz 0o Oxg Oxs Oxs !
0 0 0 B 0 B 0 0 B 0 0 f
6x2 8:54 8:50 8:55 ax1 axg ax'; axG 2
0 0 0 o 0 0 o 0 P
Oxs Oz Oxs Oxo Oxg 0xo 0x4 oxy | . 3 —0
0 B 0 0 0 0 B 0 B 0 0 f -
6x4 8:52 8251 6x6 a’Eo 8%7 axg ax5 4
0 o 0 0 0 o 9 0 5
Oxs Oxg Oxs 0xo Oz Oxo o0x1 O0xy 5
o 0 o 0 0 0 o 0
6x6 8:55 8:57 8:54 8%3 ax1 8%0 axg f6
o 9 0 o 0 0 0 0
L (9.137 83?3 (9.136 (9.231 (9.135 (9.134 8332 (9.130 4 - f7 -

(1.3)

with respect to the scalar real-valued functions fy,..., f7.
Differentiating the equations of system (1.2)—(1.3) and adding them, one
immediately derives the equations

Afo(x)=---=Af:(x) =0, x € Q,

where A is the 8-dimensional Laplace operator. Hence, all the components fy, .. .,
f7 of an octonion-valued monogenic function f are the classical harmonic functions.

Equations (1.2) such that each component f;, j > 0, is harmonic, are called
the Generalized Cauchy—Riemann systems (GCR) — see Stein and Weiss [20, pp.
231-234]. More general systems

> A of +Bf=0
,7 ('9xj
7=0
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with constant matrices A; and B were considered, in different context, by Ev-
grafov [8].

Stein and Weiss have proved that for any GCR system there exists a non-
negative index py < 1 such that |F'|? is a subharmonic function for all p > pg. It
is known (ibid, p. 234) that for the M. Riesz system in R",

8f1+ +8f71_0

8I1
ofi _ 0f; . .
32{7‘ :8351’ ,j=1,...,n,

the exact value of pg is (n —2)/(n—1). Our system (1.2)—(1.3) is not the M. Riesz
system, however, the same assertion is valid for system (1.2)—(1.3) in R®; namely,
it has been proven in [10] that for the octonion-valued monogenic functions, that
is, for the solutions of system (1.2)—(1.3),

_9
" =6/7.

Po =
n—1{, _q

As Stein and Weiss have noticed (ibid., p. 233) the inequality pp < 1 allows
one to develop a substantive theory of the Hardy spaces for the corresponding sys-
tems (1.2), in our case for octonionic monogenic functions. Certain other properties
of the octonion-valued monogenic functions, for instance, the Phragmén—Lindel6f
principle, the three-lines theorem, Paley—Wiener theorem, and some others, have
been also proven in [4, 14, 15, 16, 17].

For a monogenic function f, the function fj is called the scalar component
of f, the vector-function f, = (f1,..., f7) the vector component. It is worth men-
tioning that even in the case of quaternionic, that is, four-component monogenic
functions [2, p. 911, Remark 1.2], in a bound fy through f, from above, the right-
hand side must contain all the three components of f,. That is why in the results
below fj is estimated from above by f,.

The gradient of scalar functions fy,..., f7 is
ey (0Fi(x) 9f;(x) af;(x)
Viilx) = < Org * Oz 7 Owr )
thus ) ) )
afj(x of;(x) of;(x)
|V f;(x |—} L H e |

We introduce also the 64—tuple function

Vfx)=(Vfo(x),Vfi(x),...,Vfr(x)),
called the second gradient of f [20, Chap. VI, Sect. 5.9], and the 56-tuple function
Vfo,

Vfu(x) = (Vfi(x),Vfa(x),..., Vfr(x)), (1.4)
hence

IVF1P= |V fo| 4|V o] (1.5)
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To prove the boundedness of the conjugation operator for the octonion-valued
monogenic functions in LP, 1 < p < oo, firstly we notice that due to the positivity
of the subharmonic function |f(x)|” when p > 6/7, if f is integrable over the
boundary of the domain, then f and all its harmonic components f;, ¢ = 0,1,...,7,
have non-tangential boundary values almost everywhere on the boundary. When x
is at the boundary of the domain, by f(x) we mean these non-tangential boundary
values. We let B denote the unit ball in R®, S = 0B, and do the surface area
measure on S. Now we state our results. Theorem 1.1 is an analog of M. Riesz
theorem in the octonionic framework.

Theorem 1.1. Let f be monogenic in B and 0 < r < 1. Then for any finite p > 1
there exists the constant Cp, depending on p only such that

/ F(r0)Pdo(8) < C / [Fo(r,0)Pdo(6)
S S

for any constant C' > C,,.
If 1 < p <2, then we can take

and for 2 <p < oo,
hence the constants have the same asymptotic behavior when p — 1 or p — oo as
in Pichorides’ result.

Our proofs are based on the following inequality, which may be of independent
interest.

Proposition 1.2. If f is an octonionic monogenic function, then
2 2

IV fol < 7|V o] (1.6)
therefore
2 2
V"< 8|V 1|, (1.7)
where V fy is the gradient of the scalar function fo and the second gradients V f
and V f, are defined above, see (1.4) and the paragraph before it.

The next corollary follows immediately.

Corollary 1.3. Under the conditions of Theorem 1.1, for 1 < p < oo,
p 1/p P p
ol 0)Pdo(0) < (€37 +1)" [ 1£u(r,0)do(0)

In the case 0 < p < 1, when the Riesz theorem is known to fail, some relevant
results were established by Kolmogorov and Zygmund. The following statements
are similar to Kolmogorov’s Theorem K2 if p < 1 and his weak-type estimate,
Theorem K1 if p = 1.
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Proposition 1.4. If f is octonion-monogenic in the unit ball B and integrable on
the unit sphere, f € L(S), then for any p, 6/7T<p <1, and 0 <r <1,

1/p -
([1roran®) " <@ [ 1r@)ao)
where og is the surface area of the unit sphere S in RS,

As a corollary, we straightforwardly derive the weak-type inequality for the
octonion-valued monogenic functions, which can be thought of as a (weak) substi-
tution for the weak-type inequality in the case of monogenic functions.

Theorem 1.5. Assuming the conditions of Proposition 1.4 and setting p = 6/7 in
it, we have

71 follZas)

8 A2

where meas stands for the Lebesque measure in R3.

meas {x € B| |fo(x)] > A} <

Remark 1.6. We prove the results for the functions in a ball, however, similar
assertions are valid for functions in the half-spaces as well — cf. for example, [13,
Lecture 19].

Remark 1.7. It is worth mentioning that Theorem 1.5 claims a stronger rate of
decay of the measure as A — 0o, namely A\~2 rather than the classical rate A7,
however, the bound involves the L? norm rather than L' norm.

Remark 1.8. As a corollary of Theorem 1.1, it is possible to derive a proof of the
Paley—Wiener theorem for the monogenic functions, Cf. [17].

2. Proofs

As usual, derivatives of the vector-functions f(x) and f,(x) are computed compo-
nent-wise, that is,

7
of (x) :Zafj(x)ej for k=0,1,...,7.

&m - 8{Ek
j=0

The following proofs essentially use properties of the superharmonic func-
tions, see, for example, [1] or [13]. We mention here only that for smooth functions
u(x), x € Q, which is the case in our work, the superharmonicity is equivalent to
the inequality Au(x) < 0 for all x in the domain Q. In turn, the latter is equivalent
to the mean-value inequality, namely, the average of a superharmonic function over
any sphere (or ball) within its domain does not exceed the value of the function
at the center of the sphere (or ball).

This “superharmonic” approach was developed by M. Essen [7].
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Proof of Proposition 1.2. The first equation of system (1.2)—(1.3) implies that
dfo(x)  0f1(x) - (’9f7(x),

Oxo Oz Ox7

the sequel equations of (1.3) give similar expressions for the next partial derivatives
agox(?‘), j=1,2,...,7. Squaring each of these equations and using the elementary
3
inequality
(a1 +az+-+a7)> <7(af+- +a3), (2.1)

() =7 (5« (C5) - (5))
(5) = (o) - (52) - (),
() <o () o) o ()

(Y o () s (oY e (i)

Keeping in mind the matrix in (1.3), we notice that every first-order partial
derivative of each component f; occurs in these inequalities exactly once. There-
fore, adding up these eight inequalities for (9fo/0z0)?, ..., (0fo/0x7)?, we get
inequality (1.6) of Proposition 1.2, namely,

IN

V) <7 (VA + [VAH)]) =71V 10"

Combining the latter with (1.5), we deduce inequality (1.7), thus completing the
proof of the proposition. 1

Remark 2.1. A simple example of the 7-vector (1,1,1,1,1,1,1) shows that the
factor 7 in (2.1) cannot be decreased.

The next lemma can be traced back to Kuran [12] (subharmonic version) and
Essen [7].

Lemma 2.2. If f is a monogenic function and 1 < p < 2, then the function
9(x) = [f)" = Clf(x)?

is superharmonic in B, whenever a constant C > C),, = 7

p—1°
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Proof. Since the components fy, f1,..., fr of the monogenic function f are har-
monic functions, it suffices to prove that the Laplacian Ag is nonpositive, Ag(x) <
0. The proof is based on the following well-known equation, which can be deduced
by a direct computation,

i

7

_ 0

AFGP = plf )P 4{<p—2>2(f<x>' - )>+|f
§=0

where f(x) - 852’;) =S ) 8]?;2(;) — see [20, Chap. VI, Proof of Theor. 4.9].

Since p < 2, the latter implies the inequality

8xj

A P < 2.2
16O < plf(x e (22)
Similarly,
7
_ 0fy(x) dfu(x
P _ p—4 _
AU = plf ) {<p 23 (20075 )+|fu h
Estimating the scalar product by the Schwarz inequality, we compute
7 7
0 ) 0 v
> (o ) <SP = 1
=0 =0

Obviously |fy| < |f], hence
|FIP2 < | fulP72,

for we consider here p < 2. Since

7 2
|va|2 = Z afv
j=

— |0
we derive
Alful? > p|fv|p_4 {(p - 2)|fv|2|va|2 + |fv|2|va|2}
= p(p — DI P2V 1]

Inserting (2.2) and (2.3) into the equation for Ag = A|f|? — CA|f,|P, we complete
the proof. 0

(2.3)

Proof of Theorem 1.1. As in [7] or [13], we first consider the case 1 < p < 2. Let

7
=Y fi(xe;
j=0

be a monogenic octonion-valued function, fj its scalar component and

7
fo=Y_ fiej = (fi,- fr)
—
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its vector component. As was mentioned above, without loss of generality we as-
sume that f(0) = 0.

By Lemma 1.1, the function |f|P—C|f,|? with C > 7/(p—1) is superharmonic,
thus its spherical mean does not exceed its value at the center of the sphere. Due
to the assumption f(0) = 0, we arrive at the inequality

[3 f(@)Pdo < C [S \fo(z) Pdo, (2.4)

we sought for. The non-commutativity and non-associativity of the octonions are
bypassed here, for we integrate only scalar-valued functions.

For 2 < p < oo, we proceed by duality. Set ¢ = p/(p — 1), thus 1 < ¢ <2, in
which case the conclusion has already been proven. Let S(r) be the sphere of radius
r centered at the origin of R®. Writing down the norm in LP(S(1—¢)), 0 < e < 1,
as the supremum over the unit ball in the dual space L9, using the symmetry of the
involved bilinear form (cf. [13, p. 144]), then estimating this form by the Holder
inequality, and finally applying the result proven above for the case ¢ € (1, 2], we
finish the proof. O

Proof of Proposition 1.4. The function

0= ([1s0pan >) !

is increasing on (0,1) [1, Cor. 3.2.6] and upper-bounded there by the condition;
therefore, application of the Holder mequahty with 1/p > 1 and 1/(1—p) completes
the proof. O

Proof of Theorem 1.5. From inequality (2.4) with p =2 and C = Cy = 7 we get

o L1reorar < T [ 15, Gopar,

and since the volume average is dominated by the surface average [1, Cor. 3.2.6],
the latter implies the inequality

1 2 7 2
o L 1r00Ras < [ [ 1. 6opar

where wg is the volume of the 8-dimensional unit ball. The conclusion follows if
we drop in the integral on the left a positive part where |f| < A and note that
g8 = Swg. U
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Abstract. We study the problem of compressed sensing for nonlinear Fourier
atoms and Takenaka-Malmquist systems. We show that reconstruction by
means of a ¢;-minimization is possible with high probability.
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1. Introduction

In the last decade a new paradigm has taken hold in signal and image processing:
compressed sensing. The possibility of reconstructing a signal by only a few mea-
surements under the condition that the representation in a given basis or frame
is sparse has allowed to look at new methods and algorithms. Although sparsity
constraints are directly connected only with non-convex optimization the unique-
ness property shown by Candeés, Rhomberg, and Tao [11] allows the application of
simple convex algorithms, such as linear programming. This has been applied to
a variety of situations, but here we are interested in applying it to a generaliza-
tion of the standard Fourier basis, the case of so-called nonlinear Fourier atoms.
Decomposition algorithms for this kind of atoms were thoroughly investigated by
the group of T. Qian in Macau during the last decade ([14]). Although the original
starting point for T. Qian was the investigation into a mathematical justification
of the Hilbert—Huang transform and the empirical mode decomposition, the under-
lying structure is much older. The whole approach is in fact based on the question
of decomposing a function on the unit circle in terms of Blaschke products, that
means in terms of the so-called Takenaka—Malmquist system. Despite being one of
the classic topics in Complex Analysis this system is rather unknown in the signal
processing community which has its focus on Wavelet and Gabor decompositions.
This is the main reason why investigations from the point of signal processing into
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this system basically restarted within the last decade, not only by T. Qian and
his co-authors, but also by M. Pap and her collaborators in the framework of the
study of the so-called Voice transform ([26] and [27]). Due to its close connection
with the group of Mobius transformations they can also be used to describe di-
lated functions on the unit circle which was used in the definition of hyperbolic
wavelets. While the adaptive Fourier decompositions of T. Qian showed its capaci-
ties in a variety of examples, principally in linear systems theory, it still constitutes
a greedy algorithm and it is a priori not clear that in applications the number of
atoms can be kept sufficiently small as not to be affected by the exponentially
rising costs. In fact, in the recent PhD-thesis by L. Shuang (cf. [31]) a comparison
between the AFD (Adaptive Fourier Decomposition)-method and Basis Pursuit
where made showing that there are indeed situations where a Basis Pursuit has
an advantage. The mathematical justification for the applicability of Basis Pursuit
was given only by an asymptotic analysis and, therefore, is only valid for large scale
matrices. Here, we will use a compressed sensing approach to the reconstruction
of a given signal in terms of Takenaka—Malmquist systems. The direct approach
to compressed sensing involves the checking of the null space property. Tradition-
ally, this is done by verifying the RIP condition, that is to say, that the sampling
matrix behaves almost as an isometry for sparse vectors since RIP implies the null
space property (see [17]). Unfortunately, a direct verification of this condition for
the kind of matrices we are dealing with is extremely difficult. Therefore, we will
use the approach by Rauhut [30] for the case of the classic Fourier basis to give
a general answer. But a direct adaptation represents some additional problems.
For instance, the calculation of the expectation value turns out to be much more
demanding due to the lack of structure (no easy multiplication rule). Furthermore,
in the last section we will make a comparison between our approach and the results
in [31]. We are not going to make a comparison with the AFD method of T. Qian
since that comparison was already done in [31].

2. Non-linear Fourier atoms

Nonlinear Fourier atoms are a family of nonlinear Fourier bases, seen as an ex-
tension of the classical Fourier basis, that have been constructed and applied to
signal processing [13, 15]). For any complex number a = re''e, r = |a| < 1, the
nonlinear phase function 6,(t) is defined by the non-tangential boundary value of
the Mobius transformation
z—a

Ta(2) = ,

al?) 1—az
that is, the nonlinear Fourier atom is given by

it
0a(t) . ity € —a
e = Tu(e )_1—516“'
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Note that 6,(t + 27) = 0,(t) + 27 and its derivative is the Poisson kernel

142 et reita
0 (t) = =R ‘ ‘ 2.1
a(t) 1472 —2rcos(t, — t) e(e“—re“‘%) ’ (2.1)
which satisfies . )
-r +r
0< <0 (1) < . 2.2
1+r — a(t) < 1—r (2.2)

For any sequence (cg)gez of finite nonzero terms it holds

1 il |2 1 .
2 ikx kO, (t)
E = e dr = ’ e
|Ck| o1 / |Ck ‘ x 2 / Ck

kEZ

2
o, (t)dt,

which by combining it with (2.2) implies that we can consider the so-called non-
linear Fourier basis {e%(*) n € Z} of £2(T) with T = {z € C : |z| = 1} denoting
the unit circle ([13], [29]). Note that if a = 0, {€™% (") n € Z} reduces to the clas-
sic Fourier basis {e™*,n € Z}. These atoms are star-like functions, convex with
positive phase derivative on the boundary and they are linked to nonharmonic
Fourier series and TM systems (see, for instance, [28]).

2.1. Hardy spaces
We consider the following function spaces:

e L2(T) as the Hilbert space of square integrable functions over the unit circle.
e For 1 < p < oo the Hardy space H? is defined as the space of all analytic
functions f in I for which the norm

1 1/p
= su re')|Pdt
11, Mgl(% [, e )

if finite ([18]). The space H> consists of all bounded analytic functions f in
D with norm given by

[fllse = sup [£(2)]-

|z|<1

For functions in HP(D), 1 < p < oo, the radial limit
f(eit) = lim f(reit)
r—1

exists almost everywhere in ¢ (Fatou’s Theorem), and indeed f € £P(T). Moreover

1 1/p
- it pdt = f p .
171, = sup (27T /mﬂ [ (re™)] ) 1fllze )

We normally identify f with f and can regard HP as the subspace of those
functions in £LP(T) for which the negative Fourier coefficients vanish, that is:

1 - .
/ f(ezt)efzntdt =0
27 [0,27]
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for all n < 0. Then a function f ~ >0 o anz™ can be naturally identified with the
power series f(z) = Yo" ;anz" defining an analytic function f in D = {z € C :
|z] < 1}.

One can also obtain the extension from f to f by convolving it with the
Poisson kernel K., namely

Flreity = 1 / Koi(ta — ) f(c)dt
7 Jio,2

where K, ;(t, —t) is Poisson kernel from (2.1).
The case p = 2 is simpler since for a function f: z +— Y ja,2" we have

. 1/2
£l = (Zlanl2> :

n=0
We have the following inclusions:
H> CHP CHYCH,
for 1 <gqg<p<oo.

2.2. Takenaka—Malmquist system as non-linear Fourier atoms
The Takenaka-Malmquist (TM) system belongs to the families of unit analytic
signals with nonlinear phase and is closely linked to non-linear Fourier atoms.

Given a sequence (ay)72; of points in D) we associate with it the modified
Blaschke products By, Bs, . .., defined by

oy = VIl ) and B =B (1/2).

1—a,z

for n =0,1,2,.... Hereby the finite Blaschke product is given by

p—1
zZ — Qg
o) =11, " (2.3)
k=0 k

where a; € D for all & > 0. Although the usual orthonormal Fourier atoms
{e""* n € Z} form an orthogonal basis in £2(T) in general the nonlinear Fourier
atoms {"?(®) n € Z} are not orthogonal. The Gram-Schmidt orthonormalization
process leads to the TM basis {B,, : n > 0} which is known to be complete and
orthogonal in H2(D) and to the basis {B, : n € Z} which forms an orthogonal
basis in £2(T) if and only if it satisfies the condition
D (1= an]) = oo. (2.4)
n=1
Condition (2.4) implies that the parameters aj in (2.3) converge to 0. We
recall that if a;, = 0 we obtain the classical Fourier basis as a usual case (see, for
instance, [8]).
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The inner product of two complex functions g1 and go in T is defined as

(g1, 92) = /T 0 (2)ga(2) " (2.5)

271 z

Alternatively from (2.5) the inner product can be written as

1 2m ) )
1,92 = o [ or(e)ga(e)da
T Jo

and the induced norm will be denoted by || - ||2.

To give some examples when a,, = b (n € Ny), we have B,, = L% (n € Ny)
forming the discrete Laguerre system, and in case of agx—1 = a, a2 = b (k € Np)
we get {B,,n € No} as the Kautz system investigated in [3].

3. Sparse sampling in Takenaka—Malmquist system

Since we want to follow the approach of Rauhut [30] we have to look at his setting
with trigonometric polynomials being replaced by atoms of the form

_ o n—1l i _
B, (z) = Vi |%| H © @k

1—a,ei® 1 —apei®’

where a, € C is such that |a,| < 1. These atoms are star-like functions, con-
vex with positive phase derivative on the boundary and they are linked to TM
systems insofar as they represent elements of the orthogonal basis generated by
(ag,ai,...,an,...). Hereby, we denote by ], the space spanned by at most d of
its elements. In other words an element f € [], is of the form

T

\/1—|an| e — ay,
b € [0,27], lax| <1, ¢n € C. (3.1
}) kH CnL welm ul <1 ceC (1)

— apei® 1—
=0

We assume that the sequence of coefficients ¢ = (¢g) is supported on a set T'
which is much smaller than the dimension of [],, that is to say, the finite com-
bination in (3.1) is sparse. However, a priori nothing is known about T apart
from its maximum size. Thus, it is useful to introduce the set (not a linear space)
[1,(M) c T, of all polynomials of type (3.1) such that their sequence of coef-
ficients ¢ = (¢,,) have support on a set T C {1,...,d} satisfying |T| < M, i.e.,
fell,(M) is of the form

@) = Z n\/1—|an|2H e — qy
k=

1—a,e*® 1 — apet=’
neT k

Again, the objective is, given a sampling set X := {x1,22,...,2zx} of inde-
pendent random variables having uniform distribution on [0, 27], to reconstruct
fell,(M) from the samples f(x;) at those N randomly chosen points.
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3.1. Description of the main results

In this paper we will prove the following theorems.

Theorem 3.1. Assume f € Hq(M) with some sparsity M € N. Let x1,zo,...,xN €
[0, 27] be independent random variables having the uniform distribution on [0, 27].
Choosen € N, >0, k>0 and Ky, ..., K, € N such that

K 1—a

a:= Z B/ Em <1 and < M—3/2, (3.2)
—~ 11—k 7 1+4+a

Set 0 := (NK) /M. Then with probability at least
1-— <cd ldﬁ% > Gomr,, (0) + k2K MNQ"G%(H)] ) : (3.3)
m=1

where d := dim(J],), Gn(0) = 07" Z,Lﬁjl So(n, k)0%, and Sa(n,k) denote the Stir-
ling numbers of the second kind, f can be reconstructed exactly from its sample
values f(x1),..., f(xn) by solving the minimization problem

d
min [|(ea) |1 ==Y [enl,
n=1

d _ 9 n—1 i
s.a. f(z)) ::ch\/l ] [15 " Mj=1..N (34
n=1

1— ay,ei® 1— apei®i
n k=0 k

For a given n it is reasonable to take K,, ~ m/n, m = 1,...,n, rounding
m/n to the nearest integer. Then we can choose 8 quite close to the maximal value
such that a =3 _, g/ Em < 1. By our choice of K,, we approximately have

S n/Km ~ S mo 6
D
Thus, the optimal 8 will always be close to 1/2.

Although we are not going to prove them in this paper the following theo-
rems can be easily obtained by adapting the proof of the previous theorem. Their
proofs are straightforward adaptation of the corresponding proofs in [30] with the
necessary modifications coming from the proof of Theorem 3.1. For more details
we refer to the thesis [20]. To make it more clear the principal difficulty resides
in the proof of Theorem 3.1 since the adaptations for the proofs of the other two
theorems do not depend on the actual choice of the system, i.e., the proof of the
first theorem provides the necessary basis for the proof of the other two theorems
without the need for further modifications.

Theorem 3.2. There exists an absolute constant C' > 0 such that the following is
true. Assume f € [[,(M) for some sparsity M € N. Let x1,x2,...,xn € [0,27]
be independent random variables having the uniform distribution on [0,2mx]. If for
some € > 0 it holds

N > CM log(de) (3.5)
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then with probability at least 1 — € the function f can be recovered from its sample
values f(x;), j=1,..., N, by solving the {i-minimization problem (3.4).

Theorem 3.3. Let x1,2a,...,zy € [0,27] be independent random variables having
the uniform distribution on [0, 2x|. Further assume that T is a random subset of
[0, 27r] modeled by

a = Zﬁ"/Km <1 and

m=1

k 1—a
< —3/2, .
S e+ DEIT) (36)

Then with probability at least

6+2a

m=1

n 2
1—<H2W(n,N,E|T|,d)+6Q"dzZ(Km,m,N,E|T|,d)+exp(— sa E|T|)>

(3.7)
any f € [l € TI,(IT]) can be reconstructed exzactly from its sample values
f(z1),..., f(zn) by solving the minimization problem (3.4).

3.2. Proof of the main result

To prove our theorem we have to introduce some auxiliary notations: ¢2(D), £2(T),
l5(X) will denote the fa-spaces of sequences indexed by D = {1,2,...,d}, T,
and X, respectively, all endowed with the usual Euclidean norm. Moreover, we
introduce the operator Fy : £o(D) — ¢2(X) given as

_ on—l g,
Fx = |:\/1 |a‘n| H € Qf

_ 12 _ AT ’
1 —ape®s k:Ol age '7:|j_1,...,N, n=1,...,d

We recall that |ax| < 1, forall k=1,...,d.

By Frx we represent the restriction of Fx to sequences supported only on T,
thus, an operator acting from ¢5(7") in ¢2(X ). Furthermore, the adjoint operators
are given by Fx : lo(X) — lo(D) and Fj.y : £o(X) — £o(T).

Our problem is to reconstructing a sequence ¢ € lo(D) from 8 = Fxc € l5(X)
by solving the problem min ||c||; subject to Fxc = 8. Obviously, if k ¢ supp ¢ then
sgn(c)r = 0 while |sgn(c),| =1 for all k € suppec.

Our proof is based on the following lemma (see also [30] and [11]).

Lemma 3.4. Let ¢ € {2(D) and T := suppc. Assume Frx : {o(T) — la(X)
to be injective. Suppose that there exists a vector P € (o(D) with the following
properties:

(i) P, =sgn(c) for allk €T,

(ii) [Pl <1 forallk ¢ T,

(iil) there exists a vector X € £2(X) such that P = Fi\.

Then c is the unique minimizer to problem (3.4).

Proof. Let us assume X # () and ¢ # 0 to exclude the trivial cases. Furthermore,
let us suppose that the vector P exists. Let b be any vector different to ¢ with
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Fxb = Fxc. Consider h := b — ¢, then Fxq vanishes on X. This means that for
bi, k € T', we have the following estimate

|bk| = |ck + di| = |(ck + hi)sgn ek sgn ¢
= | (Ck sgncy + hk Sgan) Sgan| = | |Ck| —+ hk Sgnck||SgHCk|
= | |ck| 4+ hisgnck| > |ex| + Re (hi sgneg) = |ex| + Re (hy Py)

Thus, for any k € T we have |cx| + Re (hy Py) < |bi|. Otherwise, for k ¢ T we
have Re (hk Pk) < |hg| = |hg| since |Pg| < 1. Thus

1l > lleles + 3" Re (b Pe).
k€[—q,q|NZ

Now, from condition (iii) we can conclude

> Re(hPe)=Re| > h(Fxh),

ke[—q,q]NZ kel—q,q]NZ

N
= Re (Z (Fx h) (aa)/\(a:z)) =0
i=1
whereas Fx h vanishes. Thus, ||b|l;; > |l¢|l¢;- The equality holds when ||hg| =
Re (hy, Py) for all k & T. Since ||Pg|| < 1, this forces h to vanish outside of 7.
Taking in account the injectivity of Frx we have that since Fxh vanishes on X,
h vanishes identically and we have b = c¢. Thus, this shows that ¢ is the unique
minimizer to the problem (3.4). O

Before we can start our proof we need an additional lemma about the max-
imum of the Blaschke product. Let us point out that the usual estimates on the
maximum of a Blaschke product which can be found in the literature are not good
enough in this context since we want to estimate a probability.

Lemma 3.5. Let be € > 0 and a,,z € C such that a, = o+ i and z = x + iy,
n=1,....d. If |a,| < 1, |z| =1, and either | £ 1 —a,| =€ or |+ i—a,| =€ then
the set of functions ,
fus()= LTI (35)
1 —a,z|
has a uniform mazimum which can be estimated by

1 — |a,|? 2
maxXg,ep | MaxX,,eT , | <7 -1
|1 —anz| €

Since this proof consists of lengthy, but straightforward calculations we refer
to [20].

For the proof of our main theorem we have to remark that if N > |T| then
Frx is injective almost surely. This means that we need to show now that with
high probability there exists a vector P with the properties assumed in Lemma 3.4.
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To do this we introduce the restriction operator Ry : ¢o(D) — €5(T') given by
Rrer, = ¢ for k € T and its adjoint R}, = Ep : {3(T) — f2(D) which is the
operator that extends a vector outside T' by zero, i.e., (Epd) = dj, for k € T and
(Erd); = 0 otherwise.

Now assume for the moment that ;. Frx : o(T) — £2(T) is invertible. In
this case we can construct P explicitly by

P :=FxFrx (.F%X]:Tx)_lRngn(c),

where as before T := suppc. Then clearly P has property (i) and property (iii) in
Lemma 3.4 with

X = Frx (FrxFrx) ' Rrsgn(c) € lo(X).

We are left with proving that P has property (ii) of Lemma 3.4 with high
probability.
To this end we follow [30] and introduce the auxiliary operators
H: €Q(T) — gQ(D), H := DET — ]:;(]:TX
and
H() : gQ(T) — gQ(T), Ho = RTH = DIT — ]:j*“X]:TXa

where I7 denotes the identity on [?(T) and the diagonal matrix D has entries
D. - i\’: \/1 _ |ai’?|2‘ ﬂﬁl e~ i __% \/1 _ |am|2 m—1 et — qe .
= 1—a,,e i iy 1—ape % 1— a,,e"i iy 1 — ape™®i
Obviously, Hy is self-adjoint, and H = [hy,y], where

RS S A nl | SR Gl |

1 — e~ 1 —ape™ i 1 — q,e@i 1 — ape®s’
m =0 ¢ n® T k=0 k

j=1
(3.9)
acts on a vector as
N m—1
— [am|? e —ay \/1 - |an| e — ay,
(He)m Z Z 1— a,e i H 1—ape~ i 1 — q,e'®i H 1 — ape™®i ¢
n?ﬁl,j 1 £=0 k=0
n+=m

(3.10)

Now we can write
P = (DEr — H)(DIr — Hy) "' Rpsgn(c).
As we are interested in property (ii) in Lemma 3.4 we consider only values of P

on T¢= D\ T. Since Ry Er = 0 we have

-1
P, = —DIRTCH<IT - DlHo) Rpsgn(c) for all k € T*.
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We can study the term (IT — D‘ng)_1 via the von Neumann series (see,
for instance, [22]) of (17 — (DilHO)")f1 = Iy + A, with

A, = f: (D7'Ho)™, mneN (3.11)
r=1
Here, we get
(Ir — (D’lHo)) =(Ir+ A, § 1H0
m=0
Therefore, we can write on the complement of T’
Rr.P =H(Ir + Ay) < ni:l (DlHO)m>D1Rngn(C) = —(p(l) + P(2))7
m=0
where
PY = DS, D 'sgn(c) and P® = HA,Rr(I + Sn_1)D 'sgn(c),
with S, = S (D'HRy)™
m=0

Since our goal is to estimate P(supycp.|Px| > 1) we consider a1, as > 0 to be
numbers satisfying a; + as = 1 and we have

P(supgepe| Pl > 1) < P({supkeTc|P,§1)| >ar} U {supkeTu|P,§2)| >az}). (3.12)
This leads to the estimates
P(|P,§1)| > al) =P (‘ (DSnD sgn(c | > a1

<P(Ey) := P( Z (D(D™*HR7)™ D sgn(c))x| > al).

and
2
supgere| P ] < PPl (3.13)
< HAWD ™ M| g (1) e (D) (1 + | Re DSp1 D~ sgn(e) [l (1)

where £°°(D) denotes the space of bounded sequences indexed by D.
For the term ||RpDS,—1 D~ sgn(c)||¢= () similarly as in (3.13) we get

P(|(DSn-1D'sgn(c))| > a1) < P(Ey)

= 1@( Z (D(D™*HR7)™ D *sgn(c))x| > al)

= ]P’( Z |(HD™'Ry)™D ™ 'sgn(c))y| > a1>.

m=1
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Now, we know as well that

[HAD7H|, < |[EDT DADT| < [HDTH [PADTH|, - (3:14)

with DA, D~! = ZD D~'Hy)"™" D71

For the ebtlmatlon of the term HDA D1 || we can use the Frobenius norm

| Al|% = Tr(AA*). Note that the trace of a product of a matrix with a diagonal ma-
trix D with same dimension is commutative, i.e., Tr(AD) = Tr(DA). Therefore,

in our case ||DAnD_1Hi? =Tr(A,A%). Thus, for now, we suppose that

|D (D~ 10)" D

<k <1 3.15
L (3.15)

From the definition (3.11) of A,,, it follows that

D Z (DlHO) D!
r=1 F
> K

< "= . 1

< ; W= (3.16)

For the term HHD_1

1DAD™ [ = <2_IIp@~ Ho)" D7,

, we have to remind us that the matrix H is given by

1— 7’1'7‘ — as 1— 2 k—1 —iT; __ m
H = [th DZk _ Z \/ |CL,€| H L a’ \/ |Cl,k| H € a,

1— —ix; (C I - iz 1— —ix;’
age 0 age T ame

=1 i k-1 —ix
e — ag e — apy, ,
such that by (3.9) and Sl_[o e =1 and ngo | —apeie| = 1 we obtain
1—|ael? 1— |ag|? _
|HD™Y|, <sup, Y. Z 1/_ aéef% 1\/_ akei’;% DY (3.17)
(£keT j=1

Using the estimate from Lemma 3.5 in the last expression, we can further estimate

sup, Z Z\/ —1\/ = 1[Dy;;| < sup, Z ( _1>‘Dkkl

LAKET j=1 AKET
:N(2—1>supez Dy, |<N25upez D!
€ (£keT (£kET

We recall that
N

2 1 _ 2 1_ 2
Dee| = — |ag| > N - min, |a¢| SN |al
J 2 2
= |1 agei i |1 — aget®i| (1 + [ag)
— Ja] €
= N >N _. 3.18
L+ fael = 2 (3.18)
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Then, taking into account (3.18) expression (3.17) be further simplified to

1—lael?| | V1 — x|

S 9B ol Nt | N
(£keT j=1 £ k

Ne 2
2 Ne
Now, from (3.14), (3.16) and (3.19), we get the estimate

124,07, < [|[HD™'DAD™Y < [[HDTH|, | PADTH|

|D |<N sup, Z |D
(#£keT

(IT]=1) <|T. (3.19)

K
<z, " (3.20)

Thus, from (3.15) and ||S,—1sgn(c)| ., < a1 it follows

2) k 3
suppere|Pr | < (14 a1) 1— |T|2 . (3.21)
Therefore, taking into account the estimate (3 18) from (3.21) and if
K -
< T 3.22
1-k "~ 1 —|— ap | | (3:22)

then supkeTu|P]£2)| > ay as intended.
Also it follows from (3.22) that x < 1 and |T'| > 1 (note that if T = ) then
¢ = 0) and ¢;-minimization will clearly recover f. Furthermore, we have

Pyl >1) <> P(E) + P(|[(D7 Ho)" |, > k). (3.23)
keD

P(supkeTc

Thus, we need to estimate P(E) and P( |[(D~"Ho)" HF > k).

3.3. Analysis of powers of G

Our above considerations mean that we need to estimate the powers of the random
matrix Go = D~1Hy in Frobenius norm. In fact we will need the expectation value
Ex of it to estimate the probability.

Lemma 3.6. It holds
min{n,N}

. N
Ex[IGylm] < Y (N — 1) S cacA ),
t=1 " AEP(2n,t)
with
on N 4 , -1
Ca:= (HZI@M%) ) (3.24)
s=11,=1
and

CAT) = 3 11 (f _ 1)t (3.25)

ki1,k2,....kon €T, kr#krp1 AEA

for a small € defined as in Lemma 3.5.
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Proof. As first step we have to remark that it will be a quite hard problem to
calculate the expectation value with respect to a Blaschke product and, therefore,
we are more interested to get an estimate.

Let us start by taking a closer look at the self-adjoint matrix Gy. We need
to estimate HGSH?; = Tr(G3"). Since we have

Fx = [Bk(emj)L‘:l,...,N,k:L...,d (3.26)

\/1 — |ag|? Rl ging _ ag

1 — apei®i vl ape'®i

?

J=1,...,N,k=1,....d

we know that the diagonal matrix D and its inverse D! are given by

-1
N N

D= Z‘Bk(em)‘%ke , D7l= Z‘Bk(em)|25k€ ,

j=1 j=1

k€T k€T

and, additionally, we have the matrix Hy given by

N
Hy = (1 — 5lk) ZBl(eixj)Bk(emj)
=1

k,leT

Consider now the entry (I, k) of the matrix Go = D~!Hy. Here we get

B eB
Go(l,k) == (D™ " Ho)ix = (1 — 0z ||lB.H2k’ (3.27)
1

where we used the discrete scalar product

N

B e B = ZBl(eixj)Bk(emj)

j=1
and the norm

al 2

2 1T
I1BI* = [Br(e™)|".
j=1

We aim to estimate the square of Frobenius norm of (3.27), i.e.,
2
| )| =T [(D7 1) | = T [631].

We need to calculate G3"(k1,k1). From now on, and in order to simplify
the notation, we always assume k; # kj;q1 without explicitly mentioning it. The
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general form of G2"(kq, k1) is given by

GE(ki, k)= > Golk k2)Golka, ks) - Go(kan, k1)
ko,y...,kan €T

2n
> T Golkr, k).

koy...,kan €T r=1

In a more detailed form we have
G2 (o, ) = Z By, e B;Cg By, ® 5’;3 By, ® B;m
[1Be, 1™ (| Brs |l Bk, |

N

- Z Z By, (€%1) By, (€1791) By, (€172 ) By (€172 ..
_ Faveehan €T e Jan =1 Zﬁ:l ‘B’ﬁ (eml)|2 Zl]\zle ‘Bkz (eiwt2)‘2
. By, (€%i2n ) By, (€i%i2n)
Z;Z»,L:l |Bk2n (e'®i2n) 2

As in [30] we have to switch to partitions A since some indices i, might be the same
which means that we cannot use directly the product rule for the expectation value
since it is only valid for independent random variables. We associate a partition
A= (A1, As,...,A;) of {1,...,2n} to a certain vector i1, . .., ia, such that i, = i,/
if and only if r and ' are contained in the same set A; € A. This is allows us to
unambiguously write i4 instead of i, if r € A. Furthermore, if A € A contains
only a pair of elements B, (24)Ba, _,,(24) then the term will vanish due to the

ko,...,kon€T

condition k, # ky4+1. Thus, we only need to consider partitions A satisfying |A| > 2
for all A € A, ie., partitions in P(2n,t) with ¢ > 1. Additionally, we need to
remember that the number of vectors (€4,,...,¢4,) € {1,..., N}* with different
entries is exactly N--- (N —t+1) = NI/(N —¢)l if N >t and 0 if N <¢. Thus,
we obtain the expectation value of the trace of the matrix

Ex [T (G3")] = Y > I (H;_j |Bk3<ems>2>

ki,k2,....k2n €T ji,....jon=1 A€A

XEX

11 B, (€i734) By, (e )1 : (3.28)

reA

This description is possible since the terms Egzl | B, (€71 )}2 are actually fixed
constants. The complete calculation of (3.28) can be found in the appendix.

Since z;, has uniform distribution on [0, 27| from (3.28) we have to look for
the expectation value

Ex lH By, (€"94) By, ,, (¢4 )] :

reA
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For |A| = 2, (note that k, # ky11, ks # ks+1 and k. = ks+1) we obtain

Ex By, (¢74)By, ., (6592) By, (€%94) By, (¢4

= Ex [|Br, (€954) By, ., (¢14)By, (%3]
1 / 1 |a, |2 ¢1—|ak7+1|2’“ﬁ*1 24 — ag

270 Jisg=1 11 —ar, 24> 1—ag, . 24 w0 L—asza

ksy1—1

ks—1
y V11— lag,|? H 24— ay /1= |k, |? H 24 —an dzg (3.20)
1—ak ZA 1—auzA 1—ake+1 A n—0 l_anZA ZA. .

On the one hand, if ks = k, 41 from expression (3.29) we obtain

i . 1 1—|ap > 1—lax|* dz
x [1Be (0PI =nP) = )L [ ol
|za

2 =1 |1 —ak,za? |1 — ak, 24l za

. ak,

1-— |akr|2 ag 1-—
1 —ag,.ap, ar, —ap, 1—ag,ag, ap, — ag,

To estimate the last value we will consider the estimate by Lemma 3.5 and
introduce the quantities €2 = |a, —as| and €; keeping in mind that |a| < 1.
Thereby, we get

1-— |akr|2 ag 1-—

s

ag

r

1 —ag,.ap, ar, —ap, 1—ag,ap, ap, — ag,

2 2 2 1 2 2
<\/ _1|a1|+\/ _1Ia2|<2\/ R \/ o
€1 €2 €1 €9 €1 €9 €9 €1
On the other hand, if ks # k.11 from expression (3.29) we obtain

Ex [‘Bkr (eimjA)|2 [;,’kr+1 (eixjA )Bks (eimjA )]

1 / 1 — |ag,|? \/1 — |ak, . |2

2
2m lzal=1 |1 — aszA| — Ak, 1 RA

" Tﬁl za —a; /1 — |ag,|? ﬁ 24— Qy dza

1—aiza 1 —ap,za 0 1—ayza 24

1 / 1- |a'k7r|2 ZA \/1 - |akr+1|2

2 ‘ZA|_11—aerA zA—akr ,ZA—G,]W+1
Ergp1—1 ks—1
x H —ar /1~ ATy, (3.30)
A .
1—atzA 1—ak za 1—ayza

u=0
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From the last expression by assuming ks > k.41 we get
x [1Br, (€742 |By, (e74) ]
ko—1

1/ L—lag. > 2za /1= lak.? /1 - |ag.|? H zA—audZA
1—asz

21 Jizaj=1 1 — k.24 24 —ag,  za —ak,, iy 1= auza
s

ks—1
_ \/1 - |akr+1| \/1 - H Ak, — Oy (3.31)
Ky 1— ak,. 0, 1-— Qg Qf,. w=hy 1141 1-— Aq A,

We can estimate the absolute value of the last result in (3.31) as

ks—
\/1 |ak'r‘+l|2 \/1 - |aks |2 Hl Af, — Qy

a‘kr+1 kr 1- ap, Ak, 1-— Ay,

u=kr41+1

ko—1
< 1_|akr+1|2 1 — |ayg, ? H ak, — Gy 2_1
9y

‘1 — Ok |1 - a‘ksakr|2 u=kyp1+1 1-— [ €
such that
. — a
lag,| <1 and d(ag,,a,) = ke = 0u | g
1- Ay Ak,

where d(ag,., a,) is called pseudo-hyperbolic distance between a,, and ay, .
Note that if ks < kr4+1, we obtain basically the same result. For |A| = n, we
shall obtain in the same way

n , 92 n—1
L1 Br. (e75)By,., .. (e )] : <6 - 1) '

s=1

Before we show this we are going to give two remarks. First of all we can
easily check that if the components are all different, i.e.,

E H Bkrs (eisz )Bk7'3+1 (eims )1
s=1

with k., # k., when s#t we get zero as the result. Furthermore, it is also easy to see
that the highest value in the estimates happen when the pair By, ("4 ) By, (e'%4)
repeats itself n times with ry # 74 + 1.

This means that, although keeping r # ¢, the main problem is to estimate
the values of the integral for the expectation value

B (B @B ) T= 5 [ (ButraButran) D 652

21 12A

which leads to
Ex [ (Bu, (@01)Bu.(@.)) |

1— a2 /1 — a2 (3.33)
R e
[zal=1

T on 1—a,2z4 1—aiza 124
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Let us start our estimate as follows
1 / V1=lar? /1~ |a2\"dz
2 |2|=1 1—a,z 1—az 12
n
L—lar > | 1—la?
11— apz|® \| |1 — a2
1 a2\ /2 \"
< | maxg,, epmaxzer 5 < -1) .
1 — anz| €
From this using Lemma 3.5 we get

C(A,T):= Z H (i _ 1)A — H (i _ 1)|A| T2n—|Al+1

r1,72, - Ten €T, #r 41 ACA AecA

=K x #{(Tl,’l“g,...,’l“gn) S T2n 1Ty 7& Tj+1

1
=127 Jypj=a

|dz].

/ HBM 24) Bar+1(zA)dZA £0, VA € A} (3.34)
|zal= 1,

reA

where

K=1] (i —1>A. (3.35)

AecA

Let us remark that in the above considerations everything depends on the
result of the integral

2
- dZA

/ BB )

i (3.36)

for A € P(2n,t). Here, the indices (t1,ta, . .., t2,) € T?" are subjected to the |A| =
t constraints where the above integral is different of zero. This also is the principal
point if one wants to extend the proof to more general cases like frames. O

3.4. Analysis of P(Ey)

We have to study the term P(E}) in (3.23). In the usual manner, let 3, = g™/ Km,
m =1,...,n be positive numbers satisfying

n
Z ﬁm, = a1
m=1
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and K,, € N, m =1,...,n, some natural numbers. For k € D as before we have
(Z} D™ 'HRy)"sgn(c)), }>a1)
=3 P(|((D7'HRr)™sgu(e)), |**" 8,25 > 1) (3.37)
m=1
< ST E[|(DT*HRr)sgn(c)) |7 52 (3.38)
m=1

where we now have 325 = 3727 for all m. We remark that (3.37) and (3.38)
are obtained from (even when the expectation is infinite) E(X) = > .2 P(X > ).
Thus, we obtain

n

P(Ex) < B2 Y E[|((D~'HRr)"sgn(c)) | "] (3.39)

m=1

n
and the condition a; = Z Bm reads as

a; =a= Z pr/Em < 1.
m=1

The above consideration means that we have to study the expectation value
appearing in (3.39). The following proof is similar to the one of Lemma 3.6.
Lemma 3.7. For k € D and ¢ € {5(D) with suppc =T we have

min{Km,N}

E “((D‘lHRT)msgnc>k‘2K] < Z (N]\i!t)' Z Cax B(A,T).

t=1 " A€P(2Km,t)

Hereby, we identify partitions of [2Km] in P(2Km,t) with partitions of [2K] x [m]
with fized k. and k.1 such that k, # ky41,

2K m N -1
cd_<HHz)BM Wy) ,

qg=1s=11,=1
and

B(A,T) = Z II (f—1>t

1 1 A

2K 2K

k““>¢k<+1 jelm]

for a small € defined as in Lemma 3.5.

For the proof of this lemma, we reefer to the appendix.
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Now the objective is to complete the proof of Theorem 3.1 by joining all
the established facts. Consider the absolute value of the quantity C'(A,T') defined
in (3.25) for A € P(2n,t). Here the indices (k1, ..., ka,) € T°" are subjected to the
|A| = t linear constraints (3.36) for all A € A. These constraints are independent
except when the sum of the integrals is zero. Thus, from (3.34) and (3.35) we can
estimate

|C(A,T)| < KT < Ktm?n—t+L, (3.40)

By Lemma 3.6 we obtain

min{n,N}

N! n—
el <co Y D, X ket

t=1 A€eP(2n,t)

< CsznJrl Z <]>[\;C> Sg(2n,t),

t=1

where Sa(n,t) = |P(2n,t)| are the associated Stirling numbers of the second kind.

.

Let us note that from (3.15) we have k < 1. So, we have ||D (D‘lHo)n D_1HF <k
which implies (IT — (DilHo)n) is invertible by a von Neumann series. In the same
way, FrxFrx = Dr (IT — D’lHo) is invertible. Hence, also Frx is injective.
Let us now consider P(E}). By Lemma 3.7 we need to bound B(A,T') defined
n (A.2), i.e., the number of vectors (k;p)) € T?Km satisfying k;p) = k§§?1 for all
A€ Awith A € P(2Km,t). These are t independent linear constraints. Therefore,
the number of these indices is bounded from above by |T|2K™m—t < p2Km=t Thuys,

Set 6 = JX/’IC Markov’s inequality now yields

# (||, =) =2 (o, 2 ) < oy

< KT2C4K*™ M NGy, (6).

in same way, by taking 6 = "¥, we obtain
m 2K Km .
Ex D((D_lHRT) sgnc>k) ] SCdZ(NIC) Sy (2K m, t)M2Em=t,
=1

Let us consider P(failure) as the probability that the exact reconstruction of
f by £1-minimization fails.
By Lemma 3.4 and (3.23) we again obtain

P(failure) < P ({Frxis not injective} U {supycpe|Pr| > 1})

<Cy ZP(E@HP(H(D*H@” )
keD
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< CadB™" Y Gamr,, (0) + K72 Cak>™ M N*" G, (0)

m=1

=Cy [dﬁ% Xn: Gamk,, (0) + K72 M N*" G, (0)
m=1
under the conditions
a1 =a= iﬁ"/K’" <1l, as+a;=1,ie,as=1—a,
m,:l - as 82 1 —aM73/2.
1—-x = 1+a1 1+a

4. Applications

The main goal of this section is to present some numerical experiments using
Takenaka—Malmquist systems. Since their main field of application is in the study
of transfer functions in systems identification we choose some examples of such
functions. To allow for comparison we use the following two examples of transfer
functions from a recent thesis [31],

024721 + 0.035523
T0.332922 — 1.27272+ 17

But before this we take the Poisson kernel

E(z)=¢* and F(z)

T2 _ |ZO|2

P(Ca ZO) = 27T7’|Z() o <|2

as an example. This function is of particular interest to us due to the fact that
whenever |zg| — 1 we get a singularity at the point zy whose influence can be
studied for different parameters zg.

For the numerical calculations we use the Matlab toolbox ¢1-Magic [10] which
adopts a Linear Programming to minimize the ¢;-norm of our coeflicients x subject
to y = Az using the primal-dual interior point method (see, for instance, [34]) with
A being our sampling matrix.

Since ¢1-Magic works with real-valued vectors we need to modify our (com-
plex-valued) system. We rewrite our complex multiplication (a+if)(v+iw) = a+ib
as a matrix-vector multiplication, i.e.,

()= 6)

This allows us to rewrite the complex linear system in the form § = Mz with

(i) i) et o= (i) 7 (i)
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We need to choose our points a; for the Blaschke products. To this end we take a
grid given by the points

(oo = rpe' 2% £=0,1,...,22" 1 k=0,...,m}

denotes the radius of the concentric circles such that on the
22k

7 —k
Bk ok
circle with radius r, we take equidistant points (see for instance [25]). From
this grid we take N randomly chosen points, i.e., a vector a = (a1, ...,an).

For our examples we made the simulation using Matlab 8.5.0(R2015a) run-
ning on a laptop with Intel(R) Core(TM) i3-4010U CPU 1.70 GHz, RAM 4GB,
Windows 10, OS 64-bit(win64).

where r, =

Example. Consider the Poisson kernel over the unit circle (see [21])

1-— |Zo|2
,20) = .
Q(C 0) 27T|ZO _ C|2
In this example we choose zy to be near to zero, in this case zp = —0.1 and

the function is sampled by N = 1300 measurements. In Figure 1 we can see the
reconstruction of the function by using only M = 55 samples. This corresponds to
4.23% of our total measurements.

When we choose zp = —0.5 with the same number of measurements (N =
1300) we can see a similar level of reconstruction (cf. Figure 1) with a slight increase
in the number of used samples (M = 70).

For values of zp near to the unit circle, i.e., |z9| = 1 (in our case we choose
20 = —0.8), with the same number of measurements (N = 1300) we can see that
again with a slight increase in the number of taken sampling points (M = 130) we
get a similar quality of reconstruction while using the same percentage (10%) for
a smaller number of sampling points (M = 20) in the case of zyp = —0.8 we still
can get a decent approximation with a dramatically smaller running time.

From this example we redraw the following observations:

1. Within the same number of measurements, when |zp| is near to zero we have
the best reconstruction in the least time.

2. When the modulus of the parameter zg is close to 1 it requires more samples
to reconstruct the signal.

3. The reconstruction is better in case when |a; — r| < e with € relatively small
and the parameter a; being randomly chosen.

We will use the next examples to compare our results with the results from
the PhD-thesis of L. Shuang [31]. Note that in his case he chooses the parameter a;
from an a-priori given grid while in our case we use randomly chosen parameters.

Example. Consider the example of the transfer function (from [31])
0.247z* + 0.035523

T 0.332022 — 1.27272 4+ 1

For this example we sample the above function using 1000 samples (same as
in [31]).
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original signal original signal
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F1GURE 1. From left to right, top to bottom: zy = —0.1, 55 sampling
points corresponds to ~ 4.23% of total measurements. Time = 329.85

s, relative error = 0.0045;  zp = —0.5, 70 sampling points corresponds
to &~ 5.38% of total measurements. Time = 302.72 s, relative error
= 0.0057; zp = —0.8, M = 130, 130 sampling points equivalent to

10% of total measurements. Time = 324.75 s, relative error = 0.0094;
z0 = —0.8, M = 20, 20 sampling points corresponds to 10% of total
measurements. Time = 2.0242 s, relative error = 0.0145

In Shuang’s work the relative error is 0.022 compared to the relative error of
approximately 0.0004 in our case. Additionally, let us take a look to what happens
if we take a bigger number of samples of the original function (M = 110). The
original signal and the reconstructed signal can be seen in Figure 2. We can point
out that the relative error is less than 0.0002 compared to a relative error of 0.004

in Shuang’s work.

Unfortunately, since the author in [31] did not provide any information on

the used hardware any comparison of runtimes is pure speculation.

Example. Consider the function

As we did in the previous example we sample our function in the same way (1000

E(z) =e.

samples) as in [31].
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original signal original signal

v o N &
NS
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reconstructed signal reconstructed signal

N o N &

M o N »

0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 200 400 600 800 1000 1200 1400 1600 1800 2000

FIGURE 2. Left: the original image and the reconstructed image ob-
tained from 55 random samples (5,5%), relative error = 3.2271e-04.
Right: The original signal and the reconstructed signal obtained from
110 samples (11%), relative error = 1.8086e-04.

In Figure 3 — Top Left we can observe that with only M = 12 sampling
points we can reconstruct our function with relative error = 0.00046. In the work
of Shuang the reconstruction was done with a relative error of 0.0004 but using a
larger number of sampling points (M = 55).

In Figure 3 — Top Right we can observe that if we use the same number of
sampling points M = 55 as in [31] then we get a relative error of 0.00002.

For M = 110 (Figure 3 — Bottom) the relative error is 0.000004 in contrast
to the relative error from Shuang’s example which is 0.00003.

Again, since the author in [31] did not provide any information on the used
hardware any comparison of run times is pure speculation.

Taking into account these two last examples we can make the following ob-
servations:

1. Using the same number of measurements our method provides a better ap-
proximation than the approach in the thesis of Shuang [31];

2. Moreover, the same relative error is attained with our method by using a
smaller number of sampling points.
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original signal original signal
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FiGURE 3. Top Left: reconstruction using 12 sampling points (corre-
sponding to 1.2% of total measurements). Relative error = 4.5945e-04.

Top Right: 55 sampling points

corresponds to 5,5% of total measure-

ments. Relative error = 1.8646e-05. Bottom: 110 sampling points corre-
sponds to 11% of total measurements. Relative error = 3.8346¢-06.
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Appendix: Additional calculi

A.1. Estimation of the term ||HD_1HOO
[HD™H|

N =1 o k=1 _in.

_ \/1_|aé|2 H el —as \/1_|ak|2 H e — apm, .
Z, 1 —ape™"%; 1 —ase'® 1— ape®i 1 — apetzi kk
j=1 s=0 m=0 ekl oo

N =1 .. k—1 y
1— 2 1Ty 1 _ 2 —iTj _
= sup, E E \/ |Cj[| v | | € qsv \/ |ak| € flAva,:kl

1 —age "% 1 —ase™®i 1 — ape'® 1—a,e "
s=0 m=0

LAKET |j=1
\/1 - |CL@| e — Qs
Sbupé Z <Z ]_-CL@@lIJ Hl_a ele
L#keT

\/1— |ax|?

7la:J_am =
1—ape % Hl—a e—izj Kk

I

VI a2 /1 fagf?

<o Y Y3

T —i-x kk
erTJ <11 —ae il—age i
V1=lag? || V1~ laxl?
<bupe Z Z ]__a,éelmj 1—ape™ 1T ‘ kk
(£keT j=1
A.2. Expectation value of the trace of G(z)"
2n

N H Bkr (ei:ﬂjr )Bk'r+1 (eiwj'r )
Ex [Tr(G3")] = ) > O Ex |7,
ki,k2,....k2n €T j1,...,j2n=1 H Z ‘Bk (eiwzs ) 2

H Bk e'Tia )Bk +1( chJA)
reA
Z Z H Ex m N
ki,k2,....k2n €T j1,....J2an=1 AEA H Z |Bk3(eimzs)

s=11s=1

Y oy (/T )

ki,k2,...,k2n €T j1,...,jan=1 A€ A s=11s=1

H Bkr (eiij )Bkr-u (eim_m )] .

reA

XEX

We recall that the terms Eﬁ;l ‘Bks (e'@is )‘2 are fixed constants.
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A.3. Proof of Lemma 3.7
Proof. Let be o := sgn (¢) and

N T1 B, (21,)Br..., (1,
(07taRD) sme) = 32 30 ol
Ly, lm=1 kl,J:¥k;r;§:T, H Z }B mz

ERRRELO] s=11l,=1

with ko := k. From this we obtain

‘((DlHRT)m sgnc)

ko
N

N
_ (1) 2)
= > > > o (km’)o (k")
N s N N e B I A
kD kS, kP eT
kﬁ”;ﬁkﬁ‘fp jebm], p=1,2

T (), (40) Bl (), ()
ﬁ iv: )Bkg)(eimﬁ))r 1’_”[ i\’: ‘Bk@) ff))‘

s=11s=1 s=11:=1
N N

. ) > ok )o (k)

eV e =1 6P =1 B R kD er
B2 kP k@ er
k@;&kiﬁ)l j€lm] p=1,2

(1 _ (1) (1)
\/1 — |a (1)|2 k )— e lwlr —a (1) \/1 |a (1) | 7‘+1 -1 elwlr —a (1)

7‘+1
<1> <1> < )
zx —ix
11 ne lr 1 1—ale o l—a, g e® 1 1— ale
r= k( ) q§ )—p < ) k5+>1 qé )—p < )
X
2D
11 Z B, ()
s=11l,=1
C)) 2 1@ _ . (2)
\/1 = la,o 2 T —a RO \/1 |a’k52+>1| ramh e g )
°2
1 iz 1 ;2) 1 2 1 iz
r= 1 —ak(z)e 7 ng)zo as(z)e r —ak(rzzle séz):O —aséme r
X
e
I3 [0
s=11:=1
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Taking a 2Kth power yields

'((DlHRT)msgnc) .

ko

= 2 > ok o (kD)o (k) (kEF)

é(lzK),...;egﬁK):lkgzK),kézK).,...,kﬁjK)eT
(») (p)
kiR
2K m 2K m N

< TTTIB. (ot ))Bkgl (=) 111> ‘ By (1)

p=1r=1 g=1s=1l,=1

‘ 2

= 2 > ok o (kD)o (k) (kEF)

6(121‘)7...;@55"):1 k§2K),k§2K).,...,k£3K)€T

(P) 41.(P)
kiR
(p) _ _ (P 2 k@ 1 . ®
2K m 1—la 2 kP -1 w0 1—la, 1 wwy
| k’(rp)| (& a (p) | kﬁﬂ' e a/qép)

HH H o |

_(p) _(p) - (p)
p=lr=11—a,me “ir M=ol a,we i 1—a, @ e
« N 1 q; r+1

(1)

1—a e
qép)zo qép) "

2K m N

TTITS [t

qg=1s=1l,=1

‘ 2

where k‘(()p) =k,p=1,...,2K. Further, recall that |o(k)| =1
Taking the expectation value E yields

m 2K
]EU((HRT) sgne)y, | }S ) 2
1 b g
(0o DD ker
5(121()7“.7@531{):1%2}(),kéQK),~~~7kf,2LK)ET
(P) 21, (P)
ki #k

2K m 1_|ak(”)|2 kP —1 6_”55)—a o \/1_|a1<(”> |2

r H q; “rf1
i (P) _iz® (p)

i
p=tr=1l=aq;me v o _gl-a me T 1-a;q e

1—a (e
qép)zo qép)

onT.

(p) ;. (P)
ral e —g )
a2

(1)

% ]E, 1 1 “r41

[T B ()|
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2K m N w2 -1
- Z Z (HHZ’Bkgw (€1 )’ > (A1)

Ve =1 gD M kDer  \g=ls=ll=1

e?m,...;egm:m(f“) ,ka).,...,kSﬁK) er
(») ()
ki AR

®) _1  —ip® 2@ 1 @
2K m \/1_|ak(rp)|2 k=1 e, g (p) \/1_|ak(P> | 170 e —a

q, 1 a5
<E| 111 11 11
i@ (®) (P i®

p=ir=tl=gype T o g 1_GQ§’°)€_MH 1_ak5~p+)16mlr a5”
(with equality if all the entries of o are equal on T'). Let us consider the expecta-
tion value appearing in the sum. As in the proof of Lemma 3.6 we have to take into
account that some of the indices eﬁ,” ) might coincide. This requires to introduce

p=1,....2K
some additional notation. Let (69")) C {1,...,N}?5™m be some vector of
m

r=1,...,
indices and let A = (Ay,...,A4:),A; C{1,...,m} x{1,...,2K} be a correspond-
ing partition such that (r,p) and (r/,p’) are contained in the same block if and
only if 0P = Zi’f ) may unambiguously be written ¢4 instead of o) if (r,p) € A.
Using that all £4 for A € A are different and that the z,, are independent we may
write the expectation value in the sum in (A.1) as

1  —ig® 2 k® 1 2@
k=1 o700 g o \/1 - |ak£‘ﬁ—)l| 1T oML g

qq D)
X
. (p) . (p) ;o (1)
7zwl _ JJL Zl}l
(P =0 1—a §p>e 1 ak(ri)le TP =0 1—a e ir
_ 2
\/1 la, @ |
= H Ex in®
AcA (rpeal —a,me 'a
_ i (P) (p) _ i .(P)
kP —1 e, g 1— |a » |2 k-1 elia —q
(p) k,q (p)
% qy r [*D)
ip(® ) (D

l—a me ™al—qa. e"a 1—a e ia
MO R k), =0 o
Note that if A € A contains only one element then the last expression vanishes

due to the condition &’ # kﬁﬁ)l Thus, we only need to consider partitions A in
P(2K'm,t). Now we are able to rewrite the inequality in (A.1) as

min{ Km,N}

Ex U((D‘lHRT)msgnc>k‘2K] < Z (NAi!t)' Z CaB(A,T),

t=1 " AeP(2Km,t)
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with
2K m N (q) -1
e (IS I )
qg=1s=11,=1
and
9 t
B = - .
(AT) > o) (A2
k:gl),k(l) . k(l)ET AcA
ka),ka),...,kfﬁK)eT
kP #RE, €l
for a small € such that [(£1,0) — a,| =€ or |(0,£1) — a,| = €.
This proves the lemma. (|
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Script Geometry
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Abstract. In this paper we describe the foundation of a new kind of discrete
geometry and calculus called Script Geometry. It allows to work with more
general meshes than classic simplicial complexes. We provide the basic defi-
nitions as well as several examples, like the Klein bottle and the projective
plane. Furthermore, we also introduce the corresponding Dirac and Laplace
operators which should lay the groundwork for the development of the corre-
sponding discrete function theory.
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Keywords. Script, simplicial topology, discrete exterior derivative, Hodge—
Dirac operator, discrete Laplacian, cohomology.

1. Introduction

In the last two decades one can observe an ever increasing interest in the analysis
of discrete structures. On one hand the fact that nowadays everybody can harness
large computational power, but the computer is restricted to work with discrete
values only, created an increased interest in working with discrete structures. This
is true even for persons who are originally unrelated to the field. An outstanding
example can be seen in the change of the philosophy of the Finite Element Method.

From the classical point of view the finite element method is essentially a
method for discretization of partial differential equations via a variational for-
mulation, i.e., one first establishes the variational formulation and discretizes the
problem by creating ansatz spaces via introducing a mesh (normally by triangular-
ization) and (spline) functions defined over the mesh. One of the major problems
with this approach is that there is no a priori connection between the choice of
the mesh and the variational formulation. The modern approach lifts the problem
and, therefore, the finite element modelation directly on to the mesh, resulting in
the so-called Finite Element Exterior Calculus [1, 14]. Hereby, one chooses first
the mesh and introduces a boundary operator given by the mesh which induces
the corresponding discrete variational formulation. From a practical point of view
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this is even more interesting since finite element meshes are also widely being ap-
plied in other fields, such as computer graphics [13, 14]. In this framework notions
of discrete vector fields and operators acting on them, e.g., discrete divergence
and curl, appear in a rather canonical way instead of being introduced artificially
by additional discretizing a continuous formulation. This also leads to immediate
applications such as the problem of discrete Hodge decompositions of 3D vector
fields on irregular grids. In this context one can also study the notion of a Dirac
operator [27].

Yet, if we look at the literature the existing theory is based on working with
simplicial complexes and triangularizations [13].

But the meshes in FEM or in computer graphics are not just restricted to
meshes coming from triangularization and representing simplicial complexes. Al-
ready discretizations based on quadrilaterals hexagons are not in this class. There-
fore, a more general geometrical approach than the one based on simplicial com-
plexes is needed. Furthermore, there are problems in other fields (like physics)
which are traditionally modeled in a continuous ways. Nowadays, such problems
are more and more studied directly on the discrete level, the principal example
being the Ising model from statistical physics as opposed to the continuous Heisen-
berg model. But also here one is not just limited to classic lattices or triangulariza-
tions, yet for more general lattices which are not just simplicial complexes a corre-
sponding geometrical theory is missing. These models require a discrete function
theory to work with them, similar to the 2D-case where discrete complex analysis
plays a major role. In fact most of the recent advances on the 2D-Ising model by
S. Smirnov and his collaborators are based on a clever interaction between classic
and discrete complex analysis [29]. This is possible since discrete complex analysis
is under (more or less) constant development since the forties [25, 28].

Unfortunately, the same cannot be said about the higher-dimensional case.
While lately one can observe several approaches to create a discrete function theory
in higher dimensions based on lattice discretizations of the Dirac operator (see [32,
26, 21, 18, 19, 4, 8]) they are closer in spirit to finite difference methods than finite
element methods ([5, 22, 23, 2, 6]). Nevertheless, these approaches lead to a well-
established function theory [17, 9, 10, 11, 12, 20, 7]. For a function theory in
connection with the above-mentioned finite element exterior calculus we do not
want to be restricted to meshes coming from simplicial complexes. Therefore, one
needs a new kind of geometry which allows to work directly with general meshes.

In this paper we are going to lay the foundations of a new type of discrete
geometry called script geometry which is not restricted to simplicial complexes.
After a short review of simplicial topology we define the principal objects as well as
introduce the corresponding Dirac and Laplace operators as discrete versions of the
abstract Hodge—Dirac operator. Furthermore, to give a more clear understanding
of what we are aiming at we are going to present several examples, such as the
Mobius strip, the Klein bottle, the torus, and the projective plane. It is our modest
hope that the presented framework will be interesting enough to be explored by
many mathematicians in the future.
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2. Brief review of simplicial topology

An abstract simplicial complex is a collection S of finite non-empty sets, such that if
A is an element of S, then every non-empty subset of A is also an element of S. An
element A of S is called a simplex of S; its dimension is one less than the number
of its elements, and each non-empty subset of A is called a face of A. Vertices of
S are the one-point elements v of S, and {v} is by definition a 0-simplex.

If K is a topological simplicial complex and V' its vertex set, then the col-
lection of all subsets {ag,...,a,} of V such that the vertices ag,...,a, span a
simplex of K, is called the vertex scheme of K. The vertex scheme of a topological
simplicial complex is an example of abstract simplicial complex. In fact, every ab-
stract complex S is isomorphic to the vertex scheme for some simplicial complex
K, called also the geometric realization of S, uniquely determined up to a linear
isomorphism.

Let o be an abstract simplex. Two orderings of its vertex set are equivalent if
they differ by an even permutation. There are two equivalence classes (in dimen-
sions bigger than 1), each one of them called an orientation of o. For 0-simplexes,
there is only one orientation.

If K is a simplicial complex, then a p-chain on K is a function ¢ from the set
of oriented p-simplices of K to Z, such that: (a) ¢(0) = —¢(—0); and (b) ¢(o) =0
for all but finitely many oriented p-simplices o. Addition of oriented p-chains is
done by adding their integer values. The resulting group is denoted by Cp(K).

If o is an oriented simplex, the elementary chain ¢ corresponding to o is the
function defined as follows: (a) ¢(o) = 1, (b) ¢(—0) = —1, and (c) ¢(7) = 0 for
all other oriented simplices. The usual convention denotes by ¢ both the oriented
simplex and its elementary p-chain c. This allows the notation —o for the simplex
with opposite orientation than o.

A well-known result is that Cj,(K) is a free Abelian group, a basis is obtained
by orienting each p-simplex and using the corresponding elementary chains as a
basis. Therefore, with the exception of Cy(K), the groups Cp(K) have no natural
basis, as one must orient the p-simplices in K in an arbitrary fashion to obtain a
basis.

The homomorphism of groups:

Op : Cp(K) = Cp_1(K)

is called the boundary operator, defined by

p

Oplvo, - vpl =D (=) [vo, ..., Ty ., 0],

=0

where the hat means deletion from the array. The operator 0, is well defined and
it has the property
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for all simplices o. For example:
O1[vo, v1] = v1 — vo, 02[vo, v1,v2] = [v1,v2] — [vo, V2] + [vo, v1].

It can be proved that
8,,,1 o 8p =0,
so the kernel of 9, denoted by Z,(K) is the group of p-cycles, and the image of
Op+1, denoted by B,(K), is the group of p-boundaries. The pth homology group
of K is then defined as
Hy(K) = Z,(K)/By(K).

Cohomology is usually defined using the Hom functor. That makes cocycles

to be “picket fences” inside triangularizations of manifolds.

3. Script geometry
Let us start with the definition of our most basic object, the notion of a script.

Definition 3.1. A script is a collection
G :={6_1,60,61,...,6,...,6,} (3.1)
of sets Gy, the elements of which are called k-cells. In particular,
S_1 = {o0}, So :=A{p1,---sDj,---DPno }»
Sy ={li,....,.... L, }, Go={v1,.. V5, Uny by
S = {c]f,...,c?,...,cf‘tk}.
Traditionally 0,1 and 2-cells are called points, lines and planes, respectively.

Definition 3.2. A linear combination over Z of k-cells is called a k-chain:

C = Zj Mk ez, (3.2)

VAR

and we denote the module of k-chains by €. The support of a k-chain C} is the
set of k-cells C? that are involved in the linear combination (3.2), i.e., for which

k
A7 #0.
Definition 3.3. The boundary map 0 from &y into €;_1, the module of (k — 1)-
chains, is defined by:
8(:? = ZS ,u?’scf*l, u?’s </ (3.3)

which naturally extends to the module €, and it is subject to 9% = 0.

Let us remark that the coefficients u?’s in (3.3) are uniquely determining the
boundary operator 0. For example, if Py is a 0-chain, then if Py = Z ‘ )\(;pj, we

J

have:

Opj =1-00, 8P0:(Zj)\?)-oo,
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therefore 0Py = 0 if and only if Z , /\? = 0. For a generic k-cell c? , since 92 =0
j

by definition, we have:

0=k =0 (3 et 1)22(2 ) =2

Z uks k—1,¢ — 0,
for all ¢.

Definition 3.4. A k-chain Cf for which 9Cy = 0, it is called a k-cycle. A k-chain

_ k _k

for which )\? = +1 is called an oriented surface, or simply a surface. A surface Cj,
for which 0C) = 0 is a closed surface.

therefore:

Definition 3.5. A script & for which every cell boundary 80? is a closed surface is
called a geoscript.

Definition 3.6. A closed surface Cf is called tight if and only if for every closed
surface C}, with supp C}, C supp Cy, it follows that Cj, = £Cy, i.e., Cy is the only
closed surface, up to sign, with support inside supp Cj.

A tight cell ¢ is a cell for which Oc is a closed tight surface. A geoscript is
called tight if all its cells have a boundary which is a tight surface, i.e., all its cells
are tight cells.

Any point p; is obviously tight. A line [ is tight if and only if Ol = p; —py, i.e.,
every tight line connects two points. Every plane v which is tight has a boundary

t
aU:ZAjlj, )\j ::|:].,

which forms a polygon, i.e., \;0l; = p; — pj+1 whereby p¢11 = p1, and all points
p1,-...,p: are different.

In Figure 1, we have drawn two examples of tight scripts and the far right one
is a non-tight script. Please note that the “loop” script in Figure 1 is defined by:

So = {po,p1}, &1 = {l1, 12}, &y = {v},
Oli =p1 —po, Ola=po—p1, Ov=I1+I.

Note that a tight geoscript of dimension < 2 is always topologically equivalent
to a CW-complex. For higher-dimensional geoscripts the situation can be more
general than CW-complexes.

The cells in a geoscript are oriented cells and can each come in two states of
k

orientation that are determined by the boundary map 8(6?), i.e., if one replaces ¢

by dk = —ck then also 8(dk) = —0J(c k) But in general there could be more than
two orlentatlons on (closed surfaces inside) supp 9(c} %) and so the mere knowledge
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FiGUuRE 1. Examples of scripts

of supp 6(6?) does not determine the orientations :ta(c?). The tightness condition
however ensures that on supp 8(0?) there can only be two states of closed orienta-
tion given by :I:(?(c?), so that the state of orientation on each cell c? can be fully
identified with the state of orientation on the boundary. The tightness condition
also implies a number of interesting geometric properties for scripts, such as a line
has two endpoints or a 2-cell is a polygon. In a forthcoming paper we prove that
using tightness one can determine when a two-dimensional script corresponds to
an oriented two-dimensional manifold.

Definition 3.7. A k-cell ¢ is called a k-simplex if either ¢ is a point (the case k = 0),
or the boundary dc of ¢ is a tight (k — 1)-surface that is the sum (with coefficients
+1) of k + 1 different (k — 1)-cells that are also (k — 1)-simplexes. A simplicial
script is a tight geoscript for which all cells are simplexes.
Definition 3.8. A geomap G : & — &' between two tight geoscripts & and &' is a
collection of linear maps

gr - S — G;c
with the following two properties:

(a) the image of every k-surface C, € &y, is a k-surface C}, € &), e.g., on a k-cell

c? we have:

k,s !’ k,s
ge(ch) =Y "pheel, e {-11)
(b) for each k, the natural extension of gi to a set of k-chains fulfills the relation:

09x(Ck) = gr—1(0C%).

Moreover, gy, is called tight if it maps tight surfaces to tight surfaces.
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The notion of geomap can be used to define when two geoscripts are isomor-
phic. Let & = {6_1,6(,61,...} and ¥ = {T_1,%0,%1,...} be two geoscripts
and suppose we have a geomap given by gi : G — €(%)i, from &y, to the chains
of Ty, that is such that for every cell c? € Gk,

gk(c?) = :td?,

where d? € %y, i.e., suppose that gy is a bijection up to the sign between G and
Tk. Then we say that script & is isomorphic to script T. It means essentially that
one can change the signs of the cells provided one makes the necessary adjustments
for the boundary map 0, and these adjustments are determined by the relations
gk = gr—10.

Definition 3.9. A geoscript &' is called a refinement of a given geoscript & if there
exists an injective geomap G = {gir}r : & — &’. A refinement is called tight if
every gy, is tight and if for each k, there exists only one surface C}, inside the image
gk (cf) for which

k
9C}, = Agi(cj).
Theorem 3.10. Any tight geoscript & admits a refinement to a simplicial script &.

Proof. The proof is done by induction over k, and it is left as an exercise for the
avid reader. (]

We define the analog of the homology groups of a tight script &, due to the
fact that the boundary operators 0 : €1 — € obey 0% = 0 in all dimensions k.
We define:
Hi(S) =: Zk(6)/Br(6),
where Zj(6) is the group of (closed oriented) k-cycles, and By (&) is the group of
boundaries of (k + 1)-chains of &.

Definition 3.11. We define the inner product of k-chains by

(30, ek 30 Buck) = Do e

Then the exterior derivative d on chains is defined by
k._ k6 k+1
dej = pei ™,
¢

naturally extended to the module of chains, and subject to the condition
<dc?,c]z+1> = (c?,@cif“}.
Similarly for the differential operators d, one can define the corresponding
cohomology groups H*(&) of a tight script:
1M (8) = Z"(8)/B"(8),

where Z*(&) is the group of (k + 1)-chains closed with respect to d, and B*(&) is
the group of coboundaries (in the image of d) of k-chains of &.
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Note that in the case of a simplicial script & being built by making use of
usual (triangular) simplexes, it is similar to the usual notion of a simplicial com-
plex. From dimension 3 and up a non-simplicial script does not uniquely determine
the topology of the supporting space, though. Therefore, in a certain sense, scripts
are a more loose concept than the traditional abstract simplexes.

4. The discrete Dirac and Laplace operators on scripts

Let f be a function defined on a tight script & with integer, real, complex, or
Clifford algebra values. For example, if & is has dimension 2, f is defined by

f=l+h+/f,
fo=Y_ fopss  fr=_ filyy  fa= > fou;.
Jj€Go JEG JEG2

Definition 4.1. The discrete Hodge—Dirac operator for a tight script & is defined
as
527 =0+ da

acting on the corresponding parts of a function f.

For example, in the case n = 2, we have:

f = 0f1 + (dfo + 0f2) + df:

= Z fljalj + Z ijdpj + Z f2j(9’Uj + Z fljdlj.

JEG JE€ESo JEG2 JEG

Definition 4.2. The discrete Laplace operator on a tight script & is defined by:

Ly, (4.1)

_1 _1 2
A= (0d+dd) = (0+d)° =

For example, for f as above, we have:
2Af = 9(dfo) + (9(df1) +d(9f1)) + d(Of2)
= Y fo;Oldps) + Y fi; (0(dly) +d(0y)) + D fo;d(DP;).

Jj€Go JjE€EG JEG2

Note that the Laplace operator defined above acts on all of &, not only on
vertices (points). Let us remark that the above definition can be seen as a con-
cretization of the abstract Hodge—Laplace operator [27]. Normally, the abstract
definition is given in terms of the exterior derivative d and its adjoint d*, but in
our context we do not need to formally introduce the operator d*. Furthermore,
one of the requirements for the discretization of the abstract Hodge—Dirac opera-
tor in [27] is that the exterior derivative commutes with bounded (or smoothed)
projections. This is not a trivial study and restricts their approach to simplicial
complexes. While this is natural in the context of looking at simplicial decompo-
sition of domains our setting is more general.
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5. Classic examples of scripts

We give below concrete descriptions and computations of scripts obtained from
classical examples of topological spaces.

5.1. A Moébius strip

As a topological space, the Mobius strip is obtained from a rectangle, identifying
one pair of opposite edges in reverse orientation. In order to make it a tight geo-
script, denoted by G, we obtain the same result by gluing two rectangles along
one edge, as described in Figure 2. The script containes four points, six lines and

P, ) P3 I3 P,
11 VD 16 VD ll
P, 15 Py I )

FIGURE 2. The Mobius script

two planes:
So = {p1,p2,p3,04}, &1 ={l1,l2,13,14,l5,l6}, G2 = {v1,va}.
The boundary operator 0 acts on the Mdbius script as follows:
Oly = pa — p1, Oly = p2 — ps,
Olz = p3 — p1, Oly = pg — p2,
Ols = p1 — pa, Olg = p3 — pa.
Note that 9(la + I3 + 14 +15) = 0, so lo + I3 + l4 + I5 is a tight closed curve.

Next, we have:
ovy = =y + 1y — 5 + g,
Ovg = —l1 + 13 — 1y — lg.
Note that all linear combinations of the boundaries above have coefficients

+1. Also, one can easily check that the boundary operator squares to 0, as desired.
For example:

0 (0v1) = —0l1 + 9la — Ols + Ol
= —(p2 —p1) + (p2 —p3) — (p1 — pa) + (p3 — pa) = 0.
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Similarly 9 (Ovs) = 0. Therefore, the Mébius script is a tight geoscript. Topo-
logically is equivalent to a CW-complex consisting of one 2-cell: (v1 + v2), three
1-cells: Iy, (I + I3), (I4 + I5), and two O-cells: p1, po.

The script homology of G, is obtained in a similar fashion as one computes
the homology of a CW-complex. In more detail, consider the sequence of chains:
0%e%¢%e¢ %0

We note that

O(vr +v2) = =21 + (l2 + 13) — (la + I5),
so the image of the boundary of the sum of the two planes is non-empty. Its kernel
is 0, so H2(G ) = 0. Next,
Oly =pa—p1, O(l2+13)=p2—p1, O(a+ls5)=p1—pa,

therefore up to a sign, (Io+13)—{1 and (I4+15)—1 are homologous cycles. The kernel
is two-dimensional (three line generators and the image is one-dimensional), so iso-
morphic to Z2. It follows that H1 (&) = Z. Similarly, one obtains Ho(Sys) = Z.

The differential operator d acts on the script &, as follows:
dpr = —l1 — I3 + 15,
dpa =11 + la — L4,
dps = —la + I3+ Ig,
dpy = lg — 5 — ls,
and
dll = —U1 — V2, de = V1, dl3 = V2, dl4 = —V2,
dl5 = —Vq, dlﬁ = V1 — V2.
For the cohomology of the script &), we study the sequence:
0% ¢ de e, So.

4
Note that Z dp; = 0, therefore H°(S ) = Z. Because
j=1
—dly = d(lz +13) = —d(ls + I5) = v1 + v,
therefore d(2ly + (I2 +13) — (l4 +15)) = 0, so the kernel of d on lines is 3 — 2 = 1-
dimensional. Moreover, the image of d on lines and the kernel of d on planes are

both generated by v; + vo. Summarizing, the script cohomology of the Mdbius
strip is indeed, as expected:

HO(Gy) =H (Guy) =7,  H*(Gpy)=0.
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Since the discrete Dirac operator is defined as @ = 9 + d, using

1 6 2
f=fo+ fi+fo fo=> fopi A=Y fjli, f2=)_ fv;,
=1 =

j=1
we have:
Jf = 0f1 + (dfo + 0f2) + dfs.
Computations yield to:

-1 0 -1 0 1 0
1 1 -1

h=| 0o 4 (1) 0 8 (1)
o o o0 1 -1 -1

(151 [ps],

89

where [f1;]" is the column vector of the corresponding 6 inputs, and [p;] is the row

vector of the four points. Similarly we obtain:

-1 1 0 0
0 1 -1 0
-1 0 1 0
dfO = 0 1 0 1 [foj]t[lj]v
1 0 0 -1
0 0 1 -1

where we notice that the matrix above is the transpose of the previous one for

df1, as it should. Next we get:

-1 1
1 0
0 1
of2=1| o _ |l
-1 0
1 -1

and
-1 10 0 -1 1
dfv=1 _4 01 -1 0 -1

[F1] [vs],

Put together, the Dirac operator in matrix form is given as:

1

|
-
-
-
-
-

[un

P =

[un

[
[=NoNeNoNeNe} | oo

[=NeNeNeNeNeNeNeN

=

-

cocoocolorrocoo
-
ocroocoocoocool ko
~rocococococococorol
IOOOOOOOF—‘OIO
|l noocoocococo oo

coroor |l coococoo

11
e
—
o |
—

with eigenvalues —2, 0, 2 of multiplicities 5, 2, 5, respectively.

"

corloorloocoo

[un

[un
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The discrete Laplace operator is given by:

2Af = d(dfo) + (O(df1) +d(5f1)) +d(0f2)
3
Zf :0(dp;) +Zflj i)+ d(dl) +ngj (9;).
Jj= j=1
In matrix form we obtain:

3 -1 -1 -1
1 3 -1 -1

28uf=| 3 ) 5 _; |Uol'lpil

-1 -1 -1 3
4 0 0 0 0 0
o 3 -1 -1 -1 0
0 -1 3 -1 -1 0

Tlo -1 1 3 -1 o | Wl
0o -1 -1 -1 3 0
000 0 0 0 4

(4 0

+ 0 4 [f2j]t[vj]'

In matrix form, the Laplacian of the Mobius script &, is given by the square of
the Dirac matrix:

3 -1 -1 -1 0o 0 0 0 0o 0 0 0
-1 3 -1 -1 0o 0 0 0 0o 0 0 0

-1 -1 3 -1 0o 0 0 0 0o 0 0 0

-1 -1 -1 3 0o 0 0 0 0o 0 0 0

0 0 0 0 4 0 0 0 0o 0 0 0

A _ 1 0 0 0 0 0 3 -1 -1 -1 o0 0 0
M=, 0 0 0 0 0 -1 3 -1 -1 o0 0 0
0 0 0 0 0 -1 -1 3 -1 0 0 0

0 0 0 0 0 -1 -1 -1 3 0 0 0

0 0 0 0 0o 0 0 0 0 4 0 0

0 0 0 0 0o 0 0 0 0o 0 4 0

0 0 0 0 0o 0 0 0 0o 0 0 4

5.2. The torus

Consider the torus T equipped with the script defined as in Figure 3. Topologi-
cally it is obtained by identifying the opposite sides of a rectangle with the same
orientation. The boundary operator acts as follows:

Oly = p1 —po, Olz =po — p1,
Olz = po —p2, Ola =p2 — po,
Ols = p3 —p2, Olg = pa — p3,
Olz = p1 —ps, Ols =ps—p1,
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) 1

0 L 2 P,
v 1 Y s
lz 7
15 P ls
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Vi
la ) Ig D Iy
1 1,
P, ) )

FicUure 3. Torus script

and

ovy =5 + 17 — 11 — I3,
Ovg =g + 13 —la — 7,
Ovs =11 +1g — l5 — Iy,
Ovy =g + 14— lg — 3.

All 0,1 and 2-cells are tight cells, so the script & above is a tight geoscript.
For the script homology of the torus, we consider the sequence of chains:

and we note that:
4 4
Z@ljzo, Z&vj:O,
j=1 Jj=1

so, if we denote the line sums ;5 := (I3 + l2) and l34 := (I3 + I4), and v the sum
of all v;, we have:

3(112) = 8(134) = 0, 8’7 =0.

It turns out that l;2 and l34 are a basis of H1(Sr) and ~ is the generator of
H2(S71), ie., we capture the script homology of the torus:

Ho(S1) =2,  Hi(Sr)=20Z,  Hz(Sr) =12
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At the differential operator level, we obtain:

dpo = —l1 + 12 + 13 — Iy,
dpr =11 —la + 17 — g,
dp2 = —l3 + 14 =I5 + I,
dps =I5 — lg — l7 + s,

and

dly = —v1 + s, dly = —v2 + vy,
dls = —v1 + v2, dly = —vs + vy,

dl5:1)1—’l)3, dl6:—v4+v2,
dl7=’U1—1}2, dl8=U3—U4.
3 8
Note that Z dp; =0, Z l; = 0, and using the notation for the sum of two
=0 j=1

lines, l;; := I; + [;, we have:

d(lis — lss) =0, d(po + p2) = —d(p1 + p3) = —(l15 — l26),
d(lsz — lug) =0, d(po + p1) = —d(p2 + p3) = (Is7 — lus).

Therefore each H'(&7) and H?(S7) have one generator, and H!'(Sr) has
two generators. Summarizing, we obtain the script cohomology groups of G is
given by:

H(Gr) =7, HYS)=ZdZ,  H)(Sr)=T.
Since the discrete Dirac operator is defined as @ = 9 + d, using
3 8 4
f=tfotfitfor  fo=_ fopi, Fr=_fili, fa=Y_ fayu;,
j=0 j=1 j=1

we have:
f = 0f1 + (dfo + 0f2) + df1.

Computations yield to:

df = o | Hul'leil,
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where [f1;]* is the column vector the corresponding 8 inputs, and [p;] is the row
vector of the four points. Similarly we obtain:

-1 1 0 0
1 -1 0 0
10 -1 0
dfo = 01 8 _11 (1) [fos]* 131,
o o0 1 -1
o 1 0 -1
| 0 -1 0 1 |

where we notice that the matrix above is the transpose of the previous one for
df1. Next we get:

[=1 0 1 0 ]
0 -1 0 1
-1 1 0 0
0 0o -1 1
af? = 1 0 -1 0 [fQJ]t[lJ]v
0 1 0 -1
1 -1 0 0
L0 0 1 -1 |
and
-1 0 -1 0 1 0 1 0
0o -1 1 0 1 -1 0
dfl = 1 0 0 -1 -1 0 0 1 [flj]t[ij
0 1 0 1 O -1 0 -1

Put together, the Dirac operator on the torus script in matrix form is given as:

0 0 0 0 -1 1 1 -1 0 0 0 0 0 0 0 0
0 0 0 0 1 -1 0 0 0 0 1 -1 0 0 0 0
0 0 0 0 0 o -1 1 -1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 -1 -1 1 0 0 0 0
-1 1 0 0 0 0 0 0 0 0 0 0 -1 0 1 0
1 -1 0 0 0 0 0 0 0 0 0 0 o -1 o0 1
1 o -1 0 0 0 0 0 0 0 0 0 -1 1 0 0
-1 0 1 0 0 0 0 0 0 0 0 0 0 0o -1 1
0 0o -1 1 0 0 0 0 0 0 0 0 1 0o -1 0
0 0 1 -1 0 0 0 0 0 0 0 0 0 1 0 -1
0 1 0o -1 0 0 0 0 0 0 0 0 1 -1 0 0
0O -1 0 1 0 0 0 0 0 0 0 0 0 0 1 -1
0 0 0 0 -1 0 -1 0 1 0 1 0 0 0 0 0
0 0 0 0 0o -1 1 0 0 1 -1 0 0 0 0 0
0 0 0 0 1 0 o -1 -1 0 0 1 0 0 0 0
0 0 0 0 0 1 0 1 o -1 0 -1 0 0 0 0

with eigenvalues —2v/2, —2,0,2,2+/2 of multiplicities 2,4, 4, 4, 2, respectively.
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The discrete Laplace operator is given by:
2Ar f = 9(dfo) + (0(df1) + d(9f1)) + d(9f2)

3 8 4
= fos0dps) + Y fr; (3(dly) +d(D1y)) + > fa;d(Dvy).

7=0 j=1 j=1
We obtain:
2 -1 -1 0
-1 2 0 -1
ATf: 1 0 92 1 [f()j]t[pj]
0 -1 -1 2
2 -1 0 0 -1 0 0 0]
1 2 0 0 0 -1 0 0
0 0 2 -1 0 0 -1 0
0 0 -1 2 0 0 0 -1 .
110 0 o0 2 -1 0 o |Vl

o
ja)

j g (2) j [f23]'v5] -

0o -1 -1 2

In matrix form, the Laplacian of the script for the torus T is given by the square
of the Dirac matrix:

M
-
[un
(=)

[
==

[
==

-
SN

[un
[

[
[

[un
[un

[

s
[un

-
-

s

SN
NOOOODODODODOOOOO

[eRolololeloNeloloNoNoNoN o]

-

lov!| cocococococococooco
-

H
lvol cococoocococococooo

11
[E.

cocoocococolocconvl cocoo
[
=

,_.
cococococol voocol cooo
cococococownv!lococlocococoo
coccowm)locolococooococo

cocccoocolocollvococo
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o
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»

5.3. The Klein bottle

Consider the Klein bottle equipped with the script S defined as in Figure 4. It
is obtained from a rectangle identifying one pair of opposite sides with the same
orientations, and the other pair is identified with opposite line orientations. We
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b 1, P,

FI1GURE 4. Klein script

obtain the following script geometry of the Klein script:

Oly = p1 —po, Olz =po — p1,
Olz = p2 —po, Ols =po — p2,
Ols = p3 —p2, Olg = p2 — p3,
Olz =p1 —ps, Oly=ps—p1,

and
ovy =5 + 17 — 11 — Iy,
8’[)2:[6—l3—12_17a
Ovs =1l + g — ls — I3,

8U4=lg—l4—l6—lg.

Note again that this is a tight script, and we have:
4
Z@vj = —2(13 + l4) .
j=1

If we denote the line sum ly5 := (I3 + l2) and I34 := (I3 + l4), and + is the
sum of all v;, then ;2 is a generator for H;(&x) modulo torsion, and l34 is a
torsion element of H;(S k). But 7 is not a cycle anymore, as 0y = —2l34, i.e., we
recapture the script homology of the Klein bottle:

Ho(Gk)=Z,  Hi(Ck)=Z®Zy,  Ha(Sk)=0.
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At the differential operator level, we obtain:
dpo = —l1 +la — I3 + 1y,
dpy =11 — 2 + 17 — g,
dpa = l3 — 1y — 5 + g,
dps =I5 —lg — l7 + ls,

and
dly = —vy + vs, dly = —vy + vy,
dls = —vy — vg, dly = —v1 — vy,
dls = vy — v3, dlg = —v4 + v9,

dly = vy — va,

dlg = V3 — V4.

3
Note that dej =0 and d((l1y — l2) + (I3 — l4)) = 0. Therefore H!(S) is
§=0
generated by one element. Next, we have:
dliz = —(v1 +v2) + (v3 +v4), dlza = —(v1 +v2) — (v3 + va),

therefore, because d(l12 + I34) = —2(v1 + v2), we obtain that H?(Sx) = Zy. This
yields the script cohomology groups of G

H(GK)=7, H' (Sk)=2Z, H(Ck)="7Zs.
The discrete Dirac operator for the Klein script above is given by the formula:
df = 0f1 + (dfo + 0f2) + df1,

where

3 8 4
f=fo+fitfor  fo=Y fops fr=) fuli fa=Y_ fayu;
j=1 j=1

J=0

Computations yield the following results:

-1 1 -1 1 0 0 0 0
1 -1 0 0 0 0 1 1
Oh=1 19 0 1 -1 -1 1 0 o0 [f1]'ps);
o 0 0 0 1 -1 -1 1
-1 1 0 0 ]
1 -1 0 0
-1 0 1 0
1 0 -1 0
dfo = 0 0 1 1 [foj]t[lj]'
0 0 1 -1
0 1 0 -1
0 -1 0 1
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Next we get:

of2 =

and

In matrix form, the Dirac operator for the Klein script is:

— — —
0000010_0_0_0000
— —

— —

— —
ococoo 700_10100000

— —
0_0100000000001_
— —

— —

— —
00_10000000010_0
— — —
10_000000000_00_
— —

— —
— _00000000000_01

— —
_10000000000 _010

—
ococococococooH | _10000
—

— —
ococoo | ocococoH | ococoo

— —
ococoo s _100000000

with eigenvalues —2v/2, —2, —v/2,0, /2, 2, 2v/2 of multiplicities 2, 3,2, 2,2, 3,2, re-

spectively.

The Laplace operator is given by:

[f15]°[23]

-1 0 0 07

-1 0 O
2

2

0 0 0 —-10 0

-1

—1
1

-1 0 0 1

2 0 0 -1
2 =10 0
-1 2 0 0

-1
-1 0 0 O

0

-1 0 O

0 0 2

1 -1 0 0 2
-1

0 0
0 0

0 0 -1 2

1

~1-1 0
}} [fos] [ps] +

-1 -1 2

2
-1 2 0
-1 0 2
0

|

Agf =

f} oyt ).

4 -1 -2 1
-1 4 1
-2 1 4
1 -2-1 4

1

o
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5.4. The real projective plane

We investigate several scripts for the projective plane RP2. The simplest one is
given in Figure 5, but it is not a geoscript. Indeed, this script, denoted by Ggp2 1

F1GURE 5. Simplest projective script

is characterized by

&o = {p1,p2}, 61 = {l1, 12}, &y = {v},

oly = pa — p1, Oly = p1 — pa, Ov = 21y + 2.
Therefore the boundary of the 2-chain v is not a geochain, as it contains coefficients
different than +1.

Denoting the line sum l12 := (I3 + l2) then [y2 is representing the non-zero
element of H; (Sgp2), and v is not a cycle, as v = 2ly9, i.e., we obtain the script
homology of the RP?:

Ho(Cpp2) = Z, H1(Ggp2) = Za, Ha(Gpp2) = 0.
For the differential operator d we get:

dp1 = —(li — l2), dpy =11 — g,
dll = dlg = .

Note that the kernel of d on points is generated by p1 + pa2, s0 H°(Ggp2) = Z.
Next, the kernel of d on lines and the image of d on points are both generated
by l1 — l2, which yields to H!(Sgpz) = 0. The image of d(l; + l2) = 2v, therefore
H2 (6]}{[@2) =Zo.

We compute the Dirac and Laplace operators on this script, yielding:

0 0 | -1 1 |0
0 0 1 -1 ‘ 0
Jope = | -1 1 0 0 |2
1 -1 ] 0 0 ‘ 2
0 0 | 2 2 |0

with eigenvalues —2+v/2, —2,0,2,2+/2, all having multiplicities 1.
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The Laplacian operator for this script depicting RP? is:

1 -1 ]00]0
T 001 0
Asz:2OO‘31‘O
0 0 1 3]0

0 0 |00 4

In order to obtain a tight geoscript for the projective plane, we add one more
point pg and four lines to the script above, as in Figure 6. We obtain:

1

FIGURE 6. A tight geoscript for RP?

Ol =pz —p1, Olo=p1 —po,
Ol3 = pa —po, Oly =p1 — po,
Ols = p2 —po, 9l = p1 — po,
and
ovy =y —lg + 5,
Ovg =11 — I3 + s,
Ovy =y — 14 + 3,
vy =11 — l5 + 4.
At the differential operator level, we obtain:
dpo = —l3 — la — l5 — lg,
dpy = —li + 1o + la + 1s,
dps =11 — a2 + 13 + I,
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and

dly = vy + vy, dly = vy + vs,
dl3 = —v2 + v3, dly = —v3 + vy,
dl5=’U1—1}4, dl@zvg—’ul.
The homology and cohomology of this real projective plane script is computed
in a similar way as in the case of the first RPP? script, yielding, of course, the same

result.
The discrete Dirac operator for the script above is given by:

df = 0f1 + (dfo + 0f2) + dfi,
where
2 6 4
f=fo+ fi+fo fo=> fopi A=Y fjli, f2=>_ fau;.
§=0 j=1 j=1
Computations yield the following results:

0 0o -1 -1 -1 -1
ofi=| -1 1 0 1 0 1 |

oW
>
I
—
[ s T S Y

of =

and

dfr =

= O = O
O = O
—
|
—
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In full matrix form we obtain

—
0001001700000
—
0000117000000

—
0001070010000

—
0000100170000
— —
710000000_100
— —
7010000001007
— —
7100000000071
— —
7010000000_10
—

0170000001010
—
0710000000101

—
0001_10100000

—

000_101010000

—
000007 | 70000

The eigenvalues are: —\/6, —\/2, 0, \/2, V6 with multiplicities 3,3, 1,3, 3, re-

spectively.

In matrix form, the Laplacian is given by the square of the Dirac matrix:

— —
ocoocoococooco _3_1
— —
0000000003_1
ococoocooNOYOoOOoOOO
[=NeleNoRola Roh HoNo X2 =2=]
ococooocotfomNoocoo
ocococoofFoNOoOOoOOoOO
o)
o oo _400000000
0004200000000
|
[a el
| _40000000000
[a] N
_4 | ocococoocooocoo

A third script for RP? is in the spirit of the torus and the Klein bottle, as

given in Figure 7.

A

3

lg

FIGURE 7. A third projective script
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‘We obtain:
Oly =p1 —po, Ola =ps —p1,
Ol3 = p2 —pa, Oly = po — pa,
Ols = p3 —p2, Olg = pa — p3,
Oly = p1 —p3, Oly=p3—p1,
and
8’[)1 =l5+l7—ll—l4,
8112216—l3—l2_l77
Ovz = —ly+1g — 5 — I3,
8’[)4 = —ll - l4 - 16 — lg.
We obtain

4
Z@vj = —2(l1 + 1o+ 13+ l4)
J=1

Denoting the line sum l1934 := (I1 + 2 + I3+ 14) and 7 the sum of all v;, then
l1234 is a representing the non-zero element of Hi(Ggp2), and v is not a cycle, as
0y = —2ly934, i.e., we get again:

H1(Ggp2) =~ Za, Ha(Gpp2) = 0.
The cohomology is calculated in a similar way.

Similar to the computations above for the Klein bottle, we obtain the follow-
ing matrix form for the discrete Dirac operator on RP?:

0 0 0 0 0 -1 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 -1 0 0 0 0 1 -1 0 0 0 0
0 0 0 0 0 0 0 1 -1 -1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 -1 -1 1 0 0 0 0
0 0 0 0 0 0 1 -1 0 0 0 0 0 0 0 0 0
-1 1 0 0 0 0 0 0 0 0 0 0 0 -1 0 0o -1
0O -1 o0 0 1 0 0 0 0 0 0 0 0 o -1 -1 0
0 0 1 0o -1 0 0 0 0 0 0 0 0 0O -1 -1 0
1 0o -1 0 0 0 0 0 0 0 0 0 0 -1 0 0o -1
0 o -1 1 0 0 0 0 0 0 0 0 0 1 0o -1 o0
0 0 1 -1 0 0 0 0 0 0 0 0 0 0 1 0o -1
0 1 0o -1 0 0 0 0 0 0 0 0 0 1 -1 0 0
0O -1 o0 1 0 0 0 0 0 0 0 0 0 0 0 1 -1
0 0 0 0 0 -1 0 0o -1 1 0 1 0 0 0 0 0
0 0 0 0 0 0o -1 -1 0 0 1 -1 0 0 0 0 0
0 0 0 0 0 o -1 -1 0 -1 0 0 1 0 0 0 0
0 0 0 0 0 -1 0 o -1 0 -1 0 -1 0 0 0 0

with eigenvalues —2v/2, —v/5+ /5, —V/5 — /5, =2, —v/2, 0, V2, 2, /5 — /5,
V5 + /5, 2¢/2 with multiplicities 1, 2, 2, 3, 1, 3, 2, 2, 1, respectively.
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The Laplacian for this script depicting RP? is given by:

2 -1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
-1 4 0o -2 1 0 0 0 0 0 0 0 0 0 0 0 0
-1 0 4 -2 -1 0 0 0 0 0 0 0 0 0 0 0 0
0o -2 -2 4 0 0 0 0 0 0 0 0 0 0 0 0 0
0O -1 -1 0 2 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 4 -1 0 1 -1 1 0 0 0 0 0 0
0 0 0 0 0 -1 4 1 0 1 -1 0 0 0 0 0 0
0 0 0 0 0 0 1 4 -1 0 0 1 -1 0 0 0 0
0 0 0 0 0 1 0o -1 4 0 o -1 1 0 0 0 0
0 0 0 0 0 -1 1 0 0 4 -2 0 0 0 0 0 0
0 0 0 0 0 1 -1 0 0o -2 4 0 0 0 0 0 0
0 0 0 0 0 0 0 1 -1 0 0 4 =2 0 0 0 0
0 0 0 0 0 0 0o -1 1 0 0o -2 4 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 4 -1 -1 2
0 0 0 0 0 0 0 0 0 0 0 0 0 -1 4 2 -1
0 0 0 0 0 0 0 0 0 0 0 0 0 -1 2 4 -1
0 0 0 0 0 0 0 0 0 0 0 0 0 2 -1 -1 4

Finally, we can obtain an RP? by adding a rectangle v to a Mobius strip M
(see Subsection 5.1) with boundary

Ovg =la+1l3+14+15,
as in Figure 8. It follows that

FIGURE 8. Projective plane obtained from a Mobius strip

vy +v2 +v3) =2(l2 + 13 — 1),
which is the generator of H1(Sgpz) = Zs.
The differential operator d acts on this script as follows:
dpy = —l1 — I3 + 15,
dpa =1 + 12 — g,
dpz = —lz2 + I3 + s,
dps =1y — 15 — g,
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and

dly = —vi —v2, dla=v1+v3, dlzg=v2+v3, dly=—vs+uvs,

dls = —v1 + vz, dlg =1v1 —vs.

The resulting Dirac operator matrix for this script is:

0 0 0 0 -1 0 -1 0 1 0 0 0 0
0 0 0 0 1 1 0 -1 0 0 0 0 0
0 0 0 0 0 -1 1 0 0 1 0 0 0
0 0 0 0 0 0 0 1 -1 -1 0 0 0
-1 1 0 0 0 0 0 0 0 0 -1 -1 0
0 1 -1 0 0 0 0 0 0 0 1 0 1
-1 0 1 0 0 0 0 0 0 0 0 1 1
0 -1 0 1 0 0 0 0 0 0 0 -1 1
1 0 0 -1 0 0 0 0 0 0 -1 0 1
0 0 1 -1 0 0 0 0 0 0 1 -1 0
0 0 0 0 -1 1 0 0 -1 1 0 0 0
0 0 0 0 -1 0 1 -1 0 -1 0 0 0
0 0 0 0 0 1 1 1 1 0 0 0 0

with eigenvalues —2, 0, 2 of multiplicities 6, 1, 6, respectively. The Laplacian of this
script is given by:

OO0 OO0 O0OORROOOO
OO0 OO0 OKRKOOOOO
OO0 OO0 ORROOOOOO
OO0 O0OORROOOOOOO
OO0 ORRODOOOOOOO
OO KROODOOOOOOO
OO OO0 OOOOOOO
OhROOOOOOOOO0OO
[ elolelolelolclol=Rol=hal

[=ReoleloleloNeNoNe)
[=ReleloNeloNeNoNe)
[=NejooloololaNa)
[eNeloNolojolaol=RaaWN

5.5. Connected sum of two projective planes

First, we construct the following tight script Gogpz for a connected sum of two
RP?, as in Figure 9. Topologically it is obtained from two circles, then one cuts
a third “small” circle from each initial ones and glue them along their boundary
(with the same orientation) to form the connected sum. In Figure 9 the two initial
circles are: first (I; + l2) from upper left corner identified with {3 + I3 from bottom
left corner — that gives a circle around the point p;; the second circle is I4 + 3 from
the upper right corner identified with l4 + I35 from lower right corner — a second
circle around p;. Finally, the gluing circle is (Ig + I5), also around p;. It is well
known that topologically RP2fRP? is equivalent to a Klein bottle. We obtain the
following script geometry:

Oly = pa —p1, Oly =p1 —pa,
Ol3 = p1 —p3, Oly=p3—p1,
Ols = p1 —po, Olg = po — p1,
Olz = po —p1, Olg = p1 — po,
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F1GURE 9. Connected sum of two projective planes

and

oy =l + 1l —lg + 17,
vy =11 + 1o —l5 — 7,
Ovs =g+ ls + 16 + s,
Ovg=lg+1ls+15—1g.

Therefore,

2
Z@vj = 2(l1 + 1o+ 13+ l4),

j=1

which lead to Hi(Sogrp2) ~ Z & Zo and Ha(Gogp2) = 0, same script holomology

of a Klein bottle.

At the differential operator level, we obtain:

dpo = —ls +lg + I7 — Ig,
dpr= -l +la+13 —la+15 —lsg —l7 + s,
dp2:ll—lg, dp3 :l4_l37

and
dly = vy + va,
dl3 = v3 + vy,
dls = —v2 + 4,

dly = vy — va,

dl2 = V1 + V2,
dly = v3 + vy,
dls = —v1 + v3,

dlg = V3 — V4.
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In matrix form, the Dirac operator for the RP2RP? script is:

0 0 0 0 0 0 0 0 -1 1 1 -1 0 0 0 0
0 0 0 0 -1 1 1 —1 1 -1 -1 1 0 0 0 0
0 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 —1 1 0 0 0 0 0 0 0 0
0 -1 1 0 0 0 0 0 0 0 0 0 1 1 0 0
0 1 -1 0 0 0 0 0 0 0 0 0 1 1 0 0
0 1 0 —1 0 0 0 0 0 0 0 0 0 0 1 1
0 -1 0 1 0 0 0 0 0 0 0 0 0 0 1 1
—1 1 0 0 0 0 0 0 0 0 0 0 0 -1 0 1
1 -1 0 0 0 0 0 0 0 0 0 0 -1 0 1 0
1 -1 0 0 0 0 0 0 0 0 0 0 1 -1 0 0
—1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 —1
0 0 0 0 1 1 0 0 0 —1 1 0 0 0 0 0
0 0 0 0 1 1 0 0 -1 0 -1 0 0 0 0 0
0 0 0 0 0 0 1 1 0 1 0 1 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 -1 0 0 0 0

with eigenvalues

—\/7 +/17, -6, —\/7 —V17,-2,—v/2,0,v/2,2, \/7 — V17,6, \/7 +V17
of multiplicities 1,1,1,2,2,2,2,2,1,1, 1, respectively.
The Laplace operator is given by:

4 -4 0 0
-4 8 -2 =2

2A0pp2 f = N [fo5]"[ps]
0 2 2 0
0o -2 0 2
[ 4 0 -1 1 -2 0 1 -1
0 4 1 -1 0 -2 -1 1
-1 1 4 0 2 0 -1 1
1 -1 0 4 0 2 1 -1
+ —9 0 ) 0 4 N | 1 [flj]t[lj]
0 2 0 2 =2 4 1 -1
1 -1 -1 1 -1 1 4 =2
i —1 1 1 -1 1 -1 -2 4 |
4 1 -1 0
1 1 4 0 -1 t
+ 2 -1 0 4 1 [f2j] [Uj]'
0 -1 1 4

A different method of obtaining the connected sum RP?$RP? is done by
attaching two Mdbius bands on the same boundary, as the projective plane RIP?

minus a disk is topological equivalent to a Mébius strip. Looking back at Figure 2,
we attach to it a second Md&bius band as in Figure 10. The two strips glued together
on the same four points p1, p2, p3, P4, containing two more lines 7, g and two more
planes vs, vy as in Figure 10. To the computations of Subsection 5.1 we add the

following boundaries:

Ol7 = p1 — pa, Olg = ps — p3,
Ovs = —la+ 15 —lr + 1, Ovg=—l3+1y— 17 —Is.
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1 1
P, 2 P3 3 P,
v 1 v
l] 1) ‘ D ll
I Iy
P By Py
I I
1, VD I VD 1,
1 1
2 3
PZ P,
P,

F1cUurE 10. Connecting two Mobius strips

Here we note that
8(111 + Vo — U3 — ’U4) = 2(l7 — 11),

is the generator of the H;(Sgp2) = Z2 homology. Note that we obtain the same
script (different labelling) as the Klein bottle (see Figure 4), for which we per-
formed all the necessary computations in subsection 5.3.

6. Outlook

In [13, 15] the authors present an approach to discrete differential modeling, which
includes notions of discrete differential forms on simplexes and discrete manifolds,
discrete boundary and co-boundary operators, discrete Hodge decomposition, and
a discrete version of the Poincaré lemma. The same can and will be studied in
the case of Script Geometry although some of necessary tools need to be devel-
oped since Script Geometry is a more loose concept than working with simplicial
complexes.

In [14] the authors describe their approach to the theory of discrete exterior
calculus (DEC). They introduce notions of discrete vector fields and operators
acting on them, e.g., discrete divergence and curl, which has applications such as
a discrete Hodge decomposition of 3D vector fields on irregular grids. A closely
related work is discrete mechanics, where the main idea is to discretize the varia-
tional principle itself rather than the Euler-Lagrange equations. The discretization
is not intended on time only, DEC methods are used in spatially extended mechan-
ics, i.e., classical field theory. Furthermore, this theory is also widely applied in
discrete electromagnetism which is another field were we see applications of Script
Geometry in the future. This is also closely linked with a principal question in finite
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element exterior calculus. Up to now the commutativity of the exterior derivative
with bounded projections to sub-meshes was only being shown for simplicial de-
compositions of domains. From our point of view this is still a major drawback
for applying this calculus to more general type of meshes. Here, Script Geometry
could be the basis for a more general approach.

In [10, 11, 12] a complete function theory has been established for a Dirac
type operator on the grid Z", including Taylor series, Fueter polynomials, and a
discrete Cauchy—Kovalevskaya theorem. We look forward to relate this work to
script geometry.
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A Panorama on Quaternionic Spectral Theory
and Related Functional Calculi

Fabrizio Colombo and David P. Kimsey

Abstract. In this paper we offer an overview of the state of the art of quater-
nionic spectral theory. Precisely we review some functional calculi and the
quaternionic spectral theorem based on the S-spectrum. We start with the S-
functional calculus which is the Riesz—Dunford functional calculus for quater-
nionic operators which suggested the existence of the S-spectrum of quater-
nionic operators, then we introduce the Spectral Theorem based on the S-
spectrum which is of fundamental importance for the formulation of quater-
nionic quantum mechanics. Moreover we discuss the quaternionic H°°-func-
tional calculus that is the quaternionic analogue of the H°°-functional calculus
for sectorial operators introduced by A. McIntosh. In the case a quaternionic
linear operator is the infinitesimal generator quaternionic group of linear op-
erators by the Laplace—Stieltjes transform we extend the Philips functional
calculus in this setting. The W-functional calculus and the F-functional calcu-
lus are monogenic functional calculi, in the spirit of the monogenic functional
calculus introduced by A. MclIntosh, but both calculi are based on slice hy-
perholomorphic functions and on manipulations of their Cauchy formulas.

Mathematics Subject Classification (2010). Primary 47A10, Secondary 47A60.
Keywords. Quaternionic spectral theorem based on the S-spectrum, S-func-

tional calculus, H°°-functional calculus, Philips functional calculus, W-func-
tional calculus, F-functional calculus.

1. Introduction

The spectral theorem for normal linear operators on a complex Hilbert space, see
[25], is a crucial result to define functions of operators. Moreover, the spectral
theorem has an incredibly large number of applications. E.g., the spectral theorem
plays an important role in stating the axioms of quantum mechanics, because it
give the structure of the solution of the Schrédinger equation. The interest in spec-
tral theory for quaternionic operators is motivated by the paper [11] of Birkhoff and
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von Neumann, on the logic of quantum mechanics, who showed that Schrodinger
equation can be written basically in the complex or quaternionic setting.

Important contributions to the development of the quaternionic version of
quantum mechanics can be found in [1, 26, 28, 34], but the correct notion of
spectrum for quaternionic operators was still missing until the introduction of the
S-spectrum, see the book [21] and the references therein.

In classical functional analysis the most important tool to define functions
of a linear operator A acting on a complex Banach space X is the theory of
holomorphic functions. Replacing the Cauchy kernel by the resolvent operator of
A in the Cauchy formula for holomorphic functions we obtain the so-called Riesz—
Dunford functional calculus, see [24]. Under certain conditions, this calculus can
be extended to unbounded linear operators acting on a Banach space.

In the classical case the Riesz—Dunford functional calculus and the spectral
theorem are both based on the same notion of spectrum, for a bounded operator
A, its spectrum o(A) is defined as

o(A) ={A e C : X\ — A is not invertible in B(X)}

where B(X) denotes the Banach space of all bounded linear operators acting on
X endowed with the natural norm. The resolvent set is defined as

p(4) = C\ o(A)
and the resolvent operator is defined by
R\ A) = (M — AL, Aep(A).

Several important properties of operators follows from that fact that R(\, A) :
p(A) — B(X) is a holomorphic function operator-valued.

In this introduction we will concentrate on the notions of spectra of a quater-
nionic linear operators to understand the difficulties behind the quaternionic spec-
tral theorem and the hyperholomorphic functional calculi. In the sections that
follow we will discuss in detail the spectral theorem and the functional calculi
based on the S-spectrum.

An element s in the set of quaternions H, is denoted by s = sg + s1e1 +
So€g + Szes, its conjugate is s = sg — s1e1 — Sqeo — szez where e, es and ez are
the imaginary units of the quaternion s, Re(s) = s¢ is the real part and the norm
|s| is such that |s|> = s3 + s7 + s3 + s3. We denote by B(V) the left Banach space
of all bounded right linear operators acting on the two-sided quaternionic Banach
space V. Observe that when we consider a right linear quaternionic operator (the
case of left linear operators is similar) we have two possibilities. The left spectrum
or(T) of T € B(V) is defined by

or(T)={se€H : sZ—T isnot invertible in B(V)},

where the notation sZ in B(V) means that (sZ)(v) = sv.
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The right spectrum og(T') of T is associated with the right eigenvalue prob-
lem, i.e., the search for those s € H such that there exists a nonzero vector v
satisfying

T(v) = vs.

It is important to note that if s is a right eigenvalue, then all quaternions
belonging to the sphere r~1sr, r € H\ {0}, are also eigenvalues. But observe that
the operator Zs — T associated to the right eigenvalue problem is not linear, so
it is not clear what is the resolvent operator to be considered. The left resolvent
operator R (s,T) is defined by

Ri(s,T):= (s —T)"", s¢on(T),
but it is not known what notion of hyperholomorphicity it satisfies.

Because of this ambiguity in the definition of the quaternionic spectrum one
may be tempted to consider Fueter regular functions and see if their Cauchy kernel
suggests what kind of resolvent operator and spectrum one should consider.

Precisely, the Cauchy kernel G of Fueter regular functions is defined by

6.y = S0 =T =00

and is both left and right Fueter regular on H\{0}. It admits the series expansion
ST P@G(s), for sl <lal (1.1)
n>0veay,
where o, is a set of indices of permutations and
B "
Ozt 052 Oxs®

Here P,(q) denotes the homogeneous polynomials

1
P”(Q):k' Z 2oy - 20y

G,(s): G(s,0).

where z; = x;e9 — zoej, for j = 1,2,3, and the sum is taken over all different
permutations of ¢1,...,¢;. This polynomials P,(q) replace the powers ¢", n €
INU{0}, that are not Fueter regular, in the Taylor series for this class of functions.
When we replaces g by operator T' and we suppose that T' = Top+e1T1+eaTo+esTs,
where the bounded operators Ty, £ = 0,1,2,3 commute among themselves, then
sum of the series (1.1) converges, for ||T']| < |g|, to

(s — T)*Q(SI - T)*l,

where T' = Ty —e1 T — exTs — e3T3; but in the case Ty, £ = 0,1, 2, 3 do not commute
among themselves the sum is not known. It does not seem that it can reman as in
the case of commuting components because of the structure of the Cauchy—Fueter

-1 . .
kernel TS|2 = 572571 we must be able to write |s|? = ss also for operators and this
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can be done if TT = T¢ + T + T3 + T3 that is when Ty, £ = 0,1,2,3 commute
among themselves.

We do not know what kind of hyperholomorphicity there is associated to the
left resolvent operator Ry (s,T), but for the commuting case we can write

G(s,T) =Rr(s, T)QRL(S, T)

when s € o, (T) and s € or,(T) and G(s,T) is Cauchy-Fueter regular operator-
valued.

Now let us come to the spectral theorem and to what physicists use in quater-
nionic quantum mechanics. In Adler’s book [1], the right spectrum of quaternionic
linear operators with eigenvalues is used. However, there is no notion of holo-
morphicity. Consequently, only a partial spectral description of linear operators
appears in [1].

In the case of slice hyperholomorphicity the Cauchy kernel is given by the
sum of the series

> qtsTi T = —(¢* — 2qRe(s) + [s]) (g —5), for g <]s]
n>0

and it does not depend on the commutativity of the components of ¢ so that when
one replaces ¢ by an operator 7" with noncommuting components the sum of the
above series remains the same. This crucial fact leads to the natural definition of
the S-spectrum. The S-spectrum, see [21], is defined as

os(T)={scH : T?—2Re(s)T + |s|*Z is not invertible in B(V)},
while the S-resolvent set is
ps(T) :==H\ os(T).

Due to the noncommutativity of the quaternions and form the definition of
slice hyperholomorphicity, there are two different Cauchy kernels and so there are
two resolvent operators associated with a quaternionic linear operator: setting

Qs(T) == (T? — 2Re(s)T + [s|°T)"", s € ps(T)
the left and the right S-resolvent operators are defined as

S (s, T) := —Qs(T)(T — sI), Spl(s,T) == —(T — sT)Qs(T), s € ps(T),

(1.2)
respectively. These two S-resolvent operators are slice hyperholomorphic functions
with values in B(V). Recently it was possible to prove the quaternionic spectral
theorem based on the S-spectrum. This fact restores the analogy with the complex
case in which the Riesz—Dunford functional calculus and the spectral theorem
are based on the same notion of spectrum of a linear operator. To replace the
complex spectral theory with the quaternionic spectral theory we have to replace
the classical spectrum with the S-spectrum. We conclude by saying that the S-
spectrum can be defined also for n-tuples of not necessarily commuting operators
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and the Riesz—Dunford functional calculus can be extended to this case using the
notion of slice hyperholomorphic functions Clifford algebra-valued, see [21].

The plan of the paper is as follows. Section 1 is devoted to the problems that
led to the definition of the S-spectrum. Section 2 contains the Cauchy formulas
of slice hyperholomorphic functions. Section 3 contains the spectral theorem for
bounded normal operators. Section 4 is devoted to relating the spectral repre-
sentation in Section 3 with known results in the finite-dimensional case. Sections
5 is devoted to a treatment of the S-functional calculus for both bounded and
unbounded operators. Section 6 is devoted to the quaternionic version of the H°-
functional calculus. Section 7 treats the Philips functional calculus which is based
on the bilateral quaternionic Laplace—Stieltjes transform and it applies to infini-
tesimal generators of quaternionic groups. In Section 8 we offer the quaternionic
version of the W-functional calculus. In Section 9 we recall the Fueter mapping
theorem in integral form and the related F-functional calculus.

2. Slice hyperholomorphic functions

In this section we recall some results on slice hyperholomorphic functions, more
details can be found in the books [4, 21, 30]. We denote by S the 2-sphere of purely
imaginary quaternions of modulus 1:

S ={q=z161 + 7202 + 133 € H | ¢* = —1}

and we recall that for any i € S we can define a complex plane C; whose elements
are of the form ¢ = u + v for u, v € R. Any quaternion ¢ belongs to a suitable
complex plane: if we set

P T ifq 70
. any 1 € S, if ¢ =0,

then g = u + iqv with v = Re(q) and v = |q|, so, it follows that, the skew field of
quaternions H can be seen as
H=|]JCi.
€S
For any ¢ = u + i,v € H we define the set
l[q] :={u+iv |ieS}
A possible way to define slice hyperholomorphic functions is the following.

Definition 2.1 (Slice hyperholomorphic function). Let U C H be open and let
f:U — H be a real differentiable function. For any i € S, let

fi .= flunc,
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denote the restriction of f to the plane C;. The function f is called left slice
hyperholomorphic if, for any ¢ € S,

1/0 .0 .

5 <8ufi(q)+zavfl(q)) =0 forallg=u+iveUNC, (2.1)
and right slice hyperholomorphic if, for any i € S,

170 0 _ .

5 <8ufi(q)—|—avfi(q)z> =0 forallg=u+iveUNC,. (2.2)

A left (or right) slice hyperholomorphic function that satisfies f(U NC;) C C; for
every i € S is called intrinsic.

We denote the set of all left slice hyperholomorphic functions on U by
SHE(U), the set of all right slice hyperholomorphic functions on U by SHE(U)
and the set of all intrinsic functions by N(U).

Intrinsic functions are important because the multiplication and composition
operations preserve slice hyperholomorphicity. This is not true for arbitrary slice
hyperholomorphic functions.

Definition 2.2. The left slice hyperholomorphic Cauchy kernel is
Sp'(s,9) = —(¢* — 2Re(s)g + [s|*) (g — 5) for g ¢ [s]
and the right slice hyperholomorphic Cauchy kernel is
Sp'(s.a) = —(q¢—5)(a® — 2Re(s)g +[s|*) ™" for ¢ ¢ [s].

Definition 2.3. Let U C H. We say that U is axially symmetric if, for all u+iv € U,
the whole 2-sphere [u + 4v] is contained in U.

Definition 2.4. Let U C H be a domain in H. We say that U is a slice domain
(s-domain for short) if U N R is nonempty and if U N C; is a domain in C; for all
1€S.

So we can state the Cauchy formulas:

Theorem 2.5. Let U C H be an axially symmetric slice domain such that its bound-
ary I(UNC;) in C; consists of a finite number of continuously differentiable Jordan
curves. Let i € S and set ds; = —ids. If f is left slice hyperholomorphic on an
open set that contains U, then

f(q) ! / S; (s, q)ds; f(s) forallqgeU.
a(UNC;)

:27T

If f is right slice hyperholomorphic on an open set that contains U, then

f(q) ! / f(s)dsi Sg'(s,q) for all g € U.
a(UNC:)

:27T

The above integrals depend neither on the open set U nor on the complex plane C;
foriesS.
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In the sequel we will need the following definitions.

Definition 2.6 (Argument function). Let s € H \ {0}. We define arg(s) as the
unique number 6 € [0, 7] such that s = |s|e%.

Observe that 6 = arg(s) does not depend on the choice of is if s € R\ {0}
since p = |p|e® for any i € S if p > 0 and p = |p|e™ for any i € S if p < 0.
Let ¢ € [0, 7] we define the sets

Sy ={seH| |arg(p)| <V ors=0}
Sy ={s €H| |arg(p)| < 0}. (2.3

We now introduce the following subsets of the set of slice hyperholomorphic
functions that consist of bounded slice hyperholomorphic functions.

Definition 2.7. Let u € (0, 7]. We set

SHZO(Sg) ={fe SHL(Sg) such that || f|lec := sup |f(s)| < oo},

sES)

SHORO(Sg) ={fe S’HR(SS) such that || f||co := sup |f(s)| < oo},
s€S)

N®(8)) == {f e N(S}) such that ||f||e := sup |f(s)| < oc}.
s€S)

With these spaces of bounded functions with suitable decay conditions and
with the subclass of closed operators whose S-resolvent operators satisfy appro-
priate conditions we can extend the H°°-functional calculus in the quaternionic
setting.

3. The spectral theorem based on the S-spectrum

The spectral theorem for quaternionic normal matrices based on the right spectrum
is originally due to [38] and, also independently, to [12] (see also the survey papers
[46] and [27]). Moreover, in the literature there are some papers on the quaternionic
spectral theorem see [28, 43, 45], where the notion of spectrum is not made clear.
In the paper [10], using the quaternionic version of Herglotz theorem (see [9])
it is proved the spectral theorem for quaternionic unitary operator based on the
S-spectrum. The spectral theorem for bounded and unbounded normal operators
based on the S-spectrum was proved in [8]. In [32], the spectral theorem based
on S-spectrum is proved for compact normal operators on a quaternionic Hilbert
space. In this section we show the structure of the spectral theorem for normal
bounded quaternionic operators on a Hilbert space taken form [8].

Definition 3.1. Let H be a right linear quaternionic Hilbert space, endowed with
an H-valued inner product (-, -) which satisfies, for every o, 5 € H, and z, y, z € H,
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the relations:

(z,y) = (y,2).
(x,r) > 0 and |z|*:= (z,z) =0 <=z =0.
(ra+yp,z) = (r,z)a+ (y, 2)B.

(z,
(@,yo+2B) = a(z,y) + Bz, 2).

Theorem 3.2 ([31]). Let T € L(H). The following statements hold:
(i) If T is positive, then og(T) C [0,00). If, in particular, T € B(H) is positive,
then
os(T) < [0, IT']]-
(il) If T is self-adjoint, then og(T) C R. If, in particular, T € B(H) is self-
adjoint, then
os(T) S [=ITI 1IT]1)-
(i) If T is anti self-adjoint, then og(T) C {p € H : Re(p) = 0}. If, in particular,
T € B(H) is anti self-adjoint, then
o5(T) C {p e H : Re(p) =0 and |p| < |||}
(iv) If T is unitary, then og(T) C S.

Throughout this paper, we will only be considering right quaternionic Hilbert
spaces. Consequently, we will use quaternionic Hilbert space in place of right quater-
nionic Hilbert space.

The following result can be found in Proposition 2.6 of [31] with the caveat
that the inner product in [31] is antilinear in the first variable and linear in the
second variable.

Theorem 3.3. Let N be an orthonormal basis of a quaternionic Hilbert space H.
Then every x € H can be decomposed uniquely via

x = Z z(x, z), (3.1)

zeN
where
Z z(x,z) == sup{ Z z(x, z) : Ny is a non-empty finite subset ofj\/}.
zeN z€Ny

Definition 3.4. Let J € B(H) be anti self-adjoint and unitary and j € S. Let
H’. denote the closed complex (with respect to the complex plane C;) subspaces
given by

={reHN: Jr=tuxj}. (3.2)

We will now formulate some useful results from [31] in the following lemma.

Lemma 3.5. If J is an anti self-adjoint and unitary operator and j € S, then:

(i) #4 # {0}
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ii) As a C;-Hilbert space, H admits the following direct sum decomposition
J
H= ’Hi oH. . (3.3)

Definition 3.6. Fix an orthonormal basis N of a quaternionic Hilbert space H. The
left scalar multiplication L, of H induced by N is the map

(pyx) eEHXH—preH
given by

pr=>_ yp(z,y).

yeN

Lemma 3.7 (Statement (a) of Proposition 3.8 in [31]). Let H be a quaternionic
Hilbert space. If J € B(H) is an anti self-adjoint and unitary operator, then cor-
responding to any fized j € S, there exists a left-scalar multiplication L, so that

J=1L;.

In the following theorem, we will make use of the operator |T| := (T*T)'/?

for T € B(H). See Section 2.4 of [31] for a definition of the square root of a positive
operator which relies on the functional calculus therein.

Theorem 3.8. Let T € B(H) be normal. Then there exist uniquely determined
operators A := (1/2)(T +T*) and B := (1/2)|T — T*| which both belong to B(H)
and an operator J € B(H) which is uniquely determined on {Ker(T — T*)}* so
that the following properties hold:

(i) T=A4+JB.

(ii) A is self-adjoint and B is positive.

(iii) J is anti self-adjoint and unitary.

(iv) A, B and J mutually commute.

(v) For any fized j € S, there exists an orthonormal basis Nj of H with the

property that J = Lj.

Definition 3.9. Let Q@ C H. We call Q azially symmetric if pg + ip1 € Q with
po,p1 € R and ¢ € S, then po + jp1 € 2NC; for all j €.

Definition 3.10. Let Q C H be an axially symmetric set and let D C R?2 be such
that
D = {(u,v) € R* : u + jv € Q for some j € S}.
Let S(2, H) denote the quaternionic linear space of slice continuous functions, i.e.,
S(Q,H) consists of functions f : @ — H of the form
flu+jv) = folu,v) + jf1(u,v) for (u,v) € D and for j €S,
where fo and f; are continuous H-valued functions on D so that

folu,v) = fo(u,—v) and fi(u,v) = —f1(u, —v).
If fo and f; are real-valued, then we say that the continuous slice function f

is intrinsic. The subspace of intrinsic continuous slice functions is denoted by

Sp(Q, H).
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Remark 3.11. We observe that if f € Sg(2, H) and we consider the restriction of
ftoQ;:=QNC;, where j € S, then f has values in C;. This fact makes clear the
notation Sr(€2;,C;).

With those tools at hand we can state the main steps that lead to the spectral
theorem based on the S-spectrum. The following result relates continuous functions
and slice continuous functions.

Lemma 3.12 (See Lemma 4.1 in [8]). Let C(Qj,R) denote the set of real-valued
continuous functions on Qj =os(T)N C;‘ and Sr(2;,R) denote the set of real-
valued functions in Sr(2;, H), where Q; = o5(T) N C;. Let CO(Q;',R) denote the
subset of functions f € C’(Q;‘,R) such that flo, nr = 0. The following statements
hold:

(i) There exists a bijection between C(Qj,R) and Sr (€25, R).
i) If QF N R # 0, then there exists a bijection between Co(Q2T,R) and purely
J j
imaginary functions in Sr(€;, H).
iii) If QF N R = 0, then there exists a bijection between C(QT,R) and purely
J j
imaginary functions in Sr(€;, H).

Now we construct the spectral measure associated to the normal operator
T = A+ JB € B(H) be normal, fix z € H and let

gx(g) = (g(T)a:,a:}, g€ C(ijR)a

where g(T') = fo(B, A) is constructed by the continuous functional calculus. The
operator £, is a real-valued bounded linear functional on C(Qj, R). Moreover, £,
is a positive functional.

The Riesz representation theorem for continuous functions yields the exis-
tence of a uniquely determined positive-valued measure p, (for a fixed j € S) so
that

ls(g) = /m 9(p)dp=(p), g€ C(Q],R). (3.4)
By polarization we get

@)= [ ooy o). 9 € COFR), (35)

i
where
sy = Haty — Ho—y + €1flatye; — €1Hz—ye,

+ e1flz—yes€3 — €1lztyes€3 t Matyes€3 — Mha—yes €3
The measure p, , has the following properties (see Lemma 4.3 in [8]):
(1) BroatyB,z = Mo,z t [y, 2B, o, cH
(i) fre, yotzB = Qg y + ﬁ,Ux 2 o, B e M
)
) i

(3.6)

(i) [pzy(os(T)NCH| < [llllyll-

(iv = Ly,
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for all x,y, z € H. So thanks to the above properties from the Riesz representation
theorem for quaternionic Hilbert spaces it follows that there exists a bounded
linear operator E such that

,Um,y(a) = <J3, E(U)y>a oc %(US (T) n (C;r)’ (37)
where B(os(T) N Cj) denotes the Borel set in og(T) N C;r.
Theorem 3.13 (See Theorem 4.5 in [8]). The B(H)-valued countably additive mea-

sure E; (that we denote by E), given by (3.7), for all o, 7 € %(Js(T)m(Cj), enjoys
the followmg properties:

( ) E(o)".

E(@)—O andE( s(T)NCS) = In.
E(on ’7') (U)E(T).
FE
If o

f(T) for all f € C(os(T)N C;F,Cj) (respectively, f € Co(os(T) N (C;F,Cj)),
(vil) E(o) and E(1) commute.

One of the crucial facts in the proof of the spectral theorem is to glue together
the components fo(T"), f1(T), of the operators f(T'), and the operator J. It turns
out that, if T'= A+ JB, and f = fo+ jf1 is an intrinsic slice continuous function
then by the continuous functional calculus for intrinsic functions in [31] we have

f(T) = fO(A’ B) +Jf1(A’ B)

that we write in a more compact way as

f(T) = fo(T) + Jf1(T)

where fo(T), f1(T) and J commute among themselves so, see the proof of Lemma
4.4 in [8], we have

(f(D)z,y) = (fo(T)z,y) + (L(T)Jz,y)
= fO( JA(E(p)x,y) / filp p)Jz,y), x,y € H.

Using the properties of J and the decomposition of Theorem 3.8 we have the
two equivalent version of the spectral theorem.

Theorem 3.14 (Theorem 4.7 in [8]). Suppose T € B(H) is normal, let J € B(H)
be as in the decomposition of Theorem 3.8 and fiz j € S. Let Qj =os(T)N C;r

and Hi denote the orthogonal projection onto ’H]i given in (3.3), respectively. If
os(T)NR = ( (respectively os(T) NR # 0), then there exists a unique spectral
measure E; on Qj so that

D) = [ Do) B @1 / £1(0) dUTE;(p)z,y), zyeH, (38)
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or, equivalently,

(f(T)z,y) = /Q F@)AALLE (). ) + /Q Q)M B p)sy). oy €A

(3.9)
for f=fo+ fij € C(Qj‘,(Cj) (respectively, CO(Q}",CJ)), where fy and fi are real-
valued. Moreover, upon identifying the complex planes C;, with C; in the natural
way by the mapping p;i, we have Ej(pjx(0)) = Ey(c),0 € B(QF) for all j,k € S.

Remark 3.15. It should be noted that a spectral mapping principle for f(T), as in
Theorem 3.14, holds in the following sense:

Jlos(T)NCH) = os(FT)NCf, jeS. (3.10)

Formula (3.10) has been shown in Theorem 7.8 in [31]. One can also check that
formula (3.10) holds by using Theorem 3.14.

We recall that in the paper [8] a very general functional calculus is con-
structed (see Section 5 in [8]), so that the Spectral Theorem 3.14 holds not only
for continuous functions but for a larger class. Moreover, the functional calculus in
Section 5 in [8] and the spectral theorem for bounded operators allows to extend
the spectral theorem to unbounded normal operators (see Theorem 6.2 in [8]) and
to define, for these operators, a functional calculus see Corollary 6.6 in [8]).

4. The spectral theorem in the finite-dimensional case

We will begin the section with a version of the spectral theorem for a normal
matrix 7' € H"*", where H"*" denotes the set of all n x n matrices with entries
in H, originally due to Lee [38] and, also independently, to Brenner [12] (see also
the survey papers [46] and [27]).

Theorem 4.1 ([38], [12]). Let T' € H"*" be normal. Corresponding to any j € S,

there exist a unitary matriz U; and Ai,..., A, € (C;r, where (C;r = {z + jy :
z € R and y > 0}, such that
T = Udiag(A1, ..., \) U™ (4.1)

The goal of this section is to explain how (4.1) and (3.8) are related when
f(p) = p. An important ingredient in the proof of (3.8) is the decomposition

T =A+ BJ, (4.2)

where A, B and J are mutually commuting operators belonging to B(H) with
the following properties: A = A*, B is positive and J* = J~! = —J. Note that
A and B are uniquely determined by T, however J is only unique on a certain
subspace of H. The decomposition (4.2) was established in [31] using basic operator
factorization results. Moreover, (4.2) was proven in [31] without any dependence
on a spectral theorem.
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We first note that if f(p) = p and H = H" in (3.8), then
Togy= [ RedE@e) - [ @dUEE.),
os(T)NCF os(T)NCS

where z,y € H". Since T € H"*", we have o5(T) = or(T), and hence

(Tz,y) = > {Re(Am)(EAm)z, y) + Im(A) (JEAm )z, )}
m=1

n

=Y ({Re(An) + JIm(Ap) }E(Am )z, y). (4.3)

m=1
On the other hand, from (4.1), we have
T = UD\U* + UDsjU",
where
Dy = diag(Re(\1),...,Re(A,)) and Do = diag(Im(A1),...,Im(A\,)).

Moreover, if we let J = UjU*, then we have A = UD,U* and B = UD,U*
such that A = A*, B is positive and J* = J~! = —J and A, B and J mutually
commute. Thus,

Udiag(Re(M), .-, Re(A))U™ = 3 Re(om) E(An) (4.4)
m=1
and
Udiag(Tm(Ay), ..., Im(A,))U* = > Im(A) E(Am). (4.5)
m=1

5. The S-functional calculus

The discovery of the Cauchy formula of slice hyperholomorphic functions [18] al-
lowed the full understanding of the quaternionic functional calculus, see [7, 15, 16].
In this section we recall the basic facts and for more details we suggest the original
papers [7, 15, 16] and the book [21]. Let V be a right vector space on H. A map
T :V — V is said to be a right linear operator if

Tu+v)=T(u)+T(v), T(us)=T(u)s, forallseH, uvel.

By End” (V') we denote the set of right linear operators acting on V. In the sequel,
we will consider only two-sided vector spaces V, otherwise the set End®(V) is
neither a left nor a right vector space over H. With this assumption, Endf(V)
becomes both a left and a right vector space on H with respect to the operations

(sT)(v) :=sT(v), (Ts)(v):=T(sv), forallseH, veV. (5.1)

In particular (5.1) gives (sZ)(v) = (Zs)(v) = sv. Similar considerations can be
done when we consider V' as a left vector space on H and a map T : V — V is
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a left linear operator. In the sequel, if we do not specify, we will always assume
that V' is a two-sided quaternionic Banach space with norm || - ||. The two-sided
vector space B(V') of all right linear bounded operators on V' is a Banach spaces
if endowed with the natural norms:

|T| := sup 1T (v) ]
vev V]l

We will also denote by L£(V') the set of (right) linear operators. In this paper
we will mainly consider right linear operators for simplicity but all the results that
follows can be applied to left linear operators with suitable modifications of the
statements. The following theorem makes precise the heuristic discussion in the
introduction.

Theorem 5.1. Let T € B(V) and let s € H. Then, for |T|| < |s|:

(1) the operator (T — sZ)~ ' s(T — sI) — T is the inverse of > >0 T"s~ =" and
> T = —(T% = 2Re(s)T + |s|*Z) (T — sT), (5.2)
n>0

(2) the operator (T — sI) s(T — s)~' — T is the inverse of Yy, o s "T" and
D 57T = (T — sT)(T? — 2Re(s)T + |s]°Z) . (5.3)
n>0

The above result involves just the powers T of the operator T" and in the
case T is written as T = Ty + i1y + j15 + kT3, where Ty, { = 0,1,2,3 are the
bounded operators we do not have to require that T, mutually commute. This is

the first crucial point. It is from the above theorem that the notion of S-spectrum
naturally shows up.

Definition 5.2 (The S-spectrum and the S-resolvent set). Let 7' € B(V'). We define
the S-spectrum og(T') of T as:
0s(T)={s€H: T? —2 Re(s)T + |s|*Z is not invertible in B(V)}.
The S-resolvent set pg(T) is defined by
ps(T) =H\ os(T).

The notion of S-spectrum of a linear quaternionic operator T' is suggested
by the definition of S-resolvent operator that is the kernel useful for the quater-
nionic functional calculus. From the definition of the S-spectrum directly follows
its spherical nature.

Theorem 5.3 (Structure of the S-spectrum). Let T € L(V) and let p = po+ p1i €
os(T). Then all the elements of the sphere [pg + ip1] belong to os(T).

Definition 5.4 (The S-resolvent operators). Let V' be a two-sided quaternionic
Banach space, T' € B(V') and s € ps(T'). We define the left S-resolvent operator as

S (s, T) i= —(T% — 2Re(s)T + |s|*T) (T — sI), (5.4)
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and the right S-resolvent operator as
Sp'(s,T) := —(T — sI)(T? — 2Re(s)T + |s|*T)~". (5.5)

In this setting there is a major difference with respect to the complex case.
Indeed, the resolvent equation involves both the S-resolvent operators. This means
that both formulations (using the two Cauchy formulas) of the S-functional cal-
culus are necessary.

Theorem 5.5 (see [7]). Let T' € B(V). For s,p € ps(T) with s ¢ [p], it is
Sr' (5, 1)Sp (0, T)v =[[Sx" (s, T) = ;" (», T)lp (5.6)
— S[S}gl(s,T) — SL_l(p,T)H (p* —2s0p+ |s]*)"tv, veV.

We conclude with the fact that the spectrum of a bounded linear operator is
a nonempty and compact set also in the quaternionic setting.

Theorem 5.6 (Compactness of S-spectrum). Let T' € B(V'). Then the S-spectrum
os(T) is a compact nonempty subset of H.

Definition 5.7. Let V be a two-sided quaternionic Banach space, T € B(V) and
let U C H be an axially symmetric s-domain that contains the S-spectrum og(T")
be such that (U N C;) is union of a finite number of continuously differentiable
Jordan curves for every j € S. We say that U is a T-admissible open set.

Definition 5.8. Let V' be a two-sided quaternionic Banach space, T' € B(V) and
let W be an open set in H.

(i) A function f € SHY(W) is said to be locally left slice hyperholomorphic on
os(T) if there exists a T-admissible domain U contained in H and such that
U C W. We denote by SH?S(T) the set of locally slice hyperholomorphic
functions on og(T).

(ii) A function f € SH™(W) is said to be locally right slice hyperholomorphic
on og(T) if there exists a T-admissible domain U contained in H and such
that U C W. We denote by SHfS(T) the set of locally slice hyperholomorphic
functions on og(T).

Definition 5.9 (The (quaternionic) S-functional calculus). Let V' be a two-sided
quaternionic Banach space and T' € B(V). Let U C H be a T-admissible domain
and set ds; = —dsi. We define

f(T) = ! / Sy (s, T) ds; f(s), for feSHL (1), (5.7)
271 Jawnc,) s
and
fry =1 / f(s) dsi S5 (s,T), for feSHE . (5.8)
27 Jawnc,) s

Remark 5.10. The S-functional calculus is well defined because the two integrals
depend neither on the open set U, that contains the S-spectrum of 7', nor on the
imaginary unit ¢ € S.
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Associated to the quaternionic functional calculus there are the Riesz projec-
tors. We suppose that T' € B(V) and os(T") = 015(T) U o2s(T"), with

dist (615(T),025(T)) > 0.

Let Uy and Us be two axially symmetric slice domains such that o15(7") C Uy and
o95(T) C Us, with Uy N Uy = (). We define that operators

1
Py = / S; (s, T)ds;, £=1,2. (5.9)
27T B(Upﬂ(C,i)

Using the S-resolvent equation it follows that P, are projectors, that is P7 = P,
and TPy = P/T for { =1,2.

The most important properties of the Riesz—Dunford functional calculus are
also shared also by the S-functional calculus. In fact, the S-functional calculus
agrees with that natural functional calculus for polynomials, thanks to the linearity
and the fact that

1

T =
2T

/é)(Uﬂ(C,i) S; (s, T) dsi s™,  m € NU{0}

with obvious meaning of the symbols. In general it is not true that the product
of two slice hyperholomorphic functions is still slice hyperholomorphic, but when
we consider the multiplication by an intrinsic function, on the correct side, we
preserve the slice hyperholomorphicity (left or right). In the case (fg)(T) is defined
we have the product rule (fg)(T) = f(T)g(T) of the S-functional calculus. For
intrinsic functions we also have the spectral mapping theorem and the spectral
radius theorem, see [7, 15, 16]. The Taylor Formula has been proved in [22].

5.1. The case of unbounded operators

The S-functional calculus can be extended to unbounded operators but there is
a strong condition to assume. As in the classical setting the function f has to
be holomorphic at infinity. In the quaternionic setting we say that f is a slice
hyperholomorphic function at co if f(q) is slice hyperholomorphic function in a
set D'(co,7) ={q € H : |q| > r}, for some r > 0, and lim,_,~ f(¢) exists and it is
finite. We set f(00) to be the value of this limit. We will see how this conditions can
be removed in the H°°-functional calculus or with the Phillips functional calculus,
where stronger conditions are assumed on the operator.

Definition 5.11. Let T € L(V) be densely defined and let R4 (T) : D(T?) — V be
given by
Ro(T)x = {T? — 2Re(s)T + |s|*T}x, x € D(T?).
The S-resolvent set of T' is defined as follows
ps(T) ={s €V : Ker(Rs(T)) = {0}, Ran(Rs(T)) is dense
in V and R,(T)~* € B(V)}.
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The S-spectrum is defined as
os(T) =H\ ps(T).

We denote by KC(V') the set of right linear closed operators T : D(T) C V — V,
such that D(T') is dense in V. In the case of unbounded operators the S-spectrum
in not necessarily bounded and we have to take into account the point at infinity.
So we define the extended S-spectrum of T as

os(T) :=o0s(T) U{o0}.

For operators T' € K(V) the definition of the set of locally slice hyperholo-
morphic functions on og(7T) has to take into account the point at infinity so with
consider S'H‘ES(T), and also, analogously for S'HfS(T).

The open set U related to f € SHgS(T) (resp. SHfS(T)) need not to be
connected. Moreover, as in the classical functional calculus, U in general depends
on f and can be unbounded. In the case of unbounded operators we will always
require that the S-resolvent set is not empty.

Definition 5.12 (The S-functional calculus for unbounded operators). Consider
k € R and the function
¢ H—-H

defined by p = ®(s) = (s — k)~ !, ®(00) = 0, ®(k) = co. Let T' € K(V) with
ps(T) NR # 0 and suppose that f € SH?S(T) (resp. SHfS(T)). Let us consider
¢(p) == f(27"(p))
and the bounded linear operator defined by
A= (T —kI)™', for some k€ ps(T)NR.
We define, in both cases, the operator f(T) as
f(T) = ¢(A). (5.10)
Since we assume that pg(T) # ), we can define the operator
Qs(T) := (T? — 2Re(s)T + |s|*T)"*, s € ps(T),

which is called the pseudo-resolvent (operator) of T'. For right linear operators the
S-resolvent operators that are defined on the whole space V are given by:

Definition 5.13. Let T' € IC(V'). The left S-resolvent operator is defined as

SpH(s.T) = Qu(T)s = TQu(T), s € ps(T), (5.11)
and the right S-resolvent operator is defined as
Spl(s,T) == —(T —Is)Qs(T), s € ps(T). (5.12)

From the above definitions of S-resolvent operators we get an integral repre-
sentation of the S-functional calculus. The following theorem also shows that the
S-functional calculus for unbounded operators is well defined because it does not
depend on the point k& € R that we choose to define f(T') = ¢(A).
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Theorem 5.14. Let V' be a two-sided quaternionic Banach space and let W be a
T-admissible open set. Let T € (V') with ps(T) "R # 0. Then the operator f(T)
defined in (5.10) is independent of k € ps(T)NR, and, for f € RgS(T) andv €V,
we have

f(T)v = f(c0)Zv + 217r /é)(Wﬂ(C-) Sy (s, T) ds; f(s)v, (5.13)

and for f € ’Rfs(T) and v € V, we have
1
f(T)v = f(co)Zv + / f(s) ds; Sp*(s, T)v. (5.14)
21 Joewnc,)

For left linear operators a similar result holds. The proof of Theorem 5.14 is
based on the following non trivial relations between the S-resolvent of T and the
S-resolvent of A:

Sy (s, T)v = pZv — S; H(p, A)p*v, v eV, (5.15)
and

Sgl(s,T)v =plv — pQSgl(p, A, veV. (5.16)
where T' € K(V'), ®, ¢ are as above and on the facts that ®(os(T")) = 05(A) and

é(p) = f(®%(p)) determines a one-to-one correspondence between f € SHos(T)
and ¢ € SH,,(a). The fractional powers have been studied in [23].

6. The H°°-functional calculus

The H°-functional calculus has been introduced by A. McIntosh in [40] (see also
[2]) and can be considered an extension of the Riesz—Dunford functional calculus to
a class of unbounded operators. This calculus is connected with pseudo-differential
operators, with Kato’s square root problem, and with the study of evolution equa-
tions and, in particular, the characterization of maximal regularity and of the frac-
tional powers of differential operators. In the recent paper [3] the H°-functional
calculus has been extended to quaternionic operators and to n-tuples of not nec-
essarily commuting operators. In this section we recall some of the main results
related to this calculus in the quaternionic setting.

Definition 6.1 (Operator of type w). Let w € [0,7) we say the linear operator
T:D(T)CV =V is of type w if

(i) T is closed and densely defined

(ii) Us(T) c Sy U {OO}
(iii) for every ¢ € (w,n] there exists a positive constant Cy such that
Cy
Is|
Cy

|s]

187 (s, T)|| < for all non zero s € S,

1S (s, T)| < for all non zero s € SY.
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In order to define bounded functions of operators of type w, we need a suitable
subclasses of bounded slice hyperholomorphic functions that we have introduced
in Section 1.

Definition 6.2. We define the spaces

0y . cls|” 0
VL(S, 0) = {fGS'HL(S) .E|a>0,c>0|f(s)|§1+|8|2a, forallsES”},
VR(80) = feSHF(SY) : Fa>0, c>0]|f(s) < Asl* ransesol

1+|s|2a F

0y _ co( g0y . < cls|® 0
v(S,) {fEJ\/ (Sy) + Fa>0, c>0|f(s)|_1+|s|2a, forall s € S o

For operators of type w and for slice hyperholomorphic functions as in Defi-
nition 6.2 we can define the following functional calculus.

Definition 6.3 (The S-functional calculus for operators of type w). Let T be an
operator of type w. Let i € S, and let Sﬁ be the sector defined above. Choose a
piecewise smooth path I' in 82 NC; that goes from coe® to coe™, for w < 6 < p,
then

=
3
|

_ ;ﬂ/s;l(s,:r) dsip(s), forall v e Wy (SY), (6.1)

Y(T) = %/w )dsi Sp'(s,T), forall o€ Ug(S)). (6.2)

The S-functional calculus for operators of type w is well defined because the
integrals (6.1) and (6.2) depend neither on I" nor on i € S, and they define bounded
operators, see Theorem 4.9 in [3]. Moreover the linearity of the calculus is obvious
and the product rule holds, see Theorem 4.12 in [3]. To define the H°-functional
calculus we need the following set of operators:

Definition 6.4 (The set €2). Let w be a real number such that 0 < w < 7. We denote
by €2 the set of linear operators T" acting on a two-sided quaternionic Banach space
such that:

(i) T is a linear operator of type w;
(ii) T is one-to-one and with dense range.

Then we define the following function spaces according to the set of operators
defined above:

Definition 6.5. Let w and p be real numbers such that 0 < w < pu < 7, we set

Fr(8)) ={f € SHL(S)) : |f(s)| < C(|s]* +]s|7*) for some k>0 and C >0},

Fr(S)) ={f € SHr(S)) : |f(s)| < C(|s|* +|s|7*) for some k>0 and C > 0},
FS) ={feN(S)) : [f(s)<C(s|*+|s|™) for some k>0 and C >0}
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To extend the S-functional calculus for operators of type w we consider a
quaternionic two-sided Banach space V', the operators in the class €, and

I) The non commutative algebra Fr,(S)) (resp. Fr(S))).
IT) The S-functional calculus @ for operators of type w

D : UL (S)) (resp. Ur(S))) = B(V), @:¢— o(T).

IT) The commutative subalgebra of Fr(S)) consisting of intrinsic rational func-
tions.

IV) The functions in F7(S)) have at most polynomial growth. So taken an in-
trinsic rational functions ¢ the operator ¢(7T') can be defined by the rational
functional calculus, see Definition 3.7 in [3].

V) We assume that ¢(7T') is injective.

Definition 6.6 (The quaternionic H°° functional calculus). Let V' be a two-sided
quaternionic Banach space and let T belong to the set Q. For k € N consider the
function

s\ k+1
vls) = (1 + 32>
For f € Fr (82), and T right linear we define the extended functional calculus as
F(T) o= (1) (W) (D). (6.3)
For f e F R(Sg), and T left linear we define the extended functional calculus as
F(T) = (FOUT)((T) (6.4)

We say that 1 regularizes f.

In the previous definition the operator (¢ f)(T) (resp. (fv)(T)) is defined
using the S-functional calculus ® for operators of type w, and ¥ (T) is defined by
the rational functional calculus (see Definition 3.7 in [3]).

The following results is of crucial importance because it says that the quater-
nionic H* functional calculus is well defined because it does not depend on the
choice of 9.

Theorem 6.7 (See Theorem 5.5 in [3]). The definition of the functional calculus
in (6.3) and in (6.4) does not depend on the choice of the intrinsic rational slice
hyperholomorphic function 1.

This calculus can be applied to several operators in quaternionic analysis, for
example the Cauchy—Fueter operator, quaternionic operators appearing in quater-
nionic quantum mechanics, and the global operator that annihilates slice hyper-
holomorphic functions:

3
0 1o}
2
+ Ex here = x1e1 + x26o + T3€3.
lq| dzo qFl Jaxjv w q 1€1 2€2 3€3
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7. The Phillips functional calculus for quaternionic groups

In the papers [5, 17, 33] the problem of the generation of quaternionic groups and
semigroups is treated using the S-spectrum.

In this section we recall some important fact on the Phillips functional cal-
culus for quaternionic operators developed in the paper [6].

A family of bounded right-linear operators (U(t));>0 on V' is called a strongly
continuous quaternionic semigroup if U(0) = Z and U(t1 + t2) = U(t1)U(t2) for
ti1,ta > 0 and if ¢ — U(t)v is a continuous function on [0, c0) for any v € V.

Definition 7.1. Let (U(t)):>0 be a strongly continuous quaternionic semigroup. Set

o1 ,
D(T) = {U eVv: hlgé{r h(U(h)v — ) exmtb}

and
. 1
Tv = hlg{){r h(U(h)v —v), veDT).
The operator T is called the quaternionic infinitesimal generator of the semigroup
U(t))i=o-
We indicate that T is the infinitesimal generator of the semigroup (U(¢))¢>0
by writing Uz (t) instead to U(t).

The set D(T) is a right subspace that is dense in V and T : D(T) — V is a
right linear closed quaternionic operator.

Theorem 7.2. Let (Ur(t))i>o0 be a strongly continuous quaternionic semigroup and
let T be its quaternionic infinitesimal generator. Then

o1
wo = tli>r1010 ; In ||Ur(t)|| < oo.

If s € H with Re(s) > wq then s belongs ps(T) and

S=1(s,T) = / e~ U(L) d.
0

The question whether a closed linear operator is the infinitesimal genera-
tor of a strongly continuous semigroup is answered by the Hille-Yosida—Phillips
Theorem.

Theorem 7.3. Let T be a closed linear operator with dense domain. Then T is the
infinitesimal generator of a strongly continuous semigroup if and only if there exist
constants w € R and M > 0 such that 0g(T) C {s € H : Re(s) < w} and such that
for any sop € R with sg > w

H(SEI(SOaT))nH < for n € N.

(s0 —w)"
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We consider the problem to characterize when a strongly continuous semi-
group of operators (Ur(t))t>0 can be extended to a group (Z7(t))ter of operators.
This extension is unique if it exists and if the family U_(t) = Zp(—t), t > 0, is a
strongly continuous semigroup. Consider the identity

}1L 1h [—Z7r(=2)[Z7(2 — h)v — Z7(2)v]], for h € (0,1).

By taking the limit for h — 0 we have that the infinitesimal generator of
U_(t) is =T and D(—T) = D(T). In this case T is called the quaternionic infin-
itesimal generator of the group (Z7(t))ier. The next theorem gives a necessary
and sufficient condition such that a semigroup can be extended to a group, see
Theorem 5.1 in [17].

U_(h)v —v] =

Theorem 7.4. An operator T € (V) is the quaternionic infinitesimal generator of
a strongly continuous group of bounded quaternionic linear operators if and only
if there exist real numbers M > 0 and w > 0 such that

M
(Isol —w)™’

If T generates the group (Zr(t))ier, then || Zr(t)|| < Me*!H.

1Sk (s0, T)"[l < for w <sol. (7.1)

Definition 7.5. We denote by S(T") the family of all quaternionic measures u on
B(R) such that

/d|u|(t)e(“’+5)|t‘ < 00
R

for some € = e(u) > 0. The function

L(u)(s) = /R du(t)e™,  —(w+e) < Re(s) < (w+¢)

is called the quaternionic bilateral (right) Laplace-Stieltjes transform of p.

Definition 7.6. We denote by V(T') the set of quaternionic bilateral Laplace—
Stieltjes transforms of measures in S(T').

Definition 7.7 (Functions of the quaternionic infinitesimal generator). Let T be the
quaternionic infinitesimal generator of the strongly continuous group (Z7(t))ter
on a quaternionic Banach space V. For f € V(T') with

f(s) = / du(t)e ' for — (w+¢e) <Re(s) <w+e,
R
and p € S(T'), we define the right linear operator f(7") on V by
f(Tv = / du(t) Zr(—t)v forveV. (7.2)
R

Theorem 7.8. For any f € V(T), the operator f(T) is bounded.

It is important to note the in the case f is right slice hyperholomorphic at
infinity then the functional calculus defined by quaternionic bilateral Laplace—
Stieltjes transforms agrees with the S-functional calculus.
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Theorem 7.9. Let f € V(T) and suppose that [ is right slice hyperholomorphic
at infinity. Then the operator f(T) defined using the Laplace transform equals the
operator f[T] obtained from the S-functional calculus.

The above theorem is more complicated to prove with respect to the classical
case. It is based on an integral representation of Zr(t), proved in Proposition 4.3
in [6]. Precisely, let o and ¢ be real numbers such that

w<e<|al
Then for any u € D(T?) we have

Zp(t)u ! / e(a—s)"2ds; S (s, T)(aZ — T)?u, (7.3)
B(Wcﬁ(Ci)

o
where W, is the strip W, = {s € H: —¢ < Re(s) < ¢} for ¢ > 0 and we introduce
the set O(W.NC;) for i € S. It consists of the two lines s = c+i7 and s = —c—iT,
7 € R, and their orientation is such that on C; the orientation of 9(W, N C;) is
positive.

8. The W -functional calculus

This calculus has been introduced in [14] for monogenic functions here we refor-
mulate it for the quaternionic setting. Using the Cauchy formula for slice hyper-
holomorphic functions it is possible to define an integral transforms that associate
to a slice hyperholomorphic function a Fueter regular function, that are defined as:

Definition 8.1 (Fueter regular functions). Let U be an open set in H. A real
differentiable function f : U — H is left Cauchy—Fueter (for brevity just Fueter)
regular if

o J@+er g f@+eny f@)+es, f)=0, q€U
It is right Fueter regular if

0 0 0

8xof(Q) togp, f Wt o, Fla)ea + ang(Q)e?’ =0, qeU.

Precisely, we use [44] to introduce an integral transform that associates to
a slice hyperholomorphic functions a Fueter regular function of plane wave type.
The following result is immediate, see [44] Section 1.1.

Proposition 8.2. Suppose that the differentiable functions (g1, —g2) satisfy the
Cauchy—Riemann system in an open set of the complex plane identified with the
set D of the pairs (u,p):
5u91(U,P) = - pQQ(U,p), 8pgl(uvp) = auQZ(uvp) (81)
Let
Up={reH : x=u+wp, (u,p) € D, weS}
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and define the function G : Up C H — H
G(x) = g1(u,p) — wga(u, p). (8.2)
Then G(x) is slice hyperholomorphic in Up.

When necessary, we will identify H with R? x S by setting = + (29, p,w) and
instead of G(x) we will write G(zo, p,w) (keeping the symbol G for the function).

Starting from the slice hyperholomorphic function é(u, p,w) in (8.2) we can
construct a Fueter regular function of plane wave type by replacing:

u:<xaw>v P = Zo-

Suppose that the functions (g1, —g2) satisfy the Cauchy—Riemann system and let
us define the function

G(xo, (z,w),w) := g1({z,w),z0) + wg2((®,w), x0), for weS. (8.3)
We recall a simple result stated in [44]:

Proposition 8.3. The function G defined in (8.3) is left Fueter reqular in the vari-
able x = xog + x.
Definition 8.4. A function of the form (8.3) is called Fueter plane wave.
Definition 8.5 (The W-kernels). Let S;'(s,z), Sp'(s,z) be the Cauchy kernels
of left and of right slice hyperholomorphic functions, respectively, and let w € S.
For (z,w) — zow & [s] we define
Wh(s,x):=87"(s,(x,w) — wow)
= —[({z,w) — zow)? — 250 ((x,w) — xow) + |s|*] ! ({z,w) — Tow — 5),
and
WE(s,2): =S5 (s, (2,w) — zow)
=—({z,w) —zow — 5) [({z,w) — zow)* —2Re(s) ((z,w) — wow) +|s|*] 7,
where w € S is considered as a parameter.
Observe that WL and W/ are obtained by the change of variable x — (z,w)—

zow in the Cauchy kernels of slice hyperholomorphic functions and (z,w) — zow is
still a paravector. We have the theorem:

Theorem 8.6. Let w € S be a parameter and let U C H be an azially symmetric
slice domain. Suppose that (UNGC;) is a finite union of continuously differentiable
Jordan curves for everyi € S. Set ds; = —dsi for I € S. Assume that (x,w)—zow €
U and that O is an open set containing U. Then the integrals

2177 /a(mcn Wi (s x)dsif(s).  for | €SHYO), (84)
217T /a(Umtci)f(s)dsin(s’x)’ for € SHMNO), (85)

depend neither on the open set U mor on the imaginary unit i € S.
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Observe that thanks to the Cauchy formula for slice hyperholomorphic func-

tions the integrals in (8.4) and (8.5) depend neither on the open set U nor on
i €S.
Definition 8.7 (The W-transforms). Let U C H be an axially symmetric slice
domain. Suppose that (U N C;) is a finite union of continuously differentiable
Jordan curves for every i € S. Set ds; = —dsi for i € S. Assume that (x,w) —xow €
U.1If f is a (left) slice monogenic function on a set that contains U then we define
the left WL-transform as

Y 1
o) = / We(s,2)dsif(s), for feSHMYO).  (8.6)
21 Jawncy)
If f is a right slice monogenic function then we define the right W £-transform as
- 1
L=y [ fedsWisa), for feSHNO). ()

T on
Here w € S is a parameter.

We observe that:

I) For every w € S the function Wk (s,z) is right slice hyperholomorphic in
s and left Fueter regular in x for every z,s such that ((z,w) — zow) & [s].
Moreover, the Wl-transform maps left slice hyperholomorphic functions f
into left Fueter regular plane wave functions fw.

1) For every w € S the function W%(s,z) is left slice hyperholomorphic in s
and right Fueter regular in z for every z,s such that ((z,w) — zow) & [s].
Moreover, the W -transform maps right slice hyperholomorphic functions f
into right Fueter regular plane wave functions fw.

We now make a refinement of the above result in order to prepare the defini-
tion of a variation of the Fueter functional calculus, that is the functional calculus
based of the Cauchy—Fueter formula, namely the W-functional calculus.

Theorem 8.8. Let T =Ty + e1Ty1 + exTo + e3T3 € B(V) be such that for | T| < |s|
where s € H. Assume that w € S and define the operator

3
Aw = ZTjon - T()o.).
j=1

Then we have:

I) A, belongs to B(V).

) The operator A2 —2Re(s)A,, + |s|?Z is invertible for |T| < |s| for allw € S.
III) For ||T|| < |s| for all w € S we have

S AmsTIT™ = — (A2 — 2Re(s) Ay, + [s|* )TN (A, — ST), (8.8)
m>0
> sTITMAL = — (A, — sT)(AL — 2Re(s) Ay + |s|°T) 7" (8.9)

m>0
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The above theorem motivates the notion of W-spectrum.

Definition 8.9 (The W-spectrum and the W-resolvent set). Let T € B(V) and
let w € S, we define the operators
3

Aw = ZTjwj — Tow

j=1
and
Qu(T,s) := A2 — 2s50A,, + |s|°T.
We define the W-spectrum oy (T') of T as:
ow (T,w) = {s € R"™ . Q,(T,s) is not invertible in B(V)}.
The W-resolvent set py (T') is defined by
pw (T, w) =H\ ow (T, w).

The proofs of the following two results, which will be useful in the sequel,
follow as in the case of the S-spectrum.

Theorem 8.10 (Structure of the W-spectrum). Let T € B(V), w € S, and let
p=po+p1j € [po+p1j] C H\R, such that p € ow (T,w). Then all the elements of
the 2-sphere [pg + p1j] belong to ow (T,w). Thus the W -spectrum consists of real
points and/or 2-spheres.

Theorem 8.11 (Compactness of the W-spectrum). Let T € B(V), w € S. Then
the W -spectrum ow (T,w) is a compact nonempty set.

Definition 8.12 (W-resolvent operators). Let ' € B(V), w € S and 4, :=
23 Tjw; — Tow. For s € pw (T') we define the left W-resolvent operator by

j=11J
Wkis, T) = —(A2 — 2Re(s) Ay + |s]*T) " (A, — sT), (8.10)

and the right W-resolvent operator by
Wh(s, T) = —(A, — sT)(A% — 2Re(s)A, + |s|°T) L. (8.11)

Definition 8.13. Let T' € B(V), w € S and let U C H be an axially symmetric slice
domain.

o We say that U is admissible (for T') if it contains the W-spectrum ow (T, w),
and if (U N C;) is union of a finite number of rectifiable Jordan curves for
every i € S.

e Let O be an open set in H. A function f € SH*(0O) (resp. right f € SH*(0))
is said to be locally left (resp. right) slice hyperholomorphic on ow (T, w) if
there exists an admissible domain U C H such that U C O.

e We will denote by S'Hﬁw (Tw) (Tesp. Swa(T,w)) the set of locally left (resp.
right) slice hyperholomorphic functions on ow (T, w).

The proof of the next result follows the proof of Theorem 8.6 and so it is
based on the corresponding proof in the case of the S-functional calculus.
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Theorem 8.14. Let T' € B(V) and let w € S. Let U be an admissible set for T and
set ds; = ds/i. Then the integrals

! / W(f(s,T) ds; f(s), for fe S”HUW T.w) (8.12)
27 Jawne,)
and )
/ f(s)dsi WE(s,T),  for  feSHE 4.,  (313)
21 Jowncey)

depend neither on the open set U mor on the imaginary unit i € S.

The above theorem is important because it shows that the following definition
of the W-functional calculus is well posed.

Definition 8.15 (The W -functional calculus for bounded operators). Let T' € B(V)
and let w € S. Let U be an admissible set for T and set ds; = ds/i. We define the
W -functional calculus for bounded operators as

RO)=y [ WHsDs ), o feSHE . (514)
21 Jowney) ’
and
fu(T) = ! / f(s)ds; WE(s, T),  for feSHE .. (8.15)
o a(UNCH) ow (T\w)

The W-functional calculus is a monogenic functional calculus that is based on
slice hyperholomorphic functions but it produces operators f.,(T) where f.,(s) is a
Fueter regular function. The W-functional calculus, and the F-functional calculus
treated in the next section, are monogenic, or better to say Fueter functional
calculi when we deal with the quaternionic setting, because they are in the spirit
of the monogenic functional calculus (based on the Cauchy formula of monogenic
functions) introduced and studied by A. McIntosh and is collaborators in a series
of papers [36, 37, 39] and the book [35].

9. The F'-functional calculus

The Fueter mapping theorem is one of the deepest results in hypercomplex anal-
ysis, see [29]. Tt gives a procedure to generate Cauchy—Fueter regular functions
starting from holomorphic functions of a complex variable. In the case of Clifford
algebra-valued functions the proof of the analogue of the Fueter mapping theorem
is due to Sce [42] for n odd and to Qian [41] for the general case.

Using the Cauchy formula for slice hyperholomorphic functions it is possible
to give the Fueter mapping theorem an integral representation. This has been
done in [20], and in the recent paper [13] the authors introduce the formulations
of the F-functional calculus and the F-resolvent equation which are important to
study the Riesz projectors associated to this calculus. The extension to unbounded
operators has been done in [19]. Here we recall some facts for the case of bounded
operators.
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Definition 9.1 (The F-kernel). Let ¢, s € H. We define, for s ¢ [g], the F'X-kernel as
FE(s,q) == —A(s — q)(s*> — 2Re(q)s + |q*) 2,

and the F®-kernel as
FR(s,q) := —4(s* — 2Re(q)s + |q|*) 7%(s — q).

With the above notation the Fueter mapping theorem in integral form be-
comes:

Theorem 9.2 (The Fueter mapping theorem in integral form). Set ds; = ds/i and
let W C H be an open set. Let U be a bounded axially symmetric slice domain such
that U C W. Suppose that the boundary of U N C; consists of a finite number of
rectifiable Jordan curves for any i € S.

(a) If g € U and f € SH*(W) then f(q) = Af(q) is left Fueter regqular and it
admits the integral representation

F = ! L S S; (S
F0 = g o P adsif ) 0.1)

(b) If g € U and f € SHE(W) then f(q) = Af(q) is right Fueter regular and it
admits the integral representation

f = ! s)as; RS
Fo = g [ O ), 02)

The integrals depend neither on U and nor on the imaginary unit i € S.

We now consider the formulations of the F-functional calculus in the quater-
nionic setting for right linear quaternionic operators. The same formulation holds
also for left linear operators with a suitable interpretation of the symbols.

Definition 9.3. We will denote by BC(V') the subclass of B(V) that consists of
those quaternionic operators T that can be written as

T=Ty+ e111 +exT5 + e3T;s
where the operators Ty, £ = 0,1,2,3 commute among themselves.

Definition 9.4 (The F-spectrum and the F-resolvent sets). Let T € BC(V). We
define the F-spectrum op(T) of T as

or(T)={s€H: s°T —s(T+T)+TT isnot invertible}.
The S-resolvent set pg(T) is defined as
pr(T) =H\ op(T).

Theorem 9.5 (Structure of the F-spectrum). Let T € BC(V') and let p = po+p1l €
po+pS C H\R, such that p € op(T'). Then all the elements of the sphere po+p1S
belong to op(T).
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We point out that the F-spectrum is well defined just for operators T' that
belong to BC(V'). The F-spectrum can be seen as the commutative version of the
S-spectrum because

os(T) =0op(T), forall T € BC(V).
In the case the components of T" do not commute then it is not true that T7T =
TT =T + T + T3 + T3 and so the F-spectrum is not well defined.

As a consequence if T' € BC(V), then the F-spectrum op(7') is a compact
nonempty set.

Definition 9.6 (F-resolvent operators). Let T' € BC(V). For s € pp(T') we define
the left F-resolvent operator as

FE(s,T) = —4(sT — T)(s*T — s(T +T) +TT) 2,
and the right F-resolvent operator as

FR(s,T):= —4A(s’T — s(T +T) + TT) *(sZ — T).

The definition of T-admissible set U and of locally left (resp. right) slice hy-
perholomorphic functions on the F-spectrum o (T") can be obtained by rephrasing
the definition for the S-spectrum.

We will denote by SH‘EF(T) (resp. right SH?F(T)) the set of locally left (resp.
right) slice hyperholomorphic functions on o (7).

Definition 9.7 (The quaternionic F-functional calculus for bounded operators).
Let T € BC(V) and set ds; = ds/i, for i € S. We define the formulations of the
quaternionic F-functional calculus as

y 1

f(1) = o /MUQC_)FL(S,T) dsi f(s),  feSHL 1), (9.3)
and )

f(T) = o /mmc_) f(s)dsi FR(s,T), e SHE o), (9.4)

where U is T-admissible.

The definition of the quaternionic F-functional calculus for bounded oper-
ators is well posed since it was proved that the integrals (9.3) and (9.4) depend
neither on the open set U (that contains the F-spectrum) nor on the imaginary
unit ¢ € S.

Theorem 9.8 (The quaternionic F-resolvent equation). Let T' € BC(V). Then for
p,s € pr(T) the following equation holds

FR(s, T)S5% (0 T) + Sanls, TV (0. T) + | (sF™(s, T)F (0, T)p
— sFR(s, T)YTFE(p, T) — FE(s, T\TFL(p, T)p + FF(s, T)T*FE (p, T))
= [(F*(s,T) = F*(p,T))p— 5 (F%(s,T) — F*(p.T))] (p* — 2s0p + |s|*) "
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where the quaternionic SC-resolvent operators are defined as
Seip(s,T) = (sT =T)(s*T—s(T+T)+TT)™", s€pr(T) (9.5)

and
Scl(s,T) == (s’ T — (T + T) + TT) (T ~T), sepr(T).  (9.6)

As a consequence of the quaternionic F-resolvent equations we can study the
Riesz projectors associated with the quaternionic F-functional calculus.

Theorem 9.9. Let T € BC(V). Let op(T) = o1p(T) U o2r(T), with
dist (017 (T), 02r(T)) > 0.

Let Uy and Us be two T-admissible sets such that o1p(T) C Uy and oop(T) C Us,
with U1 NUg = 0. Set
P C

0= 2

/ FE(s,T)ds;s?, (=1,2,
o(U,NC;)

where C := Aq?. Then, for £ = 1,2, the following properties hold:
(1) pZQ = ]557
(2) TP, =PT, (=1,2.

Even thought the F-resolvent equation seems to be very complicated it is
allows one to prove that 1552 = ]54, for £ = 1,2. We cannot expect a simpler
F-resolvent equation because the F-functional calculus is based on an integral
transform and not on a Cauchy formula.
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Models for Some Irreducible Representations
of so(m, C) in Discrete Clifford Analysis

Hilde De Ridder and Tim Raeymaekers

Abstract. In this paper we work in the ‘split’ discrete Clifford analysis set-
ting, i.e., the m-dimensional function theory concerning null-functions of the
discrete Dirac operator 9, defined on the grid Z™, involving both forward
and backward differences. This Dirac operator factorizes the (discrete) Star-
Laplacian (A* = §%). We show how the space Hj, of discrete k-homogeneous
spherical harmonics, which is a reducible so(m,C)-representation, may ex-
plicitly be decomposed into 2*™ isomorphic copies of irreducible so(m,C)-
representations with highest weight (k,0,...,0). The key element is the in-
troduction of 2*™ idempotents, dividing the discrete Clifford algebra in 22™

subalgebras of dimension (k“,?_l) — (k"":_3).

Mathematics Subject Classification (2010). 17B15, 47A67, 20G05, 15A66,
39A12.

Keywords. Discrete Clifford analysis, irreducible representation, orthogonal
Lie algebra, harmonic functions.

In classical Clifford analysis, the infinitesimal ‘rotations’ are given by the angular
momentum operators, in our function theoretical setting denoted by the differential
operators L, p = 40z, — 2505, . These operators satisfy the commutation relations

[La,ba Lc,d] = 5b,c La,d - 5b,d La,c - 5(1,(: Lb,d + 6{1,,(1 Lb,ca

which are the defining relations of the orthogonal Lie algebra so(m). Since these
are endomorphisms of the space Hy(m, C) of scalar-valued harmonic polynomials
homogeneous of degree k, this polynomial space is a model for an (irreducible)
s0(m, C)-representation [see, e.g., [9, 1]]. Classically, to establish My, the space of
spinor-valued monogenics, homogeneous of degree k, as so(m, C)-representation,
the following operators are considered

1
dR(ea,b) My = My, M, — <La,b + 9 €a eb) M;,.

The first author acknowledges the support of the Research Foundation — Flanders (FWO), grant
no. FWO13\PDO\039.
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These operators are endomorphisms of My which also satisfy the defining
relations of so(m, C):

[dR(ea’b), dR(ec,d)] = 5575 dR(ea,d) — 5b,d dR(ea’c) — 5a7c dR(eb’d) + 5a,d dR(eb,C).

In [5], we developed discrete counterparts of the operators L, ; and dR(eq,p)
in the discrete Clifford analysis setting.

Definition 1. The (discrete) angular momentum operators are discrete operators
Loy =8 0y + & 0a, 1 < a# b < m, acting on the discrete functions. Here £, and
Oq, a = 1,...,m are the discrete vector variables and co-ordinate differences in
the discrete Clifford analysis setting (see Section 1). For a = b, we define L, , =
0. Furthermore, let the operator €2, ; act on discrete functions f as Q.3 f =
La,b f €p€q.

The discrete angular momentum operators also satisfy the defining relations
of the orthogonal Lie algebra so(m) (see, e.g., [11]):

[Qa,b; Qc,d] = 5b,c Qa,d - 5b,d Qa,c - 5(1,0 Qb,d + 5a,d Qb,c-

Furthermore, they are endomorphisms of the space Hj of Clifford algebra-valued
k-homogeneous harmonics since ), ; commutes with sly = {A, €2 E+ " }, for all
(a,b). We thus concluded that Hy, is a representation of so(m, C); however, this is
not an irreducible representation, as will be shown in the following sections.

An important difference with the Euclidean Clifford setting is the addition
of the basis elements e,e, to the right of the considered function f. This will
have consequences later on in this paper, when we describe irreducible representa-
tions by means of an idempotent; the action of so(m,C) elements will affect this
idempotent, in the sense that the representation can no longer be interpreted as a
left ideal in the Clifford algebra. Another unexpected result was the possibility to
rotate points of the grid Z™ over all real angles by rotation of the discrete delta
functions (resp. distributions); we are thus not longer restricted to rotating over
(integer multiples of) right angles.

In a similar manner, discrete operators dR(e, ;) were constructed in [5], sat-
isfying the defining relations of the orthogonal lie algebra so(m) and commuting
with osp(1[2) = {8,5,1[*3—}— Tg} which makes them endomorphisms of the space
M, of k-homogeneous discrete monogenic polynomials. As such, My, is a reducible
s50(m, C)-representation. The decomposition of My, into irreducible representations
will be the topic of an upcoming paper.

Describing the discrete harmonic spaces Hy as so(m, C)-representations will
be most effective (from a representation-theoretic point of view) when the repre-
sentations are irreducible. Only then will we be able to draw conclusions about
for example Gelfand—Tsetlin bases (see, e.g., [12]). An accurate description of the
decomposition is thus very important, and this will be done for Hj, in the following
sections.

To keep this paper self-contained, we start with a preliminary section on the
discrete Clifford analysis framework. Throughout this paper, we will use concepts
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regarding the Cartan subalgebra and the positive roots of the orthogonal Lie al-
gebra so(m, C), hence in Section 2, we briefly summarize these concepts, based on
[8]. In Section 3, we describe the decomposition of Hj, in irreducible components,
both for even and for odd dimension.

1. Preliminaries

Let R™ be the m-dimensional Euclidian space with orthonormal basis e;, j =
1,...,m and consider the Clifford algebra R,, ¢ over R™, governed by the multi-
plication relations e;e; +eje; = 20;;. Passing to the so-called ‘split’ discrete setting
[6, 2], we embed this Clifford algebra into the bigger complex one Ca,y,, the under-
lying vector space of which has twice the dimension, and introduce forward and
backward basis elements ef satisfying the following anti-commutator rules:
{ej_,ee_}:{ej,ej}zO, {ej‘,ee_}: e o l=1,...,m.

The connection to the original basis e; is given by e;r +e =¢,j=1...,m
This implies e? = 1, in contrast to the usual Clifford setting where traditionally
e? = —1 is chosen.

Now consider the standard equidistant lattice Z""; the coordinates of a Clif-
ford vector x will thus only take integer values. We construct a discrete Dirac
operator factorizing the discrete Laplacian, using both forward and backward dif-
ferences Aji, j=1,...,m, acting on Clifford-valued functions f as follows:

Af[fl(z) = fla+e;) = f(z), A7 [fl(x) = fz) — f(z —e)).
With respect to the Z™-grid, the usual definition of the discrete Laplacian in
reZ™is

A[flw) = D ATATIA)@) = Y (f(w+ej) + flw — &) = 2m f(x).

j=1 j=1

This operator is also known as “Star-Laplacian”, denoted from now on as A.
An appropriate definition (see, e.g., [6, 7]) of a discrete Dirac operator 0 factorizing
A, i.e., satisfying 92 = A, is obtained by combining the forward and backward
basis elements with the corresponding forward and backward differences, more
precisely
m
8=Z(ejA;r+ej Aj).
j=1
In order to receive an analogue of the classical Weyl relations a@jxk — 210, ;=
d;k, the coordinate vector variable operators §; = e;r X, +e; X ;r are defined by
their interaction with the corresponding coordinate operators d; = e;r A;r—i—e; A;,

according to the skew Weyl relations, cf. [2]:
8j5j—£j8j = 1, j= 1,...,m,



146 H. De Ridder and T. Raeymaekers

which imply that 0; 5;?[1] = kfj’.“_l [1]. The operators &; and 0; furthermore satisfy
the following anti-commutator relations:
(&6} =1{05,0k} = {05, &} =0, j#k jk=1....m

implying that 9, fj’.“[l] =0,j #£L.

The natural powers fjk[l] of the operator {; acting on the ground state 1
are the basic discrete k-homogeneous polynomials of degree k in the variable z;,
ie., E{f[l] = k{f[l], where E = Z;n:l &; 0; is the discrete Euler operator. They
constitute a basis for all discrete polynomials. Explicit formulas for 55?[1] are given
for example in [2, 3]; furthermore f’“[ |(z;) =0if k > 2|x;] + 1.

A discrete function is discrete harmonic in a domain Q C Z™ if Af(z) = 0 for
all z € Q. The space of discrete harmonic homogeneous polynomials of degree k
is denoted Hj, while the space of all discrete harmonic homogeneous polynomials

is denoted H. It is clear that H = @, Hr. The dimensions over the discrete
Clifford algebra are

dim(3) <k;+7]7:—1) B (k+7:—3>.

2. Orthogonal Lie algebras

We will start by briefly introducing the orthogonal Lie algebra so(m, C); a detailed
description can be found for example in, e.g., [8]. The orthogonal Lie algebra
s0(m, C) is generated in even dimension m = 2n by m(ng_l) basis elements H,,
Xab, Yop and Zgp (1 < a,b < n) and in odd dimension m = 2n + 1 these basis
elements are extended to a full basis of so(m, C) by 2n extra elements U; and Vj,
1<j<n:

s0(2n,C) = spang {He, Xab, Ya,b, Zab, 1 b<mn,a#b},
50(2n + 1,C) = spang {Hqa, Xap, Ya b, ab,Ua,Va,l <a,b<n,a#b}.

These basis elements are the root vectors of the adjoint representation of
s0(m, C) in accordance to [8, 10].

The Cartan subalgebra can be chosen as h = {H,,1 < a < n}, independent of
the parity of the dimension, i.e., s0(2n,C) and so(2n + 1, C) are both Lie algebras
of rank n. The roots of so(m, C) (see also [11]) are determined by considering the
adjoint representation:

[HS)YCL b] (5% +69b) a,b = ((La+Lb) (He)) Ya,ba

[Hs, Xap] = (0sa — 0sp) Xap = ((La — Lp) (Hs)) Xap,
[Hs, Zop) = — (0sa + 0sb) Zap = ((—La — Lp) (Hs)) Za b,
[Hs,Us] = 650 Us = (La(Hs)) Ua,
[Hs,Va] = =050 Ua = (—La(Hy)) Ua,
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where {L,,1 < a < n} is a basis of the dual vector space h* of the Cartan subalge-
bra b, i.e., Ly (Hp) = dq,p. Note in particular that the Cartan subalgebra elements
H, can be calculated by taking the commutator of a positive root vector with its
corresponding negative root vector:

[Ya,ba Za,b] = _Ha - Hb7 [Xa,baXb,a] = Ha - Hb-

We thus deduce the following roots and root vectors.

m=2n m=2n-+1
T00% root vector ro0t root vector
La - Lb Xa,b La - Lb Xa,b
La + Lb Ya,b La + Lb Ya,b
_La - Lb Za,b _La - Lb Za,b
L, U,
_La Va

To make a distinction between positive and negative roots, we consider the
linear functional [ : h* — R defined by fixing n different real numbers ¢; such that
for all a; € R:

lla L1+ +apLy) =ar1c1+ -+ ap cp.

We choose the constants ¢; such that the ordering ¢y > ¢co > -+ > ¢, > 01is
satisfied. With this convention, the positive roots in even dimension, i.e., roots «
for which I(a) > 0, are given by

{La+Ly:1<a#b<ntU{L,—Ly:1<a<b<n}.
The negative roots, i.e., roots « for which I(«) < 0, are given by
{—Lo—Ly:1<a#b<n}U{L,—Ly:1<b<a<n}.
In odd dimension, one finds positive roots
{La+Lpy:1<a#b<ntU{Ly—Lpy:1<a<b<n)U{L,:1<a<n}
and negative roots
{-Lo—Ly:1<a#b<ntU{L,—Ly:1<b<a<n)U{-L,:1<a<n}.

As illustrative examples, we depict the root diagrams of s0(6, C):
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In [5], we introduced the algebra so(m,C) (up to an isomorphism) in the
discrete Clifford analysis context. The generators of so(m,C) were not given in
terms of the root vectors and Cartan subalgebra, but rather by the generators
{Qap 1 < a#b< m}introduced in Definition 1, satisfying the defining relations
of so(m, C):

[Qa,ba Qc,d] = 6a,d Qb,c + 66,0 Qa,d - 6a,c Qb,d - 6b,d Qa,o (21)

In the following sections, we will re-establish the orthogonal Lie algebra in the
discrete Clifford analysis setting, but now by determining the explicit expressions
of the root vectors and Cartan subalgebra.

3. Decomposition of H; in irreducible representations

The space of discrete harmonic Clifford-valued homogeneous polynomials Hy, is
a representation for so(m, C). To see this, we again consider the operators g p :

Hk — Hk:
Qap(Hi) = Lap Hrepeq = (§p0a + €0 Op) Hrepeq, a#b and Qg0 = 0.

3
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By calculating the dimension, we immediately may conclude that this repre-
sentation is not just a model for the irreducible representation with highest weight
(k,0,...,0) like the classical case:

dime (Hy) = dimg,,, (Hx) dime (Capy) = 2°™ ((k e 1) a (k e 3)) ’

k k
while
k+m—1 k+m—3
di k,0,...,0) = — .
metko0 = (177 - (M0 7)
Here (k,0,...,0) represents the irreducible representation of so(m,C) with

highest weight (k,0,...,0). This means that #Hj is probably reducible. The re-
mainder of this article exactly deals with the decomposition of this space into
irreducible representations.

Classically, one considers the scalar-valued harmonic polynomials as an ir-
reducible representation of so(m, C) within the space of Clifford-valued harmonic
polynomials. However, note that in the discrete setting, due to the addition of
the basis elements e; e, in the definition of the operators €2, 3, and the fact that
Lq itself is not scalar, the operators €2, are no longer scalar. Hence the sub-
space of Hj, of scalar harmonics, i.e., harmonic functions that have scalar Taylor
series coefficients, is not an invariant under their action. To arrive at irreducible
representations of so(m, C) within the space of Clifford-valued discrete harmonics
Hp, we must thus reconsider our approach. We will do this by introducing an
appropriate idempotent with which we multiply our harmonics from the right. To
determine which idempotent is appropriate, we first consider the analogues of the
root system of so(m, C) in our discrete Clifford setting.

3.1. Even dimension m = 2n

Definition 2. We define the operators H,, Xqp, Yo and Z,, € so(m, C):

H, =iQ2-1,2a; 1<a<n,
Xop = ; (Q2a-1,20-1 + 7 Q2g—1,20 — 1 Q2g.20—1 + Q24,20 ,
Yop = ; (Q2a-1,20-1 — 1 Qag—1,26 — T Q2g.20—1 — Q24,20 ,
Zap = ; (Q2a-1,20-1 + 7 Q2g—1,26 + 7 Q2g.20—1 — Q24,20 , 1<a,b<n.

Note that, because 0, = — 4, we find that Y3, = —Y, . Furthermore,
Q4.0 = 0 implies that Y, , = 0. The same holds for Z, ;. For X, ;, we find that
Xp,o # Xap and that X, , = H, hence we consider all couples (a, b) with a # b.
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Remark 3. Note that we can reconstruct the original operators €, 5 as Qoq—1,2¢ =
—i H, and for a # b:
2Q2q-1,20-1 = Xap — Xba + Yap + Zay,
—2i Qg 00-1 = Xap + Xva + Yo — Zaw,
20 Qa0-1.20 = Xap+ Xva — Yoo + Zap,
204,90 = Xap — Xpa — Yao — Zap.

We will now show that these operators indeed show the expected commutator
relations associated with the root system of so(m, C):

Lemma 4. The followz'ng commutator relations hold:
[ (6]a+5jb) ab = (L +Lb) (H )Ya bs
[ a,b (Ja_ jb)Xab:(L _Lb)(H')Xabv

Yau] =
=
[H; b] —(8ja +050) Zap = — (La + Lv) (Hj) Za b,
(Yoo, Ze.d) = 0ad Xv.c + Obe Xa,d — Oac Xb.d — Obd Xa,cs
[(Xab, Xe,d] = 0be Xa,d — 0ad Xebs
[Xa.b, Ye,d] = Obe Ya,d — Obd Ya,es
[(Xap, Z. ]—5adec—5achd,
[ abv ]
[ abv ]

In particular, Xqp, a < b resp. Yo, are root vectors corresponding to the positive
roots L, — Ly, resp. Lo + Ly. Furthermore, X, with a > b and Z, are root
vectors corresponding to the negative roots L, — Ly resp. —Lg — Ly.

Proof. We will only write down the commutator relation [H;,Yq 5] and [X, 4, Ye 4]
here, the other ones can be proven in a similar fashion.

1. . .
[Hj,Yap) = 5 [0 Q25-1,25, V2a—1,20—1 — 1 D2a—1,26 — 1 Q2g,26—1 — N2a,2) -
Applying the commutator rule (2.1) results in:

) 1
[(Hj, Yau] =, (60 Q2j2a—1 — dja Q2j20-1) + 5 (=855 Q2j—1,2a—1 — dja Q2j,26)

2 ( .
+ ; (050 Q2j—1,20—1 + 0jp Q2j.24) — ; (=86 Q2j—1,2a + 0ja Q2j—1,2)
= 0ja Yip +6jb Ya,; = (0ja + 6jp) Yarp
For the second statement, we again apply (2.1):
4[Xap, Yedl = 20pe (Q2a-1,2d-1 — 1 Q2a—1,2a — 1 Q2a,2d—1 — D24,24)

—20pa (N2a—1,2e—1 — 1 D2a—1,2c — D2a,2¢c — 0 D2g,2c—1)
= 26bc Ya,d - 2(de Ya,c' O
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In this discrete setting, the Cartan subalgebra h C so(m, C) is given by

h={H,, 1<a<n}.

As the Cartan elements mutually commute, their action on any representation
of so(m, C) can be diagonalized simultaneously, since so(m, C) is semi-simple, m >
2. Any finite-dimensional representation V,, of the Lie algebra so(m, C) may thus
be decomposed as eigenspaces for the subalgebra . The set of n eigenvalues of
such an eigenspace is also known as the weight of the considered eigenspace and

the eigenspace itself is called weight space. We may decompose V,, according to a
finite set of weights W:
w= @ Vi

rew
where V\ ={P eV, :H,P={;P, 1<a<n} forall \= ({1,...,0,) € W.

In particular, we consider the decomposition of the representation Hy. If we
are thus to introduce an idempotent I and a harmonic polynomial P such that the
space spang { P I} is a weight space of a representation of the orthogonal algebra
with weight (¢1,...,¢,), it must certainly hold that H, P, I = ¢, Py I. Therefor,
the necessary idempotents must satisfy

Va=1,...,n, dc¢, €C: Tesg 1694 =cCo 1.
Definition 5. For 1 < s < n, we denote the following Clifford elements
+ — _ .
I2571 = (63_57162571 + e;_sfl) 9 IZS = (63_5625 + Ze;_s) 9
+ — — + — -
Ky = (628—1e3_8—1 + 923—1) ) K5, = (92393_8 + Zer) .

Lemma 6. Let I, =1, I, = (e, je;,_,+e;,_,)(ele;, —ies) for1 < s < n.
Then the Clifford element

n n
_ _ o= ot
= H I = H €5, 1€5_1 +e5, ) (es,e, —iey,)
s—1 s—1

is an idempotent (I? = I) and it satisfies
Tegs 169 =41, V1<s<n.

Proof. Note that

‘[25 1 62s— (e;r 1 £ 93571927571) == (93571927571 + 93571) == Izisq’
KQe 1 62s— (e2_9 1 Eeg 19; 1) == (92_8—193_8—1 + 92_8—1) = iKQis—l’
129 €95 (e2g + zereQS) =43 (eérsei9 Fies,) =+,
K e = (e, Tieg.e],) =di(eyel, Fiey)  =xiK]

We start with the second statement. We choose s = 1 (the general proof is
similar). Since I;t er = ep 1], Vs # k, the element ejes commutes with all I,
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s=2,...,n
Teres =1If Iy eves [[ (15i ) I5y) = I en I3 o [ (14,1 I5,)
s=2 s=2
=il Iy T[] (151 15)

s=2

=11

To check the idempotency, we consider:

n 2 n 2
I2 = (H IS) = (H (e;rsflegsfl + e;rsfl) (eérsegs - Ze;;)) .
s=1 s=1

For s = 1, the factor I;7 = (e1 e; +e]) has a term e e; that commutes
with all Ii, j # 1, and a term e that does not. Indeed, e I = IF e, s # 1.
However, as both terms will eventually be multiplied with I;” from the right and
as €] I+ = e (efe; +ef) = 0 (because of the isotropy of ef), the ef-term
automatlcally vanishes. We only need to determine the result of the commuting
part:

|
=

n
2 + + o= it
I (ezp 1€2p— 1ezpezp H e25 1€25— 1+ezs 1) (eQSeQS_ZGZS)

S
Il
-

I
—s

+ o o + to- (et o= _iat
€25-1€25—1 (923—1928—1 + 923—1) €25€95 (923923 —1 er)

@
I
—

Il
—s

(e;_s—leQ_s—l + e;_s—l) (e;_seQ_s - Z'e;_s)

=
1

O

Lemma 7. If we replace any (or multiple) elements I, | with I, ,, K., or
K5, _4, the resulting Clifford element is still an idempotent. The same holds if we
replace any (or multiple) elements I, by I, or Ki.. Furthermore

IE I eas 1 e0s = +(Fi) I I3,
(Fi) Iijsfl K2i57
Ki I eos 1ess = +(Fi) K | I,
+ (i) K5, K3

+ +
Iy Kygeas—1e25 = £

+ +
Ky 1 Kogeas-1 €25 =

Proof. We here only consider the combination of I3 | with I3. The proofs of the
other combinations are similar. So let

n

n
_ + gt + - + + o 4t
I= H12571[25 = H (9257192571 ieZsfl) (ezsezs + “325) .

s=1 s=1
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Again because of the isotropy of e;." (and of e; ), in each case, we only need
to consider the commuting part:
n n
2 .
I" = H (e;_p 1€2p— 162pe2p H 929 1€25-1 ieQe 1) (e;_seQS :tze;'s)

p=1

n

+ - + - + + o= (ot o= 4ot
H €25-1€25—1 (6257162571 + 92571) €25€25 (e25e25 + “325)
1

w
Il

I
=

(e;rsflegsfl + e;rsfl) (e;rsegs +1 eérs) =1

I
-

S
Furthermore I 1  ejeq = I:F e If e = + (Fi) [ Iy and similar for other 1 <
s < n. O

Remark 8. By combining the different idempotents, we can form all basis elements
of the Clifford algebra. Indeed

IZJ; 1 + 1275 1= (e;rs 1625 1 +e25 1) (e; e25 1 e;rsfl) = Qe;rsfle;sfl’
K+ Koy = (e5,_1€3,1 +e5, 1) + (e5,_1€3,_1 — €5 1) =265, €5, 4,

IZJ;fl 1275 (eZS 1e25 1+625 ) (625 1625 1 e;rsfl) 2203571,
K 1 — Ky = (e5, 1e3, 1 +e5 ) — (5 1€, 1 —ey 1) =265

and, since 1 = ej, ,e,, | + €5, ,e5. 1, we can also produce scalars. Similar
combinations are used to arrive at eJ,e;,, e;,e5, and ex..

We find that Hj; decomposes into the direct sum of 4™ = 22 subspaces
Hy. I, where the idempotent I runs over all idempotents mentioned above. In the
following sections, we will always denote the idempotent

n

H e25 1625 1t e25 1) (e;rsegs - ie;rs)

by I.

We already established that Hay is a representation of so(2n,C). This rep-
resentation is reducible. A mutual eigenspace of all generators of h is given by
spang { far, I} where

for = (&2 + &) (& — &))"

If we consider the representation Hot1, then the corresponding weight space
of all elements of the Cartan subalgebra is given by spangc { far+1 I} where

foer1 = (€2 + &) (62 — &) (&2 + &))"

Lemma 9. The subspace spang { far, I} resp. spanc { far+1 I} is an eigenspace of all
generators of b, and can hence be seen as (part of) a weight space of an so(m,C)-
representation with weight (2k,0,...,0), resp. (2k+1,0,...,0).
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Proof. Since the generating elements for, and for41 only contain &; and &, we only
need to consider H; = iy 2. The generating elements will automatically vanish
under the action of the other h-elements. It was previously established (see [4],
proof of Prop. 2) that

O for = 02 for = 2k (€2 — €1) (&2 + &1) (&2 — &))",
01 forir = Daforir = 2k +1) (2 — &) (&2 + &))"
From this, the action of H; = i 5 follows easily:
Hy for I =i (§102 + & 01) for I ezen
=i (2k) (&1 + &) (& — &) (& +&) (& — &) (=il)

= (2k) (€2 +&1) (E2 + &) I
— 2% for I,
while
Hi forp1 I =1(& 02 +&201) fornt1 L eaeq

P2k 4+ 1) (64 &) (2 — &) (&2 + &) (=i 1)
= (2k + 1) fopr1 I. O

Lemma 10. The 1-dimensional spaces spang { far, I} and spanc {for+1 I} vanish
under the action of the positive roots, i.e.,

Yoo (for I) =0, ¥(a,b), a # 0,
Xap (for I) =0, V(a,b), a < b,
Yo (fors1 I) =0, V(a,b), a # b,
Xab (fors1 I) =0, Y(a,b), a < b.

Proof. Since for, and for41 only contain & and &;, we only need to consider (a, b)
with b=1 and a > 1:

2Yo1 (for I) = (Q2a—1,1 — 1 Q2a—1,2 — 1 D2a,1 — D2a,2) for I
=&aq—1 (01 for) I ereaa—1 —i&2a—1 (02 for) I e2e20—1
— 1624 (01 fak) I e1€24 — §24 (02 fak) I e2€24.
We thus consider
Teeag =11 Iy .. I3, 1 I, evesq Iy ooy - 15,115,
=Len IS Iy .. Iy, oL, I ea0 Iy Loy I3, 1 15,
=il LIy I oL, I Doy I - 1 1 15,

Denote for now
changed sign of factor 2 ...2a — 1

s (D S0 FUNURY Y CR R Cy) SR NP RRRY Sy b
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Then I eq ea, =i IM® and
161 €2q—1 = Iii_ 12_ .. .I2—271 €1 €24—1 I2_a . IQ—i;171 I2_n
7t + — - + -
= Il €1 12 oo IQa—l €2q—1 IQa oo IQn—l IQn

=0t L L, L. LT

_ _Il,a

- ?

_ 7+ 77— + — + + -
162 €92q — Il IZ .. .I2a71 IZa €9 €94 I2a+1 .. 'Ianl IQn

7t - - 7+ + + -

=115 ea Iy ... 15, 1 15, eaq IQQJr1 NN SR P

N el e i el + —

= (_Z)le LIy ... 1y, 1o, 12a+1"' 1,1 1y,

1,
p— I a’

Tesesq 1 =17 Iy .. I esesq 1 Iy, ... I3 | 15,
=L ealy .. Iy qesq Iy, I I
= (=1) (=) I1+ Iz+ I3 .. 'I;z_z72 Iyg1 14 - '-Iztzq Ion
=qlh
We recall that 01 fop, = 0 for, and combining all this, we find that
2Yo1 (for I) = — €201 (01 for) IV — i €aq—1 (01 for,) (Z Il’a)
— i &30 (01 for) (i IM") — E2a (Or for) IV = 0.
The case of for+1 is completely similar.
For X, 1, with a < b we only need to consider the case where a =1 and 1 < b:
2X1p (forI) = (Q20-1 + 11,20 — 1 Q2,0p—1 + Q2,9p) for I
= &op—1 01 for L eap—1€1 + 1 &2p O1 for [ eaper
— i &ap—1 02 for I eap—1€2 + §ap Oa for I eaper
=Eop1 O fou IV — 2 &0y Oy for I
+ (=) Eap—1 O for IV — € D1 for M0 = 0.
The case of far+1 is again completely similar. O
Corollary 11. The space spang { fi I} is a 1-dimensional highest weight space with

weight (k,0,...,0). As such, it generates an irreducible representation of so(m,C),
see for example [8].

We will from now on denote (k) = (k,0,...,0).

Remark 12. The space Hy I is not a left so(m, C)-module, i.e., the image of the
space Hj I under the action of a rotations {2, ; does not belong to H; I, but to
some Hy J with J a different idempotent. As such, direct calculations with the
given irreducible representations may become somewhat trickier (although not
impossible) than in the classical Clifford setting.
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Each space spang {fi J}, where J runs over all possible idempotents such
that the highest weight is (k), generates an independent isomorphic irreducible
representation since the highest weight space of such an irreducible representation
is one-dimensional. The element fi J of weight (k) can thus not be found in the
irreducible representation spanned by another element fj J' (with J' a different
idempotent).

Note that not every combination of fj with an idempotent J delivers the
weight vector (k). Half of all idempotents J delivers a weight space spang { fi J}
with weight (k); the other half delivers a weight space spanc {fx J} with weight
(—k) (which is in fact a lowest weight space, see remark below). However, in those
cases, the vector g J where we denoted

gor = (&2 — &) (& + &),
g2r+1 = (&2 — &) (&2 + &) (&2 — 51))k ,

is a highest weight vector with weight (k) for our choice of positive root system.
Again, these weight vectors will all generate independent isomorphic so(m, C)-
representations. We thus get 22™ different highest weight vectors which generate
22™ different isomorphic irreducible representations.

Remark 13. When the space spanc { fx J} spans a weight space with weight (—k),
the negative roots act trivially on this space, as one would expect.

Each of these representations has dimension (k+T,:'_1) — (kH:_g) (see, e.g.,
[8]). By considering all 22 idempotents and as

dime (0 (m. €2,)) = (777 = (M) ) dimetcan)

()= (7),

we find that we can decompose the space Hy,(m, Ca,,) into 22™ irreducible isomor-
phic representations of so(m, C).
3.2. Odd dimension m = 2n + 1

In odd dimension, we extend the set of generators Hg, Xqp, Yo, and Z,p of the
root system with the 2n mappings:
1 1
V2 V2
where 1 < s < n. With the addition of these 2n mappings, we are again able
to reconstruct all original 2,;’s since V2 Qos_1,m = Us + V, and —V/2i Qos.m =

Us — Vs.

Lemma 14. For 1 < s,j < n, it holds that
[Hs,Uj] = 65 Uj = L;(Hs) Uj
[Ho Vi) = ~645 Vy = ~Ly(H) V.

Us = (QQS—l,m, - iQQs,m,) ) Ve = (QQS—l,m, +1 QQs,m) )
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In particular, Uj is a root vector corresponding to the positive root L; and Vj is a
root vector corresponding with the negative root —L;, V1 < j < n.

Proof. Take 1 < s,j <n:
V2 [Hs,Uj] = i [Qas—1,26, Q2j—1,m] + [Qas—1,2, L2j.m]
=1 (_6sj QQs,m) + (5sj QQs—l,m,)
= \/2 5sj Usa
V2([Hs, Vj] =i [Qas—1.25, Qj—1.m] — [Q2s—1.25 L]
1 (_6Sj QZs,m) - (68j QZsfl,m)
= V234 V. 0

Lemma 15. The operators U; and V; satisfy the following additional commutator
relations with Xqp, Yo and Z,p:

[Uj, Xap] = —6b Ua, Vi, Xap] = 6ja Vb,
[Uj, Yap] =0, Vi, Yap] = 0ja Up — &b Ua,
Vi, Zap] =0, (Uj, Zap) = —0jb Vo + 0ja Vb,
[Us, Ul = =Y, § # 4, [U;, Vil = —Hj,
VisVil = =Zju, j # 1 [U;, Vo] = = X0, j # €.

Proof. We only show the first proof, as the other relations use similar arguments.
\/2 [Uj; Xa,b] = 0j5b (Qm,Qa—l - iQm,,Qa) = 0j5b (_QQa—l,m +1 QQa,m,)
= V28U, O

To establish highest weight vectors in the odd-dimensional case, we further
introduce

It =(ele, tel), Ki=(e,el te,)

and denote I = HZ:1 (12+s—1 IQ_s) It . Then the elements fo, I and for1 I are still
weight vectors with weights (2k,0,...,0) resp. (2k+1,0,...,0) which vanish under
the positive roots Y, and Xqp (a < b). We only need to consider the positive
roots involving the extra factor m.

Lemma 16. The generators of the representation for, I and for+1 I vanish under
the operator Uj, 1 < j < n, i.e., for I and for1 1 are highest weight vectors:

Uj (far 1) =0, Uj (fok+1 1) =0, V1I<j<n.
Proof. Since

V2U; (for I) = (Qaj—1,m — i Qojim) for I
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and for contains only & and &, we find that U; (for I) will immediately be zero
unless 7 = 1. Then

V2U (for I) = &n 01 for T eme1 — i &m Oafor I e ea
=2k&n gok—1 (Temer —ilepen).
We complete the proof by noting that

Temer=—Iter I Iy ... L, I3 I e =1 I Iy .. 1, I I,
Temes =111 ea Iy ... Iy, IS I e = (=) I I Iy ... Ly, I I
The proof for for11 I is completely similar. O

Remark 17. Let m = 2n + 1. We compare the dimensions:

. k+m-—1 k+m—3
w7577 )

On the other hand, we have found 42"+! = 22™ different highest weight vec-
tors and thus 22 isomorphic irreducible representations with combined dimension

~(E)-C )

We may thus conclude that Hj decomposes into 22™ isomorphic irreducible rep-
resentations of so(m, C).

4. Conclusion and future research

The space Hj of discrete k-homogeneous harmonic polynomials is a reducible
representation of so(m, C), which can be decomposed into 22™ isomorphic copies
of irreducible so(m, C)-representations with highest weight (k,0,...,0). This is
done by means of 22 idempotents. Let

far = (2 +&) (- &))",
g2k = (&2 — &) (&2 + &))",
foeir = (24 &) (&2 — &) (2 + &))",
g1 = (2 — &) (&2 + &) (& — &))",

be discrete homogeneous harmonic functions of degree 2k (resp. 2k + 1). For each
choice of idempotent I from the set of 22™ idempotents

)
)
)
)

[IF.  Foel{liah, Lo K, Ks o Ksy 1Ko}

where
t (ot a— + t _ (o o= 4 et
Iy = (628—1e28—1 + 923—1) ) L, = (923928 + Zer) )

+ (- + — + (=t -
K51 = (9257192571 + 62571) ) K5, = (ezse2s + 2925) )
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either the subspace spanc {f; I'} or the subspace spanc {g; I} generates an irre-
ducible so(m, C)-representation with highest weight (4,0,...,0), j € {2k, 2k + 1},
under the action of the negative roots.

In an upcoming paper, we decompose the space of discrete k-homogeneous mono-
genic polynomials in irreducible so(m,C)-representation, creating in this way a
notion of discrete spinors.

References

[1] D. Constales, F. Sommen and P. Van Lancker, Models for irreducible representations
of Spin(m), Adv. Appl. Clifford Algebras 11 (S1), 2001, pp. 271-289.

[2] H. De Ridder, H. De Schepper, U. Kédhler and F. Sommen, Discrete function theory
based on skew Weyl relations, Proc. Amer. Math. Soc. 138, 2010, pp. 3241-3256.

[3] H. De Ridder, H. De Schepper and F. Sommen, The Cauchy—Kovalevskaya Extension
Theorem in Discrete Clifford Analysis, Comm. Pure Appl. Math. 10 (4), 2011, pp.
1097-1109.

[4] H. De Ridder, H. De Schepper and F. Sommen, Fueter Polynomials in Discrete
Clifford Analysis, Mathematische Zeitschrift 272 (1-2), 2012, pp. 253-268.
[5] H. De Ridder, T. Raeymackers and F. Sommen, Rotations in discrete Clifford anal-
ysis, Appl. Math. Comput. 285 (C), July 2016, pp. 114-140.
[6] H. De Schepper, F. Sommen and L. Van de Voorde, A basic framework for discrete
Clifford analysis, Experimental Mathematics 18 (4), 2009, pp. 385-395.
[7] N. Faustino, U. Kéhler and F. Sommen, Discrete Dirac operators in Clifford analysis,
Adv. in Appl. Cliff. Alg., 17 (3), 2007, pp. 451-467.
[8] W. Fulton and J. Harris, Representation theory, Graduate Texts in Mathematics 129,
1991, Springer-Verlag, New York. A first course, Readings in Mathematics.
[9] J. Gilbert and M.A.M. Murray, Clifford algebras and Dirac operators in harmonic
analysis, 1991, Cambridge University Press, Cambridge.
[10] J. Humphreys, Introduction to Lie algebra and representation theory, 1972, Springer-
Verlag, New York.
[11] A'W. Knapp, Lie Groups Beyond an Introduction, Progress in Mathematics 140,
1996, Birkhauser Boston, Inc., Boston, MA.

[12] A.L. Molev, Yangians and classical Lie algebras, Mathematical surveys and mono-
graphs 143, 2007, AMS Bookstore.

Hilde De Ridder and Tim Raeymaekers

Department of Mathematical Analysis

Ghent University

Building S22, Galglaan 2

B-9000 Gent, Belgium

e-mail: hdr@cage.ugent .be
tr@cage.ugent.be


mailto:hdr@cage.ugent.be
mailto:tr@cage.ugent.be

Modern Trends in Hypercomplex Analysis

Trends in Mathematics, 161-174
(© 2016 Springer International Publishing

Gegenbauer Type Polynomial Solutions
for the Higher Spin Laplace Operator

David Eelbode and Tim Janssens

Abstract. In this paper we study special polynomial solutions to the higher
spin Laplace operator, which is a conformally invariant second-order operator
acting on fields taking values in the space of symmetric tensors. We will
consider a particular subalgebra of the conformal symmetry algebra and use a
ladder formalism to generate special solutions for this operator. For the normal
Laplace operator this leads to harmonic polynomials expressed in terms of
Gegenbauer polynomials, in the higher spin case the resulting solutions are
more complicated.
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1. Introduction

Classical harmonic and Clifford analysis are function theories in m dimensions in
which conformally invariant operators are studied using a unified framework. We
refer to some of the standard textbooks, see [2,6,15,16]. Traditionally, most of
the attention was aimed at the Laplace operator A, and the Dirac operator 0.,
but it seems that various higher spin generalizations of both operators have re-
cently gained their place in the aforementioned function theories. Far from claiming
completeness, we refer to, e.g., [3,7,9-11,13] for papers in the context of Clifford
analysis.

In the present paper we continue the investigation of a particular higher spin
generalization: we focus our attention on the operators Dy, indexed by k € N and
introduced in [5], which are connected to both the Laplace operator (Dg = A,) and
the Rarita—Schwinger operators Ry, see [3]. These second-order operators are con-
formally invariant and defined on functions taking values in the space Hy(R™, C)
of k-homogeneous harmonics in a dummy variable (our model for higher spin fields,
hereby drawing inspiration from [4], which reduce to scalar values in C for k = 0).
In particular, we construct special solutions using a method which for & = 0 yields
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harmonics expressed in terms of Gegenbauer polynomials. This method uses a spe-
cial conformal symmetry which gives rise to a subalgebra s[(2) of the full conformal
symmetry algebra so(1, m + 1); this was heavily exploited in [12] to provide a rep-
resentation theoretical proof for the celebrated Fueter theorem in Clifford analysis.

In the classical case k£ = 0, the role of these solutions cannot be underesti-
mated: they are related to the reproducing kernel for the spaces H;(R™,C) and
they are crucial in the construction of Gelfand—Tsetlin bases due to their connec-
tion with the so-called branching problem from so(m) to so(m — 1). However, the
situation is more complicated for Dy, with k > 0. The reason for this is the follow-
ing: whereas the spaces H;(R™,C) define an irreducible representation for so(m),
the space of [-homogeneous solutions for Dy is no longer irreducible. In a sense,
this leads to a certain ambiguity in the search for a higher spin version of these
Gegenbauer type solutions: one can either generalize them using the conformal
inversion (the approach adopted in the present paper), or one can focus on the
fact that they should for instance reproduce certain solution spaces (which is the
path we have pursued in our paper [8]).

So in this paper, we will again consider a particular subalgebra s[(2) of the full
conformal symmetry algebra and use the associated ladder formalism to generate
solutions for the operator Dy (see Section 3). In contrast to the classical case,
recognizing these solutions in terms of well-known special functions turns out to be
a difficult problem; we believe that this stems from the fact that the solution spaces
are not irreducible. This will be explained in Section 4, invoking the branching
problem. Finally, in the last sections we will give an explicit example (Section 5)
and an overview of future interests (Section 6).

2. The higher spin Laplace operator Dy

First of all we give a quick introduction into higher spin Clifford analysis. The
operators Dy will be defined on the space C*°(R™, H,(R™,C)), which consists of
functions f(x,u) such that

flz,u) = fy(u) € Hp(R™,C), VreR™
There is a natural action of the group Spin(m) on these functions (the so-

called regular action), given by H(s)[f](z,u) = f(sxs, sus). The derived action of
the corresponding Lie algebra so(m) is given by

dH (es;)[f](z,u) = (Lj; + L) f (z, u),
with for instance ij := x;0;, — 0, the angular operators in the z-variable. Let

P x(R*™, C) be the space of polynomials in two variables z and u with degree of
homogeneity in x (resp. u) equal to I (resp. k).

Definition 2.1. For all integers [ > k, the space of simplicial harmonics is defined as
Hl,k(RQm; (C) = Pl,k‘(RQTnlv C) m ker(AfI:) Au; <Z‘, 8u> I’ <8’I') 8u>) Y
where we adopted the notation ker(Dy, ..., D,) :=ker(Dy) N---Nker(Dy).
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We hereby list some properties of the space of simplicial harmonics H; , (R?™, C):
o If m > 4, the spaces H; , form an irreducible so(m)-representation.
e In this case their highest weight is equal to (1, %, 0, ..., 0), with highest weight
vector
(z1 —ix2) (21 — ixo) (ug — tuy) — (23 — i24) (U1 — iug))®.
o If [ = k then by symmetry Hy ,(R?™,C) C ker((u, d;)).

Next we will give the definition of the higher spin Laplace operator as well
as some basic properties, for more details we refer to [5]. The generalization of the
Laplace operator to the higher spin case is defined as the operator

i CO(R™, Hy) — C(R™, Hy)
with

Do=A,— 4 waoy— . " o0 0.0,
k — LAz 2k‘—|—m—2 s Ux uy wy Yz /) -

This operator is conformally invariant with respect to the following inversion:

) = TalflGe) = P (0070

The following operator will be crucial for our purposes, as it will play the
role of the ladder operator mentioned in the introduction (the proof follows from
straightforward calculations):

Lemma 2.2. One has that
TR0z, Tr = |20, + 2 (x,u) Ou, — 2u; (x,0,) — 2;(2E, +m — 2).

Using this operator we can realize a copy of the Lie algebra s[(2) inside the
full conformal Lie algebra so(1, m+1) of (generalized) symmetries for the operators
Dy (see [5] for more details).

Proposition 2.3. We have the following realization of s1(2):
5[(2) = Alg(jRan] jR, 8@7 , 2E, +m — 2)

As mentioned earlier, one of the main differences between the Laplace oper-
ator A, and the operators Dy, for k # 0 is the fact that the polynomial kernel for
the latter operator is not irreducible under the action of so(m). As a matter of
fact, in [5] is was shown that one can decompose the I-homogeneous kernel of Dy,
as follows:

k k—i

ker; Dy, = @ @ TrATR) (1, 02) ™ My i j—iey.

1=0 5=0

Note that these embedding operators are explicitly given as follows:
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Lemma 2.4. The operator JrAzJr is given by:
TrATr = |z|*A, + 4 ((2Eu +m —4) (u, x) + |ul? (x, 8u>) (x,0y)
+ 4l ((u, @) (Ou, 0) — (u, 0) (w, 0u)) -

3. Invariant polynomial solutions

Similar to the construction of the harmonic Gegenbauer polynomials, we will con-
struct special solutions for Dy, by repeated action of the operator from Lemma 2.2.
In the harmonic case (k = 0), this was done by letting it act on the constant 1 but
here we need the raising operator to act on a k-homogeneous polynomial in the
dummy variable v € R™. This polynomial must belong to the kernel of the opera-
tor A, and should be so(m — 1)-invariant, so as not to violate the invariance built
into the raising operator. Therefore, the only possibility is the harmonic Gegen-
bauer polynomial in the variable u. We will implement the following notation: for

j < k we put
. ke i U1
R =l ieE T (1)

For j > k we adopt the convention that P,g(u) = 0. Note that for j = 0,
this is precisely the harmonic polynomial in v € R™ we use as a starting point.
Although this is no longer true for j > 0, the resulting Gegenbauer polynomials
still have a special meaning: they occur as embedding factors for the branching
problem for harmonic polynomials in u € R™. Indeed, one has that

Pl(u) : HjR™Y) = H(R™) - Hj(ug, - .., um) = PL(u)Hj(ua, ... um) .
In other words: P,g (u) can be interpreted as a multiplication operator which
gives harmonics on R when acting on a harmonic of a certain degree in a space of
one dimension less. The reason for this is the following: these embeddings can also

be written in terms of the classical Kelvin inversion Ja for harmonic functions
given by

aalf@l=luPs ()
Indeed, one has that
(Tn0u, In)F 7 = Ta0E I Ta + Hi(R™1) — Hip(R™) .
To lighten the notation we denote the raising operator by means of
X = IR0y IR -

We are interested in finding an expression for X [P,g (u)], as this often occurs
in what follows. We first prove a Leibniz type rule:

Lemma 3.1. For f(x,u) and g(z,u) in C>(R?*™ C), one has:
X[fgl = X[flg+ fX[g] + (m = 2)z:1 fg .
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Proof. Each term in the formula for X satisfies the Leibniz rule, except for the
multiplication with (2 —m)z;. To compensate this we have to add the additional
last term in the formula above. (]

Lemma 3.2. For every j € N we have that:
X[P,g(u)] =2(m—2+4+2j) ({x,u) —uix1) P,g“(u) —(m — 2)3:1P,g(u).

Proof. As we are acting on polynomials that are independent of x, our raising
operator reduces to X = 2 (x,u) 0y, — 2uy (x,dy) — x1(m — 2). Using the fact that

d
O =20t (1)
the desired result follows from straightforward calculations. O

Next, we show that the action of the raising operator yields polynomial so-
lutions for Dy, of a special form (linear combinations of Gegenbauer polynomials
in u):

Theorem 3.3. For each k,l € N we have that:

min(k,l)

X'UPAw)= 3" O el u, (u, 2)) Pi(w).
i=0
Proof. We take an arbitrary k fixed and proceed via induction on [. If [ = 0 the

result is trivial since féo) = 1. Assume it holds for all values up to and including

(I = 1). This means that:

X'[PY(w)] = XX'"HP ()]
min(k,l—1)

= Y X[V @l us (u, 2) P (u))

=0

For each 0 < i < min(k,l — 1) we have that

X[V (@, f2l,ua, (@) Pi(w)] = X[ (@, |2l wn, (w, 2))] P (u)
+ £ @ 2] g, (uy 2)) X [P (w)]

+ (m =2z f7V (@, 2], ua s (u, @) P (u).
We know from the previous lemma that X [Pf(u)] looks as follows:

X[P,g(u)] =2(m — 24 2i) ({x,u) — urxy) P,i“(u) — (m — 2)z, P (u)

and thus this is of the correct form. All that we have to check is that X| fi(l_l)]
only depends on the given parameters to complete the proof which follows from
the chain rule and straightforward calculations. O
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From this proof we can extract a recursive relation for the functions fi(l):
Proposition 3.4. For 0 <+ < min(k,l) we have that:
Fe el u, () = XUV fel i, (o, 2))]
+ fD (@ e un, (u, @) 20m — 4+ 20) (1) — wan) .
An explicit formula for fo is obtained in the following lemma;:

Lemma 3.5. For each | € N we have that:
m_q x
e lelun, (o)) = (C1fte (7).

Proof. As the recursive relation reduces to fél) = X[félil)] for all [ € N, and the
fact that

X'[1) = (ja]*0sy — 21 (2B, +m —2)) 1],
the result follows from the harmonic case (k = 0). O

Note that this shows that X'[P?(u)] can in fact be seen as ‘a deformation’ of
a harmonic polynomial in both x and v € R™ (i.e., up to a remaining polynomial
to make it a solution for Dy):

XUPO ()] = (—1)!al ulfC)? " (| |) c: ! <| |> + Resty (2, u) -

We can illustrate the previous results with a scheme, where the arrows show which
coeflicients contribute to a specific term:

0 >P0 >P0 >P0 >P,? >P,?
>Pk1 >Pk K

2

>Pk > Pl
>_P2 >_P2 >P

Pk 1 Pk 1 Pk 1
> Pk
In the harmonic case, the repeated action of the raising operator leads to a
polynomial depending on the squared norm of the vector variable (an invariant)



Gegenbauer Type Polynomial Solutions 167

and the inner product with a fixed unit vector (reducing the invariance by one
dimension). In the present setting, the previous results suggest a result depending

on the variables
r1 U1 x u
(rys,t) = < ,< , >)
Y 2" Jul” \ || |ul

which is shown in the next theorem:
Theorem 3.6. For all I,k € N there exists a function fix(r,s,t) : R3 — C such

that:
X'[P(w)] = || |ul* fik (r,s,1).

Proof. Take arbitrary k and [. Using Theorem 3.3 we know that:

min{k,l}

X'UPw) = > £, |2l ur, u, ) Pl(u)
1=0
min{k,l}

i =1+
= S O @ e, (w2 CE T ().

i=0
Using Proposition 3.4 we can conclude that
Emfi(l) _ Zfi(lfl)
Eufi(l) _ ifi(lil)
O]

which means that fi(l)(xl, ||, ug, (u, x)) = |x|l|u|ig§l)(r, s, t) for some function g;".
This finishes the proof. U

One can rewrite the action of the raising operator X, using the variables
(r,s,t). We want to find an operator @, such that:

XlJal lul* fux(r. 5, 8)] = |2/ ul*Qufik(r, 5, ).
Using Lemma 3.1 and the chain rule, straightforward calculations give us that:
Q1= (1730, +2(t — s1)ds — (s — )0 — (I +m — 2).
We can also use our sl(2)-realization to find an inverse. Recall that we have that

IR0z, TR IR0z, TR TR0z TR
0<, F)=<, = (TrOu TP W] <, ~(Trlu Jr)[P(W)] <, ~e

O ) )

2E,+m—2 2E,+m—2 2E,+m—2

0a,

It is also well known that for s[(2) = Alg(X,Y, H) the following commutation
relation holds (with a € N):

[V, X" = —(a+ 1)X*(H + a).



168 D. Eelbode and T. Janssens

If we apply this to our situation we find that:

am (jRaxljR)H_l[Pl?(u)] = [8.7617 (jRaﬂCljR)l+1][Pl?(u)]
= —(I+ 1) (m =2+ 1)(Trw, Tr) [P (u)].

Moreover it should be easy to see that 9, |z|"Fjul* fi11k(r, s, t) can be writ-
ten as:

|z |ul* (L + 1)r + (1= 72)0y + (s — 71)0y) fryrp(r,5,t).
Defining the operator L; by means of

1
b=y gy DT+ A=r00 - (s= 1)),

we can now say that
Oy | M ul® frirw(rys,t) = =1+ 1) (m = 2+ D)2/ Jul* Li(0r, 0, 0p) fisr (1, 5, 1)

This operator serves as the inverse, as can be observed from direct calcula-
tions. Indeed, we have that both

|x|l|u|kLl(aTa 07 8t)Ql(87‘7 887 8t)fl,k(ra S, t)
— 1 I+1), (k
B (l+1)(m—2—|—l)8m1|x| |ul Ql(arvasaat)fl,k(r,s,t)
_ 1 I+17 p0
= T 1) (m — 24 1) 2 TROn TR) TP ()]
= (Tr0x, Tr)'[P} (u)]
= [a|'|ul* fri(r, s, 1)
and

| ul*Qu(Dr, B, 0) Li(Dr, 0, 8y) fiaa 1o (7, 5, 1)

= (Tr0s, Tr)|2|'[ul* L1 (D, 0,8;) fis1,i(r, 5,1)
_ 1 41 k

- (l 4 1)(m — 94 l) (jRaij)aml |x| |U| fl+1,k(7", S,t)
— 1 1+1 0

= T 1) — 2 4 1) TRO2 TR, (TR0, Tr) Py (w)]
= (0w, Tr) [P ()]

= |x|l+1|u|kfl+1,k(r7svt) .

The motivation for introducing this inverse is encoded in the scheme at the
top of the next page, where we have also defined the polynomial:
1
kE+1

Given any f , we can thus complete the scheme.

Sk = (1= 5%)0s — (k+m —2)s).
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Qo - Q1 _ Qi -
fo,o < e fio=< L f2.0 fro=< L fir1,0
So
l/ Qo _ Q1 _ Qi _
foa1 =< e fii=< L fa fii=< L fir11
S1
l/ Qo -~ Q1 _ Qi _
f0,2< Lo f1,2< L f2,2 fl,2< L fl+1,2
Qo - Q1 _ Qi .
for < Lo fir=< L fo fie < L fi1
Sk
l/ Qo) Q1> Ql>
Jorrr<, T ki<, 7 farn Jrerr =< 7 ik
0] 1 l

Proposition 3.7. The functions fix(r,s,t), defined by
x [llte (1) | = bl fintr oot

can be written as:
k min{l—a,k—b}

fl k r,s, t ZZ Z al,k(a,b, C)?“asbtc

a=0 b=0 ¢=0
where the oy i (a,b, c) satisfy the following recursive relation:
ark(a,b,c) = (a+Dag_1 x(a+1,b,¢)+(c—a—2b—1—m+4)ay_1x(a—1,b,¢)
—2(b+Daj—1x(a,b+1,c—=1) — (c+ Day—1x(a,b—1,c+1).
We have adopted the convention that: oy (a,b,c) = 0 if any of the indices
are out of bounds. Moreover, because |z|'|ul® fi 1 (r, s,t) € Pr, if:
l—a—c#0 mod2ork—b—c#0 mod?2
then ay r(a,b,c) =0.

Proof. This follows from the fact that f; x(r,s,t) = Qi—1fi—1,k(r,s,t) and direct
calculations. O

Despite the existence of this recursive relation, it proves difficult to find a
general expression for the coefficients. We expected the coefficients to be a ratio-
nal function involving polynomials in the dimension m of degree one. However, at
some point in the calculation an irreducible (over Q) second degree polynomial in
m appears (even when restricting to low k values) which makes it impossible to
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recognize a product of Gamma functions (something which could lead to hyper-
geometric coefficients). For instance, let k& = 2 and look at the coefficient of the
term r2s2 for the first values for I:

l-values a;,2(2,2,0)

=2 3(m —2)m(m +2)(m +4)

=4 —3(m — 2)m(m + 2)(m +4)(m + 10)

=6 W (m = 2)m(m + 2)(m + 4)(m? + 22m + 104)

=38 —210(m — 2)m(m + 2)(m + 4)(m + 6)(m + 10)(m + 20)
1=10 | *2%(m —2)m(m + 2)(m + 4)(m + 6)(m + 8)(m?* 4 38m + 328)

The reason for this unexpected term could be the following: in the classical
case we found a unique invariant when looking at the repeated action of the raising
operator. In our current setting this is no longer the case: the space of the so(m—1)-
invariant polynomial solutions to Dy, is (k 4 1)-dimensional (provided that { > k),
which means that we are dealing with a certain linear combination. Fortunately
we can find a suitable basis for this space.

4. Branching rules

In the previous section, we have found special solutions for Dy which can be written
as |z|'|u|* fix(r, s,t). As they are polynomials on R?™, this implies that
k min{l—a,k—b}

!
fir(r, s, t) = ZZ Z o k(a,b, c)rsbte.

a=0b=0 =0

Since multiplying with |z|'|u|* has to give a polynomial, we can conclude that

l even (resp. odd) =  «u(a,b,c)=01if a+ cis odd (resp. even)

k even (resp. odd) =  au(a,b,c) =01if b+ cis odd (resp. even)
These polynomials belong to the (k + 1)-dimensional space of so(m — 1)-invariant
polynomials in ker; Dy, and the following theorem provides us with a suitable basis:

Theorem 4.1. Let m > 4, and let P, j(z,u) € ker; Dy be an so(m — 1)-invariant
solution for Dy with I > k. In that case there exist constants ¢; € C (i =0,...,k)
such that:

k

i —2i~ 3 —1
Pup(w,u) = 3 il Tnde ) (u,00)" [ H72C oy ()

i=0
Proof. We recall the fact that H;j is an irreducible so(m)-representation with
highest weight (I, k,0,...,0). This means that:

so(m)
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and thus there is no scalar component to be found unless k = 0. From the classical
harmonic result we know that the so(m — 1)-invariant subspace in Hjyr_o; is
generated by the harmonic Gegenbauer polynomial of degree [ + k — 2i. Using the
embedding factors for the simplicial harmonics in ker; Dy, (see [5]), we arrive at
the proof. O

From this theorem we can also conclude that each so(m — 1)-invariant poly-
nomial in ker; Dy, has to be of the form |z|'|u|*g(r, s,t) since it can be shown that
both the operators (u,d,) and JrA,Jr preserve this form.

5. Example

We will find an explicit formula for one of the so(m — 1)-invariants in ker; Dy,
namely:

o e ().
||

This is a rather special solution, as it is not induced by the solutions for
ker Dy_1. By this we mean the following: a special class of solutions for Dy contains
polynomials in (z,u) which belong to the kernel of both A, and (0;,9,) (see
the definition of Dy in Section 2). In physics, these solutions are important as
they satisfy certain gauge conditions (they are harmonic and satisfy the condition
(O, Ou) f(x,u) = 0). As was shown in [5], this operator (0, 9,,) also maps solutions
for Dy, surjectively to solutions for Dy _1, although the inversion is a non-trivial
operator. The component we are about to describe does not come from such an
inversion procedure, as it is killed by the operator (9,,d,). To obtain an explicit

expression we calculate the repeated action of (u,d,) on

L5] . L3
jaron (r) = S (—apzn=a N0 =4I nemio SR g

~ D()jt(n = 29)!

J j=0

We need to following lemmas, all of which are easily proven by straightforward
calculations and induction.

Lemma 5.1. Let k € N and f, g k-times differentiable functions on R™ then
k (K k—i i
w0 1) = 3 () (2~ 1) (10.02's).
Lemma 5.2. Let a,b € N then
(u,8z)" 2 = (b)auiay™®

where (b)g =b(b—1)---(b—a+ 1) is the lowering factorial.
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Lemma 5.3. Let a,b € N then
L2 a2
a 297%(a)2i(b)a—i a—2i | |2i —2a+2i
(0, 00) a0 = S0 7O e g o2,
i=0

This means that (u, 8m>k |z|"C¥(r) is given by:

>t 3 (1) (10004 01 ) (w0 1)
= Z an(J 1) Ek: <]:> ((n - 2j)k,iu’f_ix?*2j*k”>

<u7 x>i72h |u|2h|x|2j—2i+2h

SO 3 (T e A (7

ws \E=T [ g \ 2=k u oz \ N2
. 1 1

Vnk, (w,h)( ) ( ) (< : >>
=0 i=0 h=0 e |ul || lu| " ||

i—2h i N
Yoy 3, 1) = an(j, 1) <’;) o 2 Zh(y)z 3

If we want to write this into our chosen standard form then we would have
to do the following substitutions:

x>7§72h |u|2h|x|2j—2i+2h
)

|
'M”

a:=n—2j—k+1
b:=k—1
c:=1—2h.
It is here that the parity conditions on our coefficients will appear. Since
¢ =k — b— 2h we know that ¢+ b =k mod 2. Completely analogue one can use

the fact that a = n — 2j — k + ¢ + 2h to conclude that a + ¢ =n —k mod 2. Also
we can see that ¢ < k —band ¢ <n —k — a to end up with:

n—k k min(n—k—a,k—b)

n—a—b k—b—c

D) D R (R I

a=0 b=0 c=0
where €, 1 (a,b, c) = 0 if the parity conditions are not met, and equal to 1 other-
wise. These conditions also guarantee that the arguments of the v, 1, are positive
integers. There is however a way to get rid of the factor €y ;(a, b, ¢) in the summa-
tion if we slightly change our summation indices. If we use the fact that, for each
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a, b, c, there have to exist i,j suchthat a=n—-k—c—2tand b=k — c— 2j we
can write our expression as:

min(n—k,k) " 757°) 1 *5°]
ST D mkn (et 2 et g, g) e ishmen2ige,
=0 i=0 =0

Combining all of the above gives us the following theorem:

Theorem 5.4. For each I,k € N the following so(m — 1)-invariant polynomial
belongs to ker; Dy :

k min(l—a,k—b)

l
l+k—a—-b k—0b—
Z Z Z €1.6(a, b, ¢)Vik <k — b, + ) a , ) C) o ghe

a=0 b=0 c=0
where
. gz (B)  @Dan(iicn TU+k—j+75 1)
— (—1 ]2l+k+z 2j—2h 2
Ya(is g h) o= (—1) i ) I+ — 2j)! rey —1)

and € i (a, b, c) is equal to 1 when both a+c =1 mod 2 and b+c =k mod 2, and
equal to zero otherwise.

6. Further research

It is clear that knowing invariants in the spaces H; ;(R*™, C) under a certain
subalgebra is crucial in order to understand the invariants in the kernel of Dj.
There is however one particular important subspace of ker; D) we are interested
in: namely H; ,(R?™,C). To find an invariant in the latter space a branching to
so(m — 1) will be insufficient, but when branching to so(m — 2) one has to deal
with multiplicities (see Section 4). In [8] we further explore this problem to find an
arguably more suitable generalisation for the harmonic Gegenbauer polynomials.
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A New Cauchy Type Integral Formula for
Quaternionic k-hypermonogenic Functions

Sirkka-Liisa Eriksson and Heikki Orelma

Abstract. In complex function theory holomorphic functions are conjugate
gradient of real harmonic functions. We may build function theories in higher
dimensions based on this idea if we generalize harmonic functions and define
the conjugate gradient operator. We study this type of function theory in
R3 connected to harmonic functions with respect to the Laplace Beltrami
operator of the Riemannian metric ds? = z;2* (Z?:o dxf) The domain of
the definition of our functions is in R® and the image space is the associative
algebra of quaternions H generated by 1,e1,e2 and e12 = ejes satisfying the
relation ese; + eje; = —28;5, 4,5 = 1,2. The complex field C is identified by
the set {zo + zie1 | o, z1 € R}. The conjugate gradient is defined in terms
of modified Dirac operator, introduced by My f = Df + kax; 'Qf, where Qf
is given by the decomposition f(z) = Pf(z) + Qf (z)e2 with Pf (z) and
Qf (x) in C and Qf is the usual complex conjugation.

Leutwiler noticed around 1990 that if the usual Euclidean metric is
changed to the hyperbolic metric of the Poincaré upper half-space model
(k = 1), then the power function (zo + z1e1 + x2e2)", calculated using quater-
nions, is the conjugate gradient of the a hyperbolic harmonic function. We
study functions, called k-hypermonogenic, satisfying My f = 0. Monogenic
functions are 0-hypermonogenic. Moreover, 1-hypermonogenic functions are
hypermonogenic defined by H. Leutwiler and the first author.

We prove a new Cauchy type integral formulas for k-hypermonogenic
functions where the kernels are calculated using the hyperbolic distance and
are k-hypermonogenic functions. This formula gives the known formulas in
case of monogenic and hypermonogenic functions. It also produces new
Cauchy and Teodorescu type integral operators investigated in the future
research.

Mathematics Subject Classification (2010). Primary 30G35; Secondary 30A96.

Keywords. k-hypermonogenic, k-hyperbolic harmonic, Laplace-Beltrami,
monogenic, Clifford algebra, hyperbolic metric, hyperbolic Laplace.
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1. Introduction
We study generalized function theory connected to the Riemannian metric

_ dx3 + dz? + da’

2k
T3

ds?

When k£ = 0 the metrics is Euclidean and when k£ = 1 the metric is the hyperbolic
metric of Poincaré upper half-space. We are studying functions whose domain is in
the Euclidean space R? and the image space the associative real division algebra
of quaternions. In this case we define generalized holomorphic functions, called k-
hypermonogenic. Our theory combines together the theory of monogenic functions
(k = 0) and hypermonogenic functions (k = 1). Moreover, it is also connected to
the eigenfunctions of the hyperbolic Laplace operator of the Poincaré upper half-
space model.

Hypermonogenic functions were introduced by H. Leutwiler and the first
author in [6]. Overview to the theory is written in [8] or [10]. Two types of Cauchy
integral formulas for hypermonogenic functions were proved in [7] and the total
formula with two hypermonogenic kernels in [2]. The formulas were improved to
contain just one single kernel in [9] and [4]. Later in [5] it was invented the
surprising result that the kernel is the Cauchy kernel of monogenic function shifted
to the Euclidean center of the hyperbolic ball.

The general complicated integral formulas for k-hypermonogenic functions
were proved in [3]. In our main result of this paper we present in R® a new Cauchy
formula for k-hypermongenic functions.This formula corrects and improves the
formula presented in [14, Theorems 3.22 and 3.23] where the function g, has a cal-
culation error. Moreover the kernels are vanishing at the infinity. When k£ = 0, this
formula is just the Cauchy formula of monogenic functions. In case k = 1, we ob-
tain the Cauchy formula of hypermonogenic functions. Moreover our formula also
gives an integral operators of boundary functions producing a k-hypermongenic
function. The generalization of these results to higher dimensions is under inves-
tigations.

2. Preliminaries

To make the reading easier, we recall the notations and main concepts used in
this paper. The real associated division algebra of quaternions is denoted by H.
Its generating elements are denoted by ej, es, e3 and they satisfy the properties
erez = ez and e;e; +eje; = —20;; where ;5 is the usual Kronecker delta. Elements
T = xg + x1€61 + Toeg for xg, 11,22 € R are called paravectors. The vector space
R3 is identified with the real vector space of paravectors and therefore elements
Zo + z1€e1 + x2ee and (xg,x1, x2) are identified. The field of complex numbers is
identified with the field {zg + z1e1| 20,21 € R}. Our general assumption is that
the domain of our functions is an open subset © of R? and their image space
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is the set of quaternions. We also assume that our functions are continuously
differentiable.

We use three common involutions. If ¢ = xg + z1e1 + x2es + x3e3 and
T, %1, T2, T3 € R they are defined by

¢ =x9 — T161 — T2E9 + T3€3, (the main involution)
q" = xo + 1101 + T2E2 — T3€3, (the reversion)
q=To— X161 — Toey — T3€3. (the conjugation)

The conjugation satisfies ¢ = (¢')" = (¢*)".

Using the unique decomposition ¢ = u + vey for u,v € C we define the
mappings P:H — C and Q : H — C by Pg =wu and Qg = v (see [6]). In order to
compute the P- and Q-parts easily, we define also a new involution ¢ — ¢ by

q = qo + qi1e1 — q2e2 — gzes.
The simple observations
a'es = eqd and a = —eqd e

hold for all a € H. We also obtain the formulas

1 P
Pq= 9 (¢+7q) = 9 (¢ —eag'es) = ~y (gea + e2q') ea, (2.1)
1 N 1
Qq= 9 (g—qex= ) (gea — 62q/)' (2.2)

The involutions satisfy the following product rules
(ab)’ = 'V, (ab)* = b*a*,
ab="a, ab = ab

for all quaternions a and b. The mappings P and @ have the product rules (see [6])

P (ab) = (Pa) Pb— (Qa) Q' (b), (2.3)
Q (ab) = (Pa) Qb+ (Qa) P’ (b) = aQb+ (Qa)b'. (2.4)
Moreover if a € C then
ad=a (2.5)
a=a
and
a'ey = esa.

The topology in H is introduced by the norm

gl = /3 + 23 + 3 + 23 = Vaa.
The left and right Dirac (or Cauchy—Riemann) operators in H are defined by

of of | of of
D,.f=
8x2’ f Oxo + 0x1 et Oz 2

0
Dif = 8;:) +61651 + e
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and their conjugate operators D; and D, by
af of of of of of

—€1 — €2 - €1 —
(9.130 (9.231 83?2 ’ (9.130 8331 (9.132

The modified Dirac operators M}, M;, M and M; in H and for k € R are
introduced (see [1]) by

D f = D,f = €2.

)

M;.f (x) = Duf (x) + k

M) = Def )+ k),

2
LQf @)
€T

2

)

. Myf(z)=D,f(z)+

af (e
T2
M1 @) = Dif (@) -k

for z € {x € Q | w2 # 0}. The operator M] is abbreviated by M (see [6]).

Definition 2.1. Let Q@ C R3 be an open set. Let £ € R. A mapping f : Q — H
is called left k-hypermonogenic, if f € C!(Q) and M}f (z) = 0 for any x €
{z € Q| x2 # 0}. The 0-hypermonogenic functions are called monogenic. The 1-
hypermonogenic functions are called briefly hypermonogenic. The right k-hyper-
monogenic functions are defined similarly. A twice continuously differentiable func-
tion f : Q@ — H is called k-hyperbolic harmonic if M;M,if = 0 for any = €
{reQ|xy #0}.

We have the following characterization of k-hyperbolic harmonic functions.

Proposition 2.2 (cf. [1]). Let f: Q — H be twice continuously differentiable. Then

0
x%MkMkf = x%Af — kxo (9.2{2 + kQfes.
Moreover f is k-hyperbolic if and only if
P
TIAPf — ko ?93;; =0,
0
TAAQS — ko 825 +kQf =0.

We directly obtain the following corollaries.

Corollary 2.3. A twice twice continuously differentiable function f : Q — H is
k-hyperbolic harmonic for any k € R if nd only if it has the presentation

f(x) =g () + cxaes,
where g :  — C is a harmonic function independent of x5 and ¢ € C.

Corollary 2.4. The identity function f(x) = x is k-hyperbolic harmonic for any
value of k.

We recall two main relations between k-hyperbolic harmonic functions and
k-hypermonogenic functions.
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Theorem 2.5 (cf. [6]). Let O C R? be an open set and f : Q — H be twice
continuously differentiable. Then f is k-hypermonogenic if and only if f and x f (x)
are k-hyperbolic harmonic functions.

Proposition 2.6 (cf. [1]). Let Q C R? be an open set. If a function h : Q — H is k-

hyperbolic harmonic then M h is k-hypermonogenic. Conversely, if a mapping f :
Q — H is k-hypermonogenic there exists locally a complex k-hyperbolic harmonic
function h satisfying f = Dh.

A key observation is the following relation between k- and —k-hypermono-
genic functions.

Theorem 2.7 (cf. [2]). Let Q be an open subset of R3\{xa = 0} and f: Q — H be
a CH(Q,H) function. A function f : Q — H is k-hypermonogenic if and only if the
function x;kfen is —k-hypermonogenic.

3. Cauchy formula for k-hypermonogenic functions

The hyperbolic metric of the Poincaré upper half-space model is the Riemannian
metric
o dxf + dz? + daj
= 2
Ty

ds

and its Laplace—Beltrami operator is

of

(9.132 ’

which is also called the hyperbolic Laplace operator. The hyperbolic distance may
be computed as follows (see [16]).

Anf = 23Af — 2o

Lemma 3.1. The hyperbolic distance dy,(x,a) between the points x and a in Rﬁ_ 18
dp(xz,a) = arcosh A\(x,a) = In ()\(x, a) + /A, a)? — 1) ,

where

2 12 2

|z —a|]” + |z — | |z — a]
ANz, a) = = +1
( ) 4.132&2 2%‘2&2
and |x — a| is the usual Euclidean distance in R3 between the points a and x.
We recall the following important relation between the Fuclidean and hyper-

bolic balls.

Proposition 3.2 (cf. [16]). The hyperbolic ball By, (a,rp,) in R3. with the hyperbolic
center a = ag + ai1e1 + ases and the radius ry, is the same as the Euclidean ball
with the Euclidean center

cq (Th) = ap + arey + az coshrpes

and the Fuclidean radius r. = as sinh ry,.
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We use the following calculation rules, proved in [11].

Lemma 3.3. If ¢(x,a) = Pa + asA(z,a)es then

DA (x,a) = x—c(z,a)
a2T2
D dy (2.a) = x—c(z,a) _ x—c(x,a)

agrasinhdy (z,a) x|z —c(z,a)|

We remark that applying the previous proposition we notice that ¢ (z, a) is the
Euclidean center of the hyperbolic ball By, (a,dp, (z,a)) and the value |z — ¢ (z, a)|
is its Euclidean radius.

A key tool is the relation between k-hyperbolic harmonic functions and the
eigenfunctions of the hyperbolic Laplace-Beltrami operator, stated slightly more
general form as follows.

Proposition 3.4 (cf. [12]). If u is a real-valued solution of the equation

2 Ah(z) — ko oh

O () +1lh(x)=0 (3.1)

1—k

in an open subset Q C R3, then f(x) = x,* u(z) is the eigenfunction of the

hyperbolic Laplace operator corresponding to the eigenvalue }1 (k2 + 2k —3 — 41).

Conwversely, if f is an eigenfunction of the hyperbolic Laplace operator correspond-
k—1

ing to the eigenvalue | in an open subset Q& C RY then u(z) = x,2 f(z) is the

solution of the equation (3.1) in Q with v =} (k? + 2k — 3 —41).

The hyperbolic Laplace for functions depending only on dj, (x,es) = 7, is

O f of
87“% + 2 cothry, o

(see [11] and [13]). The general solution depending on the hyperbolic distance is
computed in [14].

Apf(rn) =

Theorem 3.5 (cf. [14]). The general solution of the equation

2 af
o + 2cothry, Oy +~4f=0 (3.2)
18
e
Fn) =9 uhr,  sinhr if v=1,
) G

for real constants C' and Cy.

In our case v = ;(4 — (k + 1)?), hence there are bounded solutions if —3 <
k<1
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Corollary 3.6. If —3 < k <1 the function

Cp sinh (lk;Hrh>

fra) = sinh 7y,

is a bounded solution of the equation (3.2) vanishing when ry, (x,a) — co.

A kernel function in not unique but we later see that the following functions
produce k-hypermonogenic functions possessing the nicest symmetry properties.

Proposition 3.7. If v = ;(4— (k+1)?) then one solution of (3.2) with a singularity
at a vanishing when dp, (x,a) — 00 is

Cosh<dh(m,a,2)(k+l))
F (x CL) o sinh dp, (z,a) ’ Zf —1<k<1
kAL, @)= Ikt o)
e ,
sinhdy (2,a) if k<—-1ork>1.
k— k—1
Moreover the function gy (x,a) = x4* ay? Fy (z,a) is k-hyperbolic harmonic with
respect to the both wvariables x and a outside the point x = a vanishing when

To —r OQ.

Proof. The first statement is clear. We look more carefully the second statement.
Without loosing the generality, we may pick a = es and abbreviate A = A (z, e3).
If —1 < k < 1 the result holds. If £ < —1 or k > 1 applying Lemma 3.1 we obtain

) |z — ea|” |z + €2
M-1=MA-1)KA+1)=
2%2

and therefore

kgl _lk+1]dy (z,a) kgl
Ty “ € 2 _ To

sinhdy, (z,a) (A Va2 1) el VA2 —1

o I+11+2 kgl g [REt

Lo
= \k;—l\
(1+|Px|2+a:§+|x—eg||a:+eg| |z — ezl |z + €2
k41142
2
— \k42r1\7k;1 9 ?
Lo |23 — 1|

completing the proof of the first case.
Similarly in cases k < —1 and k > 1 we compute

hi ({E, a) = a;Jrlx;ilwk (:K, a)p ({E, a’) )
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where

x — cq (rp)
a

B { (1 —5s)e "heqy I;f“ —se~ (=D if k> 1,

a (I —s)e’ ey x;fa +sels=Dmn if | < 1.

wy (z,a) = (1 — s) e 1¥IMey — |s|sinh e 15T — e=lsImn coshy,

Applying [11], we infer that the function p (z,a) is hypermonogenic, completing
the proof. O

The kernel functions have been computed earlier in the classical harmonic
case k = 0 and in the hyperbolic case k = —1 and k = 1 (see [15] and in the
general case [2]). Our formulas are the same up to multiplying constants.

Corollary 3.8.

1 ; —_
lz—al’ if k=0,
_ 1 _ 2 : _
Fl (iK,CL) - aszo sinhdy(z,a) — |z—as||z+tas|’ ka =-1

cothdp (z,a) — 1, if k= 1.
Proof. If k = 0 then using hyperbolic identities we compute
1 [ dn(z,a)
cosh( M )

- V202 sinh dy, (x,a)
B \/coshdh (r,a) +1

\/2%20,2\/)\2 —1
1 1

C V2ma3VA -1 |z —al
Similarly we calculate the case £ = —1 as follows
1
asxe sinh dy, (x, a)
1 B 2
asraV/A2 —1 |z —as||z+as|

The case k = 1 is obtained from

Fy (z,a) = cothdy, (x,a) — 1. O

Fy (z,a)

F_y(z,a)=

Using Proposition 2.6, we may directly compute the corresponding k-hyper-
monogenic function.

Theorem 3.9. Set r), = dj, (z,a) and s = "1 If we denote

(1—s)v(srp)ex® P —sv((s—1)rp), if —1<k,

as

wg (z,a) =
(z.a) v (srp) ((1 —5) 62”715“ + se*’h) ,if k<=1,
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cosh (dh(x’az)(k"rl)) Lif —1<k<1,

k+H1dy, (,a)

2 yif k< —=1ork>1.

v(sry) =

and
C(—ca(rn)”!
p(@a)= To |z — cq (1)

then the function
hi (z,a) = a§+1x§_1wk (z,a)p(z,a)

is paravector-valued k-hypermonogenic outside x = a with respect to x and p(x, a)
is hypermonogenic with respect to x.

Proof. Denote s = k;rl. Applying the previous corollary and Proposition 2.6, we
note that the function

as~tzs (srp)
gi (wa,rn) = si2nhrh

is k-hyperbolic harmonic and hy = D¢ (wo,rp) is k-hypermonogenic. Assume first
that —1 < k < 1. We just make simple calculations
hk (:E, CL) _

v (srp) ea sinh 7y, sinh (sry) — v (sry) coshry, x
s—1,.s—1 ( - inh + . 12 D ry.
as Ty T2 SN Th sinh” ry,

Applying Lemma 3.3, we obtain

D'vy  w—ca(rn) _ (z—ca(rn)”
adsinh®ry,  zp |z —cq (ra)]> T2]7 = ca (ra)]
and
x—c(x,a) (x—cq (rh))_l B 1
ay  alr—ca(rn)|l  agma |z —ca(ra)l
_ 1
~ ajwysinhry,’
Hence we obtain
hi (x,0) _ (@ = ca (ra) ™"
aiiay = e )
and
wy, (z,a) = (1 —s)v(srp) 62x B Za (ra) + ssinh ry, sinh (sr) — v (sry) coshry,
2
x— Pa . .
=(1—s)v(sry)es " + s (sinhry, sinh (sry) — v (sry) coshry,)
2
- P
:(1—8)?)(87“h)62x a—sv((s—l)rh)~ U

ag
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Denote the real surface measure by dS and a real weighted volume measure by

1

k
)

dmy =  dm.

Using [14] we obtain the integral formula for the P-part.

Theorem 3.10. Let 2 be an open subset of R (or R2) and K C Q be a smoothly
bounded compact set with the outer unit normal field v. Let s = k'gl and

hi (z,a) = a§+1x§_1wk (z,a)p(z,a)

be the same function as in Theorem 3.9. If f is k-hypermonogenic in Q and a € K,
then

Pr@= [ Plw@arse)).

Similarly using [14] we obtain the integral formula also for the Q-part.

Theorem 3.11. Let Q) be an open subset of ]Ri (or R?) and K C Q be a smoothly
bounded compact set with the outer unit normal field v. The function

V—k (.23, a) = a‘gh—k (Qf, Cl)

is paravector-valued —k-hypermonogenic outside x = a with respect to x. If f is
k-hypermonogenic in Q) and a € K, then

1
af@=, [ Qitavf)ds.
T Jok
We recall the Cauchy-type kernel of hypermonogenic functions.

Lemma 3.12 (cf. [5]). If 2 and a belong to R3. then the function

(@—c@a)™ _, (@-a)" (@-a)"
x|z —c(z,a)| e —al 7 |z—a
~—1 -1
:4x2(x az\ ez(x a)
|z —al |z — al

is hypermonogenic with respect to x outside the point r = a.

We verify important symmetry properties of the kernels.

Lemma 3.13.
Phy, (x,a) = D\ g (z,a)
= _Dlllgk (CL,JT) = _Phk (aa J,‘) )
where
hi (a,2) = D gi (a,x)
and o7 o7
D(11f + e

- 8&0 8&1 '
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Proof. We recall that

. r—c(r,a) z—c(z,a)
D'd = ’ = 7
n (@, a) aszysinhdy (z,a) @2z —c(z,a)
and
a—cl(a,x) a—c(a,x)
Dd = N 7 '
n(,a) azla —c(a,z)|  asxzsinhdy (z,a)

Denoting g s = k;'l and dy, (z,a) = 7}, we just compute

Dlwg (332,7"h) =ay? Ty

L "(sr)sinry, — v (sr) coshry,
D1 Th

sinh? rh
Pz — Pa

sinh? rh ) sinh ry,

ko8 k-3 <sv (sr)sinry, — v (sr) coshry,

k=3 k=3 (v (sr)sinr, — v (sr)coshry,

2 2 ( ) PJ? — Pa
sinh?® T

Hence

k23 k33 [ sU (ST smrh—v sr coshrh
2 < " (s7) Pa—Pac

D, g(x2 Th) = ay® @, sinh3 -

= —Dy"g(xa,7,) = —Phy,. O
There is a surprising symmetry relation between
23"Qhy (a,z) and  abQh_y (z,a)

stated next. We need this result in order to simplify the formula of the kernels in
the Cauchy-type integral formula.

Lemma 3.14.

25" Qhy, (a,x) + a5 Qh_y, (2,a) = 0,

25 ¥ Qhy (x,a) + a5Qh_y (a,x) = 0.
Proof. Assume first that —1 < k < 1. We just start to compute

k—1 k-1
as? xo2 cosh ((Ft1) 7y,
gk (xg,'f'h) _ 2 2 Sinh TE( 2 ) h)

and
T (k1
a. 24 cosh(( 5 )rh)
sinh ry,
—k—-1 —k-1 o1
ay > x4 ° cosh(( 5 )rh)

sinh 7y,

g—k (z2,7) =

Since
g, (az,rh) €2

hi (a,z) = D1" gy (as,rn) — Das
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applying g;’; = “2;;22;3}511}? and the hyperbolic identities we obtain the formula
Qhi (a,x) _ (k+1)cosh(sry) . (k+1)sinh (srp) coshr,  cosh(srp)
kaEl a;? 2a2 sinh 7y, 2a5 sinh? 1y, as sinh® ry,

(k4 1) sinh (srp) n cosh (srp,) coshry,

2xo sinh? T To sinh?® Th

Hence we have
Qh_y (z,a)  (k—1)cosh((s—1)ry) . (k—1)sinh ((s — 1) ) coshry,

a;{’“ x;{’“ 2z sinh 7y, 229 sinh? ry,
cosh ((s —1)rp)
a To sinh?® T
(k—1)sinh ((s —1)r,) cosh((s —1)rp)coshry,
B 2ao sinh? T * as sinh?® T '

Moreover, applying hyperbolic identities of the sum, we infer

Qhy (a,z) _ (k—1)cosh((s —1)ry) (k—1)sinh((s —1)rp)coshry
x;EI a:§1 B 2x9 sinhry, 219 sinh? Th
cosh ((s — 1) rp)
+ . .3
o sinh” 7y,
(k—1)sinh ((s —1)ry)  cosh((s —1)ry)coshry,
+ 12 - 13 :
2as sinh” 7y, as sinh” ry,

Hence we conclude the first assertion.
In the final case assume that k > 1. Since 97» = #2—02coshr,
Oxo asxs sinhry,

calculations we may simplify as follows

after elementary

k—1
e 2 "mQh_y(r,a)  k+1 T9 — coshrpas L
-kt KT 2xgsinhiy, Toas sinh® r COSTh
. k—1 (x9 — coshrpas
2 Taas sinh? 7y,
k—1 xocoshry —as  k—1x9 — coshrypas
2x9 sinhry, Zoas sinh® ry, 2 zyagsinh®ry,
Moreover it holds
k+1
ez "Qh_y(r,a)  1-k as — coshry o oshrp + k+1 [as—coshryxzs
k—1 —k— - . . .
a; 21$2 5! 2assinhry, x2a231nh3rh 2 roassinhry,
k+1 1 ascoshry, —xs  k+1 as —coshryxs

2 agsinhry,  moagsinh®ry, 2 xoagsinh®ry,
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Applying the formula e~"™ = coshr, — sinhr, and the previous result we

compute
e((E=1)/2rnQp, (a,7) k—1lagcosry —xa | az —coshrpxs k—1

a§k71)/2x§k71)/2 2 zoassinh?ry, Taas sinh® ry, 2xg sinhry,

Theorem 3.15. Let 2 be an open subset of ]Ri and K be an open set whose closer
K C Q is a smoothly bounded compact set with the outer unit normal field v. If f
is k-hypermonogenic in Q and a € [ K then

r@= g [ (o "I 0 @ ww 1)) as @)
where the functions
r1 (a,z) = —hg (a,z) = —D%gp (a,2),
Toa,x) = —algh_k (a,2) eq = —agDag_k (a,x) es
are k-hypermonogenic with respect to a.

Proof. Applying Theorems 3.10 and 3.11 plus the formulas (2.1) and (2.2), we
deduce

PH@+Qf @er= [ 7P (i (@.0)vf () + Qo (m.)vf (@) 2y

2

1 /8;( x5 " (hk (x,a)vf(x)+ hm)y/@)) ds

:87T

- 817r/ ah (h—k (z,a)vf(z) — h—k/(ﬂ?\,a)lm) ds.

oK
Collecting the similar parts and using (2.1), (2.2) and Lemma 3.14, we obtain

fla) = 1/ (22" A2, y)P (v (2) f (2)) + B(z,)Q' (v (2) f (2))) dS (x)
am Jox

where the abbreviated functions are

o~

Az, y) =27 oy " (h (z,a) + hy (z,a)) + 27 1ak (h—k (z,a) — h_i, (z,a))
= 25 "Phy, (x,a) + a5Qh_j, (x,a) ez
= —a5"Phy, (a, ) — 25 "Qhy, (a,2) ea + (w;thk (a,x) +akQh_y, (z, a)) ez
= —x5"hy, (a, )

and

~

B(z,y) =2ty * (b (z,a) — T (z,a))es + 2 gk (h—k (z,a) + h_y, (z,a))es
= —25%Qhy, (x,a) + a5 Ph_y, (z,a) eq
= —akPh_y (a,z)es + akQh_y, (a,x) — 25 °Qhy (x,a) — abQh_y (a, x)
= —akh_y (a, ) es,

finishing the proof. O
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In the special cases k = 0 and k = 1, we have the known Cauchy formulas.

Theorem 3.16. Let 2 be an open subset of Ri and K be an open set whose closer
K C Q is a smoothly bounded compact set with the outer unit normal field v. If f
is monogenic in Q and a € [ K then

fla)= ] /M(‘”‘“) v (@) f (z)dS (z).

T dr |z — al

Theorem 3.17 (cf. [9]). Let Q be an open subset of R3 and K C Q a smoothly
bounded compact set with outer unit normal field v. If f is hypermonogenic in §2
and a € [ K, then

flay=" /8 (k@) P ) @)+ @) Q () (),

- 4
-
/ar—y\ 82 dS)

where the kernels
la—7]

—1 ~—1
- - 1
k(a’y)::4a2(a y)1 en(a »o__1,
la —y la —yl Y2

_ (a_c(avy))il (33)
azla—c(a,y)|
and
x 1
ki (a,y) = a2D < A)ez
la—ylla—7y
are both hypermonogenic with respect to a in R3\ {y,7}.

Using the standard arguments we may also verify that we obtain two integral
operators producing k-hypermonogenic functions.

Theorem 3.18. Let 2 be an open subset of Ri and K be an open set whose closer
K C Q is a smoothly bounded compact set with the outer unit normal field v. If f
is continuous in Q and a € [ K then the functions

n@=, | mea) P @)ase
p@)= [ (o) eQ (@) £ (@) dS @)

are k-hypermonogenic.
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Eigenfunctions and Fundamental Solutions
of the Caputo Fractional Laplace and
Dirac Operators

Milton Ferreira and Nelson Vieira

Abstract. In this paper, by using the method of separation of variables, we
obtain eigenfunctions and fundamental solutions for the three parameter frac-
tional Laplace operator defined via fractional Caputo derivatives. The solu-
tions are expressed using the Mittag-Leffler function and we show some graph-
ical representations for some parameters. A family of fundamental solutions of
the corresponding fractional Dirac operator is also obtained. Particular cases
are considered in both cases.

Mathematics Subject Classification (2010). Primary: 35R11. Secondary: 35A08;
26A33; 30G35; 35C05.

Keywords. Fractional partial differential equations; fractional Laplace and
Dirac operators; Caputo derivative; eigenfunctions; fundamental solution.

1. Introduction

In the last decades the interest in fractional calculus increased substantially. Among
all the subjects there is a considerable interest in the study of ordinary and partial
fractional differential equations regarding the mathematical aspects and methods
of their solutions, and their applications in diverse areas such as physics, chemistry,
engineering, optics or quantum mechanics (see, for example, [7-12, 14, 16]).

Here we consider a fractional Laplace operator in 3-dimensional space us-
ing Caputo derivatives with different order of differentiation for each direction.
Previous approaches for this type of operators where considered in [15], [3], and
[4]. In [15] the author studied eigenfunctions and fundamental solutions for the
two-parameter fractional Laplace operator defined with Riemann-Liouville frac-
tional derivatives. In [3] the authors extended the results for three dimensions and
derived also fundamental solutions for the fractional Dirac operator which fac-
torizes the fractional Laplace operator. Since there is a duality relation between
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Caputo and Riemann—Liouville fractional derivatives presented in the formula of
fractional integration by parts, there is need to study also fractional Laplace and
Dirac operators with fractional derivatives defined in the Caputo sense. The aim
of this paper is to use the method of separation of variables to present a formula
for the family of eigenfunctions and fundamental solutions of the three-parameter
fractional Laplace operator defined by Caputo fractional derivatives, as well as a
family of fundamental solutions of the associated fractional Dirac operator. For the
sake of simplicity we restrict ourselves to the three-dimensional case, however the
results can be generalized for an arbitrary dimension. We observe that these oper-
ators were considered in [4] where the authors applied an operational approach via
Laplace transform to construct general families of eigenfunctions and fundamental
solutions.

The structure of the paper reads as follows: in the Preliminaries we recall
some basic facts about fractional calculus, special functions and Clifford analysis,
which are necessary for the development of this work. In Subsection 3.1 we use the
method of separation of variables to describe a complete family of eigenfunctions
and fundamental solutions of the fractional Laplace operator. In Subsection 3.2
we compute a family of fundamental solutions for the fractional Dirac operator.
Finally, we point out that for the particular case of &« = 8 = v = 1 the obtained
formulas coincide with the correspondents classical formulas.

2. Preliminaries

2.1. Fractional calculus and special functions
Let (D%, f) (z) denote the Caputo fractional derivative of order a > 0 (see [10])

1 N ARI0))
cpa _ / db. n— 1 2.1
(DN @ =10y | @l e dn=llF L e (21)
where [a] means the integer part of &. When 0 < o < 1 then (2.1) takes the form
1 A0
“Dg = / dt. 2.2
( a+f) (Z‘) F(].-OZ) " (x—t)o‘ ( )
The Riemann—Liouville fractional integral of order v > 0 is given by (see [10])

wn@ =i [ ot s> 23)

We denote by I, (L1) the class of functions f represented by the fractional
integral (2.3) of a summable function, that is f = I% ¢, ¢ € Li(a,b). A description
of this class of functions was given in [13].

Theorem 2.1. A function f € I3 (L1), o > 0 if and only if I’ f € AC™([a,b]),
n=lo]+1and (I'7*f)*(a) =0, k=0,...,n— 1.
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In Theorem 2.1 AC™([a, b]) denotes the class of functions f, which are contin-
uously differentiable on the segment [a, b] up to order n—1 and f"~1 is absolutely
continuous on [a, b]. Removing the last condition in Theorem 2.1 we obtain the
class of functions that admits a summable fractional derivative.

Definition 2.2 ([13]). A function f € Li(a,b) has a summable fractional derivative
(D2 f) () if (177 f) (z) € AC™([a, b]), where n = [a] + 1.

If a function f admits a summable fractional derivative, then the composition
of (2.1) and (2.3) can be written in the form (see, e.g., [12])

n—1 (k) a
(15 D@ =) -3 a0, m=llv1 @4
k=0 ’

If f € I (L1) then (2.4) reduces to (I%, “D% f)(z) = f(z). Nevertheless we
note that (CDS‘+ I{‘j‘+f) (z) = f(z) in both cases. We observe that, in general, the
semigroup property for the composition of Caputo fractional does not hold. We
present three sufficient conditions under which the law of exponents hold. They
can be applied in different situations accordingly with the conditions assumed to
the function f.

Theorem 2.3 ([2, p. 56]). Let f € C*[a,b],a > 0 and k € N. Moreover, let o, B > 0
be such that there exists | € N with | < k and a,a+ 8 € [l — 1,1]. Then

°D3. DY, f(x) = ODE £ (x). (25)

This theorem highlights a constraint on the applicability of the semigroup
both with respect to the request of smoothness of the function and with respect to
the ranges of the real orders of differentiation «v and . This means, for example,
that, if a € (0, 1], then the law of exponents is applicable if 5 € [0,1 — a) and
f € CF, with k = 1. Here we notice that in most cases the law of exponents is
not applicable for fractional Caputo derivatives, but anyhow there are different
techniques to handle sequential fractional derivatives (see for example [12]). Since
for f € Cl*+1([a,b]) the Caputo derivative is a special case of the Griinwald—
Letnikov fractional derivative (see [12, § 2.2.3]) then we have the following theorem:

Theorem 2.4 ([12, §2.2.6]). Let o,3 > 0 and f € C"([a,b]),a > 0,n = [a] + 1.
Then

D2, DY, f(x) = DT f(a) (2.6)
holds for arbitrary B if the function f satisfies the conditions
f®a)y=0, for k=0,1,....,n—2. (2.7)

For functions f(x) that have a locally integrable singularity at © = a we have
the following result.
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Theorem 2.5 ([5]). Suppose that f(x) = (v — a)*g(z), where a,\ > 0 and g(x)

o0
has the generalized power series expansion g(x) = Z an(x — a)™" with radius of

n=0

convergence R > 0,0 <y < 1. Then
°DE, DY, f(x) = DI (a) 238)
for all (x — a) € (0, R), the coefficients a, = 0 for n given by ny + X — =0 and
either
(a) A>p, p=max (8 + [a],[8+ a])
or
(b) A<, ar, =0, for k=0,1,..., {“;)‘} ; here [x] denotes the greatest integer

less than or equal to x.

One important function used in this paper is the two-parameter Mittag-
Leffler function E,, , (z) [6], which is defined in terms of the power series by

oo Zn
E,,(z) = , 0, veR, z€C. 2.9
o (2) ;P(WW) p>0,veER, z € (2.9)

In particular, the function E,, ,(z) is entire of order p = i and type ¢ = 1. The
exponential, trigonometric and hyperbolic functions are expressed through (2.9)
as follows (see [6]):

By (2) =€, B2 (_22) = cos(z), Es 1(2?) = cosh(z),
2By 5 (—2%) = sin(z), 2Es 5 (2%) = sinh(z).

Two important fractional integral and differential formulae involving the two-
parametric Mittag-Leffler function are the following

&, (2 = @) By (k(z — ") = (2 — ) Bypya (h(z — 0)")  (2.10)
“Da, (x=a)" "By, (k(z —a)")) = (x —a)" * 'Eip_a (k(z —a)*) (2.11)

forala >0, u>0,veR, ke€C,a>0,z>a.

Our approach leads to the resolution of a linear Abel integral equation of the
second kind, which solution is given using the Mittag—Leffler function, accordingly
with the next Theorem.

Theorem 2.6 ([6, Thm. 4.2]). Let f € Li[a,b],a > 0 and X\ € C. Then the integral
equation
A

u(e) = f@) + o

/ﬁ(x — 1) u(t) dt, x € [a, b

has a unique solution

x

u(z) = fz) + A/ (z — 1) By oMz — 1)) £(t) dt. (2.12)

a
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2.2. Clifford analysis

Let {e1,...,eq} be the standard basis of the Euclidean vector space in R%. The
associated Clifford algebra Ry 4 is the free algebra generated by R? modulo 22 =
—||z]|? eo, where x € R? and e is the neutral element with respect to the multi-
plication operation in the Clifford algebra R 4. The defining relation induces the
multiplication rules

eie; +eje; = —25”‘, (213)
where 6;; denotes Kronecker’s delta. In particular, e? = —1 for all i = 1,...,d.
The standard basis vectors thus operate as imaginary units. A vector space basis
for Rg q is given by the set {esa : A C {1,...,d}} with es = e, ¢, ...¢;,, where
1<h <<, <d,0<r <d ep:=eg:=1 Each a € Rygq can be written
in the form a =) 4, a4 ea, with a4 € R. The conjugation in the Clifford algebra
Ro,q is defined by a = EA aa ea, where eq = e, €,_,...¢e,, and e; = —e; for
j=1,...,d, e0 = ep = 1. An important subspace of the real Clifford algebra Rg 4
is the so-called space of paravectors R{ = R @ R?, being the sum of scalars and
vectors. Bach non-zero vector a € R{ has a multiplicative inverse given by HC:IHQ.

A Ry g-valued function f over Q C R{ has the representation f = doaeafa,
with components f4 : 2 — Rg 4. Properties such as continuity or differentiability
have to be understood componentwise. Next, we recall the Euclidean Dirac oper-
ator D = E?:l e;0z;, which factorizes the d-dimensional Euclidean Laplace, i.e.,
D? = —A. A Ry 4-valued function f is called left-monogenic if it satisfies Du = 0
on  (resp. right-monogenic if it satisfies uD = 0 on ).

For more details about Clifford algebras and basic concepts of its associated
function theory we refer the interested reader for example to [1].

3. Method of separation of variables

3.1. Eigenfunctions and fundamental solution of the fractional Laplace operator

We consider the eigenfunction problem for the fractional Laplace operator
AT u(z) = Au(), ie.,

(“Diou) (2, 2) + (D1Pu) (2., 2)

(3.1)
+ (DY) (5,9,2) = A ule,p,2),
0
where A € Cv (Oé,ﬁ,’}/) 6]0,1]3, (.’K,y,Z) € Q= [anXO] X [yOaYO] X [ZOaZO]a
Zo, Yo, 20 > 0, Xo, Yo, Zp < 0o, and u(z,y, z) admits summable fractional deriva-
tives “ DT CD;J{ﬂ and “D'T7. Taking the integral operator I'T® from both sides
o 0 %0 Zo
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of (3.1) and taking into account (2.4) we get
u(x,y, 2) = u(zo, y, 2) — (& — x0) ug (20, Y, 2)
+ (I;gfo‘ CD;}:ﬂu> (z,y,2) + (I;gfo‘ CDZ{”U) (z,y,2)
=A (I;;O‘u) (x,y, 2). (3.2)

Now, applying the operator I;I # to both sides of the previous expression and
0
using Fubini’s Theorem we get

(Iylgrrﬁu) (z,y,2) — (I;;ﬁfo) (y,2) — (x — x0) (Iylg:ﬂfl) (y,2)
+ (1u) (@9,2) - (1) (2,90, 2)

——w0) (L)) @y0,2) + (15 117 D T7u) (2.9, 2)
Lo o

yo
= (1 1) (., 2), (3.3)
Lo Yo
where we denote Cauchy’s fractional integral conditions by
fo(yv'z) = u(xo,y,z), fl(y7z) zu;(xo,y,z). (34)

Finally, applying the operator Izli'7 to both sides of equation (3.3) and using
0

Fubini’s Theorem we get
(17 257 @y, 2) = (197 127 fo) (02) = (@ = wo) (147 1) (,2)
+ (1 1) (g, 2) = (12 157ho ) (@,2)
“0 0 0 0
——w) (L7 1) @.2) + (152 177u) (2,9, 2)
= (112 1170 @y, 20) = (2= 20) (I 1570L) (@0, 20)
= (1 1 ) (. 2),
“0 0 0

which is equivalent to
(Ilfﬁ Ilj_”u> T (IHO‘ Iy ) (x,y,2)

Y
O (Il+a Py )( Ly, ) — )\(I““ 15 Il+v >(x’y72)

O
= (17 Ilr”fo) (y.2) + (@ — w0) (1177 Ilﬁfl) (y,2)
Yo Zq Yo &)
+ (L I ho) (@2) + (v — o) (L7 17 h) (a,2)

+ (I;gfo‘ Iylgfﬁgo> (z,y) + (2 — 20) (I;gfo‘ Iylgfﬁgl) (z,y), (3.5)
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where we denote Cauchy’s fractional integral conditions by

ho(z, z) = u(x, yo, 2), hi(z,z) =u (a: Y0, Z)s (3.6)
go(xay) = u(a:,y,zo), gl(a:,y) = Z(J?,y,Zo). (37)

Assume that the eigenfunctions are such that u(z,y, z) = ui(x) ua(y) us(z). Sub-
stituting in (3.5) and taking into account the initial conditions (3.4), (3.6), and
(3.7) we obtain

w(@) (1 uay) 17 ua(2) +ualy) (1 w(e) 1 us(2)
+ ug(2) (IHO‘ul(x) I;;EUQ(y))
() (1) 0 (1) ¢

—a (1 sy )11+7u3(z)) + as(z — z0) (IyljﬁuQ(y) I g2 ))

0

1 (15w (2) T us(2) + baly — o) (14w (2) T us(2))
o (I n @) I ua(y) + ol - 20) (1w @) Ilrwy)) . (38)
z Yy,
where
a1 =ui(xg),  ag = uy (o),
b1 = u2(yo), by = UIQ,y(yO),
ar =us(z),  c2=uj_(20),
are constants defined by the initial conditions (3.4), (3.6), and (3.7). Supposing

that
(1 u) @) (177u2) () (17 7us) (2) # 0,

for (z,y,z) € Q, we can divide (3.8) by this factor. Separating the variables we
get the following three Abel type second kind integral equations:

up(x) — p (I;;O‘ul) () = a1+ az(x — x9), (3.9)
us(y) +v (11%u2) () = by +baly — o). (3.10)
ug(2) + (L — A —v) (Izlgﬂu;3> (2) =c1+ca(z — 20), (3.11)

where A\, pu, v € C are constants. We observe that the equality

(£o0) @) (12 () (15703 (2) =0,

for at least one point (z*,y*, z*) agrees with (3.8), (3.9), (3.10), and (3.11). Solv-
ing the latter equations using (2.12) in Theorem 2.6 and after straightforward
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computations we obtain the following family of eigenfunctions ux .. (z,y,2) =
ug () ue(y) us(z), with
ur(z) = ar Bryan (e —20)') + az(z — 20) Btz (u(z —20)'), (3.12)
(y) = b1 Eigpa (—v(y —y0)'™) +ba(y — y0) Erypo (—v(y —v0)' ") ,(3.13)
uz(2) = c1 Bigqa (0= A = v)(z = 20)"7)
+ c2(z — 20) Ergqy2 (=X =v)(z = 20)"7) . (3.14)

U2

For the particular case of A = 0 (fundamental solution), u = 2, v = 1,
ro=yo=20=0,Xo=2Z9p=5,Yy=15,and a; = b; = ¢; = 1, with i = 1,2, we
show the graphical representation of the components w1, us, us for «, 3, v equal
to 4117 é, Z, 1. The plots were obtained using the software Mathematica 9 since this
software is able to evaluate and to graphically represent functions involving the
Mittag-LefHler functions.

Plot of the component u; (x) Plot of the component u; (y)
ur (x)
1500 |

a=1/4

1000 -
a=12

- a=3/4

- B=1/4
500 |

- B=12

B=3i4

B=1

y=1/4

150 - y=12

_ y=3m

FIGURE 1. Plots of the components u1, uz and us, when A\ = 0, u = 2,
v=1x0=y =20=0, Xo =20 =5, Yo =15, and a; = b; = ¢; = 1, and
different values of a, 3, and 7.

From the plots we observe that the components u; and ug are of exponential
type and the increasing of the curve coincides with the decreasing of the parame-
ters. For the component us the sinusoidal behavior observed in the classical case
(8 =1 suffers a relaxation with the decreasing of the parameter (.
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Remark 3.1. In the special case of @« = f = v = 1 the functions u, us and us take
the form

ui(z) = a1 cosh (y/p (z — o)) + \C;i sinh (/u (z — z0)) , (3.15)

ws(y) = by cos (Vo (y—90)) + 2 sin (v (4 — ). (3.16)

2
Vv
uz(z) = ¢1 cosh (\/,u —A—v(z— zo)>
+ @ sinh (\/u —A—v(z— zo)) , (3.17)
Vi=A—v
which are the components of the fundamental solution of the Laplace operator in
R3 obtained by the method of separation of variables.

3.2. Fundamental solution of the fractional Dirac operator
In this section we compute the fundamental solution for the three-dimensional
fractional left Dirac operator defined via Caputo derivatives

14~

CU)(aJiV).__ Cj)lza Cj)lgﬂ Cj) 2 0.1 3 3.18
+ = €1 wg— +62 y;— +63 23— ) (047@7)6] ) ] . ( . )

This operator factorizes the fractional Laplace operator CAf’ﬁ ) for Clifford-
valued functions f given by

f(x,y,z) = ZeAfA(xvyaZ)a
A

where eq € {1,e1, €2, e3,€1€2, e1€3, e2e3, €1€2e3}, and each real-valued function fa
satisfies one of the sufficient conditions presented in Theorems 2.3, 2.4 or 2.5. In
fact, for such functions we can apply the semigroup property (2.5) to obtain

14+ 14 148 148
D1 (D f4) = DY, 0, (D, 1a) =01
0 0 0 Yo Yo Yo
14~ 14~
D (CDZf fA)chiﬁfA. (3.19)
0 0 0

1+o 148
Moreover, for the mixed fractional derivatives “D 2 (¢D 2 fA>, due to the
Lo Yo

Leibniz rule for the differentiation under integral sign, Fubini’s Theorem and
Schwarz’ Theorem, we have

1+a 1+8 1+8 1+a

‘p : (CDf fA) =D ¢ (D, fa). (3.20)
To Yo Yo B
1+a 1+ 1+ 1+a

D (CDZ Of fA) - D Of (CDmf fA), (3.21)

148

2
2
0
1+8 14 14~
cp : (CD : fA) —p 2 (D2 fa). (3.22)
Yo 20 20 Yo
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From (3.19), (3.20), (3.21), (3.22) and the multiplication rules (2.13) of the Clifford
algebra, we finally get

Cpfes (CDSFa,/M) f) _ _ Oplepa g, (3.23)

i.e., the fractional Dirac operator factorizes the fractional Laplace operator.

In order to get the fundamental solution of B e apply this operator to
the fundamental solution u(x,y,z) = wui(x)u2(y)us(z), where u; are given by
(3.12), (3.13) and (3.14), respectively. To make the calculations we make use of
the derivation rule (2.11) and the fractional analogous formula for differentiation
of integrals depending on a parameter where the upper limit also depends on the

same parameter (see [12, Section 2.7.4]). Hence,

Ulw,y,2) = (DY u) (@,y,2)

c 14 c 148
= ey uz(y) us(z) ( Dmaf ul) (z) + ez ur () us(z) < Dyg? uQ> (y)
cn 'y
+es u(z) u2(y)( D ug) (2), (3.24)
where uy, ug, usg are given respectively by (3.12), (3.13), (3.14) and
14+~ 14
(CDmaf u1> () = a1 (x —x0)” E El o150 (1(z — 20)' )
11—«
+as (x —x) 2 INETS (u(z — z0)' ), (3.25)
1+8 _1-
(CDy; u) W) =b (h=10)" "% Eypyrs (—0ly—w0)™*)
1-8
+ b2 (y - yO) 2 E1+ﬂ73;ﬂ (_V(y - y0)1+ﬁ) ) (326)

1—v

(CD : u3> (2) =1 (z=20) 2" Eypyngs (Gt A+v)(z = 20)7)

By oo (rH A+ v)(2 = 20)7).
(3.27)

1—v

+eo (2 —20) 2

Remark 3.2. In the special case of « = § = v = 1, u1, us and ug take the form
(3.15), (3.16) and (3.17), respectively, and expressions (3.25), (3.26), and (3.27)
take the form

(Dyur) (z) = ary/p sinh (/u (z — x0)) + az sinh (\/p (x — x0)),
(Dyuz) (y) = biv/v sin (Vv (y — o)) + b2 cos (Vv (y — o)) .
(D,us) (2) = c1/—p + A+ v sinh (\/u —A—v(z— zo))

+ e sinh(\/,u—)\—y (z—zo)),

which are the components of the fundamental solution of the Dirac operator in R3
obtained by the method of separation of variables.
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Three-dimensional Analogue of
Kolosov—Muskhelishvili Formulae

Yuri Grigor’ev

Abstract. In the plane elasticity an effective method of using the holomor-
phic complex function theory is based on Kolosov—Muskhelishvili formulae.
For a three-dimensional case monogenic Clifford functions or regular quater-
nion functions of a reduced quaternion variable are used. Such functions are
solutions of the Moisil-Theodoresco system. In recent papers some variants
of three-dimensional Kolosov—Muskhelishvili formulae are obtained but only
for star-shaped regions. For applications it is very important to have these
formulae for a wider class of domains. We propose the generalized Kolosov—
Muskhelishvili formulae in arbitrary simply connected domains with a smooth
boundary not only star-shaped, where a notion of harmonic primitive function
is used. The method of proving is based on a new theorem about reconstruc-
tion of a regular function from a given scalar part.

Mathematics Subject Classification (2010). Primary 30G35; Secondary 74B05.
Keywords. Classical linear elasticity, functions of hypercomplex variables and
generalized variables, regular quaternionic functions, Moisil-Theodoresco sys-
tem, representation formulae.

1. Introduction

In two-dimensional problems of the theory of elasticity the methods of complex
variable theory are effectively used. In plane problems the basis of this is the rep-
resentation of the general solution of the equilibrium equations in terms of two
arbitrary analytic functions called the Kolosov—Muskhelishvili formulae [34]. In
axially symmetric problems different classes of generalized analytic functions of
complex variable [1, 39], p- and (p, ¢)-analytic functions [38] are used. As a gen-
eralization of the method of complex functions in multidimensional problems the
methods of hypercomplex functions are developed (see [9, 11, 26, 28, 29, 30], etc.).
For three-dimensional problems of mathematical physics such an apparatus is the

This work was supported by RFBR grant 15-41-05081.
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Moisil-Theodoresco system theory, which is developed as the theory of regular
quaternion functions of reduced quaternion variable [15, 17, 20, 26, 22, 23, 24].
We note that this theory is partially covered by Clifford analysis. In [32] the
first quaternion solution of the equilibrium equations of the theory of elasticity is
obtained. In [16, 17, 18, 21, 22, 23, 24] some forms of a three-dimensional quater-
niuonic analogue of the Kolosov—Muskhelishvili formulae for displacements and
their applications are obtained in the star-shaped domains. Another variant of
the spatial generalization of the Kolosov—Muskhelishvili formulae with expressions
for stresses is obtained for the star-shaped domains by using a notion of mono-
genic primitive in [5, 6, 7]. By means of a quaternionic refinement of the classical
harmonic Papkovich—Neuber solution in [37] a monogenic formulation of the three-
dimensional elasticity problem is also obtained with some geometrical restrictions
on a domain. In [8] an alternative Kolosov—Muskhelishvili formula for the displace-
ment field by means of a (paravector-valued) monogenic, an anti-monogenic and
a -hyperholomorphic function is proposed. In [22, 37] one can find short reviews
about some other results in using hypercomplex functions in the three-dimensional
elasticity. In this paper we present the quaternionic Kolosov—Muskhelishvili formu-
lae with the expressions for stresses in arbitrary simply connected domains with
a smooth boundary not only star-shaped, where the notion of harmonic primitive
function is used. The theorem about the reconstruction of the regular function
from the given scalar part is proved.

2. Preliminaries and notations

Let i, j, k be the basic quaternions obeying the following rules of multiplication:
i=j2=kK>=-1, ij=—-ji=k, jk=-kj=1i, ki=-ik=]j.

An element g of the quaternion algebra H we write in the form ¢ = go +igz +jgy +
kq. = qo +q, where qq, gz, ¢y, g. are the real numbers, gq is called the scalar part
of the quaternion, q = ig, + jg, + kg. is called the vector part of the quaternion
q. The quaternion conjugation is denoted as ¢ = ¢o — q.

Let z, 3, z be the Cartesian coordinates in the Euclidean space R3. Let Q be a
domain of R? with a piecewise smooth boundary. A quaternion-valued function or,
briefly, H-valued function f of a reduced quaternion variable r = iz +jy+kz € R?
is a mapping

f:Q—H,

such that

f(r) = folr) +£(r) = fo(z,y,2) +ife(z,y, 2) +ify(2,y,2) + Kfa(2,, 2).

The functions fo, fz, fy, f- are real-valued defined in €2. Continuity, differen-
tiability or integrability of f are defined coordinate-wisely. The differential opera-
tor V =i0, + jO, + k0, is called the generalized Cauchy—Riemann operator.
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According to [14, 33] a function f is called left-regular in Q if
Vi=0, req. (2.1)

A similar definition can be given for right-regular functions. From now on we use
only left-regular functions that, for simplicity, we call regular. With the vectorial
notations the regularity condition is given as follows:

Vf(r) = -V £(r) + Vfo(r) + V x £(r) =0, (2.2)

where V fy, V-f, V x f are the usual gradient, divergence and curl, respectively.
Thus, the coordinate-wise representations of the regularity condition are given as
follows:

fea+ fyy + fez =0,
fox+ fayy = fy2=0,
foy + foz — fz0 =0,
Joz+ fyx— fuy=0.

The system (2.3) is called the Moisil-Theodoresco system (MTS) [33, 3, 9]
and is a spatial generalization of the Cauchy—Riemann system (CRS). If we assume
that f depends only on two variables, for example, x and y, then the MTS (2.3)
splits into two CRS and the complex functions f({) = fz(z,y) — ify(z,y), 9({) =
fo(z,y) —if.(x,y) will be the analytic functions of complex variable ¢ = x + iy.
If the MTS is written in the cylindrical coordinates p, ¢, z, then in the case
of axial symmetry the MTS splits into two generalized by Vekua [39] CRS and
f(&) = folz,p)—ifu(2,p), 9(C) = f:(2, p)—ifs(2, p) will be the generalized analytic
by Vekua functions of the complex variable ( = z+ ip. Exactly these functions are
used in axially symmetric problems [1].

A quaternion function F' is called a primitive of a regular function f if
VF = f. Because a regular function f is a harmonic function then a primitive
function F' is also harmonic and the function F' is also called as a harmonic
primitive. In this approach the primitive function is also a solution of the in-
homogeneous MTS and differs from that defined in [10], [27] because a concept of
hyperderivative is not used and it is not a regular (monogenic) function. In the
complex analysis solutions of inhomogeneous Cauchy—Riemann system dF/dz = f
are expressed by the Theodoresco operator (transform). Therefore, the harmonic
primitive can be considered as a variant of the generalized Theodoresco transform
for the MTS. The generalized Theodoresco transform is used in a hypercomplex
operator method [28].

The equation of elastic equilibrium is called the Lamé equation and has the
next form

(2.3)

Lu=(A+2u)V(V-u) — uV x (V xu) =0. (2.4)
If we introduce the next scalar function fy and vector function f

A+20)V-u=fo, —pVxu=f, (2.5)
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then the Lamé equation (2.4) is transformed into the MTS
V- £f=0, Vfi+Vxf=0, (2.6)

thus, the quaternion function f = fy + f is regular. In the paper [32] it was
indicated that the connection (2.5) between the Lamé equation and quaternion
functions was first pointed by G. Moisil.

Hooke’s Law in the Cartesian coordinates z; (i = 1,2,3) expresses connec-
tions between components o;; of a stress tensor and components ¢;; of a deforma-
tion tensor and for three-dimensional linear elasticity has the form

oij = (A +2u)(V - u)dsj + 2peq5,
(2.7)

1 o
gij =, (wig +ujq), (4,5=1,2,3)

hereinafter the index after the comma means the partial derivative of the appro-
priate variable, d;; is the Kronecker delta function.

We use the usual quaternionic notations in the MTS theory [15, 20, 22, 23, 24].
Some authors have used only matrix algebra methods for the MTS theory, for
example, A. Bitsadze [3] in such a way defines three-dimensional analogues of the
Cauchy type integral for the MTS. In Clifford analysis notations [5, 6, 7] in the
MTS theory the reduced quaternionic variable has the form = = xo + ejx1 + exx2,
where e; and ey are Clifford algebra units. This approach provides a natural way
for introducing notions of hypercomplex derivative and monogenic primitive [27].
However, in the usual quaternionic notations it is possible to define hypercomplex
derivatives for the MTS [31].

We will also use the next notations:

e 0N denotes the boundary of a domain Q € R3;

e () =QUIN denotes the closure of €;

e Ot denotes the set of functions having continuous partial derivatives up
to order | and whose [th-order partial derivatives satisfy a Holder condition
with an exponent «;

e 00 € C"** denotes the smooth boundary 9 that can be covered by a finite
number of spheres and intersections 92 with these spheres can be described
in local coordinates by means of functions from C'*+* (see [25]).

3. Reconstruction of regular function from given scalar part

All components of a regular function are harmonic functions. Let fy be a given
scalar harmonic function. It is known then we can reconstruct a regular function
f = fo+f with fy as a scalar part but only in the star-shaped domains [41, 23]
up to a gradient of arbitrary harmonic function g:

1

f:fo+f:f0+rx/tan(rt)dt+Vz/;0.
0
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In this section we will show that such the reconstruction is possible for any sim-
ply connected (not only star-shaped) arbitrary domain in R? but with a smooth
boundary. A domain 2 € R? is said to be simply connected if every closed curve in
Q can be shrunk to a point without leaving Q2 (equivalently, if every closed curve in
Q is the boundary of some surface contained completely within ). The procedure
of such reconstruction is needed for the main result in Section 4.

We must use a solution of Dirichlet problem in the form of a double layer
potential with certain smoothness of density. For this purpose it will be useful the
next

Theorem 3.1. Let Q € R3 be a bounded domain with the boundary 0Q € C'*+e,
1>2,0<a<1; the double layer potential
o—r o 1
u(e) = Wlil(r) = f ule) A8, = - § (o) as,  (3.1)
o9 o9

lo—rf? onlo—r| ¢

where 0/0n denotes a differentiation in the direction of the outward normal of 02,
is the solution of the next Dirichlet problem

Au(r) =0, r e,
u(r) = ¢(r) € C°(09Q), r € IN.

Then the function u(r) belongs to the class C'T(Q) if and only if one of the neat
two conditions is fulfilled

(3.2)

o € CH2(09), (3.3)
p € CHH(0Q). (3.4)

Proof. Let the conditions of the theorem be fulfilled and u(r) € C'**(2). Then
obviously the condition (3.3) is fulfilled and pu € C°(99). It is known [25] that for
the boundary value of a double potential with continuous density and defined on
the Lyapunov surface we have W[u] € C? with an arbitrary value for 8 € (0, 1).
Let By be subjected to the condition o < By < 1, thus W u] € CP. It is known
from the potential theory [25] that the function p is a solution of the next integral
equation of second type

b)) W) = (), v e o9, (3.5)

where according to (3.3) ¢ € C'*. Thus, we have the inclusion u € C#°(9€). Then
according to [25] we have the inclusion W[u] € C1T51(99Q), where 31 € (a, Bo).
Again, referring to the equation (3.5), we see that p € C'tF1(0Q). Repeating
these arguments as many times as necessary we get the inclusion u € C*+7(99),
where v > «. Hence, we have the inclusion u € C1+2(9Q) and the necessity of the
condition (3.4) is proved.

Now let ¢ € C'*2(9Q). Then according to Schauder’s theorem [40] we have
u € C(Q) and the sufficiency of the condition (3.3) is proved. Let u € C'T(9Q).
Then we have the inclusion [25] W(u] € C!*1*7, where v € (0,a) is arbitrary.
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Because of C'T17(9Q) ¢ O+ (9Q) by using (3.5) we get ¢ € C'T*(99Q) and the
sufficiency condition (3.3) is fulfilled and also we obtain that u(r) € C!**(Q). O

Theorem 3.2. Let Q € R? be a bounded simply connected arbitrary domain with
the boundary 0Q € C?T, 0 < a < 1; ¢ € C***(Q) be a given harmonic scalar
function. Then in the domain € there exists a regular function f such that fo = ¢
and the vector part of the function f is reconstructed in the next form
fr)=VXA+VyY, rel, (3.6)

where . )
Veh(e) ) (3.7)

Ar) =-—
(I') 471' |I‘ _ Q| (3]
Q

h is a scalar harmonic function in  and its boundary value on a ON) coincides
with the density of a double-layer potential in 2 for the function 4wy; ¥ is an
arbitrary harmonic function in €.

Proof. According to Theorem 3.1 the function 47y can be represented as a double
layer potential:

olr) =, W), (39)

where a density function g € C?7%(9Q) is uniquely defined by ¢ and €. Let us
consider the next Dirichlet problem:

Ah=0,inQ, h=gon Jf.
It is known that the solution of this problem is unique and h € C?*%(Q). For the

Newtonian potential (3.7) we have A € C3(Q) [25]. Because of Vh € C'+(Q) we
have the Poisson equation

AA(r) =Vh(r), ref. (3.9)
Using the property of Newtonian potential to admit the differentiation under the

integral sign and harmonicity of the function A(r) we have

1 r—o
V'A_47r/|r—g|3 -Voh(0)dV,, re€Qk. (3.10)
Q

Using the harmonicity of the function h(r) we have
. {Vgh(g):| _ r—e
lir—el]  Ir—ol

and we can use the Gauss theorem in (3.10)

! [Veh(e)
VA g[vg{ Q}d%

- Voh(e)

4r r — o

1 [ Voh(e) 1 oh(o) (3.11)

1
= -dS, = ds Q.
A7 | |r— o] ¢ 47rj{|r—g| on o TEUK
59 59



Three-dimensional Analogue of Kolosov—Muskhelishvili Formulae 209

As is known, there exists the next integral representation for the harmonic func-

tion h(r)
1 1 0h(o) 0o 1
h(r) = in % Lr ol o h(o) onlr — ol dS,. (3.12)

o0
After substituting expressions from (3.11) and (3.8) with the equality g = h on
Ok into the formula (3.12) we obtain

h(r) =V -A+¢(r)
and
V[V -A] =Vh(r) = Vp(r), reQg. (3.13)
Now let us introduce the vector function f;(r) = V x A(r). In view of (3.9),
(3.13) and using the identity V x (V x A) = V(V - A) — AA one can see that the
function f; is a particular solution of the next system on K
V- f1 = O, V x fl = —VQO, (314)

and the function ¢ + f; is a regular function. Let f be an arbitrary solution of the
system (3.14). Then for the difference F = f; — f we have the homogenous system
on K

V-F=0, VxF=0. (3.15)
As is well known [13], the general solution of this system in the simply con-
nected domain is a function F = —V1, where 1 is an arbitrary harmonic function

on . Thus we have the formula (3.6) for the vector part f of the regular function
on . Conversely, if the function f is to be determined by the formula (3.6), where
1 is an arbitrary harmonic function, then by the straightforward differentiation
one can check that the function f is a solution of the system (3.14). g

Remark 3.3. Some results of this section were announced in [19]. The requirement
of simple connectivity for the domain €2 is necessary because the Riesz system
(3.15) can be solvable as a gradient of a harmonic function only in such domains.
In the case of multiply connected domain solutions of the Riesz system exist in
other forms (see [2]). Some properties of the inhomogeneous Riesz system were
investigated in [12] by means of a quaternionic treatment.

4. Three-dimensional analogue of Kolosov—-Muskhelishvili Formulae

4.1. Representation for elastic displacement vector

For the case of star-shaped domains Q* € R? the three-dimensional analogue of
the Kolosov—Muskhelishvili formulae for displacements is proved in papers [17, 22]
as the next theorem:

Theorem 4.1. The general solution of the Lame equation (2.4) in Q* is expressed
in terms of two reqular in Q* functions p, 1 in the form

2pu(r) = 5®(r) — rp(r) — ¥(r), = —3212“ = —T+8y, (4.1)
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where as ® one can take any primitive of function ¢, having subordinated v to the
condition x®y =1 - @ + 1y.

Here v is Poisson’s ratio. Thus, the vector of elastic displacement is repre-
sented in terms of two arbitrary regular functions ¢, ¥ and a harmonic primitive ®
of a function . It can be shown that from (4.1) the expressions for the divergence
and circle have the next forms

(A 421V - u = 4(1 - V)0,

4.2
—uVxu=((B—-4v)p+ (r-V)p —r x Vg + V. (42)

But in [17, 22] expressions for stresses were not established. In this section we
show that the representation (4.1) remains faithful on any compact in the arbitrary
simply connected domains not only star-shaped and expressions for components
of a stress tensor are obtained.

Indeed, let a vector field u be in the form of (4.1) then by the straightforward
differentiation one can check that we have a solution of the Lamé equation (2.4).

Now let € R? be a bounded simply connected arbitrary domain with the
boundary 9Q € C?*®, 0 < a < 1; a vector function u € C3+%(Q) be a solution
of the Lamé equation (2.4) in the domain 2. We will show that there exist such
regular functions ¢, ¥ and a harmonic primitive ® that the vector function u is
represented in the form of (4.1) in the domain €. Let us introduce the harmonic
scalar function ¢q

41 —v)po = (A +2u)V - u, (4.3)

for this function we have ¢y € C?T(Q). Thus according to Theorem 3.2 we can
introduce a regular function ¢ = ¢y + ¢ in the domain 2. Then let us introduce
a vector function A:

A=—uVxu—(5—-4v)p—(r-V)p+r x V. (4.4)

By the direct differentiation we have the Riesz system for A: V-A =0, Vx A =0.
In such the case it is known [13] that in a simply connected domain there exists
a harmonic function 1y such that the vector function A can be represented as
a gradient of this function: A = V1)y. Then according to Theorem 3.2 we can
introduce a regular function ¢ = 1y + 1. And now let us introduce a function
D = oy + P

#Pg =1 @+ Yo,

»® =2uu+rpg—1r X — 1. (4.5)
By the straightforward differentiation one can check that
V®=—py VO +Vxd=ep, (4.6)

thus V@ = ¢ and the function & is a harmonic primitive for the function ¢ and we
proved Theorem 4.1 in the arbitrary simply connected domain with the smooth
boundary.
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4.2. Expressions for components of stress tensor
In this section for the quaternionic representation (4.1) using ideas similar [5, 6]
we will construct the expressions for the stress tensor components in terms of two
arbitrary regular functions. Let us write Hooke’s Law (2.7) when we have elastic
displacements in the form of (4.1):

Oz = 7Py o — (1 —4V)00 — Q0,0 + Y020 — 2Py, + Yoz,

oyy = 2Py — (1 = 40)po — Ypo,y + 202,y — T2y + Py,

0oz = 2Pz — (1= 4)po — B0,z + Tpy,2 — YPa,z + Yz 2,
#(Pay + Pyz) — TP0y — Y00 + YPzy — 2Pyy + 2Paa
— 220 + Yoy + Py, (4.7)
20y = 32(Py,. + Doy) — YP0,2 — 2P0,y + 2Puz — TPz + TPy

—YPay t+ wy,z + wz,ya
2020 = 2(Pop + Pu2) — 200,20 — TP0,2 + TPy0 — Yoo + YP2z

— 20y, +Voz + Va2

205y

4.2.1. First Kolosov—Muskhelishvili formula for stresses. If we will follow the ideas
of the complex case the first Kolosov—Muskhelishvili formula for the stresses in-
cludes only the normal stress components. From Hooke’s Law (2.7) the next for-
mula can be obtained:

Opa +0yy + 0.2 =3AV-u+2uV-u= 3\+24)V -u.

Then using the formula (4.2) we obtain the first Kolosov—Muskhelishvili formula
for the stresses:

Oz + Oyy + 022 = 4(1 - V)‘PO- (4'8)

4.2.2. Second Kolosov—Muskhelishvili formula for stresses. Analogically to [5, 6]
we start the construction by

i(_oww + Oyy + Jzz) - .]2Ua:y - k2aa:za
by substitution of expressions from (4.7) into the above formula and using the
regularity of the function ¢ after some calculations we obtain the desired expression
and in a similar way the other two:
i(—0pz + 0yy +022) — j205y — k20,
=1i6(1 — 2v)po — V(5@ + 1) — 2P, — 1 ,
+aVpo +rpo s —yVe, + 2V, + ¢, X,
J(Oze — Oyy +0.2) — K20y, — 120y,
=J6(1 —2v)p0 — V(®y +thy) — 2@, — b,
+yVoo +rpo,y — 2V +aVe, + ¢ , X,

k(0w = oyy — 022) — 120.5 — j20.,
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=k6(1 —2v)pg — V(xD, +¢,) — 2P, — ¢,

)

+2Vpo +1p0. — 2V, +yVe, + ¢, xT. (4.9)

The obtained three formulas (4.9) can be called as the second Kolosov—Muskhelish-
vili formula for the stresses.

4.2.3. Second Kolosov—Muskhelishvili formula for stresses in tensor notations.
The second Kolosov—Muskhelishvili formula (4.9) for the stresses can written in
a compact form by using the tensor notations for the Cartesian coordinates z;
(i =1,2,3). Let e; be unit vectors of the Cartesian coordinates and T; be a stress
vector on the plane with normal e; (i = 1,2,3). It is known from the basis of

elasticity theory that
3

Ti=) eoy, i=123. (4.10)
=1
By using (4.8) and (4.10) the left side expression of the first formula in (4.9) can
be transformed into the next form

1(0pe + 0yy + 022) — 1204, — j20,y — k20,
= i4(1 = v)po — 2T,
here T, = T. Thus, for T, we have the formula
2T, = i2(1 — 4v)po + V(3P + ¢o) + 2P o + 1 , — 2Vp0 — rpo e
+yVep, =2V, —1r X ¢ .
One can obtain in an analogical way formulas for T, and T,. In the tensor notation
these three formulas can be written as the next second Kolosov—Muskhelishvili

formula for the stresses
2T, = ei2(1 - 4V)g00 + V(%(I)l + 1/%) + 2P ; + ¢,i —x; Vo —Tpo
3
4.11
+ Z ciklxkVor+r X, 1=1,23; ( )
k=1

here €;; is the completely antisymmetric Levi-Civita tensor.

5. Conclusion

In this paper the theory of Moisil-Theodoresco system in terms of regular quater-
nionic functions of reduced quaternion variable is used. We obtain the generalized
Kolosov—Muskhelishvili formulae in the three-dimensional linear elasticity where
displacements and stresses are expressed in terms of two regular quaternion func-
tions in arbitrary domains not only star-shaped but with some restrictions for the
smoothness of the boundary and functions. For this result the theorem about the
reconstruction of a regular function from the given scalar part is proved in such
domains. The restrictions on the domain boundary and used functions are caused
by the used methods of the potential theory.
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On Some Properties of
Pseudo-complex Polynomials

Klaus Giirlebeck and Dmitrii Legatiuk

Abstract. Monogenic functions are typically approximated by help of mono-
genic polynomials. Different systems of monogenic polynomials have been
developed by several authors in the last years. One of available constructions
are the so-called system of Pseudo-Complex Polynomials (PCP). PCP are 3D
monogenic polynomials which have a structure similar to integer powers of
one complex variable. In this paper we present an algorithm allowing us to
find clear relations between different sets of PCP, which has not been studied
before.

Mathematics Subject Classification (2010). Primary 30G35.

Keywords. Monogenic functions; polynomials; structural study; rotations.

1. Introduction

With the development of hypercomplex analysis monogenic functions become more
and more popular in different fields of applications. Typically, to describe a mono-
genic function one uses its series expansion with respect to a system of monogenic
polynomials. In recent years several different systems of monogenic polynomials
were proposed by many authors, see for example [1, 2, 3, 10] and the references
therein. To simplify applications of polynomial systems it is helpful to discover
their properties.

In 1970 a special type of monogenic polynomials the so-called totally regular
variables defined in R™ have been introduced in [7]. In this work the main intention
was to introduce monogenic functions, such that their integer powers are also
monogenic. To assure that, some specific sufficient conditions were formulated.
The detailed study with necessary and sufficient conditions for totally regular
variables with values in R* was done in [9)].

The research of the second author is supported by the German Research Foundation (DFG) and
the Russian Foundation of Basic Research (RFBR).
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Recently, another system of monogenic polynomials was proposed in [4, 5, 6],
where the so-called Pseudo-Complex Polynomials (PCP) have been introduced.
This system has a direct relation to works [7, 9]. PCP have a structure which is
similar to integer powers of one complex variable, and they share some of very use-
ful properties of complex powers. Due to this simple structure it is very attractive
to use PCP in different fields of applications, e.g., interpolation of monogenic func-
tions (Lagrange-type, Newton-type), etc., but to gain more benefit of the simple
structure one has to study PCP in more detail.

In previous works the question of a construction of PCP has been studied in
detail. But some related structural questions have not been discussed neither for
PCP, nor for totally regular variables. Therefore in this paper we present basic
results summarizing some interesting properties of PCP. We start with prelimi-
naries from hypercomplex analysis followed by an introduction of PCP. After that
we present a theorem stating that PCP can be obtained from a complex monomial
by using an invertible multiplicative extension. As the main part of this paper we
discuss in details a construction of one specific set of parameters defining PCP.

2. Preliminaries and notations

Let 1, e, ez, e3 be an orthonormal basis of the Euclidean vector space R*. As usual
we identify the basis vector eg with 1. We introduce an associative multiplication
of the basis vectors subject to the multiplication rules:

e% = eg = e% =—1, ejey = —ege; =e3.
This non-commutative product generates the algebra of real quaternions denoted
by H. The real vector space R* will be embedded in H by identifying the element
a = (ap, a1, as,a3) € R* with the element

a=ag+ aie; + ases + ages € H.

The real number Sc a := qg is called the scalar part of a and Veca := a1e; +
ases+ases is the vector part of a. Analogous to the complex case, the conjugate of
a:= ag+aie;+azes+ases € His the quaternion a := ag—a1e; —ases —asges. The
norm of a is given by |a] = v/aa and coincides with the corresponding Euclidean
norm of a, as a vector in R*.

Additionally we introduce the subset

A = spang {1,e1,e2} C H.
The real vector space R? can be embedded in A by the identification of each
element x = (z0,21,72)T € R? with the reduced quaternion or paravector

X =g+ x1€1 + 12es € A.

As a consequence, we will often use the same symbol x to represent a point in R3
as well as to represent the corresponding reduced quaternion. For the coordinate
axes r,vy, 2z we will use the notation g, x1, 2.
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Let Q be an open subset of R3 with a piecewise smooth boundary. An H-
valued function is a mapping
f+Q—H
such that

3
fx)=> fix)e, xeq.
=0

The coordinates f? are real-valued functions defined in €, i.e.,
fQ =R, i=0,1,2,3.

Continuity, differentiability or integrability of f are defined coordinate-wisely.
For continuously real-differentiable functions f: Q@ C R?® — H, which we will
denote for simplicity by f € C1(Q, H), the operator

1/ 0 Lo 0 Lo 0

2 axo ! ax1 2 6x2

is called generalized Cauchy—Riemann operator. The corresponding conjugate gen-
eralized Cauchy—Riemann operator is defined as

g l(o0 o 0
_2 axo 1ax1 28252 '

We define and denote the Cauchy—Riemann operators analogous to the complex
one-dimensional case. Here, we follow the notation used in [8], which is opposed
to the commonly used notation in the Clifford analysis, but analogues to complex
function theory.

5:

Definition 2.1. A function f € C1(Q, H) is called left (resp. right) monogenic in € if
df =0 in Q (resp.,f0=0 in Q).

Finally we introduce special reduced quaternions, usually called Fueter vari-
ables, defined by

Zk = T — Xo€, To,Tp €ER, k=1,2.

2.1. Pseudo-complex polynomials
In this section we are going to introduce a set of polynomials of the form
ZE(@) = (w0 + yads)", (2.1)
where
Ys = Q51 + P52
and
is = ase1 + fsez,

with parameters ag and §s. It is easy to verify that if the parameters satisfy the
condition

al +p2 =1,
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then it follows immediately that i2 = —1, and therefore one can prove that the
above polynomials are monogenic polynomials which are isomorphic to the com-
plex powers with respect to a chosen parameter set. To underline this fact these
polynomials are called pseudo-complex polynomials (PCP). We would like to re-
mark that sometimes in literature one can find another name for PCP — Pseudo-
Complex Powers, but we will not mix these names and we will follow only the
name pseudo-complex polynomials.

The original idea of such polynomials is going back to 1970 where in [7] the
so-called totally regular variables defined in R™ with values in Clifford algebra
Cly,, were introduced. Later, in 1982, a detailed study of totally regular variables
in the case of quaternions has been done in [9]. These variables are defined as
follows:

Definition 2.2. A linear hypercomplex holomorphic function of the form
g = zodo + x1d1 + w2d2 + 73d3,

whose integer powers are also holomorphic is called totally regular variable, where
di = aroeo + ar1€1 + a2z + apzeres € H, a;, € R 5,k =0,1,2,3.

Recently PCP have been considered by several authors in different contexts.
In [2] it was proved that homogeneous monogenic polynomials of the form

H(k;“,bi) = (aizl + biZQ)k, ai,bi eR,i=0,.. .,k

form a basis of the H-linear space of homogeneous monogenic H-valued polynomials
of degree k if and only if a?+b? = 1 and a;b; —a;b; # 0,4, =0,...,k, i # j. These
two conditions provide an explicit relation between these polynomials and PCP.
In [3], a complete set of pseudo-complex polynomials, having prescribed properties
was constructed. Later on, aspects of combinatorial nature were considered in [5],
and some computational aspects related to the explicit constructions of PCP were
already discussed in [4]. In [6] numerical properties of the implementation of PCP
have been studied in details.

According to [5] the parameters a, and 35 form the so-called parameter set
A ={(as,Bs), $=0,...,k} which can be associated with unit vectors in R?.

To finish the introduction of PCP we recall from [5] the following theorem:

Theorem 2.3. The set of polynomials {Zf}fzo of the form (2.1) is a basis for the
space of homogeneous monogenic paravector-valued polynomials of degree k in R3,
provided that the k + 1 unit vectors v* = (as, Bs) € R?, with s = 0,...,k, are
pairwise noncollinear.

The lower triangular part of Table 1 represents the basis generated by pseudo-
complex polynomials (2.1). Sometimes it will be useful to identify unit vectors =
as complex numbers vs; = a5 + i85, and we will use the same notation. Moreover,
we will typically work only with the PCP Z! and to shorter the notations we omit
the upper index 1.
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k=0 1 1 1 1
k=1| 2y 2 2 Zs
k=2| 22 2z} 22 @22
k=3| 23 2z} oz 23

TABLE 1. Pseudo-Complex Polynomials: columns correspond to differ-
ent parameters «; and [, rows correspond to the degree of a polyno-
mial.

2.2. Representation of pseudo-complex polynomials
Theorem 2.4. The pseudo-complex polynomial Z4 can be obtained from the com-
plex mononial z = xg + x1€1 by an action of a family of invertible multiplicative
extensions as follows

Zy="Psz=12zPs,
where the functions Py and P, are given by

2
ThH + sYsTi QsYsTo — o1 xOﬁsys xlﬁsys
Ps = 2 .2 9, 2 €1t o o2t o, o oes,
Ty + oy rh + xy T+ xy Ty + xy
2
5 _ Lo + asYsty QsYsTo — o1 xOﬁsys xlﬁsys
s = 1 2 = 3
a:g—l—a:% x%—l—x% x%—l—x% a:g—l—x%
with
Ys = QsT1 + Bst'
Proof. The theorem can be proved by straightforward calculations. O

Since the multiplicative extensions Ps and P, are invertible we have an ob-
vious corollary:

Corollary 2.5. The complex monomial z = xg+ x1€1 can be obtained from pseudo-
complex polynomials by an action of a family of multiplicative restrictions as fol-
lows

z=P 2, = 2P,
where the functions P; L and P; 1 are given by

2
zpfl Iy + asYsty QsYsTo — o1 xOﬁsys xlﬁsys
s = 2 2 2 2 17 2 2027 o 253
$O+ys x0+ys x0+ys x0+ys
2
S TG QsYsT1 QsYsTo — ToT1 20BsYs 18sYs
Py = 2 2 2 2 €1~ o 2€2 2 2€3;
$O+ys x0+ys x0+ys x0+ys

with
Ys = QsT1 + Bst'
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Since multiplicative restrictions and extensions are invertible, we get
(i) PP =P Po=1,
(i) Ps Pt =P Py =1,

where I is the identity.

Remark 2.6. The multiplicative extensions P, and P, can also be written in a
more compact form as follows

QsYs — T1 _ 6sys
733 =1 + 2 2 zel + 2 2Z627
Ty + Ty Ty + 27
S AglYs — L1 _ Bsys _
733 =1 =+ 2 2 zeq =+ 2 22’02.
Ty + Ty Ty + 27

One may expect that by applying the same idea to the multiplicative restric-
tions Pgl and P; ! one gets a similar more compact structure. However, this is
not the case, and the multiplicative restrictions are written as follows

— ATy — Ys BsYs

Pol=1+ " (ys — woe1) — €,
’ ag +yz g + Y2

—_ QsT1 — Ys 6sys _

P 1= 1+ * (y — xgel) — z€es.
’ ag+yz ag +y?

Remark 2.7. We would like to underline the fact, that we call PCP as monogenic
polynomials which are parameter-set isomorphic to the complex powers. In the
beginning, when PCP were introduced, they were called simply isomorphic to the
complex powers. We would like to draw attention to it particularly in the context
of Theorem 2.4. If we represent the complex monomial and PCP as sets, then
it becomes clear that we cannot speak about a bijection between these sets. But
if we fix the parameters ag and s, then we get a unique bijection. In this case
we get that each column in Table 1 is isomorphic to the complex powers. This
fact is clearly underlined in Theorem 2.4. Thus, to avoid any misunderstanding
it is better to refer to PCP as monogenic polynomials which are parameter-set
isomorphic to the complex powers.

3. Study of a specific parameter set

In [5] it was discussed, that conditions which are formulated in Theorem 2.3 allow a

wide choice of parameter-vectors, leading to different sets of polynomials {Zf }520.
Such freedom has positive and negative aspects:
e on one hand, from the theoretical point of view it is convenient to have such
a flexible structure, because depending on a specific task one can construct
a system of polynomials which is more suitable in a given situation;
e on the other hand, it is not completely satisfying to have different sets of
PCP without clear relations between them.

The question of a relation between different PCP is of particular importance for
the task of approximation of an arbitrary monogenic function by PCP. The most
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essential result in this case would be to find what kind of monogenic functions
correspond to different columns in Table 1, or, at least, to find a possibility to
express some columns in terms of the others. Therefore in this section we formalise
a construction of one parameter set, which supports the idea of finding relations
between different PCP.

We represent the parameters as and G in the following form

Vs = (as ﬁs) = (COSQOS Sin@s) ) (3.1)
where ¢ are real numbers describing the argument of the complex numbers
taken to be equidistant on the unit circle. Figure 1 shows distribution of the first
in terms of the arc length of ¢1¢;. In this case the parameter set {0, V15, Pr}
defines completely the set of unit vectors {yo, 71, ...,k }, where k is the polyno-
mial degree.

L2 4 o ©s o
9 4

P11

> .’L‘l
®1

©15
2

FicUre 1. Distribution of 75 on the unit disk

The construction of such a parameter set was discussed in [5], where in Ta-
bles I and II it was shown that such set of parameters satisfies the conditions
of Theorem 2.3 and the corresponding basis functions are explicitly constructed.
But the question of a relation between different PCP has not been studied there.
Therefore in this paper we propose another approach to the construction of this
parameter set which allows us finally to connect different PCP.

We construct the parameter set A as follows

A={A1,As, As,...},
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where A;,7 = 0,1, ... are parameter sets for certain collections of PCP. According
to that idea and taking into account Figure 1 we have the following subsets in the
parameter set A

Al = {300} 5
A2 = {301} )
A = {3027 303} )

Ay = {4, 05,06, 07}
As = {8, 99, P10, P11, P12, P13, P14, P15}

and it is easy to verify that the exact number of elements in each subset is given by
card(4;) =272, i=2,3,....

From now on we consider the subsets A;,7 = 0,1, ... as ordered subsets according
to the construction described above. Thus, one obtains the following formulae for
the elements of the subsets 4;, denoted by A;(j):

_ Ay(1) + [Jeard(4;) — j] w
B card(A4;) ’

A; (j + ;card(Ai)) = —Ai(4),

Ai(4)

with j = 1,2,..., jcard(4;), i = 3,4,..., and 4; = {]}, Ay = {0} are two
basic sets. Finally, to construct a basis for the space of homogeneous monogenic
paravector-valued polynomials of degree k in R3 one needs to take k + 1 elements
of the parameter set A U Ay U ---.

Based on the proposed construction of the parameter set A and by using
formula (3.1) we can introduce the following formula

2o =t {([owat) [0 50 1]

cost¥s —sindy e
X {([Oés—lﬁs—l} |:sinq93 COs 198 :|> |:e;:| } ’

with s = 1,2,..., and the rotation angle ¥, is defined by

(3.2)

Ay
Card(Ai)7 lf QOS - A7(1)7
Y= 24 (1)
1 .
Card(Ai)v 1f 908 € A’Lv 908 7é Al(l)

Formula (3.2) implies that next column in Table 1, i.e., PCP from that col-
umn, is obtained by a rotation of the vector (cos ¢s,sin @) of the previous PCP
around xzg-axis. Let us illustrate it on first few PCP:
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e to obtain the PCP Z; corresponding to the subset A we need to rotate the
parameter set of Zy by angle 7;

e to obtain the PCP Z; corresponding to the element As(1) we need to rotate
the parameter set of Z; by angle 7;

e to obtain the PCP Z3 corresponding to the element A3(2) we need to rotate
the parameter set of Z3 by angle 7.

Finally we see that by the proposed construction of the parameter set A we can

easily calculate the rotation angle. Thus we obtained a clear relation between

different PCP.

Remark 3.1. We would like to notice that PCP Z,, and Z,, can be obtained by
rotations of the Fueter variables z; and z; as follows

™ ™
Zgo = Fay (2) "2, 2oy = Bay (_2) AL

where Ry, (¥) and R,, () are elements of SO(3) representing rotations around axis
1 and xo, respectively.

We would like to notice that we have presented the detailed study of one
specific parameter set which allows us finally to describe relations between different
columns in the PCP basis. But of course, any other choice of parameters satisfying
conditions a? + 42 = 1 is allowed, like for instance dyadic fractions 0, 5 :I:QSI Lo
for integers m > 2 and k > 0 such that 2k + 1 < 2™~!. Therefore it is natural to
ask a question if one choice of the parameter set is “better” than the others. But of
course the meaning of “better” depends on a specific situation. For example, one
can expect that different parameter sets would provide different approximation
properties of the resulting system of PCP. This question has to be studied in
future work.

4. Summary and outlook

In this paper we have presented a study of some interesting properties of pseudo-
complex polynomials. Particularly, it was shown that by using multiplicative ex-
tensions and restrictions with chosen parameters o and s one can obtain PCP
from the complex monomial and vice versa. By this construction it becomes clear
that these polynomials are parameter-set isomorphic to the classical complex pow-
ers. Finally, by formalizing a construction of a specific parameter set we have ob-
tained an explicit representation of PCP from each column in Table 1 in terms
of the previous column. This construction is based on the idea of a rotation of
PCP around zg-axis. In future work the studied properties have to be checked in
different applications.
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Slice Regular Functions on Regular Quadratic
Cones of Real Alternative Algebras

Guangbin Ren, Xieping Wang and Zhenghua Xu

Abstract. The theory of slice regular functions is a natural generalization
of that of holomorphic functions of one complex variable to the setting of
quaternions, octonions, paravectors in Clifford algebras, and more generally
quadratic cones of real alternative algebras, in virtue of a slight modification
of a well-known Fueter construction. In this paper, we focus on slice regular
functions on the so-called regular quadratic cones, which are generally smaller
than quadratic cones introduced by Ghiloni—Perotti and turn out to be the
appropriate sets on which some nice properties of slice regular functions can
be considered, including particularly the growth and distortion theorems for
slice regular extensions of univalent holomorphic functions on the unit disc
D C C, the Erdés—Lax inequality and the Turan inequality for a subclass of
slice regular polynomials with all the coefficients in a same complex plane. It
is noteworthy that the notion of regular quadratic cones also provides addi-
tionally an effective approach to unifying the theory of slice regular functions
on quaternions, octonions, and paravectors in Clifford algebras.

Mathematics Subject Classification (2010). 30G35, 32A30.

Keywords. Slice regular functions; real alternative algebras; growth and dis-
tortion theorems; Erdds—Lax inequality; Turan inequality.

1. Introduction

A theory of slice regular functions on the so-called quadratic cones of real alter-
native algebras was recently initiated by Ghiloni and Perotti [24]. It contains and
generalizes the theory of slice regular functions introduced initially by Gentili and
Struppa in [20,21] for quaternions H, and subsequently by Colombo, Sabadini and
Struppa [7,8] in the real Clifford algebra R,,, and later also by Gentili and Struppa
in [22] for octonions @. This new slice regular theory involves a notion of slice reg-
ularity, which goes back to a work of Cullen [10] and is significantly different from

This work was supported by Chinese NSF grant No. 11371337.
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that of Cauchy—Fueter (see [2] for example). It also has elegant applications to
the functional calculus for noncommutative operators [9], Schur analysis [1], and
the construction and classification of orthogonal complex structures on dense open
subsets of R* [18].

The strategy proposed by Ghiloni and Perotti [24] is motivated by a well-
known Fueter construction, which provides an effective way to generate quater-
nionic regular functions (in the sense of Cauchy—Fueter) starting from complex
holomorphic functions (cf. [15,40]) and has been generalized by Sce [37], Qian [31],
and Sommen [39] to the setting of Clifford algebras. Many variants have been given
since then in Clifford analysis [6,13,30,32] and Dunkl-Clifford analysis [14]. The
approach introduced by Ghiloni and Perotti in [24] for an alternative algebra A
over R makes use of the complexified algebra A ®r C, denoted by Ac¢. It turns
out that for each holomorphic function F' on an open set D C C invariant under
the complex conjugate, there exists a unique slice regular function f : [D] — A
on [D]:={a+8J:a+pie€ D,J €Sy} C Qu such that the following diagram
commutes for every J € Sy:

o] -4
ok
D F>A(c

The construction above depends heavily on the so-called slice complex nature
of Qa, the so-called quadratic cone in A (see Section 2 below for the precise
definition), i.e.,

Q= U Cy,
JES
and
CinCy =R, VI,J e Sy with I #+J.

Here S, denotes the set of square roots of —1 in the algebra A, defined by
Sa:=1{J€Qu|J* =1},
and for every J € Sy, &5 : C — Q, and &;J : Ac — A are two maps defined
respectively by
D j(a+1ib) =a+ Jb, Va,beR,
and
dj(a+if)=a+JB, VYa,B€A.

As shown in [24], when D C C is a domain invariant under the complex
conjugate and A is the quaternions H, the set of slice regular functions f on [D]
obtained by the construction above from holomorphic functions ' on D coincides
exactly with the one studied in [3] on the symmetric slice domain [D], a notion

first introduced in [5] (as pointed out by the referee). As one easily sees, this is also
the case when A is the octonions @, even though the reference [22] dealt only with
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slice regular functions on the open balls centered at the origin, i.e., power series of
one octonionic variable with octonionic coefficients on the right. Now slice regular
functions on symmetric slice domains in O have been studied deeply in [42].

Now a rather natural question arises in the theory of slice regularity:

To what extent can one extend nice properties of holomorphic functions to
the non-commutative setting for slice reqular functions?

This paper attempts to answer this question. It turns out that the quadratic
cones introduced by Ghiloni and Perotti is too big for the extensions in general
and the suitable set should be the so-called regular quadratic cones H C Q,a, which
will be introduced in the next section, and guarantee the existence of an element
I € S, satisfying that

T(IJ) € R, VJeSyanNH, (1.1)

where 7 denotes a trace operator in the alternative algebra A (see Lemma 3.4). The
importance of the trace condition (1.1) lies at its resulting fundamental identity
for norms of slice functions. Condition (1.1) is known to be abided by each regular
quadratic cone, while may fail for quadratic cone in general (see Remark 3.3 below
for an explicit counterexample). This predicates that properties of stem functions
may fail to extend to the biggest quadratic cone and also explains the reason
why slice analysis should be resided in the regular quadratic cones. Moreover, it
should be remarked that as already observed in the setting of quaternions for the
study of slice Bergman spaces [4], for regular compositions [35] and for Bieberbach
conjecture [16], a sufficient condition of preserving one slice is quite useful. Such
a condition is even suspected to be necessary by Gal, Gonzalez-Cervantes, and
Sabadini for the Bieberbach conjecture in quaternions [16]. We also find that such
a condition is best possible when generalizing the classical Erdés—Lax inequality
to the setting of real alternative algebras.

The point of slice analysis on a regular quadratic cone is that it provides an
effective approach to unifying the theory of slice regular functions on quaternions,
octonions, and paravectors in Clifford algebras. It also fulfils the natural idea
of extending nice properties of holomorphic functions to noncommutative case, at
least for slice regular functions preserving one slice defined in the regular quadratic
cones. We shall establish the sharp growth and distortion theorems, the Erdés—Lax
inequality, and the Turan inequality for slice regular functions on regular quadratic
cones as well as the structure theorem of the zero set for slice regular functions
on the strong regular quadratic cones of real alternative algebras. In particular,
we provide a systematic approach to the study of zeros of octonionic slice regular
functions. For a series of studies on zeros of polynomials or power series over
noncommutative algebra, we refer the interested readers to [23, 26,28, 29, 44] and
the references therein.

This paper is arranged as follows. In Section 2, we recall some basic defini-
tions about real alternative algebras and introduce the notion of regular quadratic
cones in real alternative algebras. We then establish the representation formula for
the norm of slice functions on a real alternative algebra in Section 3, and extend
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the growth and distortion theorems, the Erdés—Lax inequality and the Turan in-
equality to the setting of real alternative algebras in Section 4. Finally, Section 5
comes the structure theorem of zeros of slice regular functions on strong regular
quadratic cones of real alternative algebras.

2. Real alternative algebras and quadratic cones

In this section, we recall some definitions and results about real alternative algebras
(see [12,24,25,38]).

2.1. Real alternative algebras

Let A be a finite-dimensional real alternative algebra with a unity. We assume that
A has dimension d > 1 as a real vector space, and identify the field of real numbers
with the subalgebra of A generated by the unity. Recall that an real algebra A is
alternative if the associator (z,y,z) := (zy)z — x(yz) of three elements of A is an
alternating function in its arguments. Artin’s theorem (cf. [38]) asserts that the
subalgebra generated by two elements of A is associative. Therefore there hold the
following Moufang identities:

a(z(ay)) = (aza)y,  ((za)y)a = z(aya),  (az)(ya) = a(zy)a
for all x,y,a € A.

Assumption 2.1. In what follows, we will assume that an anti-involution is fized on
the real alternative algebra A. It is a linear map x — x¢ of A into itself satisfying
the following properties:

()¢ =, VxeA,
(vy)° = yz®, Va,y €A,
¢ =, Vel

2.2. The quadratic cone of a real alternative algebra

For each element x of A, the trace of x is
T(z)=c+2°€A
and the (squared) norm of x is
N(z) = za° € A.
Definition 2.2. (see [24]) The quadratic cone Q4 of A is by definition a real cone
given by
Q4 :=RU {x €A|T(z) €R, N(z) € R, 4N (z) > T(x)z}.
For every z € Q, we also write \/N(z) as |z|.
The set of square roots of —1 in the algebra A is defined by
Sp={J€Qu|J*=—1}.
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For each J € Sy, we will denote by
C] = <1,J> %JC,

the subalgebra of A generated by J. Observe that for every J € S the restriction
of the anti-involution to C; becomes

r=a+pfJ—zx=a—pFJ (o, B €R).
Assumption 2.3. We shall always assume that Qp # R, or equivalently Sy # (.

Under the preceding assumption, the quadratic cone Q4 has two fundamental
properties [24]:

Qp = U Cr;

JESy
Ci(\Cs=R, VIJeS, I#=+J

Therefore, each non-zero element x € Q4 \ {0} has an multiplicative inverse 2= =

N(x)~tz¢ € Q4 \ {0} and its nth power 2" also lies in Qy for each n € N. It is
worth remarking here that in general the quadratic cone Q, is strictly contained
in A and Q4 = A if and only if A is isomorphic to one of the division algebras C,
H and O, in virtue of the well-known Hurwitz theorem.

2.3. Slice functions and slice regular functions

Given an open set D of C, invariant under the complex conjugate. Let [D] be its
associated set, given by

xzeD

where [z] = o + Sy for any x = a +if8 € D.

It is known that [D] is a relatively open subset of Qa. Such a set [D] is a
natural domains of definition for slice functions, which is called circular domains
of A as it keeps invariant under the action of the square roots of —1.

Definition 2.4. (see [24]) A function F' : D — A ®g C on an open set D C C
invariant under the complex conjugate is called a stem function if the A-valued
components Iy, Fy of F'= Fy + iF5 satisfy

Fi(z) = Fi(z), Fy(z) = —Fa(z2), VzeD.
Each stem function F': D — A ®@g C induces a (left) slice function
f=Z(F):[D] — A
via

f(x):=Fi(z) + JF2(2), Vaelz]lnCy.
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Each slice function f is induced by a unique stem function F' since F; and F»
can be obtained starting from f. We will denote the set of all such induced slice
functions on [D] by

S(ID]) == {f —I(F):[D] — A| F:D — A®gC is a stem function}.
Also, we will denote by
S = {f =T(F) e S(D)) : F € C*(D)}

the set of slice functions with stem functions of class C1. Let f = Z(F) € S([D])
and z = a4+ if € D. Then the partial derivatives 9F/Jd« and i0F /0 are contin-
uous stem functions on D. The same property holds for their linear combinations
oF 1 8F_Z,8F and or 1 ('9F+Z,8F
9z 2\ da 0B 0z 2\ da 0B )"

Definition 2.5. (see [24]) Let f = Z(F) € S'([D]). We set

of . (OF of _(oF
83:'_1—(82)’ 8xc'_z<8z>'

These functions are continuous slice functions on [D].

Definition 2.6. (see [24]) A slice function f = Z(F) € SY([D)) is slice regular if its
stem function F' is holomorphic. We will denote the vector space of slice regular
functions on [D] by

SR([D]) := {f =I(F)e SY[D]): F is holomorphic}.

For each slice regular function f € SR([D]), we define its slice derivative f' to be
the slice regular function on [D] given by

, of oF
= a=(5):

In general, the pointwise product of two slice functions is not a slice function.
However, the pointwise product in the algebra A ®r C induces a natural product
on slice functions.

Definition 2.7. (see [24]) Let f = Z(F') and g = Z(G) be two slice functions on
[D]. The slice product of f and g is the slice function on [D] given by

f*g:=I(FQG).

If f, g are slice regular, then also f * g is slice regular. In general, (f * g)(x) #
f(x)g(zx). If the components Fi, F» of the first stem function F' are real-valued, or
if F and G are both A-valued, then (f * g)(z) = f(x)g(z) for every x € [D]. In
this case, we will use also the notation fg in place of f * g.
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2.4. Regular Quadratic cones

Note that under Assumption 2.3, the quadratic cone Qa contains at least one
2-dimensional real subspace C; C A, where I is an element of Sy. This trivial
observation motivates us to introduce the following

Definition 2.8. A regular quadratic cone H is a subset of Q4 for which there exist
a real subspace M C A and an I € Sy N M such that H = Q4 N M and

I —Je Qy, vV JeSynM.
Notice that in a regular quadratic cone H, we have
SaNM=S,NH.

For clarity, we sometimes write H as H; or Hy s with I an arbitrarily fixed
element of S, satisfying the desired property in the definition of H.

Example. The typical examples of the regular quadratic cone H s are given by
H, A =H, Op=H=M,
H = O, A =0, Or=0=M,
R*" A=Cly,, QsDdR" =M.

This enables us to unify the theory of slice regular functions on quaternions, octo-
nions, and paravectors in Clifford algebras. Moreover, the above typical examples
are also strong regular quadratic cones (see Definition 5.1 below).

3. Representation formula for the norm of slice functions

In this section, a representation formula for the norm of slice functions is estab-
lished, which states that the norm of every slice function is uniquely determined
by its value on a plane Cj. The corresponding result in the setting of quaternions
or Clifford algebras was obtained in [33] in order to achieve the sharp growth and
distortion theorems for slice regular extensions of univalent holomorphic functions
on the open unit disc D C C. It has found many applications in the theory of slice
regular functions (see [34-36,42]).

As usual, our starting point is still the following fundamental representation
formula for slice functions.

Lemma 3.1. (see [24]) Let f € S([D]) and I € Su. Then the following formula

holds true:
fa) = o (Flat61) + flo— 1)+, (10— 61) ~ flo+61)))  (3.1)

for every J € Sy and every x = a+ J € Dy :=[D]NC,.
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Theorem 3.2. Let f € S([D]) be such that f(D;) C Cy for some I € Sp. Then

there holds the identity:

2—-T(JI)
4

2+ T(JI)

N(f(a+87) = f

N(fla+BI)) + N(f(a—BI))

for every a4 BJ € [D].

Proof. Denote © = a+ 8J, z = a+ Bl and Z = o — BI. By the representation
formula (Lemma 3.1), we have

2f(x) =a+b
with
ai= e+ 1) b= (1) - ).
Noticing that
N(a+0b)=(a+b)(a+b)=N(a)+N(b)+ T(ab),
we can rewrite the norm N(f) as
AN (f(z)) = N(a) + N(b) + T (ab®). (3.2)
Since f(Dr) € Cy, we have
N(a) =N(f(z) + f(z)) eR
and

N(f(z) = f(z), N(f(2), N(f(2)) €R.

By Moufang identities in Section 2, we thus have

N) = (JI(F() = ) ((£(2) = £())°L )
= (1) = 1) (F(2) = 1))
- J(IN(f(z) - f(z))I)J

N(f(z) = f(2))

and
T(ab) = T((f(2) + £(2) (F(2) = £(2) 1T
= (N (F(2)) = N (£(2))) T(2).

Inserting the above two formulas into (3.2) yields that

N(fla+p8J)) = i(z —T(JD)N (fla+BI)) + i 2+ TWUD)N(f(a—BI)). O
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Remark 3.3. We point out that in the Clifford algebra R,, it may fail that
T(J)eR

for all I,J € Su. In contrast, if A is one of the division algebras C, H or O, then
T(IJ)eRforall,JeS,.

For simplicity we consider the case of R3. An element x € R3 can be repre-
sented uniquely as a sum

3

T = X9+ E xi€; + E Tjpejer + T123€1€2€3
i=1 1<j<k<3

with real coefficients xo, z;, zk, ©123. It is known [24] that the quadratic cone in
R3 is the six-dimensional real algebraic set
Or, = {CU €R3 | 2123 = 0, 21723 — To13 + ¥3T12 = 0}
and Sg, is a four-dimensional sphere in Rj:
Sr, = {x € Or, | mo =0, fo—ka?k = 1}.
i j<k

Now we take

I = x1e1 + w2e2 + z3€3 + T12€12 + T13€13 + T23€23 € SRy,

J = y1e1 + y2ez + yzez + yioe12 + y13€13 + Yo3e23 € Sg,.
By a direct calculation, we have

TUT) = =2(I,J) + 2(z1y23 — T2y13 + T3y12 + Y1723 — Y213 + Y3T12)€123.
It is evident that 7 (IJ) ¢ R in general. This means that it may fail that
T(J)eR

for all I, J € Og,.
Consequently, Qg, is a quadratic cone but not a regular quadratic cone as
shown by the following lemma.

Lemma 3.4. In each regular quadratic cone Hy C A, we always have
TIJ)eR and [T(IJ)] <2
forall J € Sy,NHy.

Proof. By definition, we have I — J € Qu so that N(I — J) € R. On the other
hand, we have

NI-D)=T-NH({I-J)°=2+TJ)
so that T(I.J) € R. Since T(I.J) = I.J 4 JI, it implies that |7 (I.J)| < 2. O

With this lemma, the identity in Theorem 3.2 thus becomes exactly a convex
combination identity in each regular quadratic cone H:
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Theorem 3.5. Let H; C Qu be a regular quadratic cone and f € S([D] NHy) be
such that f(Dy) C Cy. Then for each J € Sy N Hj there exists a real number
A1,y € [0,1] such that

N(fla+BJ)) = AN (fla+BI)) + (1 = AN (f(a = 8I)).

4. Some consequences of Theorem 3.5

Throughout this section, we denote by H; a regular quadratic cone in a real
alternative algebra A, where I is an arbitrarily fixed element of S, satisfying the
desired property in the definition of H; (see Definition 2.8). Set

B:{xGH[Z|$|<1}, B =BnNC;.

As a direct consequence of Theorem 3.5, we conclude that the maximum as
well as the minimum modulus of f is actually attained on the preserved slice.

Theorem 4.1. Let f € S([D] N Hy) be such that f(Dy) C Cy. Then for each
a+ Bi € D, we have the following equalities:

max N (f(a+BJ)) = max{|f(a+ D" |f(a = 8D},

JESANH 1

and

2 2
i J)) = mi { DI | f(a—BI }
Jamin N (f(a+ 6)) = min{|f(a+ 6D, |f(a - 51)|

The preceding theorem in turn results in the growth and distortion theorems
for slice regular functions on a regular quadratic cone in an alternative algebra A,
which were first proved in [33] in the settings of quaternions and Clifford algebras.

Theorem 4.2 (Growth and Distortion Theorems). Let f be a slice reqular function
on Hy such that its restriction fr to By is injective and f(Br) C C;. If f(0) =0
and f'(0) = 1, then for all x € B, the following inequalities hold:

|| ||

)2 .
1—|z| /Ny 1/2 L+ |z
(1+ |z])3 SN(f@) " < (1— |z)3’ (4.2)
1— x| , e w172 14|
1+ |z| SN(af'() « f7 (@) '~ < 1= [af (4.3)

where f=* : B\{0} — A is the slice regular extension to B\{0} of the holomorphic
function 1/fr : By \ {0} — Cj. Moreover, equality holds for one of these six
inequalities at some point xog # 0 if and only if f is of the form

f(x) =2(1 —ze’®) ™2 VazeB,

for some 6 € R.
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Proof. The result easily follows from Theorem 4.1 and a similar argument as that
in the proof of [33, Theorem 3.5], together with the classical growth and distortion
theorems (cf. [11]) for univalent holomorphic functions on the open unit disc of C.

O

The same argument can be used to proved the Erdés—Lax and the Turan
inequalities for a subclass of slice regular polynomials on H;. Recall first that the
classical Erdds—Lax inequality (cf. [27]) states that

’ n
< 4.4
max Ip'(2)] < o 10X Ip(2)] (4.4)

for those complex polynomials p of degree n that have no zeros in the open unit
disk of C.

As pointed out in [17], this result fails in the quaternionic setting in general,
but holds true for a subclass of slice regular quaternionic polynomials of degree n.
Following the idea in [43], we now extend this result to slice regular polynomials
on 7‘[[ - A.

Theorem 4.3. Let p : H; — A be a slice regular polynomial of degree n with
p(x) = 37_ga’a; and all coefficients a; € Cr. If the restriction p; has no zeros

on By, then
2

max N (p(z)) < " max N (p(z)).

zEB 4 zeB

Proof. The classical result applied to p; yields that

’ n
< .
max Ip;(2)| < g 02X lp1(2)]

Note that 7(IJ) € R for all J € S,, in view of Lemma 3.4. By the convex
combination identity in Theorem 3.5 we have, for all a 4+ 5J € By,

1 1
N (a+p80) =, 2=TUD)P (e + B + L2 HTUD)P (@~ sI)?
2
<y maxlpr(x)%,
ie.,
2
N@'(a+BJT)) < Z I;lgﬁ(./\f(p(w)), Va+pJ €By, JeSyNH;,
as desired. 0

Example. The result in the preceding theorem may fail after removing the re-
striction of preserving one slice. A counterexample is provided in [17]. Let p(q) =
q* — q(i+ j) +ij be a slice regular quaternionic polynomial. The only zero of this
polynomial is ¢ = i. However,

max |p’(z)] > (6 +4v2)2 > (4+4v2)2 > imax [p(2)].

|z[<1 |z[<1
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An inverse inequality analogous to (4.4) was proved by Turan [41], which
states that

’ n
> 4.5
max Ip'(2)| > o 10X Ip(2)] (4.5)

for complex polynomials of degree n with all zeros in {z € C: |z| < 1}.
Theorem 4.4. Let p : H; — A be a slice regular polynomial of degree n with
p(x) = Z?:o x’a; and all coefficients a; € Cy. If the restriction p; has all its

zeros in By, then
2
max N (p/(z)) > " max N (p(x)).

zEB 4 zeB

Proof. The proof is completely similar as that of Theorem 4.3. (]

5. Structure of zeros
In this section, we discuss the properties of the zeros of slice regular functions on

the so-called strong regular quadratic cones in real alternative algebras A.

5.1. Strong regular quadratic cones
Definition 5.1. We say a regular quadratic cone H; in A is strong if for each
JeSynNHy, IJ;] €S, if and only if J = 1.

It is easy to see that quaternions H and octonions O are respectively the
strong regular quadratic cones contained in themselves, and the space of paravec-
tors R"*1 is a strong regular quadratic cone in the Clifford algebras R,,.

Lemma 5.2. Let H; be a strong reqular quadratic cone in A. Then for every J €
Sa NHy with J £ I, I — J is always invertible.

Proof. Let J be an element of Sy N H; such that J # I. Then
(I—-J)2=-2-T(J)=:pu

is a real number, in view of Lemma 3.4. We claim that p # 0, so that I —J admits
an inverse

1
I—J)t="(I-1J).
(I—J) M( )
Indeed, if 4 = 0, then 7(IJ) = —2 so that

I+7\’ _—2+4TJ)) _ |
2 B 4 -
This means that (I + J)/2 € Sy N Hr and hence J = I, contradicting the choice

of J. O
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5.2. Representation formula and splitting lemma for slice regular functions

In what follows, we always denote by H = H; a strong regular quadratic cone in
a real alternative algebra A and by Sy the intersection Sy N H.

Definition 5.3. A domain Q in H is called an (azially) symmetric slice domain if
there exists a domain D C C intersected with R and invariant under the complex
conjugate such that Q = [D].

For each symmetric slice domain Q C H and each J € Sy, we denote by
the intersection Q2 N Cj.

Theorem 5.4 (Representation formula). Let f: Q — A be a slice regular function
on a symmetric slice domain Q@ C Hy and let o+ I € Q. Then the following
equality

fla+B))=(J-K)((I-K)""fla+8I)+ I —-J)(I-K)"fla+BK)).
holds for all J € Sy \ {I} and all K € Sy,.

Proof. Lemma 5.2 guarantees that for each K € Sy \{I}, (I—K)~! is well defined.
The result follows immediately from the fact that the restriction of f to the sphere
a+ Sy € Q is affine in the imaginary unit; see [24, Proposition 6] for details. [

As a direct consequence of the preceding theorem, we have the following
properties of zeros of slice regular functions.

Proposition 5.5. Let f: Q — A be a slice reqular function on a symmetric slice
domain Q C Hy. If f vanishes at a point o+ 1, then either f : Q) — A vanishes
identically in o+ BSy, or f does not have other zero in o+ 5Syy, .

We next digress to the splitting lemma for slice regular functions on symmet-
ric slice domains 2 C H. Recall that each real alternative algebra A has a complex
structure induced by the left multiplication of an element from Sy so that its real
dimension is even. We denote

1
hi=, dimg A —1€NU{0}.

The following splitting lemma clarifies the relation between slice regularity and
complex holomorphy (cf. [25, Lemma 2.4]).

Lemma 5.6 (Splitting lemma). Let f : Q@ — A be a slice reqular function on a
symmetric slice domain Q C H. Then for each J € Sy, there exist K1, ..., K, € Sy
and holomorphic functions Fy, F1,..., Fy : Q; — C; such that

{KO - 1,K1,...,Kh,J,JKl,...,JKh}

forms a real vector basis for A and

h
f](z):ZFj(Z)KJ‘, VzeQy.
=0
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5.3. Auxiliary functions associated with slice regular functions

Suppose that Q = [D] C H is a symmetric slice domain, where D is a domain of
C intersected with R and invariant under the complex conjugate. The preceding
splitting lemma enables us to introduce for each slice regular function f on €2
an auxiliary function f?, which is crucial to study the structure of zeros of slice
regular functions. For each J € S¢;, we split the restriction f; into

h
fr=7 FK,
=0

with K1,..., K, € Sy and holomorphic functions Fy, Fi,...,Fp : Q5 — C; as
described in Lemma 5.6. We then define the holomorphic function f§ : Q; —
Cys by

h
f5(z) =Y Fi(2)F5(2).
j=0

It induces a slice regular function f defined on Q via equality (3.1). The function
f? has two main properties:

(i) f° vanishes on the zeros of f;

(ii) f preserves each slice, i.e., f7(2;) C C; for all J € Sy.

From now on, we denote by Z¢ the zeros of the function f.

Lemma 5.7. Let f : Q — A be a non-identically vanishing slice reqular function
on a symmetric slice domain Q@ C H. Then for each J € Sy, the intersection
ZyNCy is closed and discrete in §;.

Proof. For each J € Sy, the closeness of Zy N Cy in 2 is obvious and the dis-
creteness can be proved as follows. By Lemma 5.6, for each J € Sy, there exist
Ki,..., Ky € Sy and holomorphic functions Fy, Fi,..., Fy : Q5 — C; such that
{KO =1,Ky,...,Kp, J,JKq, ..., JKh} forms a real vector basis for A and

h
f](z):ZFj(Z)KJ‘, VzeQy.
=0

Since f # 0, it follows from the representation formula (Lemma 3.1) that the
restriction f; does not vanish identically, and so does some F};, with 0 < jo < h.
Therefore, Z; NC; C Zp;, N C is discrete in Q. O

Lemma 5.8. Let f : Q — A be a slice regular function on a symmetric slice
domain Q@ C H. Then f vanishes identically on Q if and only if so does f°.

Proof. We only need to prove the sufficiency. As above, we write the restriction
fras
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where F : Q; — C; are holomorphic functions. Take yo € 25 N R and consider
the series expansion

+
8

Fj(z) = (z —=v0)"ajm, ajm€Cy,

3

=0
which holds in a suitable disc A(yp, R) C 2 of radius R and centered at yo € R.
Then, on A(yo, R), we have

+oo
Fj(z) = Z (z—=y0)"ajm, ajm €Cy.

m=0

Moreover on A(yg, R) we can write

h too
7(z) =D Fi(2)Fi(z) = Y _ (=~ w0) chm,
j=0 m=0
where -
Cjm = Z g0, m—i-
i=0

By assumption, we have f7 = 0 so that f§ = 0 in the disc A(yo, R). Hence,

h h
D o= lajol’ =
=0 =0

so aj,o = 0 for all multi-indices j. Now, by induction, assume that
a/j,i:O, iZO,l,...,k—]_, kz]-, ]:0,1,,h

Consider the coefficient

E C]Qk—§ § Aj ;A5 2k—i

7=0 3=0

which is zero because f§ = 0. Thus,

h h
D o= lagl®
=0 =0

is zero if and only if aj, = 0 for all multi-indices j. We conclude that f§ =
0 in the disc A(yp, R) implies that all the coefficients aj; vanish, thus also f;
vanishes identically on €2 ;. By the representation formula in Lemma 3.1, f vanishes
identically. O

The zeros of slice regular functions f? is described in the following result:

Lemma 5.9. Let f: Q — A be a non-identically vanishing slice reqular function
on a symmetric slice domain Q@ C H. If there exists one point x € Q0 for which
f7(x) =0, then f°(y) =0 for all y € [x]NH. Moreover, the zero set of f7 consists
of isolated spheres (which might reduce to points on the real axis).
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Proof. The first part of the statement is trivial. The second part follows from an
argument by contradiction: if the spheres of zeros were not isolated, on each plane
we would get accumulation points of zeros and thus f? would be identically zero
by the identity principle for holomorphic functions and thus it follows from Lemma
5.8 that f = 0, giving a contradiction. O

Lemma 5.10. Let Q@ C H be a symmetric slice domain and f : Q — A a slice
regular function. Then every zero of f is also a zero of f€.

Proof. Assume that f(a + 8J) = 0. By the splitting lemma,
h
fJ(Z) = ZFJ(Z)KJ
§=0
Therefore, F;(a+ 8J) = 0 for all j. By definition,
h
f3(2) =D _Fi(2)Fi(2),
§=0

we thus have f§(a + 5J) = 0 and the result follows. O

5.4. Structure of zeros

We now state the topological property of the zeros of slice regular functions; see [19,
Theorem 3.12] for the quaternionic case and [9, Theorem 2.5.14] for the Clifford
algebra case.

Please replace it by the following sentences:

Theorem 5.11 (Structure of zeros). Let H C A be a strong regular quadratic cone
such that for each pair of distinct elements I, J € Sy, I — J is invertible, and
f:Q — A a non-identically vanishing slice reqular function on a symmetric slice
domain § C H. Then the zero set Zy of f consists of isolated points or isolated
spheres of the form o« + Sy with o, 5 € R.

Proof. Note that under our assumption, we can deduce from Theorem 5.4 that
each sphere of the form o + Sy with o, 8 € R, either is contained in Zy or
contains only one point of Z¢. We proceed with an argument by contradiction and
suppose that the conclusion asserted in the theorem were incorrect. Then there
would be a sequence {z,} C Z satisfying that for any j,k € N with j # F,
[2;] N [zx] = 0, and converging to some point zo € a + Sy with «, f € R. This
together with Lemma 5.10 implies that the zero set of f¢ consists of non-isolated
spheres. However, this is impossible in view of Lemmas 5.8 and 5.9. O

If we weaken the assumption in the preceding theorem, we can only obtain
the following

Theorem 5.12. Let H C A be a strong regular quadratic cone and f : Q — A
a non-identically vanishing slice reqular function on a symmetric slice domain
Q C H. Then if some sphere oo + BSy with o, B € R is contained Zy, it must be
1solated in Zy.
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Abstract. In this paper we use a calculus of differential forms which is defined
using an axiomatic approach. We then define integration of differential forms
over chains in a new way and we present a short proof of Stokes’ formula
using distributional techniques. We also consider differential forms in Clifford
analysis, vector differentials and their powers. This framework enables an
easy proof for a Cauchy formula on a k-surface. Finally, we discuss how to
compute winding numbers in terms of the monogenic Cauchy kernel and the
vector differentials with a new approach which does not involve cohomology
of differential forms.
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1. Introduction

This paper is a continuation of our former papers [9, 10, 11, 12] in which the
calculus of differential forms has been combined with the Clifford algebra. Using
Clifford analysis techniques, and monogenic functions in particular, we were able
to establish a Cauchy-type formula for the Dirac operator on surfaces (see [10]), a
theory of monogenic differential forms allowing a cohomology theory (see [9, 12])
and a formula for the winding number of a k-cycle and a (m — k — 1)-cycle in R™
(see [9]). This extends the work of Hodge [7] in which the homology of a domain
is measured in terms of integrals over cycles of harmonic differential forms. To
understand these ideas, one has to recall that the theory of monogenic functions
in Clifford analysis deals with nullsolutions of the Dirac operator 0, in R™, which
is a higher-dimensional generalization of the theory of holomorphic functions in
the plane. Consider a point p in the plane (or a number of points) and a closed
Jordan curve (a 1-cycle) I' € C\ {p}; then the winding number of I around p is

given by the Cauchy integral
1 / dz
27 Jp 2 —Dp
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which is a special case of the residue formula
1 f(z)dz
27i Jp z—p

The analog Cauchy formula for monogenic functions has the form (see [1])

flx) = E(u—z)o(du) f(u)

oC
where C'is an open bounded set in R™, « € C, E(u — z) is the Cauchy kernel and
o(du) is a suitable (m — 1)-form with values in a Clifford algebra that represents
the oriented surface measure. Using this Cauchy formula in special cases, one can
establish a formula for the winding number of an (m — 1)-cycle around one or
several points.

However, in R™ one can also consider k-cycles Cj and (m — k — 1)-cycles
Cm—k—1 in R™\ C} for which there is a winding number that can be defined in
terms of the intersection number; it cannot be measured in terms of monogenic
functions right away. This makes it necessary to combine a calculus of differential
forms with the theory of monogenic functions, as we do in this work.

The paper consists of 5 sections, besides this introduction. In Section 2, we
define the calculus of differential forms from scratch using an axiomatic approach
which is inspired by the use of differential forms in analysis. In Section 3 we define
integration of differential forms over chains in a novel way which also includes
partial integration operators that are anti-commuting. In Section 4 we present a
short proof of Stokes’ formula using distributional techniques. Section 5 is devoted
to differential forms in Clifford analysis, starting with a short introduction to Clif-
ford algebras and monogenic functions. Then we introduce the vector differential
dx = Z;n:l ej dx;, that generalizes the complex differential dz = dx + idy, and its
powers dz* represent the oriented k-dimensional surface measure. This enables an
easy proof for a Cauchy formula on a k-surface. The final Section 6 is devoted to
the calculation of the winding number in terms of the monogenic Cauchy kernel
and the vector differentials dx, du, etc. The formulas thus obtained are easier to
present and understand than the ones presented in [9], moreover the approach is
new and does not involve cohomology of differential forms.

2. Differential forms

Let 2 C R™ be an open set, and let C*°(€2) be the ring of real (or complex)-valued
smooth functions on 2. We begin by defining the algebra of differential forms:

Definition 2.1. The algebra A(C*°(Q2)) of smooth differential forms on €2 is defined
as the smallest associative algebra over C*° () satisfying the following axioms:

(A1) €=(Q) C AMC™(Q));
and there is a map d : A(C*°(Q)) — A(C*(Q2)) such that
(Ao) d1 = 0;
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(A7) for p € C*(2), F € A(C>*(Q))
d(pF) =dp F + ¢ dF,
(Ag) for p € C*(2), F € A(C>*(Q))
d(dp F) = —dg dF.

Let P = Alg{z1,...,zy} be the algebra of polynomials in x1,..., 2, with

real (or complex) coefficients. Then the generators x1, ..., Z,,, interpreted as co-
ordinate functions, give rise to the differential dz1, ..., dz,,. We can then give the
following:

Definition 2.2. The subalgebra A(P) of A(C>°(Q2)) is generated by P and satisfies,
for any F' € A(P), the axioms

(A)) for F € A(P) d(z;F) = dxj F + x;dF;
(AL) for F € A(P) d(dz; F') = —dx; dF.
Proposition 2.3. The following properties hold:

(1) d(zg dz;) = dxy dzj;

(ii) d(dzjxr) = —dajdag;

(ili) dzjdry = —dx;day.
Proof. Property (i) follows from

d(zy dxj) = doy doj + xdexj = dxy, dzj,
since, by (Ap) and (Asz)
d*p =d(dp1) = —dpdl =0
for ¢ € C(Q).
As a special case of (A}), we also have
d(dzj xp) = —dzjdzy,

so (ii) follows. As a consequence of (i) and (ii) we obtain dz;dzry = —dz;dzg. O

Remark 2.4. The previous result implies that dz1, ..., dz,, generate a Grassmann
algebra of dimension 2™.

From the definition of A(P) it follows that every F' € A(P) has the form
F= Y Fa(z)dra, Fa(z)eP,
ACM
where M = {1,...,m}, dva = dzq, ...dzq, for A ={aq,...,a;} and with a3 <
<o+ < ayp. It follows that

dF = Z dFs(z)dz 4,
ACM
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so it suffices to calculate dp for ¢ € P. By using iteratively the axiom (A)) one
can prove by induction on the degree of ¢ € P that

do = Z dz; Oy, .
j=1
Now note that P is dense in C*°(2) and A(P) is dense in A(C*°(R)). So, it
follows that every F € A(C*°(2)) is of the form

F= Y Falx)dva, FacC>Q),
ACM

and, in general,

dF = Xm: drj > Oy, Fa(x)dos = Xm: dz; Oy, F.

j=1 AcCM j=1

However, the definition of A(C*(Q2)) and of d are independent of any coor-
dinate system. Hence, if (y1,...,¥ym) is another C*°-coordinate system on €2, then

we have that
d= Z dzj On; = Z dy; Oy, ,
j=1 j=1
so that we also have the chain rule

daj = Z Oc; dye

= e
and for A ={ay,...,ap} € M with a; < -+ < a; we have
0xq O0xq
dra = T kdg...dgv

- Z Z sgnm Oza, O, dyp

|B|=k \meSym(k) OYbrty  OYBrgyy
= ZJAdeB, B={B1,..-, Bk}, B < <P,

| B|=k
where
Japg = Z sgmraixal aaxak
reSym(k) B (1) YBar )
are the generalized Jacobians. So, in the coordinates (y1, ..., Ym) we have

F=)Y Faldea= Y | > Falz)as | dys.

ACM BCM \ |A|=|B|

Hence, the chain rule and Jacobians are an automatic consequence of the axioms.
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3. Integration of differential forms

We extend the notion of differential form to the case where the components F4 ()
are generalized functions or distributions in Q. Let

F:FM(xl,...,a:m)dxl...dxm

be a distributional form of maximum degree with supp(Fas) = K C Q compact.

Then, the integral
/F:/ / Fy(z)dey ... dzy,
Q —00 —o0

is well defined (note that this is a formal way of writing: we are using the density
of D(Q) in &'(N2) and thus the integrals are meant in the sense of functionals,
see, e.g., [5]). Denote by Ar(C>°(Q)) the subspace of k-forms, namely of elements
F'=3" a2 Fa(@) dza, where Fa € C*(2) and denote by Ax(C>(12)) its closure
in the distributions, namely the subspace of the k-forms F' = 3~ 4 _; Fa(z) dza,
with F4 € D'(Q). Let X be an infinitely differentiable k-surface in R™ defined as
the image of a C*°-map:

() s (uy .., uk) = x(ug, ..o ug),

where u = (u1,...,ux) € Q' C RF ie., ¥ = (). Next, let F' € Ax(C>®(R™))
with supp(F) N Y compact. Then we can define

/EF:://EA:FA(x(ul,...,uk))JA(u)dul...duk

where
0% a, 0%,

8u7r(1) o auﬂ(k)

is the Jacobian that appears from the chain rule. This also implies that the above
definition will not depend on the coordinate system in use. Indeed, if we use

another coordinate system (yi,...,yx) that locally has the same orientation as
(u1,...,ux), then for any ¢ € C>=(Q)
/ (w) dus .. . du / 'aul Y gy d
IQD 1. k= “90 8y1 8y Y ... aYg
8ku1 UL
dyy ...d
/H el 52!1 - Oy . Yo
but we also have that
8’%1 oo UR
J =J . .
Au() = Ta(w - o "

In other words, the calculus with differential forms automatically keeps track of
Jacobians.
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In the sequel we also need partial integration of differential forms. For a form
F(y)dy; . ..dy, with compact support, this is defined as the operator

. +Oo
/ F(y)dy ...dye == (=1)""! (/ F(y) dyj) dyy ... dyj—1dy;1dye

Yj —o0

that transforms differential forms into differential forms. From this definition, it is

clear that, as operators:
Ll
Ye Ye

while the integral of k-forms may now be defined as

/EF: /IXA:FA(JS(U))JA(U) dus . .. duy

:/uk...(Ale:FA(x(u))JA(u)dul>...duk.

In other words, variables of integration have to be moved to the left side of
a differential form. It is important to note that the above definition of integral
automatically keeps track of the orientation on X: it is determined by the order of
the coordinates uy, ..., ug.

and also

4. Stokes’ formula

Let F' € Ap—1(C>(R2)) with suppF NE compact and ¥ is as above. Then we have
that (where Z means that x is suppressed):

k a0, ..z —
/dF:/ S duj 0, 3 Faa(w)) Tt g Gy dum
B R* =1 A

8u1...5u\j...(9uk

k
= / Zaujgj(u)dul ...dup =0,
R T

since suppF N X is compact, with
O 2g, o Ty,
Ouy ...0uj...0uy

gi(u) =) Fa(a(u))
A

Let C be a compact set in R™ with nonempty interior and C* boundary.
Let ¢ € C*°(R™) be a defining function for C, i.e., ¢ < 0 in int(C), ¢ > 0 in
R™\ C and ¢ =0, Vo # 0 on 0C. Then, if Y denotes the Heaviside function, we
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have that Y (—¢) = xc where x¢ is the characteristic function of C'. Moreover,
for F' € Ap_1(C>(Q2)) with C C Q we would have that

/ d(xc(x)F) = 0,
)

where
d(xcF) = dY (=p)F + xcdF,  dY(—¢) = —d(p)de,
where ¢ is the Dirac distribution on the real line. This leads to

Theorem 4.1 (Stokes’ formula). With the above notations, the following formula
holds:

| sraer = [ v(=g)ar.

The formula can be also written in the more familiar form

/ F= dF.
acny cnxs

Here one has to choose local coordinates (v1,...,v,—1) on OC N3 such that
the orientation of the system of coordinates (p,v1,...,v,—1) is the same as the
orientation of (ug,...,ug).

Indeed, we have that
/5(@)dapF=/ ...//5(¢)d<pF=/ / F‘@:O:/ F.
b)) Vg1 v Jp V-1 v1 oCcNa

5. Clifford differential forms

The complex Clifford algebra C,, is the complex associative algebra with gener-
ators eq, ..., ey, together with the defining relations ejer + exe; = —26;,. Every
element a € C,,, can be written in the form

a= E asen, ap €C,
ACM

where, as before, M = {1,...,m} and for any multi-index A = {a1,...,ar} C M,
with oy < < ay we put eq =eq, -+ €ay-
Every a € C,, admits a multivector decomposition

a:Z[a]k, where [a], = Z asea,
k=0 |A|=k

so []x : C,, — CE, denotes the canonical projection of C,, onto the space CF, of
k-vectors. Note that C?, = C, the set of scalars while C}, is the space of 1-vectors

v=>"" vjej. So the map

m
(Vi,.. ., 0m) U= Zvjej
j=1
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leads to the identification of C™ with CL . For any v,w € CL, we have

vw=v-w+vAw,
m
v~w=—<v,w>:—2vjwj,
Jj=1

VAW = Zejg(vng — vow;) € CZ,.

i<t
More in general, for v,,...,v, € Cl we define the wedge (or Grassmann)
product in terms of the Clifford product by
1 k
VA Ay = il Z SGUT Uy Un(ry € Crppe
meSym(k)

We also call vy A+ Avy a k-blade. The k-blades span CE, | but not every element
in Ck, is a k-blade.
For v € Cl, and a € CF, we set
va = [valg—1 + [valgr1 =v-at+vAa

where

1 1
voa= 2(va + (=) taw), vAa= 9 (va+ (=1)*av).

More in general, for a € Ck | b€ C¢ | k > ¢ we have
ab = [ablg—¢ + [ablk—p42 + - - + [ab]g+e
and we define the wedge product as
[ablp+e = a ND.

So we have the Grassmann product in terms of the Clifford product. The

variable (z1,...,2,) € R™ is identified with the vector variable x = Z;nzl zje;
and C,,-valued functions in R™ are denoted by f(z) = >, fa(z)ea, fa are C-
valued functions.
Definition 5.1. A function f: Q C R™ — C,, real differentiable will be called left
monogenic in € if it satisfies 0, f(z) = 0 for x € Q, where 0, = Z;nzl €0y, is the
Dirac operator (or vector derivative).

We have the following formulas

20y =0 -0y +T N0y =—E; — T,
where B, = —x -0, = Z;n:l 20, is the Euler operator and I'; = —2 A 0, =
- Z;Zk ejxLjk, Ljx = 20z, — 110, , are the angular momentum operators. More-
over we have the overdot notation introduced by Hestenes
where

Op(xf) = =20y f — 2B, f.
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Remark 5.2. The elements dx1,...,dz,, generate a Grassmann algebra and also
e1,...,en form a Grassmann algebra with respect to the wedge product. Yet, we
do not identify dx; with e; as some authors do. The elements e; are imaginary
units and so symbolic constants, while the elements dz; are the differentials of
the real coordinates x1, ..., Z,. The wedge notation will be used only for Clifford
numbers, not for the differential forms dxq, ..., dx,,. However, we may use it for
vector differentials (see below and the last section).

The vector variable z = > j—1Zj€; can be seen as a R! -valued function. Its

differential, called vector differential is given by dx = Y ™" j—1 €jdx;. Combining the
Clifford product and the differential form product, we have that

d$)2 = Z dxjejdrie, = 22 dz;jdreejeq = dx A dr = [de]Q,
J:€ j<t
and, more in general,
|A|=Fk
In particular

m' =dxy...depmer ... e = V(da)ey,

Zd“M\{J}eM\{J} = Zea “drapgyen = —o(dx)en

where V(dx) denotes the Euclidean volume form and

m

o(dz) = Z(—l)jflej dxy ... d/x\J coodzy,
j=1

is called o-form.
Let f,g: Q — C,,, then

m

d(fog)= ijfejgdm dz,

= (fc?mg + f0,9) V(da).

Hence, for a compact subset C' C ) with nonempty interior and with smooth
boundary, we have (see [1, 10]):

Theorem 5.3 (Cauchy—Borel-Pompeiu). Let Q@ C R™ be an open set and f,g
Q — C,,. Let C C Q with nonempty interior and with smooth boundary. Then

/ d(fog) = / (g + F.q) V(da).
oC C
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We are now going to generalize this result to smooth k-surfaces C'NY where,
as before, ¥ is the infinitely differentiable image of a map v = (u1,...,um) —
z(u) € X.

First of all, we have that for = € X:

k
dx = Zduj Oy, (7) = Oy, x duy,
j=1

do® = Z(aujxawx — Ouy® Oy, ) duj duy

gj<t
ox ox
=2 du;d
Z Ou; " Ouy s
j<t
dat ox ox
0 = Z s /\”'/\811,' dujl...dujg (51)
‘A‘ ¢ J1 Je
and eventually
dz* Oz Oz
= Ao A duy...d 5.2
K ou Quy, L (5:2)

is the oriented k-vector-valued surface element on . All these surface forms are
coordinate-independent.

We now prove the following crucial result, see also [10]:
Lemma 5.4. We have the formal identity
dzk=1 _ 5 dz*
(k=1 7 R

Proof. We have the following chain of equalities

k k k
g, (axd”“" (e ax>

d

k! 2 k! k!
1 dak1 dab=2
=—y ({@,dm} Iz — da{ 0y, dx} x +--
k-1
e o, ey )
1 dazk=1
and clearly {0,,dz} = —2d. O

Theorem 5.5 (Stokes). Let ¥ be a smooth k-surface, let C be a compact set with
non empty interior whose boundary OC is a smooth (n — 1)-surface, (so CNY is
a compact set). Let f, g be C,,-valued smooth functions on 3. Then

dak1 / < R . da® )
. b g fo - g).
/asz f(k —1? ons / w9t K9
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k
Now we have to characterize the restriction to % of d, - d,'f! . We already know,

see (5.2), that
da*
T T(z)V(dus, ..., dug),

where T(x) is the unit k-blade tangent to ¥ at the point  and V(duy, ..., duy) is
the Euclidean volume form. Let p € ¥ and consider an orthonormal basis €4, . .., ¢
of k-planes tangent to 3 at the point p. Assume that the orthonormal basis has
the same orientation as the coordinate frame uy, ..., us. Then

T — O ox

—51...5k_wau1 /\.../\au]C

where w is a positive weight, namely a function with strictly positive real values.
Let vq,...,v,,_; be the remaining (m — k) unit vectors such that

(Eqye s €3 Vs e e s Vi k)

is an orthonormal basis of R™. Then

By = Oy + Ot

k
O =D ejle;,00)
J=1

m—k

aqcl = Z Vj<l/j78f1f>

j=1
so that after restriction to X we have
da _5 daF
gl g
We then have (compare with [10]):

k
_dz

0o - k!

=(-1)* Oy

Theorem 5.6 (Cauchy). Let ¥ be a smooth k-surface, let C' be a compact set with
non empty interior whose boundary OC is a smooth (n — 1)-surface. Let f,g be
Ci-valued smooth functions on 3. Then

d k—1 d k d k
R R BN RV RN B O]

cnx

6. Winding numbers from monogenic functions

Let us recall that the Cauchy kernel for monogenic functions is

1z o4 27"/
A [ I'(n/2)
The function E(z) is both left and right monogenic in R™ \ {0} and takes values
in the space of 1-vectors R}, . We also have the validity of the following equalities

0. E(x) = E(2)0; = 0(z) = 6(x1) ... 0(zpm)

E(z)=—
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which hold in the distributional sense, see also [3]. Hence, we also have that, in
view of Lemma 5.4:

dz™~1 oA dz™
d (E(x) (m — 1)!) =—E(z)0; - !
= —(BE@a) "

dz™

whereby as before d:f:!n =dx; ...drpen. We are now going to consider two sets of
coordinates x1, ..., Ty, and u1, ..., u, and the corresponding differentials. Then,
by translation, we have that

0:E(x —u) = E(x —u)0, = 6(x — u)
=6(xy —ur)...0(xm — Um)
=—0uF(x —u) = —E(x — u)dy.
Now, by replacing also the vector differential
dx — dy = d(x — u) = dx — du, where y =z — u,

we still have that

d m—1 dy™

where d, = 327, dy;0,, = 370 (dxj — du;)d,; and also

dyE(y)

)

m!

0y, E(y) = 0p, E(x — u) = =0y, E(x — u).

Hence dy = d; + d,, and the above identity may be rewritten as

(de — du)™=1 (dz — du)™
where
dr — du)™ m
(dx m'u) = (dz1 — duy) ... (dxm — dum)en = Z Vi(dz, du)ens
. k=0
and (see also [11])
Vk(dl‘,du) = (_1)k Z SgnA dUA dxM\Aa
|A|=k
dua = dug, ... dug,, A:{a1~~ak}, o) < - < ag

dxM\A - dxﬁ1 .- 'dxﬂm—k7 M\A = {51 .. 'Bmfk}v 61 < < ﬁmfk
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and sgnA denotes the signature of the permutation (a1, ..., ak, B1, ..
respect to (1,...,m). This can also be obtained as follows:
dz - du = [dx du)o Z dx; du

1
dz A du = [dx du)s = 2(d:cdu+dudx) =du A dx.

So, in general, we have that
(do — du)*  [(dw — du)*]k
k! N k!
(da: —du) A+ A (dx — du)
k!

b k\ [dut dz*—*
:;(_1)e(€)[ 0
b du’ dxk—*t

=2 D% A gy

is a k-vector. In particular:

k m—k
Vi(de, dujens = (—1)F ™ A

k! (m—k)!
while also
_ m—1 m—1
(dazm d_uf)' —o(dz — du)e o (dx, du)
’ k=0
with
k1 duk dl‘m_k_l

A

or(dx,du) = (1) BN k- 1)

259

<y Bm—k) with

Thus we arrive at the fundamental identity contained in the following result:

Theorem 6.1. For every k =0,...,m the following identity holds:

duk dxmfkfl
G [E(‘”_“) B m— k- 1)!}

duk—l d.]?m_k

duF dx™=Fk

— {E(x_“)(/ﬂ—n!A (m—k)!] SO N gy

Proof. The result follows by identifying differential forms with same degree in

duy,...,du, within the formula (6.1).

O

Let Ck be a k-chain in R™ that can be realized as a compact subset Cj, with
nonempty interior of an oriented infinitely differentiable surface of dimension k

(with respect to the relative topology).
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Definition 6.2. The indicatrix I(Cy)(z) of the k-chain Cj in R™ is the (m —k—1)-
form
duk dxmfkfl

I(Cy)(x) = / Elx—u A .
@ = [  Be-wSia T

The indicatrix is an (m — k — 1)-form with left monogenic component. The
above theorem clearly leads to the following result (compare with the result in [9]):
Theorem 6.3. Let OCy be the boundary of Ci with proper orientation, then

du® dx™ =k
k _ _ _
(CVMICE) = 10CE) ~ [ sw—wy A T

ueCl,

Proof. The result follows from Theorem 6.1 by integrating with respect to

/uéck

The factor (—1)* in front arises because of the anti-commutativity:
/ 'dsz—dxj/ .
Vj Vj

between integral operators and differentials. O
Remark 6.4. The second term is a distributional (m — k)-form given by
dxmfk dxmfk
(m —k)! (m —k)!
where A(Cy)(z) denotes the distribution supported by Cj, defined as

du®

A(Ck)(x)z/ 0z —u) e

ueCl

— |A(Ck)(2) = (~1)km=t

A(Cr)(x)

m m

Corollary 6.5. Let 9C), =0, i.e., let Cy be a k-cycle. Then

k(m—ky dz™F

(—1)*dI(Cy)(x) = —(-1) (m — k)

which vanishes in R™ \ C.

 AA(C),

Now consider a k-cycle Cy, and let C,,,_x be an infinitely differentiable (m—k)-
chain with infinitely differentiable boundary 0Cy,— C R™ \ C). We choose Cy,_
such that it intersect generically Cj in finitely many points. Then, in view of
Stokes’ formula and using the previous corollary, we have

/8 RCAEE /c @)

xmfk
(i [ AAC (@),

m—k
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Theorem 6.6. Under the above assumptions

/C I(C)(z) = —(=1)*Int (Ch, Cour)enr,

m—k

where Int(Cy, Cp—r) is the intersection number of Cy with respect to Cy,— in-
stde R™.

We will show the result just in one case. The general result follows from
homological arguments. First we note that all the above results extend to the
case where C} is an unbounded chain or cycle, as long as all the needed integrals
converge. Let us consider the case where Cy, = Wy, W, being the oriented k-space
with coordinates u1, ..., u;. In this case we have

dl‘m_k_l
I = E(x — P

1 x dxi"’_k_l
= — DY /\
Ay | [ (61 FN m—k—1)!

where x| =370 wje;, doy =370, duje;, and therefore by Lemma 5.4
1 i
€1 .
A x|k
= —(=D*6(z ) )dxpy1 ... degenr.

So if Cp—y = B(1) N Wy—k, Wi— being the (m — k)-space with coordinates

AI(Wy)(z) = .ex (8'de$;€+1 o dEmenyr - .em)

Tkt -- -5 Tm, We obtain that 0C,,_, = S™=#=1 the unit sphere in W,,_j and
/ I(Wy) = / —(=D)*6(x | Vdzpyy ... drmen
gm—k—1 |z, |<1
=—(=Den

= —(—l)kInt(Wk, Won—k)er-
In general, we have the following:

Definition 6.7. The intersection number Int(Cy, Cyp,—1) is defined as
Z Int(Tka, TpCm_k),
pECKENCrn_k

where T,,Cy, T,Cy,— 1, denote the oriented tangent spaces to Cj, and Cy,—j at the
point p, respectively, and where

Int(T,Ck, TpCh—i) = sgndet G,

where G € GL(m, R) is the matrix of a linear transformation mapping Wy, — T,,C},
and Wy,—p, = T,Chy—p.

Definition 6.8. The intersection number Int(7,C%, T,Cp—5) is also called the wind-
ing number of 9C,,_ around Cj.
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Remark 6.9. At a given point p, the number Int(7,Cy, T,Cyr,— 1) gives the signature
of the orientation. The sum }_ o o Int(T,Ck, T,Cp—i) is equal to the total
intersection number between C} and C,,_; it is also equal to the number of times
that 0C,,_j rotates around C}.

Proof of the theorem. As I(Cly) is closed in R™ \ Cy, we have that whenever C!
is an (m — k)-chain for which 0C/, _, is homologous to OC,—j in R™ \ C}, then

L., Heoe=[  1cow

m—k

Moreover, C! _, may be chosen to be a sum of unit discs. Due to the symmetry,
one may also change C}, to a homologous cycle C}, inside R™\ 9C/, _, and choose
C}. to be a sum of spheres (or even oriented k-spaces). This reduces to the general
case to a k-space Wy, and a disc B(1) N W,,— for which we have the result. O
Remark 6.10. For the indicatrix of C}, we have the expressions
duk dxmfkfl
I(Ck)(x) = / E(x—u A
(Ce)(=) weCh, ( ) Kl (m—k—1)!

from which we get

[ seo=[[ [ st =]

m—k—1 k
— (— 1) (m—k=1) / dr '/ E(x —u)du,
2€IC,, (m - k - 1) ueCl k m

xm,—k—l
Lo M(C(@)
8c7n7k

==
m—k—1)!

m

whereby M (C}) is a left monogenic function in R™ \ C} given by

du®
ME)@) = [ Ble-w) ) = O + MCls

ueCl
and in fact

dl‘m_k_l
[(Cy)(x) = (—1)k+D(m—k=1) / A M(C)]sa.
/.xeacmk wec,,_, (m—k—1) [ k41
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Abstract. In this paper we present an introduction to morphological calculus
in which geometrical objects play the rule of generalized natural numbers.
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1. Introduction

Morphological calculus in an extension of the calculus of natural numbers 1, 2, 3 etc.
whereby all sorts of geometrical objects are seen as generalized natural numbers.
To make a list, we have

the natural numbers 1,2,3,...
the real line R
the set of natural numbers N
Cartesian spaces RZ, R?, ...
projective spaces RP,,, CP,, ...
spheres ™1, CS"~!
groups like SO(n),U(n),GL(n,R), ...

e GraBmann manifold G,, 1 (R)
and other groups and homogeneous spaces. In fact any kind of geometrical objects
can be added to the list.

The rules for morphological calculus extend the rules for calculating with

natural numbers. We have

1. The addition t1 + t3 + --- + t%

The terms tq,...,t; are supposed to represent morphological objects and the ad-
dition represents any object that can be formed by making a disjoint union of the
objects t1,...,t; and glueing them together when possible. This glueing process

is itself not part of the calculus so there in no unique way to do it and one also
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needn’t do it; one can simply put the objects ¢1,...,%; in a list, as the language
of calculus suggests.

For example 1 + 2 + 3 + 4 can be visualized as a triangle of 10 points: 1 +
I+ 4+1+14+1)+Q+1+1+1).

The terms t¢1,...,t; in an addition may simply be names for morphological
objects but, they also could be expressions between brackets like in:

5+(B+1)+2+(1+24+T7).

The material between brackets is interpreted as a single morphological object.

2. The subtraction t; — to

This means that the object t5 is deleted from the object ¢;. For example 3 — 2
means to delete 2 points from a set of 3 points or R — 1 means to delete a point
from a line. The subtraction represents a problem: we have to look for an object
such that ¢; — to = ¢ or such that t; can be written as ¢ 4 to. There may not be a
morphologically acceptable solution for this. For example

0=1-1

means to create a point 1 and then to wipe if off.

Also negative numbers like —1, —2, ... are no objects of morphological calcu-
lus although they may be meaningful as actions: —1 = to delete one point, —2 =
to delete two points, etc.

The subtraction is presented as a binary operation t; — to here, but of course
one may also consider an extended expression like 7 —3 — 2 +4 — 1, as long as
things add up to a morphological object.

3. The multiplication v - w

For the natural numbers, the multiplication is a notation for repeated addition, so
for example

e l-a=ua

e2-a=a+a

e J-a=a+a+a
etc. In other words, the meaning of multiplication is in fact determined by the rule
of distributivity

(t1+ta+-Ftp) w=t;-wHty-w+--+lp-w.

In morphological calculus, the product v - w means that every point of the object
v is replaced by a copy of w and then all those copies of w are possibly glued
together in some way that is not specified by the language of calculus.

Typical examples are: the Cartesian product v X w, a fibre bundle E = M - F
with base space M and fibre F.

One can also consider long multiplication like vy -vg - - - v, that may correspond
to iterated fibre bundles. Note that the fibre bundle interpretation is only an
option; it isn’t a must and it will not always be available.
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4. The division v/w

Like the subtraction, also the division is seen as a problem: to find a morphological
object ¢ for which v = ¢ - w. Any good solution to this will be denoted as v/w
and again there may not always be a solution. For example rational numbers

like 1/2,1/3,4/7 etc., are no morphological objects even though one may write
7/3=6/34+1/3=2+1/3.

Hence the language of morphological calculus is similar to that of natural
numbers. There are however some aspects of language of calculus that cause dilem-
mas and also need more explanation

1. Names, definitions, substitutions

Every morphological object has a name attached to it. For example 1,2, 3, ... the
natural members, R the real line and so on. Then every name is given a definition
or several definitions of the form

Name = Expression
the first main examples being the definitions of the natural numbers
2=1+1,3=14+1+1,4=1+1+1+1

and so on.

Such definitions may come from geometry, but they are algebraic expression
of some geometrical decomposition of an object, i.e., geometrical knowledge can
only enter the calculus via algebraic relations of the form Name = Expression.

When a name N appears somewhere in an expression F, i.e., E = E(N)
and when one has a definition N = Expr.; then one may perform the substitution
E(N) = E((Expr.)), i.e., replacing the name N by the expression (Expr.) between
brackets. Later on one may investigate how and when brackets may be removed.
We do not use brackets in a redundant manner like, e.g., (7) is not used, (Name)
is not used, ((Expr.)) is not used, Name = (Expr.) is not used.

Example (The Fibonacci trees). These morphological structures are defined by

fla f2 = 17 fn = fn—l +fn—2

leading to the solutions

fo=1+1
fa=0+1)+1
fa=((1+1)+1)+(1+1)
f=(0+D)+1)+1+1)+((1+1)+1),
so what appears here are not just the Fibonacci numbers 2, 3,5, 8, but the tree-

like structures that give rise to these numbers if one removes the brackets. This
tree-like structure is a typical example of a morphological object.
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2. Commutativity, associativity

In morphological calculus the addition ¢ 4 - - - 4+ ¢ is in the first place a listing of
objects; it is not commutative. Also within an addition one may consider expres-
sions between brackets and since brackets refer to morphological objects one can’t
just ignore them; the addition is not just associative. On the other hand, for the
natural numbers the addition also refers to the total quantity or sum. For example
the total quantity of 5+ (3 4+ 1) + 2 may be evaluated as:

5+B+D)+2=01+1+1+14+1)+ (1 +1+1)+1)+(1+1)
=1 +1+14+1+)+0+1+1+1)+(1+1)
=1+14+1+14+1+1+14+1+1+1+1
=11,

so it requires substitutions 5 — (14141414 1) etc. and deleting the brackets.
So the total quantity is evaluated within the language of calculus and not in some
outside theory. It corresponds to a morphological process in which the morpho-
logical structure is constantly changed to the extent that in the final evaluation
of the quantity, the identity of the numbers 5,3, ... as well as their place in the
context is lost. Commutativity, substitutions and putting and deleting brackets
are guaranteed in so far that the total quantity is preserved, but they are also
mutations. For more general morphological objects, such as the line R the notion
of quantity is not defined and we will illustrate that, if it were defined it wouldn’t
correspond to the cardinality of a set.

Yet we calculate as if these objects would have a form of quantity and so, in
particular, terms in an addition may be commuted, substituted and brackets may
be put or deleted.

For the multiplication v - w, commutativity v - w = w - v is even less obvious
especially if one thinks of a fibre bundle £ = M - F. But again these geometrical
interpretations happen outside morphological calculus and the total quantity of
v - w is the same as that of w - v. Moreover, to be able to calculate one has to be
able to commute factors in a product, even though this deforms the morphological
structure. Also the law of distributivity

(t1+-~+tk)-w:t1~w+'~—|—tk'w

is essential to give a meaning to the product while as the same time it is a defor-
mation.

So, to conclude, the morphological universe consists of the totality of all
meaningful algebraic expressions based on a set of names for morphological objects
together with their definitions within calculus. The calculus rules, leading to the
relations A = B are the same as for the natural numbers and the relations A = B
are interpreted at the same time as morphological deformation and as preservation
of quantity, whatever meaning this may have.
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2. The real line

The real line R is in mathematics defined as the set of all real numbers, represented
as points on that line. It is hence an infinite point set and its cardinality c is called
the continuum; it is larger than the cardinality Ry of the natural numbers.

The real line decomposes as

R=R_U{0}UR,
with
R_ =] —00,0[: the half-line of negative numbers.
R4 =10, 400 : the half-line of positive numbers.
So R; and R_ are open intervals that are closed off and glued together by the

point {0} to form the real line.
Morphologically we write this disjoint union as

R=R_+1+Ry

whereby “1” represents the middle point {0}.
Both R; and R_ are half-lines having “the same shape”, so we identify
R_ = Ry, leading to the first definition

R=R, +1+R,,

which, after commuting terms, leads to
R=2R, + 1.

Next one may argue that all open intervals ]a, b[ have “the same shape”, so
they are all copies of R and, in particular, we may identify

Ry =R,
leading to the relations
R=R+1+R=2R+1.

This may be interpreted as the way to produce an open interval or curve |a, ¢[
by taking an open interval ]a, b], glue to it a point {b} and then glue to the next
open interval or curve |b, ¢[.

The question now is: what is the quantity of R?

If it is the cardinality “c” then one should identify R 4+ 1 with R but R 41
would be a semi-interval like ]0, 1], open from one side and closed from the other,
which is not the same as ]0, 1].

Next, the relation R = R 4+ 1 4+ R indicates the fact that R contains at least
one point and, by iteration

R=R+1+4R=R+1+R)+1+(R+1+R)="---

we obtain 3 points, 7 points, 15 points etc., any finite number of points. So the
morphological version of R seems to house infinity many points.
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Now let us consider the relation
R=R+1+R=2R+1
as an equation. Then by subtracting R from both sides we get
R+1=0
and by subtracting 1 we get
R=0-1=-1,

so that the total quantity of R should be —1.

This clearly conflicts with the idea of R being a set of points; the morpho-
logical line is hence not merely a set of points but rather a brand new object that
doesn’t quantify as a pointset. Of course one could argue that also

infinity = 2infinity + 1,

but infinity is a too trivial and vague number to work with for it absorbs everything.
There is an interesting interpretation for R = —1.
Every manifold or surface of finite dimension may be represented by a cell
complex, which we may represent by a polynomial

aoR" + ;R ... +a,, a €N, ai,...,a, € NU{0}.
By making the identification R = —1 we obtain
eAM} =ao(-1)" + ar(=1)" "+ + an,

which is the Euler characteristic e{M } of manifold M.

The Euler number e{M} is a topological invariant and for a given manifold
M it is independent of the cell decomposition of that manifold. To see this, note
that for any two cell decompositions of M there exists a kind cell decomposition
that refines both of them and so it suffices to consider the case M = R". Moreover,
every cell decomposition of R” may be obtained from simple cell decompositions of
the form R7 = 2R7 + R/~1 which proves the invariance of e{M } morphologically.

The fact that morphological calculus respects the Euler characteristic is like
a corner stone (it is the final invariant that is preserved!). But as it is now, mor-
phological calculus is reduced to the calculus of the integers Z and a point 1 is
identified with a closed interval R + 2, a plane R? is identified with a point 1.

Hence, the idea of a line as an infinite point set is completely lost and also
the dimension of an object is not preserved. As a result we have the identification
R + 1 = 0 between a semi-interval (or circle) R + 1 and the number zero and, in
fact R = —1 between a line R and the number —1, while numbers 0 and —1 are
no point sets and hence no objects.

To overcome this collapse of the notion of dimension we are going to introduce
the following assumption.

Axiom 2.1. Morphological calculations are only granted if all the algebraic expres-
sions and operations make sense in terms of geometrical objects.
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Hence, in particular, number zero 0 and negative numbers —1, —2, etc. are
hereby excluded or at least pushed to the background. Moreover, a relation like

R=R+1+R=2R+1

does not automatically allow one to solve it like an equation; one could also simply
interpret it by stating that one is allowed to replace R by 2R+1 or vice-versa within
calculations and nothing more. Hence, it does not automatically imply, e.g., that
R+1=0oreven R—1 = 2R, although this last relation R — 1 = 2R makes
morphological sense. This now leads to the following result.

Theorem 2.2 (Morphological Stability). Under the assumption of the relation R =
2R + 1, every cell complex agR™ + a1 R* ™1 + -+ 4+ ag is equivalent to either

aR", aeN or R"+bR"! beN,
no further identifications being possible.

Proof. The statement holds trivially for n = 0. For n = 1, a > 1 and b > 0 we
clearly have

aR+b=(a—-2)R+2R+(b—-1)+1=(a—1)R+b—-1

so we are reduced to either b =0 or a = 1.
Next, assuming the property for n — 1, n > 1, we may reduce any cell com-
plex to

aRn +bRn_1 +CRn_2.

If ¢ = 0 we may reason as in the case n = 1 to arrive at the final form aR"
or R" + bR""1. If ¢ > 0 we may write aR" + bR""! + cR""2 = (a — 1)R" +
(2R™ +R™™) + bR™ ! + (R"2 = (a + 1)R™ + (b+ 1)R™ ! + ¢R™""? and repeat
this idea until b > 1. Then one may reduce using 2R+1 = R : aR" +bR" 1 +cR" =
aR™ + (b — 1)R" 1 + (¢ — 1)R"~2 and so on, until the final form is reached. O

Note that this theorem guarantees us that in the worst case, at least the
dimension = n
as well as the
Euler characteristic = (—1)"a or (—1)" + (=1)""'b

are being preserved during morphological calculations; it is a second approximation
for any possible notion of morphological quantity (the first one being just the Euler
characteristic).

But this calculus is still too poor and to be able to evaluate the quantity of R
we have to ignore the distinction between a line R and a half-line R,. This is again
a dilemma, similar the once mentioned in introduction concerning commutativity
and use of brackets. There are two options:
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1. The “canonical” option. Hereby we assume as definition for R the relation
R=R;y+14+Ry=2R;y +1

and consider the identification Ry = R as a form of decay. So the relation
R = 2R + 1 is suspended in what we regard as “the canonical style”.

This style of calculating is on the other hand flexible with respect to
commutativity and the use of brackets. Its main purpose is (not exclusively):
Morphological analysis: to analyse geometrical objects (surfaces, manifolds)
by decomposing them into parts (or other ways) and to express this knowledge
in calculus language in order to arrive at morphological definitions.

2. The “formal” option. Hereby we consider morphological calculus as a formed
language in which the order of terms in an addition and the use of brackets
is not ignored. For the morphological line we have two definitions:

R=R+14+R or R=R+(R+1).

Its main purpose is (not exclusively):
Morphological synthesis: to construct a geometrical interpretation for
an algebraic expression in morphological calculus.

In this paper we mostly use the canonical style. Our main interest is to study
manifolds and try to understand their morphological quantity, whatever that may
mean. The formal style will be discussed briefly in the last section.

3. Cartesian space, spheres, projective spaces

The Cartesian plane is defined as the product R? = R - R, using the relation
R = 2R, + 1 we thus arrive at
R? = (2R +1)® = 4R + 4R, + 1,
decomposing the plane into 4 quadrants Rﬁ_, 4 half-planes R and one point 1 (the
origin).
Similarly the Cartesian n-space is defined as product

RP=R-....R=R-R"*!
and we have its decomposition into “octants”:
n n - n iTJ
R" = (2R} +1)" =) ( ,)m{i.
=0 N
To define the sphere S™~! we make the following analysis: for a vector x € R™ with

x # 0 we have the polar decomposition z = rw, r = |z] € Ry, w = e snt,

x
. , |z
In morphological calculus language we write

R" — 1= 8""'R,,
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leading to the morphological definition of S™~!:

gn—1 _ R™ —1
Ry
Now from R = 2R + 1 we obtain that
R-1
R =
+ 9

a line without a point indeed gives 2 half-lines.
Hence we obtain a quantity formula for S~ !:

R™—1
R—-1
In particular, a circle is given by

St =2 =2R" P 4 2R"? .. 4 2R + 2.

S! = 2R + 2: two semi-circles and two points and a 2-sphere is given by
5% = 2R? 4+ 2R + 2 = 2R% + S,

two hemi-spheres and a circle (equator). Also
52 = SR + 2, a “cylinder S'R” and two poles “27.

Using here R = 2R + 1 we obtain

S?=2(2Ry + 1) + 2(2R4 + 1) + 2 = 8R2 + 12R, +6,

which may be interpreted as an octahedron whereby

Ri translates as a triangle,

R, translates as a quarter circle or short interval.
Other regular polyhedra are harder to obtain, yet they are obtainable by transfor-
mations of the form R = 2R+1, R? = 2R? + R, which as we know are questionable.
In fact, every cell complex aR? + bR + ¢ that corresponds to an embedded con-
nected 2-manifold in R?® has Euler characteristic a — b+ ¢ = 2(1 — g), g being the
genus or number of holes, a number which characterizes the manifold. Hence, for
2-manifolds the relation R = 2R + 1 is not such a destructive deformation.

However, this also means that, e.g., a dodecahedron will be identified with
12R? 4 30R + 20 and hence a solid pentagon is identified with a square R?, an
identification which is only topologically true.

For general spheres we have the recursion formula

Sl = 9R"?~! 4 §7~2: two hemi-spheres and an equator,
as well as the “polar coordinate” formula

S§n—1 = §n=2R + 2: a cylinder and 2 poles.
These formula are special cases of the following general method for introducing
polar coordinates on S~ L.

Let w € S"~! and consider the decomposition R” = R? x R?, p4¢q = n. Then
we may write

w = cosfBw; +sinbw,, 6= [0, ;r} ,wy € SPTL w, € 897
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There are three cases:

0=0: w=uw, €S 9:7;: w=uw, €8
96}0,7;[: w = cosfw, +sinfw, ~ (wy,wy) € P~ x §171,

In morphological calculus this situation is expressed as follows:
R"—1=(RP-1)(R?—1)+ (R? — 1)+ (R — 1)
or
STTIRY = (SPTIRL) (STT'RY) + (SPTIRL) + (STTRY)
leading to the addition formula for spheres:
gn—t = gr=t. gl . R, 4GP~ 4 g1t

Notice that also here R, is interpreted as the quarter circle (small interval)
0 e }0, 5 [, while the full line R would rather correspond to a semi-circle 6 € ]0, .
The addition formula also leads to:

gn—t = gr—t (Sq_1R+ + 1) + g1
— 9r—1Ra _’_Sqfl,
which generalizes the recursion formula and the “polar coordinate” formula men-
tioned earlier.
Of particular interest is the odd-dimensional sphere S?"~! where we can take
p=q=n.
This leads to the “Hopf factorization formula”
S?nfl _ Snfan + Snfl or S?nfl _ (Rn 4 1) Snfl
In particular we have the Hopf fibrations
53 _ 5251 S? _ 5453
that are well known and follow from complex resp. quaternionic projective geom-
etry. They can be seen as interpretations of the Hopf factorization

S =(R*+1)S", S7T=(R*"+1)57,

whereby the spheres S? resp. S* are identified with (RQ + 1) resp. (R4 + 1). But of
course the Hopf fibrations are by no means proved or even implied by morphological
calculus.

In general, the sphere S™~! can be mapped onto R®~! by stereographic pro-
jection. Hereby one takes line from the south pole w = (0,...,0,—1) to general
point w, denoted by L(w) and the stereographic projection st(w) is the intersection
of L(w) with plane x,, = 1 (the tangent plane to the north pole (0,...,0,+1)).

This leads to the identification between S™~1 and R"~! U {oo}. In morpho-
logical calculus one might hence think of identification S"~! = R"~! 4 1. But that
would lead to the unwanted identification

2R? 4+ 2R +2 =R? +1,
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that would again correspond to R = 2R + 1 via:
R?4+1=02R+1)R+1=2R?+R+1=2R*+ (2R + 1)+ 1 = 2R* + 2R + 2.
In morphological calculus we introduce a kind of stereographic sphere or
“Poincaré sphere” by
S*"=R"+1,

leading to the recursion formula

S* = (2R} + )R™ ' + 1 = 2R" 'R, +S"!
and leading to the total quantity (whatever that may mean)

S = 2R" R, + 2R" 2R, + - 4+ 2R, + 2.

Notice hence that the identification R. = R would lead to S” = S™ or
S? = R%+1 (a point and a square is a sphere). It is true that the only 2-manifold
interpretation for R + 1 is indeed a sphere. Also the Poincaré polynomial of the
sphere S™ is given by ¢ + 1, which corresponds to R™ + 1.

Recall that the Poincaré polynomial of a manifold M is defined as a,t™ +
-+ 4 ap with a; = dimH};, H; leading the jth homology space of M.

It turns out that the Poincaré polynomial often appears as the morphological
quantity of an object, in particular for R™ itself and the sphere S™. But for the
sphere S™ we obtain a “higher” morphological quantity: 2R™ 4 - -- + 2R + 2 that
does not correspond to the Poincaré polynomial. The real projective space RP™
corresponds to the set of 1D subspaces of R?T1, also defined as the set of vectors
(.131, “e- 7$n+1) ~ (/\331, ceey /\Z‘n+1), A 7é 0.

In mathematics we write it as the quotient structure

n+1
epn _ RT\(0}
R\{0}
This leads to the morphological definition

R 1
RP" =
R -1

and to the formula for the quantity of RP" :
RP" =R"+R" ' +...+R+1.

In this case the quantity polynomial corresponds to the Poincaré polynomial
for RP™ : ¢" + .-+t + 1. It also leads to the recursion formula

RP" = R™ + RP"~"

in which “R™” symbolizes the Affine subspace consisting of the points (z1, ...,
Zn, 1) while “RIP"~1” stands for the plane at infinity: Tpt1 = 0.
Of course we also have that
S’n, S’n,
RP" = =
S0 2

whereby S° in the multiplicative group S° = {—1,1}.
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In particular the projective line is given by
RP'=R+1
symbolizing R U {oco} and it also represents the Poincaré circle
St=R+1=5'/2,

S! = 2R + 2 being the standard circle.
The projective plane is given by

RPP=R*+R+1=R?*+RP' = (R+ 1R +1,

whereby the object (R 4+ 1)R in this context corresponds to a Moebius band.
Just seen by itself, (R + 1)R could correspond to several things, including
any line bundle over the circle R + 1, i.e., either a cylinder or a Moebius band.
In geometry the Moebius band can be recognized by cutting it in half along the
center circle; if it was a cylinder, then the cut object would give 2 cylinders and if
it was a Moebius band then the cut object would be a single cylinder. Now, this
cutting procedure can be translated into morphological calculus as the subtraction

R+DR-R+1)=R+1)(R-1)=R*~1
and R? — 1 symbolizes a plane minus a point but also a single cylinder
R? —1= SR, = 2R + 2)R,,

here represented as a product of a circle 2R + 2 (which has two glueing points and
twice the length of the original circle) with a half-line Ry (stretching from the
cutting point {0} to the boundary {oc}).

So this simple calculation symbolizes quite well the whole cutting experiment
and it illustrates us the object (R + 1)R as being a Moebius band. In general,
morphological objects are merely organized quantities that can have a number of
meanings called morphological synthesis. This synthesis takes place outside the
calculus but it can be guided by calculations that give the object an intrinsic
meaning. In the Moebius experiment we also see that the circle 2R + 2 and the
Poincaré circle R + 1 clearly play different roles like also the line R and the half-
line R .

If we apply a similar experiment to the cylinders

(2R +2)R - (2R +2) = (2R +2)(R — 1) = 25'R,
we obtain two cylinders. Of course one always calculates in a certain way and
that may force a certain interpretation; the language of calculus can be used as
an illustration but not as a real proof. In fact the language of calculus also has

to remain flexible enough but this flexibility is at the cost of the stability of the
morphological synthesis. For example we have

R?—1=S"R; = 2R +2)R; =2(R+ )R, = 2S'R,

showing that distributivity results in the cutting and reglueing of one cylinder
SR, into two cylinders S'R, half the size and with one single cutting edge R .
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For the general projective space we have a kind of “Moebius factorization”
RP" =RP"!'.R+1
whereby the Moebius cutting experiment is represented as
RP"1.R-RP"!=RP"}R—-1)=R"-1=85"""'R,,
also a kind of cylinder.

We now turn to complex projective spaces.
The complex numbers C are morphologically given by

C=R?
and this is all. Anything concerning v/—1 = i exists outside the calculus. We also
have that
Cc" = (R?)" =R*".
Complex projective space CP" is defined as the set of equivalence classes of
relation

(21, s 2ng1) € C"TE\ {0} ~ (A21,.. ., Azna1), A€ C\ {0},
i.e., the quotient structure
CP" = C"*\ {0}/C\ {0}.
Hence, in morphological calculus we have the definition
crtt -1
= e
which immediately leads to the quantity
CP"=C"+C" 4+ 4 1=R*"+R*" 2 4+... 41
that also corresponds to the Poincaré polynomial. The Euler number of CP”"

equals n.
We also have that in real terms:

R?n -1 S?nfl
R2—1  S1
leading to the CPP"-factorization of $2"~1
Sanl _ (C]P’"il . Sl
which is the fibration obtained from the group structure (z1,...,2,) € S2n=1
(ewz ez )
1, ) n
In particular we have that
CPl=C+1=R?2+1=§?
and the above fibration leads to the first Hopf fibration
S3 =g§%. 5t
Like in the real case one has the recursion formula
CP" = C" 4 CP"!

CP" ! =
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and also the Moebius factorization
CP*=CP"'.C+1.
Hereby the complex line bundle CP"~! . C reduces for n = 2 to
CP?=§*>-C=(C+1)C

and it is a non-trivial plane bundle over the 2-sphere.

In fact also here we have “Moebius cutting experiment”

CP'-C-CP'=(C+1)(C—-1)=C*-1=R*-1=9°R,.

showing that fibration S?(C — 1) is non-trivial: S3R .

This remains true in general:

CPn—l .C — CPn—l —_ CPn—l(C _ 1) — (Cn _1= RQn —1= SQn—l . R-ﬁ-'

The above may be repeated for the quaternions; we present the morphological
headlines:

We have
H _ R4, Hn — (R4)n — R4n,
Hn+1 —1
H]P)n _ _ ]H[TL Hn_l e 1
H-1 L
:R4n+R4n*4+...+1 :Hn—'—H]P)n71
Also

R —1 g4t
RY—1 3
leading to the HP"-factorization (fibration)
gin=1 _ gpn-1. g3
which in particular for n = 2 leads to the second Hopf fibration
ST=HP' S =(H+1)S* = (R* +1)5% = s*55.
The Moebius factorization is given by
HP" —1=HP" ' - H
while we also have the Moebius cutting experiment:
HP* ! H-HP" '=HP" ' - (H-1)=H"-1=R*" -1=8%"1.R,.

But not every interesting quotient in calculus leads to a morphological synthe-
sis that produces a nice manifold. Yet these quotients are also interesting because
they say a lot about the meaning of morphological calculus and we call them
“phantom geometrical objects”.

Example (RP2™).

HP"~! =

RQn—i—l 1
R]P)%n: R—i—:—l’— :RQW—RQW_l‘F—R‘Fl,

which we call the phantom (real) projective space of dimension 2n.
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The simplest case is
RPZ =R? —R +1,
with Euler characteristic 3. This would be one too high for a connected 2-manifold
and R%2 — R + 1 corresponds to: take plane R?, delete line R and add point 1; it
makes sense as a weird object but not as a 2-manifold.
In fact one could say

R?-R+1=2R; +1)R-—R+1=2R,R+1,

two half-planes (or half-discs or triangles) glued together by a single point (a
butterfly).
Note that we also have that
, _ S
RP; = -
If we would now use R = 2R + 1 we could make the identification S? = S3,
St = S! and arrive at
S3 53 9 9 )
1= g = S =R*+1 (Hopf fibration)
and therefore
RZ-R+1=R>+1.
This is total nonsense because this identification is even wrong on the level of
Euler numbers: 3 = 2.
The reason why such bad identification happens is because the Euler numbers
of S3,53,8!, 8! are all equal to zero, so, on the level of Euler numbers:
3 3
S _ 0 & S _ 07
St 0 St 0
so one would not even be allowed to consider the quotients S2/S!, S3/St. But
that would also exclude CP™ from the picture as well as the Hopf fibration, an
unpermitable exclusion. This is a sound reason why the relations R = 2R + 1 or
R4 =R or S* = S™ must be forbidden: they simply spoil the calculus.
The general phantom projective space

RP%”ZRQn—RQH_l—F—R—Fl

surely makes sense as a geometrical object, but the corresponding quantity R?"” —
R2"=1 4 ... — R +1 still has negative numbers as coefficients, so it is not yet fully
evaluated. This can be done by replacing R = 2R + 1 at suitable places, giving
rise to

R*™ R 14 ... —R4+1=2R,R*™ P 4 2R, R 3 +... 4 2R, R+1,

which also provides a synthesis for RP?". Comparing R*" — R*"~! ... —~ R +1
with the Poincaré polynomial also suggests that some of the homology spaces of
RP?" would have negative dimension. But we also have that phenomena with the
object

R?—1=(R-1)(R+1)=2R;R+2R,.
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Quantity simply doesn’t always have a positive evaluation as an addition of
powers R?. This leads to

Definition 3.1. A morphological object is called integrable if it has an evaluation
of the form
F = aoR" + a;R"™ +--- +an, ap €N, ay,...,a, € NU{0};

this polynomial is then called the “total quantity” or “integral”. The object F is
called semi-integrable if it has an evaluation as an addition of terms of the form
RiRk. Such an expression is not unique unless we require the power “j” of Ry to
be minimal, in which case the obtained expression is also called “total quantity”
or “integral”.

Note that not every object is semi-integrable; for example FF = R — 2 is an
object and hence it has certain hidden quantity, but it cannot be evaluated as an
addition in terms of R and R. One option would be to introduce new type of
line, e.g.,

R+ = 2R++ —+ 1,
but that would not lead to be more interesting calculus.

Notice that the phantom projective plane can also be interpreted as the result
of the cutting experiment

RP2" = R2" —R?"! ... _R41
=R"+R*™Z4+...41)— (R*" 2+ + )R
=CP" - CP" ! .R.
We also have the phantom Moebius strip
RP?" —1 = (R—1)CP"!.R
and this time we have a Moebius “glueing experiment”
(R-1)CP" . R+ (R-1)CP"!
=CP"'(R?-1)=R*™ -1=6""1.R,,

the same cylinder as we had earlier on.
Of course one may also consider complex and quaternionic phantom projec-
tive spaces:

CQn—i—l 1

CPy" = c+1+ =C"-C" 4. —CH+1="-,
H2n+1 1

HP;" = HJ; =H" -H" "'+ —H41=--.

The fact that the corresponding synthesis for phantom projective spaces does
not add up to a manifold implies that these quotients do not correspond to a
group action (or else the quotients would be homogeneous spaces). Indeed, the
denominators in the definition of the projective spaces are the multiplicative groups
R —1,C —1,H — 1 while for the phantom spaces we have the spheres S* = R + 1,



Examples of Morphological Calculus 281

S? = C+1, S = H+1 which are non-groups leading to non-group actions. In fact
group actions can not be recognized within morphological calculus itself, only by
the outside interpretations. The consideration of phantom geometry also leads to
the next definition.

Definition 3.2. A morphological object is said to be of “integer type” if it has an
evaluation of the form
F=aR"+aR" '+ +a,, a €N, ai,...,a, € Z.
A semi-integrable object that is not of integer type is to said to be of “half-integer
type”. Other objects are “just another type”.
Notice that R —2 is of integer type but not semi-integrable while the building
blocks RiRk, j > 0 are semi integrable but not integer type: they are half-integer

type.

The cylinder (2R + 2)R, = R? — 1 is clearly of integer type but only semi-
integrable while the small cylinder (R + 1)Ry is only of half-integer type. This
example confirms that it is a good idea to keep two circles ST = 2R+2,S!' =R +1
in use rather than deciding that 2R +2 = 2(R + 1) is always a pair of circles. Note
that the object Ry — 1 is just another type while 1 — R isn’t even an object. So
we have a kind of hierarchy that is quantity based.

Example (Phantom fibrations). We already discussed the Hopf factorization
Sanl _ (Rn + 1)5”71
which only for n = 2 and n = 4 leads to a true fibration: the Hopf fibrations
S3 =§%5t, ST =853
These fibrations in fact correspond to projective geometry and the factors S*

and S2 are group actions.
In the other cases like, e.g.,

55 —_ 8352
we don’t have this. However also the product
$25% = (R® +1)S* = R*S? 4 52
does lead to a synthesis of S° and it is like a fibration still, but an irregular
fibration that would not locally correspond to a Cartesian product, whence the

name “phantom fibration”.
For the spheres S2"~! we also have repeated factorizations

7= (R4 1) S0 = (B4 1) (R2 1) (R4 1)2
S =R +1) (R*+1) (R®+1) (R+1)2,
and so on. If we apply non-associativity we get
ST=(R*+1) (R*+1)) ' =CPs",
ST=R*+1)(R*+1)(R+1)2) = (R*+1) & =557,



282 F. Sommen

two fibrations of S7 that follow from complex and quaternion geometry and that
are unrelated.
There are also more Hopf factorizations, the simplest one being

5% = (R®+R*+1) 52
In general they follow from products of the form
(Rs-k —+ R(Sfl)-k) IS Rk T 1) (2Rk71 T 2Rk72 R 2)
leading to
S(erl)kfl _ (R&k NS Rk + 1) Skfl
and they play a crucial role in the “Grafimann division problem”.
Needless to say that there are repeated factorizations of this type.
Also the addition formula for spheres may be generalized.
For p + ¢ + r = m we have
R"—1=R -1)(RT—1)(R"— 1)+ (R? — 1) (R? — 1)
+ R -1DR"—1)+ (RT—=1)(R" = 1)+ (R? — 1)
+RT-1)+(R"—-1),
from which we obtain:
sml = SpflSqflSrflRi_ + SPTlgaIR,
+ Sp—lsr—lR+ + Sq—lsr—lR+ + Sp—l + Sq—l + Sr—1.
Needless to say also that our list of interesting manifolds and geometries is far
from complete.

Let us take the Klein bottle as an example, we have the following morpho-
logical analysis. A Klein bottle can be obtained from a Moebius band by properly
glueing a circle to the edge, thus closing it up into a compact 2-manifold. As we
know, a Moebius band may be obtained by removing a point from RP? : RP? — 1.
Then one blow up the hole to a small disc and one glues a circle S' = 2R + 2
to that, giving 2-manifold with boundary. Finally one identifies every point on
this S* with its anti-podal point: S!/Zy which leads to a continuation across the
boundary and to the Klein bottle. In morphological language we have:

(RP? — 1) + 5'/Zy = (RP* — 1) + (R+ 1)
=((R*4+R+1)—1)+ (R+1)
=(R*+R)+ (R+1)
=R+1DR+R+1)=R+1)(R+1),
so we end up with a circle S'-bundle over St. But S*-S! may also simply represent
a torus: there is no way one can tell from the quantity (R + 1)? alone whether this
represents a torus or a Klein bottle. Only in the initial formula (RIP’2 - 1) +(R+1)

one can specify a Klein bottle but as one starts calculating, this specification is
lost.
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Higher-dimensional Klein bottles may be introduced as the “blow up” exper-
iment:
(RP" — 1) + S""1/Zy = (RP" — 1) + RP"*
=RP"!'.R+RP" ' =RP"*.§'
an S'-bundle over RP" 1.

Similarly, complex and quaternionic Klein bottles may be introduced as (ex-
ercise) the “blow up experiment”:

(CP" —1) + §*"~1/st =CP" ! . (C+1),
(HP™ — 1) 4 S~ 1/83 = HP" ' . (H+1).

To summarize this section, we notice that there is no one to one corre-
spondence between morphological calculus and geometry. This may be seen as
a drawback but it is also a stronghold because it means that there exists another
perspective that reveals a hidden aspect of geometry: the quantity of an object.

4. Groups and homogeneous spaces

Groups enter morphological calculus via a proper morphological analysis; the group
structure will be lost and the organized quantity remains.
We begin with the groups

O(n), SO(n), GL(n,R), GL(n,R), SL(n,R).
The orthogonal group O(n) is the group of all orthogonal matrices (a;;). If

we represent such a matrix as a row (aq,...,a,) of column vectors it simply means
that aq,...,a, are orthogonal unit vectors. This means that one can start off by
choosing

a, € 9" 1

followed by choosing
ay € 5" ' n{a;, A€ R} = g2
and then
az € S PN {\a; + doay, \; € R} = 5773
and so on, until for a,, there are just 2 choices
a, € S" 'Nspan{a,,...,a, ,}= =S5°
This immediately leads to the morphological definition
O(n) = 5"~1.5"72...5°,

as well as to the recursion formula

O(n) =8""1-0(n—1), O0)=1.
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For the group SO(n) everything remains the same except that for the last
vector a,, there is just one choice, determined by det(a;;) = 1 condition. We thus
have the definition

SO(n) = §"~1§""2... §* = O(n)/Zs.

Clearly O(n), SO(n) are integrable and the integral is obtained by substituting
S7=1 = 2R/~ 4 ... 4 2 and working out the product.
The general linear group GL(n, R) is obtained similarly by writing the matrix
(ai;) as (aq,...,4a,) whereby
a; € R™\ {0},
ay € R™ \ span{a, },

a, € R" \ span{ay,...,a,_1}
which leads to the morphological definition
GL(n,R) = (R" = 1) (R* —R)--- (R" —=R"1).
We readily obtain the quotient formula

GL(n,R) (R"—1)(R"-R)---(R" —R"1!)

O(n) Sn-b.gn=2...50
R™ — 1 R” — R (Rn _ Rn—l)
—\ gn-1 gn-2 )7 S0
:]RJF.(]R.]RJF)...(]RW*1 .]RJF)’
which symbolizes the GRAMM-SCHMIDT orthogonalization procedure. Here we

applied commutativity of the product but that doesn’t matter too much; in fact
one can also write

GL(n,R) = (5" 'Ry) (RS"°R,) -+ (R"'S°R,) .

For the group SL(n,R) we have the extra condition det (a;;) = 1, which
readily leads to

_ GL(n,R)
SL(n,R) = R_1 "
and so also ( )
SL ’I’L,R n— n—
oo =Ry (R (B2 R RO

Now let us look some homogeneous spaces.

The Stiefel manifold Vn,k(R) is by definition the manifold of orthonormal
k-frames (vq,...,v;) in R™. We hence have that for k < n:
SO(n)

_ _ gn—1 n—k __ O(n)
Vikl®) = g0 gy =508 k_O(n—k)'
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The Stiefel manifold V,, 5 (R) is the manifold of k-frames (v, ..., v, ) that are
linearly independent and hence span a k-plane. We have for k < n:

GL(n,R)

=R"-1)(R"-R)--- (R" —RF 1),

The Grafimann manifold G,, (R) is the manifold of k-dimensional subspaces
of R™. Now, each k-dimensional subspace has an orthogonal frame and that can
be chosen in O(k) in different ways. This leads to the combinatorial formula:

VL, k(R) O(n) gn-1.gn-2.. . gn-k

O(k) ~ O(k)-On—k)  Sk=1...80

The Grafimann manifold may also be constructed starting from the general
linear group:

Gn,k (R)

Vo (R) R -1 ((R*—-R)--- (R" _ Rk—l)
Gl = - k k k—1
and the equivalence of both definitions readily follows from the Gramm—Schmidt
factorization.

By 5:; (R) we denote the manifold of all ORIENTED k-dimensional sub-
spaces of R", i.e.,
— Vi k(R) SO(n) gn—l.gn=2...gn=k
Gnr(R) =" = = k—1 1
SO(k) SO(k) - SO(n — k) Sk=1...§
Now, for the Stiefel manifolds everything is clear, but for the Grafimann
manifolds we have one major problem.

Problem 4.1 (Gramann division problem). Can one work out the polynomial
division nflsff; 2S§ ”%, and does it result in an integral (polynomial in “R” with

natural number coefficients).

To solve the problem we will work with the quotient V' L,, (R)/GL(k,R) that
is equivalent and easier to work with. For the case of simplicity take k = 3. Every
3D-subspace V' of R™ is spanned by 3 linearly independent vectors v, vy, v4 that
may be chosen in GL(3,R) different ways. For each V there is a unique triple
(vq, Vs, v3) that may be written as a matrix of the form

vy cir ccc gy 0 cijgpa oor oy, 00 Crpg2 o0 oy, 10 -2 0
Vol=|ca1 -+ cajy 0 cojoyo o cajy 1 0 ... 0 0 0 ---0
ve| lesi v ez, 10 - 0 0O 0 -+ 0 0 0.0

and any other frame in V' may be obtained by a unique GL(3,R)-action from this,
so in fact the division is carried out by looking to matrices of the above special
form. As the coefficients ¢;; vary the matrices of the above form constitute a cell
of G, 3(R) that is a copy of a certain R/ and it is called a Schubert cell. We thus
have proved the following results.
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Theorem 4.2 (Schubert cells). The object G, 1.(R) = R¥+ ¢RI~ 4. .. +c; whereby
c:j € N is the number of Schubert cells of dimension d — j.

Apart from this there are typical morphological questions such as:
Q1: To decompose Gy, x(R) = O1 --- O; as a (e.g., maximal) product of morpho-
logical objects O; of integer type (that are irreducible, e.g.).

Q2: To look for Gy, i (R)-factorization Oy --- O, in terms of objects O; that are
integrable.

Let us consider a few examples of such Graimann factorizations.
Of course we readily have G, ;(R) = RP""! and the Hopf factorizations
provide further ways of factorizing this.
Next for k = 2 we have:
SQn—l . SQn—Q

G2n72(R) = Sl SO — CPn—l . RIPQTL—Q
SQn . SQn—l
Gont12(R) = g.g1 = RP? . CP" L,

showing a clear 2-periodicity.
For k = 3 the first interesting case is
5. g4, 3
Gos(®) = 5y on a0
which, using the Hopf factorizations
S5 = (R3 +1) S =83682 83 = (R2 +1) St =g§%5!
may be evaluated as
Ges(R) = (R* +1) -RP*- (R*+1) =RP* - §* - §.
Note here that it is forbidden to divide S?/5% = 1.
More interesting still is the next case
S6..65. 64
T 82.461.40°
which, using the Hopf factorization S = (R? + 1)S5? yields.
Gra) =" RE
(R+1)
Now RP* and RPS cannot be divided by (R + 1); in fact these objects are
irreducible in morphological sense. So, the division that works here is:
R3+1
R+1
the phantom projective plane, leading to the following maximal factorization
Gr73(R) = RP® . RP* - RP?

in terms of irreducible objects of integer type.

Gr73(R)

RP? = =R*-R+1,
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But now the factors are no longer integrable, which also shows that the
integrability of Gramann manifolds is in fact not so trivial. But we have:

(B +1) oy (RO41) (RQ ®-1)

R+1 R+1
(RO —1) 3 2 w2, Q3
R® 1 + (R’ +1) =CP? - R* +§°,
so that in fact we have integrable factorization

Grs=RP°. (CP*-R*+§%).

The next case is again simpler:

+(R+1)>

= R?

S7.66..65
Gs3(R) = §2.81.60 — (CPB -RP°) (Rg +1).
For the next case 68 g7 g6
Go3(R) = §2.61.60°

we have to use the next Hopf factorization
S8 = (RS +R®+1) 52,
which gives us:
Go3(R) = (R® + R® + 1) CP® - RPS.

The next cases are:

S9.68.67
Gro3(R) = §2.61.60 — CP*- (R°+R®+1) - RP',
the first appearance of an odd-dimensional RP"™, and
SIO . S9 . 58
Gus®) ="cy o1 g0 = RPY.CP*- (R +R®+1).

In the next case we again have 2 odd spheres and the Hopf factorization
S =(R+1) (R*+1)$*=5°-§"- 52,
giving rise to
Sll . SIO . 59
§2.g1.40
and finally in the next case we again have two irreducible spheres S12, 519, leading
to

G123(R) = =RP°.CP* - s°- S5

§12., g1l g10 (RB + 1)
Gi33(R) = =RP'? . RP' . §° :
23R = g2 g1 go R+ 1
where once again, the phantom projective plane appears
R34+ 1

=R?>-R+1=RP2.
R+1 + h

There is clearly a 6-periodicity in the factorization of Grafimann manifolds
for £k = 3. The formulas obtained here lead to a classification but they do not
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correspond to the fibre bundles of any kind. Besides, we used repeatedly the fact
that quantity is commutative. Another interesting homogeneous space is the flag
manifold F,.; ¢(R), k < ¢ < n whereby W is subspace of R™ of dimension 1 and
V' C W is a subspace of dimension k. This clearly leads to the fibration

Fn;k,Z(R) - Gn,Z(R) . Gé,k(]R)
O(n) o(0) O(n)

O(n—00F) OU—Ek)-Ok) Ok)OU—Ek)-O(n—1)
The flag manifold F,.; ¢(R) may also be seen as manifold (V, V') with V. C R”
a subspace of dimension k and V' L V' of dimension £ — k. The link with the
previous definition simply follows from W =V @ V' and we have the fibration
Frio(R) = Gy i(R) - Gr—p -k (R)
O(n) O(n —k) O(n)

~O(k)O(n—k) Ol —k)-On—20)  OEOEY—~Ek)-O(n—1£)

More in general for 0 < k1 < -+ < ks < n we may define the flag manifold
Friky... k. (R) as the manifold of flags (Vi,...,Vs) with Vi Cc Vo C--- C Vs CR”
subspaces of dimension dimV; = k;. We clearly have the iterated fibration
Frikr ook R) = Grp, (R) - G, oy (R) -+ - Gy iy (R)

O(n) O(ky) O(k2)
O(n —ks)O(ks)  Olks = ks1) - Olks—1)  O(kz k) - O(ky)
_ O(n)
~ O(n = ke)O(ks —ks—1) - O(ka — k1)O(ky) ~

Using orthogonal subspaces, we have:

Friy ks R) = G gy (R) - Gy iy =t (R) -+ Gy b=k, 1 (R).

Orthogonal groups may also be defined for the spaces RP'¢ with pseudo-
Euclidean inner product

(T,y) = T1y1 + - + TpYg — Tpr1Yptr1 = — Tptrq¥ptq-

The corresponding groups are O(p, q) and SO(p, q). The group SO(p, q), e.g., is
determined as the manifold of frames of signature (p, q) :

(Vis o Vi Vo ts -5 Vipig)
whereby v; € SP~1 - RY is the first spacelike vector v, 1 v; € SP=2-R? up to
v, L span (Vl, o ,fol) € S% - RY and the remaining vectors (Verl, e ,Verq)

form a right oriented time-like g-frame, i.e., v, € Sa-t, Vo € S92 and Vot
is fixed by the fact that the determinant of the whole frame equals +1.
In total, the morphological bill adds up to:

SO(p,q) = (S*"-R7) -+ ($” - RT) §771 ... 8
=O(p) - SO(q) - RP9,

and it is a two component group still.

q
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All of the above may be generalized to the complex Hermitian case. Let us

start with C™ provided with the Hermitian inner product:
(va) =z1w1 + -+ ZpWy.

Then by U(n) we denote the unitary group of matrices learning the Hermit-
ian form invariant; its matrices may be written as Hermitian orthonormal frames
Vi,. .., V, Whereby |v,| =1, (v;,v;) =0 for j # k.

This leads to the following morphological analysis:

v, € §?7~1 is the unit vector in C" = R?",

vy L v, in the Hermitian sense, i.e., v, € vi N §2"~1 = §2n=3
up to

v, Lv,...,v,_q, e, v, €St
and, therefore,

U(TL) — SQn—l . SQn—S .. 51.

In the above, please note that (v,w) = Re(v,w) is the orthogonal inner
product in R?” and so

(v,w) =0 iff (v,w) =0 and (iv,w) = 0.
Clearly U(n)is a subgroup of SO(2n) and for the quotient we have:
SO(2n)
U(n)
which actually is a manifold, namely the manifold of all complex structures on
R?" (Exercise).

The special unitary group SU(n) is the subgroup of matrices in U(n) with

determinant = 1, i.e.,

_ S?n72512n74 L 527

SU(n) = §%"~1... 83
and in particular SU(2) = 3.

The definition of the complex general and special linear groups is obvious;
they are denoted by GL(n,C), SL(n,C). Like for the orthogonal groups also for
the complex group U(n) we have the associated homogeneous spaces, in particular
Grafimann manifolds

B U(n) B Sanl . 32n72k+1
Gn,k((c) - U(k) . U(n _ k) - SQk—l . SQk—3 .. .517

so for example

S7..85
G42(C) = . g1 = (R* 4+ 1)CP? = S*'CP? = HP' - CP%.
5987
Gso(C) = oy g1 = CP*. (R* +1) = CP* - HP'.
11 . @9
Ge,2(C) = i,g ' 51 = HP? - CP*.

and so we have again a clear 2-periodicity.
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We leave the discussion of G, 3(C) as an exercise.
Unitary groups may also be constructed over spaces CP'¢ with pseudo-Her-
mitian form

(z,w) = z1w1 + -+ + ZpWp — Zpp1Wp1 =+ = Zp4qWpq

and the corresponding invariance groups are denoted by U(p, q) and SU(p,q) in
case det = 1.
The corresponding frames now have to be chosen on the pseudo-Hermitian
unit sphere:
|Zl|2 +oet |Zp|2 - |Zp+1|2 - |Zp+q|2 =1
which leads to the morphological formula

Up,q) = (§%~1.C%) . (§%P=3.C%)... (8! . C7). 5%~ 1. g%=3... gt

Of course we also have the complexified versions O(n,C) and SO(n,C) of O(n)
and SO(n); it is another story which we will leave out for the moment.

To finish the list of matrix groups leading to morphological analysis, we
mention the compact symplectic groups Sp(n); they follow from the quaternionic
Hermitian form

(Qa ’I") =qr1+- -+ qnrn,
whereby q; = qj, +1q;j, +74j, +kqj, is a quaternion and g; = q;, —iqj, —1qj» — kqj,
its quaternion conjugate.

Sp(n) is by definition the group of quaternion n x n matrices leaving this
form invariant and its matrix elements may be regarded as quaternionic frames
q1,---,qn Whereby ¢, € H" with |q1| = 1, i.e., ¢1 € S, go € H" with |ga] = 1
and (q1,q2) = 0, i.e., g2 € S* 7% and so on. This leads to the morphological bill:

Sp(n) — S4n71 . S4n75 . 53,

in particular Sp(1) = S? and Sp(2) = S7 - S3.

Also here may be investigated quaternionic Grafimannians.

The groups Sp(n) should not be confused with the non-compact groups
Sp(2n, R) of matrices A € GL(2n,R) leaving the maximal 2-form invariant.

For Sp(2n,R) we did not find a morphological evaluation yet.

To finish this section we discuss the Spin groups Spin(m).

We start by considering the real 2"*-dimensional Clifford algebra R,, with
generators eq, ..., e, and relations e; e + e ej = —20;.

The space of bivectors

RmQ = Zbijei €;: bU eR
0,J
forms a Lie algebra for the commutation product and the corresponding group is

the Spin group:
Spin(m) = exp(Ryy 2).
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Its elements may be written into the form s = wy - wyg, w; = Y wjrer, € R™
with w? =-1,ie,w; € sm=1,
We have the following Spin(m) representation
h : Spin(m) — SO(m)
whereby
h:s—h(s): ©— sxs
whereby for a € R,,,, a is the conjugation with properties ab = ba & e; = —e;.
In this way Spin(m) is a 2-fold covering group of SO(m), i.e.,
S50(m) = Spin(m)/z,
and also Spin(m) is simply connected.
This might suggest the morphological evaluation
Spin(m) = SO(m) - Zy = S™ ... 8. 8% = O(m),
which, through not entirely wrong in the sense of quantity, is somewhat uninter-
esting.
But there is a more interesting evaluation of Spin(m).
Let us start with
Spin(3) = {qo + q1e23 + qae31 + qze12 : qq =1}
=983 =8%.8'=S5U(2) = Sp(1)
with differs rather substantially from
0(3)=5%.8".5%

So in fact, the rotation group SO(3) has two different representations in
morphological calculus:
one as the matrix group

S0(3) = 5% 5!
and one in terms of the Spin group (quaternion S%):
SO(3) = Spin(3)/z, = 5°/2
=8§25'/, =SSt = (R? 4 1)(R + 1) = RP3.
In general we got
SO(m) = Spin(m)/2,
which is another morphological version of the rotation group.

For m = 4 we consider the pseudoscalar ejazq with e?y5, = +1 and ej234 is
central in the even subalgebra

Ri =Alg{ejr : j<k} 2R3 2HoH.
Putting
1
E, = 5 (1£ei234)
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we have
E,+E_ =1, E1=F., E,E_ =0,
SO every a € RI may be written uniquely as:
a=ayEy+a_E_, ay € H=span{l,ess,e31,€12}
and in particular
s€Spin(4) :s; By +s_E_, sy € S%
So we have the morphological analysis
Spin(4) = Spin(3) x Spin(3)
=5%.53=9%.82.6%
For m = 5, we use the fact that
Spin(5) = {s € RF : ss =1},
together with the isomorphisms
R} =Ry = H(2),
i.e., the set of 2 x 2 quaternionic matrices
a = (all a12> , Qij € H
az1  G22

and under this isomorphism we also have
= aj; a1 .
a12  A22
This shows that in fact

Spin(5) = Sp(2) = §7- 5% = 1. §3. §3 =st. §%.8%. g1,

For m = 6, the pseudoscalar e1a3456 satisfies €255,5 = —1 and it is central in
even subalgebra R} = Rs, so it may identified with complex number i, leading to

R 2 C®R} = CxH(2) = C4),

and under this map ]Rg' — C(4), the conjugate a of a € ]Rg' corresponds to the
Hermitian conjugate (a)* of matrix (a) € C(4).

Hence the group G = {a : aa = 1, a € R{} corresponds to U(4). But for
m > 5, the group G no longer corresponds to Spin(m) and for m = 6

G = exp {Z bijei; + 6123456}
= exp {Z bijeij} x exp {e123456 } = Spin(6) x U(1)
which shows that really
Spin(6) = SU(4) = S7-S§°. 8% =8°.8*.6%.82. 51,
For m = 7 on the situation is much more complicated. Could it be that
Spin(7) =S°.6°.8*.5%.8%. 517
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5. Nullcones and things

The nullcone NC™~! of complex dimension n — 1 in the locus of points
(21,...,2n) €C"

that satisfy 22 + -+ 22 = 0.

The complex (n — 1)-sphere CS™~! consists of the solutions (21,...,2,) of
the equation 22 + -+ + 22 = 1.

It is a non-compact manifold that admits a canonical compactification
cs" ! c cpn given by the equation in homogeneous coordinates 21, ..., 2p4+1 :

A+t =2

that is equivalent to 27 + --- + 22 4+ 22, = 0 if we replace 2,41 — iz,41. The
submanifold CS™~! corresponds to the intersection with the region Zn+1 # O
while the “points at infinity” corresponds to the intersection with plane 2,411 = 0,
leading to:

€S 24422 =0
Hence we have the disjoint union
cs" Tt =cstues"T

We are going to perform the morphological calculus of those objects in two
different ways, leading to two different formulas for the quantity (once again). The
first method could be called the real geometry approach.

Let us write z = z + iy, = (z1,...,2,), ¥y = (Y1,.-.,Yn) € R™; then the
equation for NC™~! may be rewritten as

2P =[y|* & (z,y)=0
First solution is the point z = 0 with quantity 1.
For z # 0 we may write 2 = pw, y = pv, p € Ry and w,v € S"! such that
wluv, ie., (w,v) €V, 2(R). Hence we have

NC" ' =14V, 5[R)- Ry =1+ 8""1.5"2.R,.
The complex sphere CS™~! written in real coordinates would lead to:
2> =1+ Jy*, (z,y)=0.
First we have the case |y| = 0, |z| = 1 leading to the quantity S™~1. Next

for |y| € Ry we again may put © = rw, y = pv whereby r> = 1+ p?, p € Ry and
w,v € 8" with w L v. This leads to the morphological bill

CS" 1= 5" 4 Vaa(R) Ry
_ Snfl + Snfl . Sn72 'R-i- _ Snfl . (1 + Sn72 R+)
_ Sn—l . (1 + (Rn—l o 1)) _ Sn—l . Rn—l’
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which represents the tangent bundle to S"~!. Once again remark that S7~!.R"~!
might represent any (n — 1)-dimensional vector bundles over S™~! or more general
stuff, so it only represents the quantity of the tangent bundle.

For CSn_l we have two approaches.

First it is the set of points (21,...,2,4+1) € CP" solving the equation 27 +
-+++22,, = 0, which means that the homogeneous coordinates (21, ..., zp+1) # 0
belong to NC™ \ {0} and they are determined up to a homogeneity factor A €
C\ {0}. This leads to

n-1_ NC" =1 Vap12(R) Ry Vag1a(R)

€5 c-1 SRy st
. S Snfl
=Gpt12R) = g
Secondly we also have that
cs" T =csn st

SnlRPTI4 § T2 R2 4 SR 42
giving the total quantity, while also

n—2
Cs" 4 st =5t (R"—l + 551 )

Sl Sl
as expected.
Note also that there is a 2-periodicity expressed by
In—1 SZn . Sanl o I
CSs = g1 =5".CP" 7,
om SQnJrl . SZn . o
Cs = g1 = CP" . 5°".

Note that we also have the identity
NCm =l =1+4+C8" 2. (C-1)

that often turns out useful in calculations.

We now use a purely complex method to compute the complexified sphere;
we use a diﬁgrent notation CS".

For CS we have the equation

zf—f—zg:O S w =0, u=2z +izg, v =121 — izs.

Up to a factor A # 0 there are solutions (u,v) namely (1,0) and (0, 1), leading to
the quantity cs’ = 2.

For CS' we have the equation

uv = 23
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including for 23 = 0, uv = 0, i.e., ¢s’ and for z3 # 0 we normalise z3 = 1, so we
have the equation for cs' :ouw = 1, i.e,, u € C\ {0}, v = 1/u. This leads to
CS'=C-1& CS' =CS'+CS°=(C—-1)+2=C+1
so in fact CS; = CP! = §2.
For CS™ we again have the splitting
cs’ =cs? +cs'
whereby cs’ is given by the equation
uvzzi—z??:l—zg,

with normalization z4 = 1. There are two cases of this: 25 # 1, giving 23 €
C\{1,-1} and 23 € {+1,—1}. So, morphologically, we have a factor

23€C—2 or z3€2.
In the case z3 € C — 2 we have the equation
uv = cte # 0
to solve, which gives us u € C — 1, v = cte/u, leading to the quantity:
(C—-1)(C-2).

For z3 € 2 we have equation uv = 0 to be solved, which gives us (u,v) = (0,0)
orv=0and u€ C—1oru=0andué&C—1.So the total quantity is

1+2(C—1),
with an extra factor 2, which gives the total
CS?=(C—-1)(C—-2)+4(C-1)+2
=(C-1)(C+2)+2=C*+C=(C+1)C.
Hence, we arrive at
CS® = (C+1)C+(C+1) = (C+12=s2CPl = ° 5
Sl
For CS? we have the equation
uv1 = 1 — ugvy

leading to the cases usvy = 1 and wugve # 1 for which we have the morphological
factors C — 1 and C? — C + 1 (the phantom complex projective plane). In case
1 —ugvy = ¢ # 0 the remaining equation u;v; = ¢ yields the factor C — 1 while for
1 = ugve we have ujv; =0, i.e., 1 +2(C — 1). In total this gives
CS*=(C—-1)(C*~C+1)+(1+2(C—-1)(C~-1)
= (C-1)(C*+C)=(C*-1)C,
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which is also clear from the fact that uijv; + usve = 1 is basically the equation
ad — be =1 for

SL(2,C) = (C2 - 1) C.
This leads to
Cs’ =CS* +CS* = (C2 - 1) C+ (C + 1)°
=(C+1)((C—1C+C+1)=(C+1)(C>+1)
SRR
-7

For CS* we have the equation

=S*.CP' = CP3.

ULV + usvg =1 — z?

leading to the factors C — 2 for 22 # 1 and 2 for 27 = 1.

For 1 — 22 = ¢ # 0 the remaining equation gives the factor SL(2,C) =
(C% — 1)C while for ¢ = 0 we have the equation ujv; + ugvy = 0, which is the
nullcone

NC3=1+CS*- (C—1)=1+(C2—1)(C+1).
In total we get
CS* = (C* - 1)C(C—2) +2(C* - 1)(C+1)+2
=(C*-1)(C*+2)+2=C*+C*=C*>C?+1)

so that
cs' = st +Cs* = (C2+1) (C2+C +1)
S5st
2 4
=CP*.S" = g1
It seems that in general we will have

2n 52n+1 2n 0 2n
CS™ = SlS = CP" - S*",

2n—1

(CS2n71 _ S2n551 _ SQn . (CPn—l _ CPQn_l.

To prove this recursively we begin with CS?” given by the equation
uvy + o Fupv, =1 — Z§n+1-

For the right-hand side we have the factor C—2 for 23, ; # 1 and the factor 2
for 23,1 = 1. The equation ¢ = 1—23, | # 0 gives the factor uv1+- - -+u,v, = ¢,
which is in fact CS?*~! while for ¢ = 0 we have the equation ujvy + - - - +u,v, = 0,
which is

NCTl=14+CS™ % (C-1).
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So in total we have
CS™ =S 1. (C—2)+2+2c8" % (C—1)
—cs™ . (c—2)—cs" P (C-2) +2C8T" 7 (C - 1) +2

=cs™ . (c-2)+Cs" P Cc 42

and, therefore,

2n 1

s =csrrcs”  =cs™ T (e resT Tl cr e
Using the induction hypothesis
cs™ ' =P and €SP =CPrt S22
this gives rise to
CS™ =C2 — 14+ (C" '+ 1)(C" +C™ 1 4 ...+ C) +2
=Cr+C .. 4C)+(C"HC 4+ CH )
= (C" +1)CP™ = CP" - §*.
For the other case CS™"*! we note that CS2+1 is given by the equation
u1v1 + -+ upvy, = 1 — Upt1v,41 giving the factor (phantom projective plane)
C?—C+1forc=1—upr1vy41 #0and C—1 for u, 10,41 = 1. Again for ¢ # 0

we have the equation wjvy + - - - + u,v, = ¢ # 0, leading to the factor CS?>"*~! and
for ¢ = 0 we get factor NC?"~! as before. This leads to

CS2rtl — og2nl . (CQ —C+ 1) n (1 4 (CSQn—Q ' (C N 1)) . (C — 1)
2n—2

=cs™ (@ -c+1)-CSP.c+C -1,

which, using the formulae for CSQH?1 and (C.S'Qni2 yields
CSQnJrl _ (Cn . (CnJrl o 1)
— SQTI,+1 . RQTL . RJ’_
and so we finally get
s = csrtt 4+ cs™
:(Cn.(cn-i-l _1)+(Cn+1)(cn++1)
:C2n+1+62n++Cn_cn+cn++1ch2n+l
52n+1
1
These calculations show a certain consistency in which the Poincaré sphere
S?" and complex projective spaces CP™ play a central role. Also the phantom
complex projective plane C2 — C + 1 reappears here as the set of points (u,v) € C?

which lie outside the hyperbola uv = 1; it is the new geometric interpretation for
strange phantom plane that arises from the morphological analysis.

—_ SQn+2 . CIP;W — SQn—i—Q .
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Finally also the “bipolar plane” C — 2 arises naturally within the discussion.
Of course one could always consider C — n, but in morphological calculus we are
not interested in generality, only in canonical objects.

Our next investigation concerns “Null Graflimannians”.

By NG, x(C) we denote the manifold of all k-dimensional subspaces of the
nullcone NC™~! in C". Hence in particular NG,, ;(C) = €S"%. Let us make the
morphological analysis; once again there are two ways.

Let V C NC™ ! be a k-dimensional complex subspace spanned by k-vectors
Ty,...,T. Which are of course linearly independent and satisfy:

7'? = (t; —l—isj)2 =0, ie, t; Ls; &t =15l
<7—j’7—k> = <tj7tk> - <sj78k> + i(<tjvsk> + <tk78j>) =0.

Next consider on C™ the Hermitian inner product (z,w) = Z?’Zl zjw;; then
we can normalize vector 7, i.e., (71,71) = (t;,t1) + (s1,5;) = 2, which together
with ¢; L s; [t;] = |s;| means that the pair (¢;,s;) € V,2(R) is the manifold of
orthonormal 2-frames.

Next one may choose 7, such that (74, 7;) = 0 & |75|* = 2 with 75 = ¢, +is,.
This automatically implies that

<T27T1> = <T27T1> = Oa i-e-v <t277—1> = <825T1> =0

so that the pair (¢y,s,) is an orthonormal 2-frame that is also orthogonal to
spang{t, s; }, i.e., (1, 81,%9, S9) € Vi a(R).

Continuing the reasoning, we may choose ¢;, s; in such a way that
SO(n)
t1,81,t0,89,---yt1,8.) € Vi op(R) = ;
( 102152y °2 k k) 7’72]‘3( ) SO(TL— Qk)
a necessary condition for this is n > 2k.

Now let (77,...,7}) be another k-tuple for which

span{7y, ..., 7} =V & |2 =2, (1],70) =0, 5 # ks

then there exists the unique matrix A € U(k) such that 7/ = Z?Zl Ajet,. Hence
we obtain the identity in terms of homogeneous spaces and in morphological sense

SO(n) Sgn—1. Sn72 . Sn72k
NG, = = .
G ,k(c) U(k‘) % SO(TL _ 2]6) 92k—1.G2k=3 ... 61
So, in the case n = 2m is even, we have that

Smel L. 52m72k
NGn,k(C) = Sgk_l ...61

while for n = 2m + 1, odd, we have

_ Gm,k(c) . 32m72 . 32m72k

§2m . g2m—1_ . 32m72k+1
NG (C) = §2k—1... g1

This also implies that NG, (C) is integrable.

= Gm,k((C) . g2mo S2m72k+2.
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Another way of calculating the quantity makes use of the complex compact
n—2 . . . . .
spheres CS that were obtained in terms of complex analysis. Using the notation
NGy, x(C) for the corresponding null Gramannians we have:

n—2

NG,1(C) =CS" ",

)

NGy2(C) = {(r,,75) €CS" -8 x C8" " - 5"} mod U(2)

Ccs"Pstes" st cstThest T
N S§3. 61 N CcPt ’
and in general
n—2 n—2k
CS ---CS
NG, =
CorlC) =" cpr1...cp
Hence, in case n = 2m we obtain
2m—2 2m—2k
NGka(C):CS 7-~-(CS
’ CPk-1...CP?
B cpm—1. §2m—2 . '(C]P)mfk . SmeQk
CPk—1...CPL
CIP)m—l . (C]Pm_k

(C]P)k,1 Cpl SQm—Q . SQm—Qk
_ Gm,k(c) . 82m72 . 82m72k

and similarly for n = 2m + 1 we get
NGQerl,k((C) = Gmk((C) .§2m. . SQm—Qk-|-27

and so these objects are also integrable. The calculus of nullcones and things can
also be done in real variables. Let RP*9 be the space RP-4 = RPT4 with quadratic
form

p q
2> =yl =) af =)yl (x,y) RV
j=1 j=1

Then the nullcone NCP+9 is the set of solutions (z,y) of equation |z|> = |y|?;
it contains of course (0,0) and for || € Ry we have (x,y) = p(w,v) with p > 0
and (x,y) € SP~1 x S971. Hence, we have relation

NCP? =8Pt gL R, 1.

By SP~1471 we denote the set of 1D subspaces of NCP4; it may be rep-
resented by the equivalence classes (w,v) ~ (—w, —v), (w,v) € SP71 x §971 In
morphological notation we have:

NCP4q — 1 Sr—1. gq-1 ‘R, Sr—1. gq-1

= = gr~ L. Rpe—1,

p_17q_1: =
S R-1 R—-1 2
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For example for ¢ = 2 we may put v = (cosf,sinf) and SP~1! may be
identified with the equivalent pairs (w,cosf,sinf) ~ (—w, —cosf, —sin @), which
is equivalent with the Lie sphere

Sp=bl pop — fel : we SP7L 0 e |0, n}.

But there is also another calculation of this manifold that leads to another
quantity SP~19~1 and it corresponds to the “conformal compactification” Rr”H
of RP=1471 To find this, let (x,y) = (2/,2,; ', y,) with (z/,y') € RP~1:471 Then
first we may intersect the nullcone with the plane =, — y, = 1, i.e., we put

1 1

2(1—,0), Yq 2(1+p)-

Z‘p:

The equation |z|? = |y|? for the manifold SP~19~1 gives us p = |2'|? —|y/|? so

that (z/,y’) € RP~1971 freely and then (z,,y,) are fixed. So this part of SP~14~1
is equivalent to RPT972. The remaining part of SP~19~! is represented by the
nonzero vectors A(x,y), A € R\ {0} for which z, = y,; there are two cases:

o If z, = y, # 0 we may normalize z, = y, = 1 and we have (z,y) = (2/,1,¢/,1)
together with the equation |2/|? — |/|* = 0. So this part of SP~1971 is equiv-
alent to the modified nullcone

NCP~1a-1 = 9§p—24-2 . R 1.

o If z, = y, = 0 we have A(2/,0,7,0) with A € R\ {0} and |2'| # 0 and
|2'| = |3/|, which is the definition of SP=2:4~2,

So the total morphological calculation becomes

sp—La-1 — gpta—2 Sp72,q72(2R+ +1)+1,
=RPTI72 1 SP72472 . R 41,

or, in terms of compactification of RP-7:
RPT =ReH 4 RPVTR 1
Case 1: for ¢ = 0 we simply obtain
R =R =RP 4+1=5".
Case 2: compactified Minkowski space-time

p—1,0

R R RO R 41,
=RPF L (RPI41) R4+1=(RP+1)(R+1)
= SP . RPL
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More in general we obtain for p > ¢

p—1,1

R™ —RPH2 4RV R 41
=R2 L (RP4RPV4R+1)-R+1=(R’+1)(R+1)
=RPP2 L RPH L RPHRZ4 R+ 1
= (R? +1)(R> + R+ 1) = S” - RP?,

and, continuing in this way we obtain for p > ¢ :
R = (RP + 1)(R + -+ R2+ R+ 1) = SP - RP¥,

as expected from the similar (but different) formula SP'¢ = SP - RP?.
So once again we have two different quantities that are obtained in two dif-
ferent canonical ways from what is mathematically considered to be one manifold.

Note that in particular (and this is weird)

:RQm_’__’_Rerl_’_QRm_’_Rmfl_’__’_l

=R™+1)2+R-(R™ +1)(R™2+...4+1).
For the classical Minkowski space-time we get
3,1
R™ = (R*+1)(R + 1),

and this is indeed projective line bundle over 3-sphere.
Compactified complexified Minkowski space-time is given by

CS' = (C2+1)(C2+C+1) =C* +C*+2C* + C + 1
=C*+C-(C+1)24+1=C*+NC?,

with NC3 = C - CS’ + 1, so it is not just replacing “R” by “C” in R>'.
We must still calculate the null GraBmannians NGy, 4.1; they are defined as
manifold of k-dimensional subspaces of the nullcone NCP4 = §P~1.Ga—1. R+ 4 1.
Let V' be such a k-dimensional plane; then V' is spanned by the basis of the
form:

1 1
e1+e€1,e0+ €, ..., e+ €k €1,...,e €SP €q,..., e €8T

orthonormal frames, so these bases belong to:

NCP4 — 1
2

—9gp—1a-1
R—-1 ’

e1 + €1 ESp_lwsq_l =
up to

er+ep € SPTF . 9ITR = ggpmkaTk
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and within V' the total quantity of such bases is given by O(k) = §k—1.8k=2... 60,
We thus have the morphological representation (with p > ¢, ¢ > k)
28p—La—1) ... (99r—k.a—k
NGpgr = ( Gk—1 .)Sk—g ... 50 )
Sp—Lla—1_. . gp—k.q—Fk

RPA-1...RP?
Sp—1.gqp=2... gp—Fk . L
= Gh—1... g0 Sa—1... 949

=Gpr(R)-§771... g1k
Again there is another way of computing this whereby in the above, SP9 is
replaced by SP4 = Rp’q, leading up to the stereographic null Grafimannian:
(ggp—l,q—l) . (QSp—k,q—k)
Sk—1...80
Rpfl,qfl N _Rpfk,qfk
~  RPF-1...RP!
sp—1...§p—F .RPY—1...RPIF
B RP*-1...RP!
All these manifolds give hence rise to integrable morphological objects.
For the Minkowski space-time we have the manifold of null-lines (light rays):

NGias R™ R (RS + 1R+ 1R +1)
- RP! R+1
=R*+1)(R*+1) =8*-§?%
i.e., the real twistor space.
The last case we consider here is that of the space CP*¢ = CP*4 provided with
the pseudo-Hermitian form

((Zau)a (Z/,U,/)) = (sz/) - (uvul) = ZZJZ; - ZU/]U/;

NGy, =

=G r(R)-SP7L...SP7F

The nullcone ((z,u), (2,u)) = 0 is denoted by NCP4(C) and it has real
codimension one, so its real dimension equals 2p+2¢— 1. The equation is |z|? = |u|?
S0:

NCP(C) = §%~1. g2 1. R, 4+ 1.

By T?% we denote the manifold of one-dimensional complex subspaces of
NCP4(C); it is a real submanifold of CPP*4~! of real codimension one that hence
subdivides CPP*9~1! in 3 parts and 7?2 C CP? corresponds to “real twistor space”
(the manifold of light-lines in the Minkowski space). From the definition we have

_ NCPYC) -1 _ §2r—1.Gg2-1. R,
B Cc-1 N St.R,
so in particular 722 = §3 . CP* = 83 . §%.

TP = §%-l.cpit,
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There is another approach leading to the twister space TP>? with a different
quantity.

To that end we write (z,u) = (7, zp, v/, up) and consider the intersection
NCP(C) N {zp — uqg = 1}, which allows us to write

1 1
y(Lptia), ug =,

The equation for the point (z,u) now becomes

Zp = (=14 p+ia).

1 1
2 P () 4 0%) — | (1= ) =0

or

p=7]- v & aeR.
Hence the 1D complex subspaces of NC?9(C) that intersect the plane z, —u, =1
are representable by vectors of the form (2, } (1 4 p + i), v/, (=1 + p + i) with

(2',u') € CP~1471 and a € R. So this part of T?¢ has quantity CP*9=2 . R. The
other points of TP¢ have the form (2’, A\, u’, \) so there are two cases:

e )\ +#£ 0, in this case we normalize A = 1 and we have the equation |2/|* — |u/|? =
0, giving a version of nullcone:

NCP~ha=t(C) =P~ bt (C—1) 4+ 1.

e In the case A = 0 we have the point (2/,0,u/,0) with equation |z'| = |u/| and
determined up to a constant ¢ € C\ {0}, i.e., we get TP~14~1,

This leads to the recursion formula for TP>? with p > ¢ :
TP = CPTI=2 . R4 TP 14" 1.C+1.
So in particular we get
TP =CP ' R4+1=R¥»'+1=8""1
T?? =CP R+ (CP"2 . R+1)C+1
=(CP+C")R+C+1=(C""'-R+1)(C+1)
= §?-1. CPt,
T?? =CP*' . R+ (CP~' R4+ CP? R+ C+1)C+1
= (CP"1.R+1) (CP°+C+1) =s*"'.CP*
and so, continuing in this way, we obtain for p > ¢:
TP = (CP~' - R+1) (CT 4.+ C+1) =S*"1.CPT 1.
In particular we re-obtain the expected formula

T*? =(C-R+1)(C+1)=S*-CP! =S*.§%
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The manifold CP? is itself called the complex twistor space; it decomposes
into real twistor space T?? together with two equals parts corresponding to |z| <
|u| and |z| > |u|. In morphological language we have the cutting experiment

CP? -T??2=C*+C*+C+1— (CR+1)(C+1)
=(C*-C-R)(C+1)=C-(C-R)(C+1)
=2C-C;-(C+1),

which indeed gives 2 copies of C - C, - (C + 1) whereby we put C; = =
R-®1=R-R;.

We can also calculate the null GraBmannian NGP-%*(C) of k-dimensional
complex subspaces of NCP'4(C). Let V' be a complex k-subspace; then the frames
(t1581),- -+, (tg; s;) may be chosen such that (t;;t;) — (s;;8;) = 0, of course, but
we may also choose (t;;t;) to be the Hermitian orthonormal frame, i.e., (t;;t;) +
(5;58,) = 0and [t;| = [s;| = 1.

So in fact we can choose

(t;;8,) € S?P71 x §2a~1,

(ty;85) € S%7% x §2473,
and so on. Moreover these frames per plane V' can be chosen in U(k)-different
ways, leading up to the morphological formula for p > ¢ > k

S2p—1...92p—2k  G29—1 .. . §2q—2k

NGp,q;k((C) = S2k—1...93. g1
CPe—1t...CPa—F
_ @2p—1 . q2p—Fk
=5 S CPt-1...CP!

A similar calculation can be made using the stereographic spheres, leading to:

(']rp,q . (%*U) : (']I*pfl,qfl . (CR*U) (']rpkaqukarl : (<c71))
+ +

Ry
N . =
Gp»%k(@) U(k)
TR CPe-1...CPe—*
CP+-1...CP! ’
and in particular for p = ¢ = 2, k = 2 we obtain:
S3.st. CP?
NG222(C) = Cpt = (R* 4+ 1)(R + 1),

which corresponds to the real compactified Minkowski space.
The compactified complex Minkowski space corresponds to:

S7..8°
Gapo = §3. g1

as can be shown using bivectors and Klein quadric.

—S*.CP? = (C2+1)(C2+C+1)=CS",
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6. Conclusions and remarks

(i) Completeness

Morphological calculus is best compared with a museum. It consists of a lots of
special names, algebraic expressions and calculations that stand for geometrical
objects and operations on these objects.

In this paper we presented morphological calculus for the most important
classical manifolds. Like any museum, also our collection is incomplete. For exam-
ple a full morphological treatment for the spin groups Spin(m) and Spin(p, q) is
still to be done and there is a vast collection of special manifolds or objects to be
added to the catalogue.

In building up our museum we give preference to the most interesting special
manifolds (canonical manifolds) as well as to the “simplest ways of introducing
them”. So in fact the calculus is entirely based on examples of objects and exper-
iments; there is no idea of “a general manifold” and no theory behind the scene.

(ii) Correctness

Morphological calculus is correct in the sense that it takes space within the lan-
guage of calculus that is a correct language based on clear rules. This leads to the
notion of quantity, which is in fact what a manifold becomes once it is introduced
within the calculus language. This is practically done by assigning a name to an
object along with an algebraic relation that expresses the definition of the object
in calculus. The notion of quantity is somewhat comparable to the notions of car-
dinality and of volume that are used to express the contents or size of an object.
But there is no mathematical definition for it; it is an imaginary substance that
resides entirely within the calculus.

The main problem is not the calculus itself but the way of translating objects
of geometry into calculus expressions (morphological analysis); it usually happens
that one and the same object can be translated into morphological language in
many ways and that may cause confusion.

To give an example, the compactified Minkowski space is given by

R™ =RY 4+ RR2+1)+1=(R®+ 1)(R+1)
whereby R* is the usual Minkowski space and
RR?+1)+1= (2R, S* +1) +§?
is a compactified light cone at infinity whereby we made use of stereographic sphere

S2. What would happen if we replace S? by the usual sphere S?? Well, we would
get in total:

R* + R(2R? + 2R + 2) + 1 = R* + 2R3 + 2R? +- 2R + 1
St 836t
2 7 22

This is no longer Minkowski space-time, yet there exists a meaningful inter-
pretation for this object, namely the manifold of pairs (e!’w, —eiw) in C*, with

=R3*+R*+R+1)(R+1) =RP?. =s?.8t.st
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el%w € 1S3, the Lie sphere. For this manifold the above calculation makes sense.
So the problem is not only to know what calculation to make to describe an object
correctly but also how to correctly interpret a calculation (morphological synthe-
sis). It often happens that different objects turn out to share the same quantity.

There is no way to avoid these problems; one simply has to experiment until
one finds the best fitting calculations or interpretations. This may be seen as
a drawback, but we see it as a stronghold that illustrates the richness of the
morphological language.

(iiif) Consistency
Morphological calculus may be compared to making the bill of a meal in a restau-
rant; usually the bill adds up correctly but sometimes the sum of the ingredients
of the meal is more expensive than the meal.

Here is an example in morphological calculus: Consider the space R2 of bivec-
tors in a Clifford algebra: b = ZKJ. bijeie;.

Then R? is a real vector space of dimension (Z)

R2 = R(),
but on the other hand, b € R2 \ {0} may be written as:
b=rilLi+---+rsls, 25 <n,

whereby r1 > rg > -+ > ry > 0 is unique and I; = w; A vy, |wj| = |1/j| =1,
lw;| L [v;] is a 2-blade such that I;I = I; 1, i.e., (wy,vq,...,w;j, V) € Vias(R).
This leads to a partition of R? into orbits of the orthogonal group O(ry,...,7s),
which one may calculate morphologically and add up properly.

Forn=3,b=rwAveRy xé;g(R), leading to
R —1=Ga2(R) Ry =52 Ry =R?—1,

which adds up correctly. But already for n = 4 there is a problem. Every b €
R?\ {0} may be written as

b=riwy Avy + 1wy Avy, 11 212 >0
and there are three cases:
1. For 7 > r9 > 0 the blades w; A v; and w, A v, are uniquely determined in
terms of b, so we have in fact:
ro >0€R,, r >ry € Ry,
53 .52
g1
[wy A Vg, wq A vq] =0 leaves 2 possibilities: wy A vy = twy A vy - €1234.
So, in morphological terms we get:

28?. 8% . R, -R, =2R, -S*- (R® —1).

wl/\yleézg(R): =§?. 52



2.

3.

S
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Forry > 0,79 =0 we get b = rwAv withr € Ry and wAv € C/?ZQ(R) =52.52,
so in total §2- §2 - R, =§?- (R —1).
In the case r1 = ro =7 > 0 we get

b=r(w; Avy +wy Avy),
whereby either wy A vy = teqo3aw; A vy, 50 b = 7w A v(1 £ e1234). Hereby

wAv may be chosen to belong to G 2(R) = S? because in fact every bivector
b € R? may be decomposed uniquely into self-dual and anti-self-dual parts:

1 1
b= 5 (14 e1234)by + 2(1 —e1234)b—, by € R3.

So in the above case, w A v € @JQ(R) is unique, so that the morphological
contribution is given by

2R, - S = 2(R% —1).
Hence, adding up (1) 4+ (2) + (3), we get a total morphological sum of
(2R, +1)S?- (R? — 1) + 2(R3 — 1)
R-(RZ+1)+2)-(R*—1) # (R®*+ 1)(R®* —1) = R® — 1.

The gap in the calculation lies in the difference between R - (R? 4 1) + 2 and
R3 + 1. If in the above we would replace R? + 1 = S? by 2R? + 2R + 2 = §?

we would get a factor R - S% + 2 = S and replacing then S? by S? would make

the bill add up correctly.

So in fact R - (R% 4 1) + 2 may be interpreted as an oversized version of the

Poincaré sphere S* = R? + 1.

1.

2.

3.

Also for the bivector space RZ we have three cases:

in case r; > r9 > 0 we obtain the quantity:

§4.83 §2.81
R3 - st g1 =(R°-1)-8*- (R* - 1)
in case r; > ro = 0 we obtain:
§4.88
Ry~ " of = ([R5 —-1)-§?

in case 11 = ro =1 > 0 we get bivectors of the form r(w; A vy +wy Avy) in
R®; the number of choices for span{w;, v,,ws, Vs } equals CE;(R) = S; while
for each choice we have the quantity 2R, S? as before, leading to a total of
54
2
So, the total bill for RZ reads

(R5 — 1)((1 + R*)R? 4 2R? + 2R + 2)
=R’ - )R+ (R+1)(R*+R+1) + 1),

(2R, S?) = (R®> — 1) - 52
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while we would need the second factor to be equal to R® + 1 to make the bill

add up correctly.

From n > 6 on the calculation of REL is much more complicated so we won’t do
it here, but in any case we won’t get just R(). This may be seen as an inconsistency
which is likely to repeat itself in cases of partitions of geometrical objects. We
have no solution as even explanation of this, but it is clear that one can study
this phenomena within the language of morphological calculus, which in itself is
consistent.

(iv) Calculus styles

A calculus style is obtained by making certain restrictions on the use of the calculus
language and by a certain kind of application or focus.

In the canonical style we decided to replace the relation R = 2R+1 by its more
rigorous form R = 2R, + 1 in order to avoid too many unwanted identifications.

This leads to the possibility to apply the rules of calculus on a free basis
(commutativity, brackets, etc.) whereby our focus is the calculation of quantity
for a large collection of manifolds and this calculation arises from a morphological
analysis of the geometrical objects (and constructions) we are interested in.

In the formal style we start off from a given quantity, a polynomial agR™ +
-+ +ay with a9 > 0, a1,...,a, € N say, and we consider the collection of all the
algebraic expressions that evaluate to this quantity. Since we already start with a
polynomial with positive integer coefficients, we won’t consider any subtractions
or divisions here, just addition and multiplication. Also we won’t be using R
here and the relation R = 2R, + 1 will be replaced by a non-commutative and
non-associative version of R =2R + 1 :

R=R+1+R, R=R+(R+1),

the use of which leads to a change in the quantity. Also other calculations involving
commuting terms or factors or placing or removing brackets are seen as morphisms
on the collection of morphological objects. So for each quantity we have basically
a category.

Parallel to this, for each polynomial agR"™+ - - -+ a,, we also have the set of all
geometrical objects that can be formed by glueing together (or not) ag copies of R,
a1 copies of R*! ..., a, points. The focus now is to study possible correlations
between the category of algebraic expressions and geometrical objects (graphs) for
a given quantity; this is morphological synthesis.

For example for R 4+ 1 we have two expressions

R+1, 1+R

and two geometrical objects (apart from trivial disjoint union) semi-interval [0, 1]
or circle S' and one possible correlation is to identify R 4+ 1 with [0,1[ and 1 + R
with the circle S.

The more general case aR + b leads to a kind of calligraphy that we’ll study
in forthcoming work. For this reason we will speak of calligraphic calculus.
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7. Outlook

It is not easy to provide complete references to the topic of morphological calculus
but certain examples of it as well as related topics are certainly available through-
out the mathematical literature. First of all there is our paper [6] in which we gave
an introduction to morphological calculus which was subdivided into an axiomatic
approach, a canonical part and a formal part based on the formal language of
calculus. In this paper we focused mainly on the canonical part by giving many
more new examples of interesting calculations. Morphological calculus can be seen
as a formal language and the task of constructing good geometrical interpretations
of calculations, called morphological synthesis, can be seen as part of a research
field called the theory of Lindenmayer systems (L-systems) for which there is a
vast literature. We only refer to [5]. Also in the book [4] by Roger Penrose the
language of calculus has been discussed, in particular the meaning of commutativ-
ity of the multiplication has been critically investigated. But the present paper is
mostly concerned with examples concerning spheres, real and complex projective
spaces, special Lie groups and homogeneous spaces including Stiefel manifolds and
Graflmannians, various types of complex spheres and real and complex nullcones.
All of this belongs to the theory of special manifolds (see, e.g., [7]).

In particular we also discussed real and complex compactified Minkowski
spaces as well as twistor spaces which have many applications in mathematical
physics and for which we refer to the pioneering work [3] of R. Penrose and W.
Rindler. Morphological calculus is of course also related to various topics in alge-
braic topology in particular Betti numbers, homology and cohomology, Poincaré
polynomials, Euler characteristics and much more that is to be found all over the
literature (use Wikipedia and see also [7]). Finally, many of our calculations also
make use of bivector spaces, Clifford algebras and Spin groups for which we refer
to the books [1] and [2].
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