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Abstract. The purpose of this article is twofold. The first is to construct
frames of the L?(R™) by using dilation and modulation starting from a
single function of a certain type. The second is to construct frames of the
H? (RT +) by using a Cauchy type integral. The work is motivated by the
recent development of sparse representation of Hardy space functions,
and, especially, by adaptive Fourier decomposition in relation to rational
orthogonal systems. We work in two contexts. One is the quaternionic
space and the other is the Euclidean space in the Clifford algebra setting.
We also investigate what type of functions can give rise to frames of
L?(R™) by dilation and modulation.
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1. Introduction

Frames were firstly introduced in 1952 by Duffin and Schaeffer in [12] where
frames are used as a tool in the study of nonharmonic Fourier series. A
sequence { f,, : n € I} is called a frame of a Hilbert space H if, for any f € H,

the inequalities Al f||3, < Z - |(f, f) i ? < B||f||% hold for some positive

constants A and B, where, I is some index set, (-,-) g and || - || g are the inner
product and norm of H. The next work to develop the frame theory was
nearly 30 years later. In 1980, Young presented frames in an abstract setting
in his book [30] that also concerns the topic of nonharmonic Fourier series. In
1985, as the wavelet era began, Daubechies et al. [7] observed that frames can
be used to find series expansions of functions in L?(R) which are very similar
to the expansions using orthonormal bases. Due to Daubechies’ important
works [8,9] and the successive paper [21] by Heil and Walnut, mathematicians
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found the potential of this topic, see [1,2,4,10,13-20,22,26,28]. There are a
lot of results about the wavelet theory in terms of Lie group [29]. The subject
of frame has been developing in two different aspects. One is to study frame
theory as a branch of functional analysis. The other aspect is to construct
specific frames using harmonic analysis, time-frequency analysis and signal
processing, including Gabor and wavelet frames.

In construction of frames, it concerns three basic operators: modulation,
dilation and translation. They play crucial roles. They are in the above order
defined, respectively, as

Muf() =@ f(), Daf() = |AI72F(ATY), Tyf () = f(- =)
for parameters w,b € R™ and a dilation matrix A € R™*"™. Here R"*" de-
notes the set of n x n matrices with positive determinants. The windowed
Fourier transform [17,20] is based on translation and modulation, but wavelet
transform [8,9] is based on dilation and translation. Precisely, for a fixed win-
dowed function ¢ and a wavelet function v in L?(R"), the windowed Fourier
transform and the wavelet transform are defined by

T f(b,w) = / F)d(x —b)e X dx

Rn

and

TIFAD) = A1} [ F0 (475 - b) d,
Rn

respectively. Each of them involves two of the three basic operators: modu-
lation M, translation 7 and dilation D.

We remark that, in the windowed Fourier transform, the variables in
translation—modulation stand for time and frequency variables, respectively.
In the wavelet transform, the variables in translation—dilation are called time
and dilation variables, respectively. Usually, the dilation variable is regarded
as “frequency”. The windowed Fourier transform is treated as the coefficients
of the Schrodinger representation of the Heisenberg group up to a phase fac-
tor with modulus 1. The wavelet transform can be interpreted as the rep-
resentation coefficients of the group of affine transform. We remark that in
the Heisenberg group the multiplication law complies with the composition
principle of translation and modulation. Similarly, in the affine group, the
multiplication law corresponds to the composition principle of translation
and dilation (see [17]).

In this paper, we investigate frame theory in the Clifford algebra set-
ting. Due to the fact that R} is not closed under Clifford multiplication, the
functions are restricted to those defined in R} and with values in R} as well.
We establish a frame-type inequality for such functions. In the quaternionic
case we establish a frame theory for H?(Q. ).
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Our basic idea is as follows. Find radial functions ¢(|-|) in L?(R™) such
that the family of functions {¢, : (j, k) € Z x Z"} in L?(R™) defined by

x|
e k(X)) = aq —

j
ap

el ( )ei(aoﬂ'woléyzﬁ7 x € R™. (1.1)

forms a frame of L?(R™). Note that in such formulation the dilation-
modulation lattice set is

A= {(agjwok, a;?) 1 (j,k) € Z x Z”} . (1.2)

Next, by using a Cauchy-type formula (6.7), generate a frame for the Hardy
space defined in RY , consisting of certain vector-valued monogenic functions
corresponding to the conjugate harmonic systems of Stein-Weiss [27]. Conse-
quently, such type monogenic frames are available for the quaternionic Hardy
space H?(Q, ). We specially note that what are used are only dilation and
modulation, and, that is, to the authors knowledge, the first such formulation
among the literature on frames on R"™ with the Clifford algebra setting.

The present study on frames of the type (1.1) with monogenic exten-
sions is, in fact, motivated by their one dimensional counterparts, and their
analytic extensions, and especially the TM systems in one complex variable
(see [25] and thereafter references). Firstly, we observe that the Takenaka—
Malmquist(TM) system is essentially generated from dilation—modulation of
the exponential function. Here, the TM system is defined by

\/ 2 Im{\,}
4~ — B
Z— An

where {\,} C CT and B, is an order n—1 Blaschke product on the upper-half
complex plane defined by

en(z) = wW(2), z€Ct, neZy,

A TM system is an orthonormal system of the conventional Hardy space
H?(C*) on the upper half plane that is defined by

By oy = sup / P + iy)|2dz < oo.
y

For each function F € H?(CT), its non-tangential boundary limit f :=
lin}J F(- + iy) exists. The set of non-tangential boundary limits of H?(C™)
y*)

also forms a Hilbert space, a closed subspace of L?(R), which is denote by
H?(dt) and called the boundary Hardy space of H?(C™T). Moreover, the inner
products in H?(C") and H?(dt) are related by

<Fa G>C+ = <f7 g>7
where (f, g) means the usual inner product in L?(R). Correspondingly, we can

define the boundary value TM system (an orthonormal basis of H?(dt)), still
denoted by {e, : n € Z,}. In Sect. 3, we prove that each basic function e,
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essentially comes from dilation-modulation of the exponential function e~
Secondly, in Sect. 4, we observe that radial functions as kernel functions are
sufficient to ensure the existence of the inverse formula of the continuous time-
frequency transform defined by (4.12). Correspondingly, as discretization of
(4.12), the generating atom in our frame system (1.1) is a radial function.

About the construction of frames L?(R™) of the type (1.1), we inves-
tigate a continuous time-frequency transformation with modulated—dilated
kernel in the space L?*(R). We point out that the basic kernel function has
to be radial in order to ensure the synthesis formula. This continuous trans-
form is also the group representation coefficient of a kind of affine group from
dilation and modulation. The reproducing formula implies that the dilation—
modulation kernel is dense in L?(R™) when the dilation parameter and mod-
ulation parameter run over Ry and R", respectively. As a separable space, it
is intuitively to look for suitable discretization of the dilation parameter and
modulation parameter in the transformation that we study. By choosing the
lattices A, it leads to the system {¢, : (j,k) € Z x Z"} defined in (1.1).

The writing plan is as follows. Section 2 gives some basic knowledge in
Clifford algebra. Section 3 explains that the TM system is essentially gener-
ated by dilation—modulation of an exponential function. Section 4 is devoted
to a generalized Heisenberg group, its representation and an important in-
tegral transform. Section 5 deals with necessary conditions and sufficient
conditions for a radial function to be able to induce a frame as defined in
(1.1). The formulation of this part is standard in accordance with the idea
and techniques in [9] and [5]. Section 6 is devoted to establishing a frame-
type inequality. Section 7 is construction of frames in the Quaternion Hardy
space.

2. Preliminary

Most of the basic knowledge and notation recalled in this section are referred
to [3,11,23,24]. Let ey,...,e, be basis elements satisfying e;e, + eye; =
—26;,, where 0; 1, = 1 if j = k and J;, = 0 otherwise, j,k =1,2,...,n. Let

RY={x=ze1+ - +apen:2; €R, j=12,...,n}
be identical with the usual Euclidean space R™. The space R} is defined as
P={x=x0+x:20 ER,xER"}.

The upper half space R}  is defined as R} with the constraint zo > 0. For
convenience, we sometimes use ey := 1.

An element in RY is called a vector. The real (complex) Clifford algebra
generated by ey, ..., e,, denoted by R(™ ((C(”)), is the associative algebra
generated by ey, . .., e,, over the real (complex) field R (C). A general element
in R therefore, is of the form z = > s Ts€s, where eg = e, ej, --- e, , and
s runs over all the ordered subsets of {1,2,...,n}, namely,

s:{1§j1<j2<-~~<jk§n}, 1<k<n.
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The natural inner product between z and y in C™, denoted by (z, ),
is the complex number ) xs¥s, where x = > _axse; and y = > yses. The
norm associated with this inner product is

mzwwézéjmﬁ.

S

If x,y,...,u are vectors, then

[wy - -ul =[] [y] - [ul.
The conjugates of a vector x = x¢ + x is defined as T = zg — x. It is easy to
verify that 0 # = € R} implies
1z
= W

Let f(x) be a function defined in R” or R} taking values in C™) with the
form f(z) = ", fs(v)es, where fs are complex-valued functions. We will use
the Dirac operator

d=00+ 90

where 9y = 0/0x¢ = (0/dxp)eg and 9 = (0/0x1)e; + -+ + (9/0x1)e,.
Define the left and right roles of the operator 0 by

n ) 3
of = Z Z 6:ijejes
j=0 s

and

If Of = 0 in a domain (open and connected) A, then we say that f is
left-monogenic in A; and if f0 = 0 in A, we say that f is right-monogenic in
A. If f is both left- and right-monogenic, then we say that f is monogenic.

The Cauchy Theorem holds in the present case. Let A be a domain
with Lipschitz boundary 0A and g be right- and f be left-monogenic in a
neighborhood of A U dA. Then

[ stz =o.

oA
where n(y) is the outward unit normal to the surface A at y and do(y)
is the area measure. We also have the Cauchy formula. Under the above
assumptions,

g(z) = inH /g(y)n(y)E(y —x)do(y), = € A,
OA

and

@) = g [ Bu=2)@n()tdo(s). = € A,
OA
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where
T
Blw) = mre
is the Cauchy kernel, and Q,1; = QFRTH/F(%H) is the area of the n-

dimensional unit sphere in R}. The Fourier transformation in R"™ is defined
by
1

FN© = gy [ €9 s,
Rn

and the inverse of Fourier transform is defined by

1

F® = Gy [ 9t

R

For a function f : R™ — R} with f(x) = Zn 0 fj(x)e;, its Fourier transform
=

is defined by F(f)(x) = ;:0 F(f5)(x)e;-

3. An Observation

For a given parameter sequence {\,}2%, in the upper half plane C*, we
consider the iterative system

d < Im(\,) d .

—gn(t Annt: — | 79n-1(1 An— n—1(% 7t Ra Zl

om0+ (®) =\ [ (L0 10+ ihuagna () € R
(3.1)

with initial function gy = —\/ﬁie“"X[om). Here x g denotes the characteristic

function of the set £ C R. By the method of variation of parameters for
inhomogeneous linear ordinary differential equations, we get an alternative
representation of (3.1)

gn(t) = C@ii;\"tX[opo)(t)
Im(\,) ,Z-;nt/ Ky _
(A1) et (gh_y () + idn_19n-1(1)) dt

Im(\,)

mgn—l(t)

e

LG ' b idnt
i M/Z()\”*l An)gn—1(t)e " dt.

By induction, we can prove that, for integer n > 1,

n

gn(t) =D PNty o (1), tER. (3.2)
=0
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Specifically, we can choose
(n) \/ nH /Hko J_Oala"'a n,

. o " no(n)
which corresponds to the initial condition g, (0) = g N
j:

Denote the Fourier-Laplace transform £ : L?(R*) — H?(C*) by

z) = /f(t)e“zdt, ze€Ct.

By calculation, the image of g, under the transform £ is
Lgn(z) =en(2), n € Z;. (3.3)

The system {Lg, : n € N} is called Takenaka—Malmquist system, which
is an orthonormal basis in the Hardy space H?(C*) under the condition
Z \/ Im )\k

keZy 1+ |/\k|2

Remark that £ is an isometry between L?(R*) and H?(C*). We there-
fore conclude that the system {g, : n € Z} is also an orthogonal basis of
L?(R*). It is interesting to investigate the time-frequency structure of g,,. By
(3.2), we know that each function g, is a finite superposition of some basic
atoms from the set {e‘”’ﬁ')([o,oo) : k € Z4}. The basic atom 6_”""')([0,00) can
be written as modulation—dilation form of one fixed function, that is,

) (t) — e_iRe()\k)te_Im(Ak)tX[O,oo) (t)

_i)\ktX[O,oo
This example essentially suggests a passage to construct bases or frames in
H?(C*) by using the Cauchy formula. A general theory in higher dimensions
will be established in the following sections.

e

4. Integral Transform and Group Representation

We need the following canonical commutation relations among translation,
modulation and dilation. Translation and modulation satisfy

My = e COMT = R_y  MJTy, MT, = P70,

=Ry (b, Tb/\/l (4.1)
Modulation and dilation ensure
DaMy = My1y-1,Da, MyDa =DaMyr,,. (4.2)
For dilation and translation we have

DA% = TAbDA’ TbDA = DATA—lb' (43)
There holds the symmetric relation
/\/I%Q’T]Q/\/l%g = R_ab&)/\/lg?“b = R%{b,g)TbMﬂ’ (4.4)
where the rotation transform is defined by

Raf() =e“f().
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The composition rule for the time-frequency operation RqM 1 wITHpM

3w
namely,

(RaMy ToM ) (RaMya T My )
= Ririsy(bar-ban™ Mo Ty pMiero

suggests a multiplication on (R™)? x R

0 B2d) = (b o+ @d+d+ (o)~ 0@

€

This group is called the full Heisenberg group. The unitary operator R4 M 1w
'Tb/\/l%g is called the Schrodinger representation of the full Heisenberg group.
The representation coefficient is

<f7 RdM%QTbM %£¢> = R_d+%(b7£) <f) M£7b¢> = R_d_i_%(b’g),]:;ﬁwn/lf(bag)'

Up to the phase factor ei(_‘“‘%(bﬂ)), the coefficients of the Schrodinger rep-
resentation coincide with the windowed Fourier transform in L?(R™).

The wavelet transform can also be interpreted as a representation co-
efficient (f,7;,Dat)) of a unitary representation 7j,D4 of the group of the

affine transformation, which is the set R™*"™ x R™ with the multiplication by
(A,b)(A,b) = (AA, b+ Ab).

The multiplication is based on the composition law for the operator 7y D

(TWyPANTpPx) =Ty, 5 Pais (AD), (A,b) € R™*™ x R".

The Heisenberg group and the affine transformation group are imbed-
ding subgroups of the following more complicated group, called the polarized
group HP?! i.e. the set R™*" x (R™)2 x R with the multiplication

(A,b,w,d)-(A,b,&,d) = (AA, b+ Ab,w+ (AT)1&, d+d— (A71b,@)). (4.5)

In the scalar case, this group, called affine Weyl-Heisenberg group, first ap-
peared in [6]. The inverse of (A4, b,w,d) is

(A7 ba£7 d)il = (Aily _Ailba _ATQ) _d - <b7ﬂ>) . (46)
The group representation is the unitary operator defined by
p(A,b,w,d) = Rd+%(b,£>M%£TbM%£DA- (4.7)

We remark that, by direct calculation with patience by using (4.1), (4.2),
(4.3) and (4.4), the identities (4.5),(4.6) and (4.7) can be verified.

In fact, we can construct another group structure H/“! which is the
set R x (R™)? x R under the multiplication

(Av b,ga d) ! (Av E); Qa J)

— (AA, b+ Ab,w + (AT) ‘o, d + d + %((AB,Q) — (A1, @>)> .
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We call it the full Group. The inverse is

(Ab,w,d) ' = (A7, —A""b,—ATw, —d). (4.9)
The group representation is
p2(A,byw,d) == RdM%QTbM%Q,DA- (4.10)

By adopting the techniques in [17] for Heisenberg group, we note that H/“!
and HP° are isomorphic via the group isomorphism 2 : Hf ! — HP with

1
v (Aabaga d) - (A7b7wad - 2<b7w>) .
The reason is as below. Firstly, the mapping ¢ is clearly bijective on R™*" x
(R™)2 x R. Secondly, for h,h € Hf“!  the relations

1(h - h)

=1 (AA,b +Abwt (AT Gd+dt s (<A5,g> —~ <A1b,a)>))

[\)

. - -1 ~
= (AAb +Ab,w + (A1), d +d + 5 (<Ab,g> - <A‘1b,Q))

1 ~ —1 ~
—5 (b4 Ab,w + (A7) 1w>>

= (Afl, b+ Ab,w + (AT)'0,d+d — (A", @) — =(b,w

and
u(h) - 2(h)

- (Abwd-j0.0) - (Abad-;6.2)
_ (m,b + Ab,w + (AT) '@, [d — = (b,w)] + [d - §<B,@>] - <A‘1b@>)

imply +(h) - 2(h) = 2(h - h).

Our interest lies in a common imbedding subgroup of H/®“! and HP
when setting b = d = 0, where the multiplication on R™*" x {0} x R™ x {0}
is defined by

(A,0,w,0) - (4,0,,0) = (A4,0,w + (AT) '@, 0).
For simplicity, we denote it by H, the set R™"*" x R™ with the multiplication
(A,w)-(4d,0) = (AA&+ (AT)—@) . (4.11)

The corresponding group representation of H is the unitary operator M D 4
which has the composition rule of frequency-dilation

(MQDA)(MQDA) = Mg+(AT)*1QIDAA-
In order to design a useful time-frequency transform, we only consider

the uniform scaling (isotropic scaling), that is, the case A = al with I being
the identity matrix of order n. For a fixed atom ¢ € L?(R"), according to
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the representation coefficients of the group H, we are suggested to investigate
the integral transform in L?(R™)

Uy f(w,a)=(f, MyDarp)=a"*2 /f(z{)fb (%)e‘i@’@dx, weR™ acRy.

(4.12)
The next theorem indicates that f can be reconstructed from Uy f.

Theorem 4.1. Suppose that ¢ € L*(R") is a radial function with ¢(z) = ¢(|z|)
2
and Cy, = (2m)" fR %dt < oo. Then the following formula

= / ne 1da/dwu¢f(w a)MyDar¢ (4.13)

]Rn
holds in the weak sense for any f € L*(R™).

Proof. Let the image space Uy, (L*(R™)) be equipped with the inner product

Ust Uog) 0y = | [ thed (0 ogTi el dad

]R+]Rn

It suffices to prove (Uy f,Uyg) Cy(f,g). Direct computation gives

(wa) —

<U¢f, u¢>g>(£,a) = ((f, MuDar19), (g, MgDaI¢>>(£,a)

- o (P9 ). (D) @)

The Plancherel formula leads to
A T/\ _
<u¢fv u¢g>(g’a) = (27_[_)71 / / (fDaI¢) (Q) (gDaI¢) (ﬂ)an 1dad£

R, R"

(2m)" // fDard) ( gDa1¢)( Ya" ' dadw

Ry R™

(2m)" //f (Dard)(w)|?a™ ' dadw

Ry R™

(2m)" //f \WI/a)I leel/a)l .

R, R»
2
o) / le®F
t
R4

This completes the proof of this theorem. O

Remark. In the synthesis formula (4.13), a" !dadw is used to replace the
Haar measure —trdadw in wavelet transform.
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The resolution of the identity (4.13) can be rewritten in another way

ct / / a" tdadw(-, My,Da1d)MyDard = I, (4.14)
Ry R™
where (-, g)g stands for the operator on L?(R") that sends f to (f, g)g.
The synthesis formula (4.13) indicates that the system {MDare(]-|) :
w € R" a € R;} is dense in L?(R). Due to the separability of the space
L?(R™), it is natural to expect a countable system from discretization of

MyDare(]-])- To this end, we consider the lattices A defined in (1.2), which
leads to the atoms

s D>

_in X . —3j
5(8) = Mo (Do re(Ixl) = ag > ¢ () eitan k) xR (4.15)

Here ag > 1 and wy > 0.

5. Conditions on Generator and Lattice Parameters

For numerical stability, we require that the atoms {¢; : (j,k) € Z x Z"}
defined in (4.15) form a frame of L?(R"), that is,

AlFIZ <SS e, )2 < BIFIP (5.1)

JEL L{EZ"

holding for any f € L?(R™). It is well known [17,20] that, if imposing the
linearly independent condition on {(;Sj k), the system {(;5j k:(h k) €eZxZm}

becomes a Riesz basis of L#(R"), i.e.

Alle, M2 < 152 S ¢ 100,12 < Bllfe, -

JEL ISGZ"

We will look for conditions on the generator ¢ and the sampling lattice
parameters wg € (0,00), ap € (1,00), that make (5.1) hold.

5.1. Necessary Conditions on Generator and Lattice Parameters

Before establishing our main theorem we first prove some useful lemmas. The
first lemma is related to trace-class operators. We first recall some notation
and terminology. A operator C mapping L?(R") to itself is said to be self-
adjoint if C* = C. If a self-adjoint operator C satisfies (Cf, f) > 0 for all
f € L?(R"), then it is called a positive operator. Trace-class operators are
special operators for which ), [(Cuy, w;)| is finite for all orthonormal bases in
L?(R™).

For a trace-class operator the quantity »_,(Cuz,u;) is independent of
any particularly chosen orthonormal basis, which is named as the trace of C
and denoted by

TrC = Z(Cul,ul).
1
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For a positive operator C, if Zl (Cuy, ;) is finite for a particular orthonormal

basis, then C is a trace-class operator [9]. Any function f € L?(R") has the
following decomposition

Cf= Zdl<f, up)uy (5.2)
I

in terms of the eigenvectors of the positive trace-class C. Here Cu; = dju; and
d; > 0.

Lemma 5.1. Suppose that {¢,y : (j,k) € Z x Z"} is a frame of L?(R™)
with the bounds A and B as given in (5.1). Then for any positive trace-class
operator C, there holds

ATrC < Z Z (Co, ks, k) < BTrC. (5.3)
JEL 1_(62”

Proof. Let {u; : | € Z} be an orthonormal basis of L?(R"). Choosing coeffi-
cients d; > 0 satisfying Zlez d; < oo, setting f = wu; in (5.1) and then taking
the weighted sum ( with the weights d;) on the obtained inequalities, we get

AN <> Ay D N )P <BY di

lez €2 jELkezn ez
By invoking (5.2) and TrC = ZleZ d;, we obtain the relation (5.3). O

Next we introduce a special positive trace-class operator related to the
synthesis formula (4.14). Define

// S hPYh e e(a, w)dadw (5.4)
R4 R™

where h%% = M, D,rh, h is any function in L?(R") and c is an arbitrary pos-
itive function in L!(R x R™) such that the integral f]R Jgn a"te(a, w)dadw
converges.

Lemma 5.2. The operator defined in (5.4) is a positive trace-class operator
with

e = ||h2 // (0, w) dadw. (5.5)

R+ R”

Proof. The positivity of C can be verified by

1) = [ [ a0 Peta,wydads > 0

R+ Rn



Vol. 27 (2017) A Frame Theory of Hardy Spaces 1085

The following calculation indicates that C is a trace-class operator:

TrC = Z Cuy,uy) = // cla,w Z| (R w;)|?dadw

= R, Rn IEZ.
//' (0, w) |h%<(-) |2dads
Ry R™
= Hh||2// c(a,w)dadw,
R+ R"L

where we utilized the Lebesgue dominated convergence theorem and the Par-
seval identity for orthonormal basis. O

Specifically, set

_ [nlawl), 1<a<a), weR"
cla,w) = {0, otherwise, (5.6)

where 7 € L'(R) is a positive function with n(r) = O((1+r2)~ "2 ). We have
the following corollary.

Corollary 5.3. Let C be the operator defined in (5.4) with c¢(a,w) defined in
(5.6). Then

c— // R B (| dadw (5.7)

1 Rn
and

TrC = Q|2 a / L (r)dr, (5.8)
Ry

where Q,, = 27™/2/T'(n/2), the area of the unit sphere in R”.
Next lemma establishes an identity about the inner product of ©ik and
hee., .

Lemma 5.4. The following identity holds

(9,1 h22) = (ip(| - |), o '@ ab—woky, (5.9)
Proof. The definitions of ©ik and h®¢ imply that

a,w =i | | iag ” w k -2 X\ —ilw
(a7 = [ ag % p(Eeies”entmaa (e ite iy

Rn ay
= o Famt [ (B Dol iy
O

Changing x to aéx leads to

(10089 = af 0t [ pl(x)n(“LE)eiedmnk gy,

We therefore conclude (5.9). O
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The next lemma offers an integral representation for the quantity Z -
J

Zkezn (C(pj’l_{, 903‘,1_{) in terms of the functions n and h.
Lemma 5.5. Suppose that C is defined by (5.7). Then

S S eesend= [ [ 3 nlale okl e - .5 dad

JE€LKkezn Ry Rn kezn
(5.10)

Proof. Using (5.7) and (5.9), we have

DI AN ob S / [ 017 el dada

J€Lkezn J€ZKezn ] Rn

S [ [ et s el

JEL keZn 1 Rn

Changing the variable pair (a,w) to (aja,ag” (w + wok)) and noting that the

—j(n—1)

Jacobi is a , we have

ag it

22 Coiporik) =2 D // (- DR )2 0 (alw + wok|) dadw.

jEZkeZn EZL{EZ ao_] R

Note that the function in the right hand side of the above integral is inde-
pendent of j. By applying the Lebesgue dominated convergence theorem, we
obtain (5.10). O

We need the following property for the Gaussian function.

Lemma 5.6. Suppose that n(xz) = e’ yyith the parameter X > 0. Then

S n(al + wok|) =

kezn

(a,w) (5.11)

with |p(a,w)| < gx and gy = (=2 + )" — L.

awq amw

Proof. Using the property of the Gaussian function, it can be proved that
(see, for instance, Daubechies, see [8, Lemma 2.2])

) 1
Z)\efﬂ—)\%zz(t‘#wo])z = — + pl(aﬂt)’ teR
=~ awqo

with |p1(a,t)| < A. Therefore,

n

3 (s k) = [ 3 pe et

kEZ" J=1k;€Z

e}

<.
—=
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Here wj is the jth element of the w for 1 < j < n. Write ) ;.. 71 (alw + wok|)
as the sum of anwg and p(a,w) with

) =] (o + (o)) - o

awy ‘Wi

The estimation for p(a,w) can be obtained from the calculation

pla,w) Sﬁ(ﬂpla%))— !

n,,n
arwg

1
awo anwy
O

The final lemma of this section as given below investigates the operator
C when 7 is specified as the Gaussian function.

Lemma 5.7. Suppose that C is defined by (5.7) with n(x) = Ane—mA*2? for

a parameter X > 0. Let h € L*(R") be a radial function h = h(| - |) with
2

Cy, = fR+ @ < 00. Then

2m)" t
S oyper = B [ arn s
JELkegn 0 R,

with 0 < |R| < Crgxalle(| - )13, and the trace of the operator C is
TrC = ||h|3 In ao.
Proof. Combing (5.10) with (5.11), we get

Z Z <C¢j:k’¢] K/

(5.13)

JEL kezn
), h%<)|? dadw
awo
R+ R'Vl
N //an_l/’(aﬂ) [(p(| - 1), h*)[* dadw
Ry R"
=J+R.

We first deal with R. Using |p(a,w)| < g and the synthesis formula (4.13)
2
(note that the condition Cj, := fR+ % < 00 holds), it follows

R| <g,\// ), h)|? dadw

Ry R™

= Crgalle(| - DI
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Next, by Plancherel formula, we rewrite J as

/ / ), b |? dadw
awo

Ry R™
2

1 1 RN
= — [ 2 —i(w,X)
T o //a"+1 /m’-")h(a)e dx| dadw

R+Rn n

/ Jer

Ry R™

/[

Ry R™

dwda

dxda.

(sl (")

Setting x — ay in the above integral leads to

// (alyDI2IA(ly))2dyda

Ry R™

2m)" 1
- ,3 [ ageteshiacid [ sy

Wo a|y\

Ry
2 / %)dt

2 n
w
Ry

To calculate the trace, we recall (5.8) and the definition of the Gamma
function to obtain

TrC = Q,||h|% Inag /r"iln(r)dr
Ry

= Qn||h||§1na0/r”_l)\"e_”/\Qrzdr

Ry
1 _»
= Qullpl35 75T () mao = [Bl13 nao.
2 2
The proof is complete. 0

Through all these preparations, we now establish a theorem concerning
necessary conditions.

Theorem 5.8. If the system {; | : (j,k) € Z x Z"} defined in (4.15) consti-
tute a frame for L?(R™) with frame bounds A, B, then

wi lnag lo(t)]? wy Inag
AL dt < B. 14
2m)m / t - (2n)n (5.14)
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Proof. By (5.3), (5.13) and (5.12), we get the inequality

@m

2 2 [ le@)]? 2
AllhllzInag < IAIE - dt + R < Bl|h|[31nao

with 0 < |R| < Chaalle(] - )]|3. Note that limy_o R = 0 (see the definition
of gx in (5.11) ). Letting A tend to 0 and dividing by ||h]|3 in the above
inequalities, we find

n 2
Alnag < @/Mdthlnao.
wy t

Therefore, (5.14) follows. O

5.2. Sufficient Conditions
We now discuss sufficient conditions that ensure {<pj Kk (J,k) € ZXZ"} to be

a frame of L?(R™). The key point is to estimate the quantity Z - Zkez
j kezn

2
[(£.0,50]

Let <> be the unit hypercube [0 1]™ in R™ and <$g be s-shift of the box <.
Denote by 27w, laéos the 27rw0 a} dilation of {g. By utilizing the partition
of R™ = UgZ zn 2wy Ya] s, a direct computation gives rise to

>3 [ewf
Ji€lkezn
2
=2 > /f(x>a02 (ﬂ> e ok ) gy
J€Lkern | ap

2

ﬁ

-rr iy s T (B e

Jj€LKkezn |SELM

2|
&

2mwylad g

_ni )5+27Tw_lajg
=y % / Fx + 2mwy tals)ag * @ (7‘ - ) emitanrenkoxramas ais) gy

JELKkezn |SELM ap

27wy tad &

2

J€Lkezn roctalo S€E"

= Z E a[)j"L / Z f(x+27rw(7lajs)<p(\a0 X + 27wy 's|)e” <‘L“J‘””k’)*(>d)_(

By the Plancherel theorem for periodic functions, we obtain

S el

jGZkeZn
2
2 " o —
-(Z)'% S e+ 2my afs)pllag T + 2wy )| d
wo/ ez Y sezn
27wy ad
2\ "
(2) % S S0+ 2 afs)pllag T + 2m )

sSezn
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> s+ 2mwg tagk)p(lag T x + 2mwy k| )dx
kezn

= <w0> Z /f x)e( |a0 X| Z fx+ 21wy 1a6k) (|a0 X+27rw0 k|)

JEZL R kEZ

We rewrite it as

Z Z '<f» 90j715>‘2 = M + Mo, (5.15)

JEZL kEZ"

where

(2”) /|f P S lolay?s]) P

JEZ

and

( ) S % [ e zme adl) elag Wellay P+ 2meq ks

J€Lkezn\{0}rn

Obviously M; has the estimation

2\ " e . P
<w()> 1 £1I3 eSS)_(lélﬂ{ﬂ%|<p(|aojx|)|
J

2T
<M < (w) 111 e s oo D, (510

" jez

By the Cauchy—-Schwartz inequality, we get

Ml < (Z)'E % [|rerterena il shelag s 2mag )| ds
J€Lkezn\{0}Rn

é
( / 1F ()2 ‘@(laoJX)tp(aoJXwL?Wo_lk)’dX)
Jelkez \{0}

1

2

/ |£(x + 27wy Ladk) 2 ]so<|aoj>_<|>so<|aof‘>_<+2wo11_<>]d>_<)

W=

<(&)
(2”) DS (/If(x )2 Je (|aojX)‘P(|aoj’—(+27‘w0_ll—<|)‘d)—(>

o

kezn\ {0} JEL

1
2

/ ¢(lagIx — 2mwy "K)p(lag? x|)\dx)
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Using the Cauchy-Schwartz inequality to the summation over j, we have

i< (2) % (Z [ \sa<|aojx|>so<|aofx+2wo1k|>\dx)2

kezn\{o} \I€Zn

(Z [ 1sa<|aojx—2muo1k|>so<|aofx|>\dx>2

I€Tn

1t

2\ " i . _
<(Z)ne ¥ ( sugz\sau%fm)(]so<|aoﬂx+2wolk|>\)
kezmfoy \ ¥ ez

2

( sup 3 fe(lag x| |(lag’x - 2w01k|>\)

XGR”J.GZ

By setting

n(t) = ess sup > |(lag 1)) [¢(lag"x + 1)) (5.17)

XeRn “
JEZL

we get

2\ " _ _ 1

My < (w) B Y (nemeg Wn(—2meg ). (5.18)
kezn\{o0}

Combing (5.15) with (5.16) and (5.18), we obtain

\" 9 A\
(Z) e <X ¥ e < (2) 1t 519

J€Zkezn
with
) 1
o . —j 2 _ —1 _ —1 2
Cr=ess inf > [o(lag”x])| > [n@rwg kn(—27wy k)] * (5.20)
ez kezn\{0}
and
, 1
Cy = ess sup Z lo(|ag”x)))? + Z [n(2rwy 'K)n(—2mwy k)] 2. (5.21)
X€ER™
J€Z kezr\{0}

We therefore establish the following theorem on sufficiency.

Theorem 5.9. If Cy and Cy defined in (5.20) and (5.21) are strictly positive
and bounded, then {4, : (j.k) € Z x Z"} constitutes a frame of L2(R™).

We remark that the conditions in Theorem 5.9 are complicated and
inconvenient. We need to impose some conditions on the generator ¢ to ensure
the strict positivity and boundedness of Cy and C5 in (5.20) and (5.21). To
this end, it is natural to have the following two sets of requirements, that is,

(i) essinfxern Z (Jag”x])|* > 0 and €ss SUPx cpn Z (Jag”x|)|?
< 00;

ez | ez |
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(ii) n should decay sufficiently fast so to ensure the convergence of
1
ZkeZn\{o} [n(2rwy 'k)n(—27wy 'k)]? with the bound essinfyepn

> lellag <D

The first requirement (i) can be reduced to

essinfyep, \B, Z |o(ag”|a)|* > 0 and €sSSUPxeR,, \B, Z lo(ag”z])* < oo,
JEL JEZ

(5.22)
where the ball shell B,,\B; C R™ denotes the set of which the elements are in
the ball centered at the origin with radius ag but not in the unit ball centered
at the origin. The reason is that any non-zero x € R can be reduced to the
range B,,\B; by multiplying it with a suitable a}).

Complying with the requirement (ii), we impose on ¢ the condition

(1) = ess sup Z\wao x| [ellag?x + D] = 0 | TL1 + )=+
XeER™ j=1

(5.23)
for some € > 0.

Corollary 5.10. Suppose that (5.22) and (5.23) hold. Then there exists Wy > 0
such that, for wy < &g, the countable set {wjk 1 (J,k) € Z x Z"} defined in

(4.15) is a frame of L*(R™).

Proof. The condition (5.23) implies that there exists some positive constant
C such that

nt) < C H 1+ |t;]) =0+,

Thus we have

N|=

Z [n(2rwg 'k)n(—2mwy k)] ? < Z CH 1+ |2mwg g |[) )
kezn\{o} kezn\{o} =1

L 1
<C
- H Z (14 27wy k)1

J=1 \k;€Z\{0}

1
- m is uniformly convergent in R, we can

oo 1
define the function wu(t) = E ket (14 2nkt 1)1Fe
o= T

is continuous and increasing in R4 and satisfies that lim; g u(t) = 0 and

lims ;oo u(t) = 4o00. Then the range of u(Ry) = [0,+00). Considering
n 1 . . .

Hj:l (ij ez\{0} W) as a function in terms of wp, We know that

Since the series Z

t € Ri. Note that u
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its range is also [0, +00). Therefore, there exists a constant wg satisfying

> [n(@rdg n(—2mig k)] * < essinfxe,,\8, ) le(ag” x|
kezn\{0} jez
(5.24)
Therefore, Cy and C5 in (5.20) and (5.21) are strictly positive and bounded.
Hence {¢,} : (j.k) € Z x Z"} defined in (4.15) with wy = @y constitutes a

frame of L?(R™). For the case wy < @y, since the function u is increasing, it
indicates that (5.24) is still valid. We therefore conclude that for all wy < &g
the set {¢; ) : (j,k) € Z x Z"} is a frame of L2(R™). O

6. Frame-Type Inequalities in the Clifford Algebra Setting

For function pairs f Z fs(x)es and g(x) = Z gs(x)es with fs,gs €
L?(R™), mapping R" to R(™), define their inner product by

f.g) = [ £t (6.1)
]Rn
When f(x) = Z:Zl fi(x)e; and g(x) = Z:=1 g (x)ey, with f;, g, € L*(R™),
we have

£, g] = / famds = 33 (5 g0) (—ejen), (6.2)

and in particular,

7= lI£15-
j=1

For a Clifford number of the form xg + Y, _, znen + E;l:l Y oheq Tjk€j€r,
we introduce a quantity, that is needed in the following, denoted by i -1, that
is

txo +Z$heh +ZZ% rejert’ = |zol* + Z Es +ZZ EZRe

j=1k=1 j=1k=1

For £(x) = 3" fy(x)e; and g(x) = Zzzlgk@_«)ek with f;, g0 € L2(R"),
by (6.2), we have
:ZD fivgn)?. (6.3)
j=1k=1

The Hardy space H*(RT ) is defined as the set of left monogenic func-
tions with the constraint

IF|j2. = sup / (P (0 + x)|2dx < +o0.

x>0

For two Hardy space functions from RY ; to RY, their inner product is
defined as that of the corresponding boundary-valued functions. That is, if
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F(o) =Y Fil)e, € H(R},) and Gla) = 3 Gylale, € HP(RY.),
and f(x) = lim,, o+ F(x) and g(x) = lim,, o+ G(z), the inner product of
Fand G is

[F,G] :=f, gl (6.4)

For j =1,...,n, the jth Riesz transform of a complex-valued function
f on R™ is defined as

R;f(x) = ¢, lim / %f()dtxél&

e—0t
R \B(0,¢)
where ¢, = Q'2+1 = FET((Zﬂ))/f) and B(0,€) is the ball centered at the origin

with radius e.
The Hilbert transform H in Clifford sense is the transformation

Hf(x):=—Y R;f(x)e;, x €R"
j=1

for f € L?(R™), which maps R" to R™. In the Fourier domain, Hf is identified
by

. &

FMHE) = T

F(h)E), £ e R™

For each R™-valued function f(x) = Zn 1fj(>_<)ej with f;(z) € L*(R™),
]:
define

= ZHfg(X) ZZka] ekej (65)

k=1 j=1

Therefore, for any f € L*(R")

HHf(x ZZRkR f®)ejer == RIf(x) = f(x).
k=1

k=1 j=1
Combining (6.1) and (6.5), we have
[f, Hg) = —[Hf, g], (6.6)

where f = Zn ) fie; : R — R"™ is a Clifford-valued function with f; €
j=

L?(R™) and g is a scalar-valued function in L?(R™). Now we prove (6.6):
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If, Hg) = / FHgdx

Rn

n

= /ij(x)ej[—Zng(X)ek]di

Rn j=1

/szﬂ ng x)eje,dx
Rn J= 1 k=1

/ZZfJ Ter9(&)]ejerds
fn 3=1k=1 >

[ S o
j=1k=

/ZZ kfj e]ekdx
=1k=1

R

Zka] ekejdx

pn k=1j=1

We try to extend the inequality (5.1) to the Clifford setting. Suppose
that {¢, ) : (j,k) € ZxZ"} is a frame of L*(R"). For 2 = xo +x € R},

define

B (@) = oy [ CEOTTELOF IO 6)

R

where x4 (§) = $(1+ l\E\) In particular, set ®(z) = ®g(z),z € R} . The

functions @ ;K are well defined since @ik € L?(R™). Tt is easy to 5how that
each @ ik is left monogenic for xg > 0. By using the identity

r—§

[

F (ei<x">e_w0"‘)<+(-)> () =éy = =, E(E —7)

with ¢, = 2" 17(»=D/2D((n + 1)/2), a Cauchy-type formula for D arises

@, (2) = ! /E(fffﬁ)sojk(é)d&

- Q’I’L-‘rl - = -
Rn
The Sokhotskyi—Plemelj formula then gives

lim @ 1(2) = < () () + P, ) (x). (6.8)

xo *>0+ 2

For F = ijl Fje; € H? (RY 4 ), we have the following theorem on the

frame-type inequalities.
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Theorem 6.1. Suppose that {¢; y : (j,k) € ZxZ"} is a frame of L?(R™) with
bounds A and B and <I>j K is defined in (6.7). Then for any F = Zn ) Fje; €
K j=
HZ(R?,+), the following frame-type inequalities hold
A B
JEL kEZ"

Proof. Denote by f = Zn . fje; the boundary limit of F when zy — 07.

j=
By (6.4), Sokhotskyi—Plemelj formula and (6.6), we have

1 . 1 T

[F7 ®j7k] = I:fv 5(30j7k + ZHSDj7k):| = E[f — 7Hf, @jyk]-

Recalling that

f(x) — iHE (x Zfs ZZZ Rifs(x)ees,
1=1 s=1

it gives that

1 n 1 n o n
ﬂFv(I)j’l_{]iQ = i Z |<f87¢j71_{>|2 + ZZZ' lesv(p
s=1 =1

1 s=1
We therefore obtain

1’)1
DD HF,® ] :ZZ > {farp 10
s=1 ez
171
1
=1

Z Z | les,@]k> ?

1€z kEZ”

JEZL kEZ" JEZ

M:

S=

Applying the frame inequalities (5.1) to the functions fs, R;fs in L*(R™), it
follows

A n A n on
7 AR ZZZ IRfll5 < > HF, @, 4
s=1 =1 s=1

JEL kegn

Z Ifl5+ Z Z IR flI3-

=1 s=1

Using the identity Zn_ |R;flI3 = || f||3 for any f € L?(R"), we get

onféng SDIDIELE IS A
s=1

JEL kEZ"

Recall that [F,F] = [f,f] = Z || fs|13, where f is the boundary limit of F.
We conclude the frame-type mequahtles (6.9). O

For any Clifford-valued function F = Z o Fje; € HQ(R?’JF), we have
=

the following result.
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Theorem 6.2. Suppose that {¢; y : (j,k) € ZxZ"} is a frame of L?(R™) with
bounds A and B and <I>j K is defined in (6.7). Then for any F = Zn o Fje; €

K j=
HZ(R?,+), the following frame-type inequalities hold

FF<ZZ¢F<I> ¢2<§[FF] (6.10)

JEZ kEZ"
Proof. Rewrite F as sca(F) 4 vec(F) with sca(F) = Fyep and vec(F) =
Z. ) Fje;. Then the boundary limit of F has the similar decomposition
=
f = sca(f) 4 vec(f) with sca(f) = foeg and vec(f) = Z . fie;. We establish
J:
two inequalities. The first one is
é[vec( ,vec(F)] < Z Z I[vec(F ]1;2 B[vec(F) vec(F)], (6.11)
2 ) ) N
JEL 1_(62"
which is directly from (6.9). The second one is
A 2 2 _ B 2
~lsca(®)]? < %kz tsca(F), & 1 < flsca()% (6.12)
JSEKerm

To prove (6.12), using the definition of P ks Sokhotskyi-Plemelj formula and
R} = Ri, we get

;t[sca(F),CI>j’k]j;2 le|<sca( Z| Ry (sca(f k>|2

Summing both sides of above identity over j, k, recalhng the frame properties
of the system {¢; } } and utilizing the identity Z IR;flI3 = |If]l3 again,

it gives the inequalities (6.12).

Finally, recalling two identities {[F,®, K12 = fsca(F), ® K] 24+ 1
[vec(F), @, K12 and [F,F] = [|sca(F)||? 4 [vec(F), vec(F)], combmlng (6.11)
with (6.12) together, we conclude (6.10). O

7. Frames in Quaternion-Hardy Space

We will build up a theory of frames in the quaternion-valued Hardy space.
We work on the quaternions QQ over the real numbers R, the only associa-
tive normed division algebra that extends the complex numbers. To distin-
guish it from the complexified quaternions, we call it real-quaternions. A

3
real-quaternion x € Q is of the form =z = Z o i where z; € R and the
=
basis elements e;(0 < j < 3) satisfy
ep=1, eje,+ere;=-20,, 75, k=123, (7.1)

ejey = e3, ese3 — e, €3e] — €. 7.2
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Note that (7.1) means that the basis elements e, e and e3 satisfy the usual
assumptions on the basis elements of the Clifford algebra. The additional con-
dition (7.2) amounts to saying that they are, in fact, the basis elements of the
quaternionic algebra, viz., and respectively, i, j, k in the usual notation. Based
on these relations one defines the quaternionic multiplication and addition
by linearity and distributive law, which is the same as the general Clifford
algebra case. Together with the multiplication low, real-quaternions Q be-
comes a four-dimensional, normed division, associative but non-commutative
algebra. It is easy to see that the embedding relations R C C C Q hold. As
a vector space, or a topological space, Q is linearly identified with the four
dimensional Euclidean space R*.

We are benefited from the closeness of multiplication of quaternion num-
bers, that is, any pair qi,q2 € Q implies q1q2 € Q.

Denote Q_ the half space

Qr={z=20+x€Q:29>0}.

A function F : Q; — Q is called a left monogenic function if it satisfies

Z ej 896]

The quaternionic Hardy space H?(Q, ) is defined as the set of left monogenic
functions with the constraint

nFm2=st/m@@+@Fdx<+m.
X0>0 A
R

Adopting the notation in (6.1) and (6.4), it is easy to see

where f(x) = lim,, o F(xo + x), the non-tangential boundary limit of F.
There exists a natural isometry between H?(Q,) and its boundary-value
space H?(0Q.).

For x = 2p + x € Q, define

B0 = G [ I OF @k (7)

R3

with x4(§) = 3(1+ l|§|) § =E1e1 +&aer + E3e3.
We write (7.3) into its Cauchy integral form

j’k 94/Ex— (f)d§7$—$0+XEQ+

with E(x) = ﬁ, z € Q4. Applying the Sokhotskyi-Plemelj formula in

quaternionic case and adopting the same arguments for the proofs of (6.9)
and (6.10), we have
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Theorem 7.1. Suppose that {p; . : (j, k) € Zx Z3} is a frame of L*(R3) with
N 3
bounds A and B and <I>j K 45 defined in (7.3). Then for any F = Z o Fje; €
K j=
H?(Q, ), the following frame-type inequalities hold
A 2

JEZ kezs

%F, F]. (7.4)
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