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1 Introduction

In [15] Qian and Wang introduced an algorithm based on the maximum selection
principle, to decompose a given function of the Hardy space H,(ID) of the unit disk
into intrinsic components which correspond to modified Blaschke products

n—1
V1—lan? Z — dg

B = ,
n(2) I —za, [\ 1-zax

n=12,... (1.1)

k

where the points a,, € D are adaptively chosen according to the given function. These
points a,, do not necessarily satisfy the so-called hyperbolic non-separability condition

D 1= lay| = oo, (1.2)

n=1

and so the functions B, (z) do not necessarily form a complete system in H; (D). This
decomposition may be obtained in an adaptive way, see [14], making the algorithm
more efficient than the greedy algorithm of which it is a variation.

In [7] the above algorithm is extended to the matrix-valued case and the choice of a
point and of a projection is based at each step on the maximal selection principle. The
extension is possible because of the existence of matrix-valued Blaschke factors and
is based on the existence of solutions of interpolation problems in the matrix-valued
Hardy space of the disk.

When leaving the realm of one complex variable, a number of possibilities occur,
and in particular the unit ball By of CV and the polydisk. The polydisk case and
the case of Hilbert space valued coefficients will be studied in future publications. In
this paper we focus on the case of the unit ball. For the present purposes, it is more
convenient to consider the Drury—Arveson space rather than the Hardy space of the
ball, and we extend some of the results of [15] and [7] to the setting of the Drury—
Arveson space, denoted here H(B ). This is the space with reproducing kernel

1

—7 Z? w e ]B 9
1= (z. w) N
with
N
(2, w) = D 2,y = zw*,
u=1
where z = (z1,...,2zy) and w = (wy, ..., wy) belong to By. This space has a long

history (see for instance [1,2,8,10,12]) and is used in the proof of a von Neumann
inequality for row contractions. We refer in particular to the recent survey paper [17]
for more information on applications of the Drury—Arveson space to modern operator
theory. Interpolation inside the space H(By) was done in [6]. A key tool in [6] was
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the existence in the ball of the counterpart of a Blaschke factor (appearing in [16]; see
(2.5) below). The existence of these Blaschke factors and the fact that one can solve
interpolation problems in H(By) allow us to develop the asserted extension.

The approach in [6] is based on the solution of Gleason’s problem. For completeness
we recall that given a space, say F, of functions analytic in @ C CV, Gleason’s
problem consists in finding for every f € F and a = (ay, ...,an) € 2, functions
gi(z,a), ..., gn(z,a) € F and such that

N
f@) = f@) = (2 —a)gu(z.a). z€Q. (1.3)

u=1

Using power series, one sees that there always exist analytic functions satisfying (1.3).
The requirement is that one can choose them in F.

The paper consists of five sections besides the introduction. In Sects. 2 and 3 we
review some basic facts on the Drury—Arveson space, and on the interpolation in it.
The latter will be necessary to prove the maximum selection principle. This principle
is proved in Sect. 4. In Sect. 5 we prove the convergence of the algorithm. In the
last section, which is of independent interest, we consider infinite Blaschke products.
When N > 1 the a, in (1.2) are vectors in By and condition (1.2) is replaced by the
requirement

o0
E V1 —=ayak < oo.
n=1

We note that most of the analysis presented here still holds for general complete
Nevanlinna—Pick kernels, that is kernels of the form

1
c(@)c(w) — (d(z), d(w))p

where c is scalar and d is H{-valued where H is some Hilbert space or more generally,
in some reproducing kernel Hilbert spaces in which Gleason’s problem is solvable
with bounded operators; see [5] for the latter.

2 The Drury-Arveson Space
We use the multi-index notations

=z, and al=al oyl

with z = (z1,...,zy) € CV and @ = (ay,...,ay) € N). For z,w € By we
have { !
— o1 o
o = 2wt @
aeN(’)V
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where |@| = o1 + - - - + an. The function (2.1) is thus positive definite in By .

Definition 2.1 The reproducing kernel Hilbert space H(IB ) with reproducing kernel
(2.1) is called the Drury—Arveson space.

The Drury—Arveson space can be characterized as

|
HBy) =1 /@)= D fo : Iflagy = 2, ﬁwz <oof. (22
OlEN(])V aeNé" '

For N > 1 the Drury—Arveson space is contractively included in, but different from,
the Hardy space of the ball. The latter has reproducing kernel

1

_ ,we By.
(1= (wph =N

See [4] for an expression for the inner product (not in terms of a surface integral).
We define (H(By))" ™™ as in (2.2), but with now fy, go € C"*™ and define for

[, g € HBN)"™, with g(z) = 3 eny 2%8as

[f, g](H(BN))nxm = Z g;fa, and (23)
aeNéV
(f, g)(H(EN))"Xm =Tr [f, g](H(EN))"Xm' (24)

In the sequel we will not write anymore explicitly the space in these forms. We will
write sometimes C" instead of C!*V.

For a € By we will use the notations e, and b, for the normalized Cauchy kernel
and the C" -valued Blaschke factor at the point a respectively, that is:

/1 — 2 _ 2\1/2
eA@:—L—Mﬂ-mdbﬂ@zg—&ﬂl—@—MUN—ﬁm”p (2.5)
1 —(z,a) 1 —(z,a)

Let w € By. Then (see [16]; another more analytic and maybe easier proof can be
found in [6]):

1 —b,(2)bs(w)* 1 —aa*
= 9 9 ]B . 2-6
[p— 1 —za9(1 —wra) W EPN (2.6)

Gleason’s problem is solvable in the Drury—Arveson space and in the Hardy space;
see [5].
For a = 0 and by setting g, (z, 0) = gu(z), a solution is given by

L9 oy
0)= | — f(r)dt = E — 7%,
8u(z,0) /OaZuf( 2) |a|z

N
aeNj
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where ¢, is the N-index with all the other entries equal to 0, but the u-th one equal to
1, and with the understanding that

%Za_fu =0
||

if a, = 0. Weset (R, f)(z) = fol %f(tz)dt. We thus have

N
@)= fO0) =D zu(Ruf)().

u=1

When N = 1, then R; reduces to the classical backward-shift operator which to f
associates the function w for z # 0 and f’(0) for z = 0.

3 Interpolation in the Drury—Arveson Space

This section is based on [6] and reviews the tools necessary to develop the maximum
selection principle and the convergence result in the next section. We provide the
proofs for completeness.

Proposition 3.1 Let 0 # ¢ € C"*!, a € By, and let f € HBy)"*'. Then

fl@=0 < f(2) = B8,

where B is given by

B(z)=U (ba(z) le(nl)) 7 G0

Op—1yxn  In—1

where b,(z) € CN, U e C"" is a unitary matrix with the first column equal to
2> and g is an arbitrary element of HBy)N+n=Dx1,

Proof We recall the proof of the proposition; see [6, Proposition 4.5, p. 15]. We note
that

FU=(10---0),

and hence

ba(2) O1xm—1)
*Ba)=(10...0) (2% =0 .
c*B(a) ( )(O(n—l)xN I Ix(N+(n—1))

and so every function of the form Bg with g € HBy)V+"=Dx*1 i a solution of the
interpolation problem. To prove the converse statement, we first remark that

Iy — B(@)B(w)*  cc* 1 —aa*
1 — zw* T oete (1 — za®)(1 — w*a)’
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It fpllows that the one dimensional subspace H; of H(IB Nl spanned by the vector

c

leZ"a* has reproducing kernel %. Thus the decomposition of kernels
I,  I,—B(@)Bw)* B(z)Bw)*
1 —zw* 1 —zw* 1 —zw*

leads to an orthogonal decomposition of the space H(By)"*! as
HBN)"™ ' =Hi @ Hj,

where Hf‘ is the subspace of H(By)"*! consisting of functions g such that c* g (a) = 0.
B(z) B(w)*

=7 Wwe have

Since the reproducing kernel of Hf‘ is

i ={Bg: g e HEByWH-DxI,
with norm

||Bg||H(IB;N)nxl = ||g||H(]BN)<N+n71>x1-

inf
geH(BN)(N+n—1)xI

We note that we do not write the dependence of B on a and c.

Definition 3.2 The C"*(V+7=D_yalued function B is an elementary Blaschke factor.
A (possibly infinite) Blaschke product is a product of terms of the form (3.1) of
compatible (growing) sizes.

Remark 3.3 Let B be a C"*"-valued Blaschke product (or taking values operators
from C" into £, if m = o0). Then B is a Schur multiplier, meaning that the kernel
W is positive definite in By. When N > 1, the family of Schur multipliers
is strictly included in the family of fucntions analytic and contractive in the unit ball.

For the realization theory of Schur multipliers, see for instance [9, 10].
More generally than (3.1) we have (see [6, Theorem 5.2, p. 17]):

Theorem 3.4 Givenay,...,ay € By andvectorscy, ..., cy € C™! different from
Onx1, a function f € HBy)"*! satisfies

c}k»f(a.,-)zo, j=1,....M
if and only if it is of the form f(z) = B(z2)u(z), where B(z) is a fixed rational
C> Rk (N=D)_yalued function, for some integer k < M, taking coisometric values

on the boundary of By, depending on the interpolation data, and u is an arbitrary
element in H(By ) "N =1)x1,
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Proof Indeed, starting with j = 1 we have that f = B; g1, where Bj is given by (3.1)
with @ = a; (and an appropriately constructed matrix U) and g; € H(By)®+7—Dx1,
The interpolation condition ¢ f (a2) = 0 becomes

c3Bi(ax)gi(az) = 0. (3.2)

If c§31 (a2) = O1x(N+n—1), any g1 will be a solution. Otherwise, we solve (3.2) using
Proposition 3.1 and get

81(2) = B2(2)g2(2),

where B is CtWV=1)xn+2(N=1)_yalued and obtained from (3.1) witha = a; and an
appropriately constructed matrix U. Iterating this proceduce we obtain the result. The
fact that k may be strictly smaller than M comes from the possibility that conditions
as (3.2) occur. This will not happen when N = 1 and when all the a; chosen are
different. O

4 The Maximum Selection Principle

The proof is similar to the one in the original paper [15] and in [7], but one relevant
difference is the use of orthogonal projections in C"*" of fixed rank. The fact that
the set of such projections is compact in C"*" ensures the existence of a maximum.
Besides the use of the normalized Cauchy kernel, the possibility of approximating by
polynomials is a key tool in the proof.

Proposition 4.1 Let B be a C**"-valued rational function of the variables z1, . . ., Zy,
analytic in an neighborhood of the closed unit ball By, and taking co-isometric values
on the unit sphere, letrg € {1, ...,n}, and let F € HBy)"*™. There exists wy € By
and a C"*"-valued orthogonal projection Py of rank ro such that

(1 — llwoll?) (Tr [B(wo) Po F (wo), B(wo) PoF (wo)]) is maximal.

Proof We first recall that for f € H(By) (that is, n = m = 1), with power series
f(z) = zaeNé\’ fez%, and for w € By, we have

VI=(wllPlf ] = ILf ewll = I fI- 4.1)

Let F = (fij) € HBy)"*™, where the entries f;; € HBy) (i = 1,...,n and
j=1,...m), and let P denote a projection of rank ry. Then:

A

Tr F(w)*PB(w)*B(w)PF(w) < Tr F(w)*F(w)

(since B(w) is contractive inside the sphere)

= > > 1fijw)l*.

i=1 j=1
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Hence, using (4.1) for every f;;, we obtain

(1= [wl®) (Tr [B(w)PF (w), Bw)PFw)]) < DD |l fiI> = IIFI>.  (4.2)

i=1 j=1

Lete > 0.In view of the power series expansion characterization (2.2) of the elements
of the Drury—Arveson space, there exists a C"*"-valued polynomial p in z1, ..., zy
such that | F — p|| < €. We have

(1 — [lw|I*)(Tr [B(w) PF(w), B(w)PF (w)])
< (1= | (Tr [F(w), F(w)])
=1 = [wIPIF = p)w) + pw) |
<2(1 — [w|®) (I(F = p)w)|| + [ p(w)l)?
<2(1 = [[wlHIF = pyw) > +2(1 = [lwl*) | p(w)I?
<2|IF = plI*> +2(1 — |w®) | p(w)||* (where we have used (4.1))
<22 +2(1 — [w|H | pw)*.

Since (1 — ||w||?)|| p(w)||* tends to 0 as w approaches the unit sphere, the expression
(1—||w]|®) (Tr [B(w)P F(w), B(w)P F(w)]) can be made arbitrary small, uniformly
with respect to P, as w approaches the unit sphere. Thus,

(1 = l[w[|*) (Tr [B(w) P F (w), B(w) P F (w)]) 4.3)

is uniformly bounded as w € By and P runs through the projections of rank ry, and
goes uniformly to 0 as w tends to the boundary. It has therefore a finite supremum,
which is in fact a maximum and is in By (and not on the boundary because the function
(4.3) goes uniformly to O there), as is seen by taking a subsequence tending to this
supremum, and this ends the proof. O

Let us rewrite F'(z) as

F(z) = PoF (wo)ew, (2)V 1 — llwoll*+F (2)—Po F (wo)ew, (2)V 1 — [lwoll?.  (4.4)

We now show that (4.4) gives an orthogonal decomposition of F, which is the first step
in the expansion of F that we are looking for (see (5.2) for amore precise way of writing
the decomposition) and for the algorithm that will arise repeating this construction.

Lemma 4.2 Let

H(z) = F(z) — PoF(wo)ew,(2)v' 1 — [lwo|?
Ho(z) = PoF (wo)ew,(2)v'1 — [lwoll?,

Birkhduser
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where wq, Py are as in Proposition 4.1. It holds that
PoH (wp) =0 4.5)
and
[F, F1=[Ho, Hol + [H, H].
Proof First we have (4.5) since
PoH (wo) = PoF (wo) — PoF (wo)ew, (wo)v/1 — [lwol|> = 0.
Using (4.5) we have
[H, PoF (wo)ewy(2)v'1 — woll?] = F(wo)* PoH (wo) (1 — [Jwol|*) = 0.
So, [H, Hy] = 0 and

[F,Fl=[Hy+ H, Hy+ H] = [Hy, Hol +[H, H].

5 The Algorithm
To proceed and take care of the condition (4.5) (that is, in the scalar case, to divide

by a Blaschke factor) we use a factor of the form (3.1). Then, we use Theorem 3.4 to
find a C"**+70(N=1)_yalyed rational function By, p, with ry < ro and such that

ran Poey, = HBN)" " © By, p, H(By)) " HoN=D)xm,

and so
H(B YY" = (HEN)"™" © By, py(HB ) 6N -1
@ Bwo,POH(IBN))(n+r6<N71))Xm' (51)
Let F € (HBy))" . We choose wg € By and rg € {1, ..., n}. Using the maximum

selection principle with B(z) = I, we get a decomposition of the form (5.1). We
rewrite (4.4) as

F(2) = PoF(wo)ewy (2)v' 1 — woll> + Buy, p, (2) F1(2), (5.2)
where F; € (H(IB%N))("+r(3(N_1))Xm. We now select w; € By and r; €
{1, s+ ri(N — 1)}, and apply the maximum selection principle to the pair

(Buy, Py (2), F1(z)). We have then

Birkhauser
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Fi(z) = PLFi(wi)ew, 2V 1 = [lwi[|? + Bu,, p, (2) F2(2), (5.3)

where F) € (H(IB%N))(”“LU()J”{)(N_l))xm (with r{ < r1) is not uniquely defined when
N > 1.So

F(2) =PoF (wo)ew, (2)v/'1 — lwoll? + Buyg, py(2) Pt Fi(wi)ew, (2)V' 1 — [[wi]|?

+ Bwo,Po(Z)Bwl,Pl (Z)FZ(Z)-

We iterate the procedure with the pair (By,, p,(2) By, P, (z), F2(z)) and observe the
appearance of the Blaschke product

Bk(Z) = Bwo,Ponl,Pl sz,Pz to Bwkfl,Pkfls for k > 1,

which will be C**1+s«(N=D) _yalued for some s < z];;(l) r;. We set

My = Fi(wy) € C**™", (5.4)
and
By (z)
V1= |lwol?ewy(z) fork =0,
V 1 - ||wk||2€wk (Z)Bw(),P()(Z)Bwl,Pl (Z)sz,Pz (Z) ce Bwk—lspk—l (Z) for k > 1.
Note that
Bi(wg) = Br(wy), k=1 (5.5)
We have .
F(2) =D Br(@) My + But1(2) Fur1 (2).- (5.6)
k=0
Moreover,
(BrMy, BeMe)umwy) =0 for k #4£ 5.7)

and we have by the orthogonality of the decomposition that

u
1P Ifmy) = D 1BMilfi s, + 1But1 @) Furilfys, - (5.8)
k=0

This recursive procedure gives, at the k-th step, the best approximation. However we
have to ensure that when & tends to infinity the algorithm converges. This is guaranteed
by virtue of the next result.

Theorem 5.1 Suppose that in (5.6) at each step one selects wy and Py according
to the maximum selection principle applied to (By, (z), Fx(z)). Then the algorithm
converges, meaning that

Birkhduser
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F(2) =) Bi(2)Mi

k=0
in the norm of the Drury—Arveson space.

Proof We follow the arguments of [15] and [7]. We set
u
Ru(2) = F(2) = D Br@My = Bu,.,, (2) Fur1(2) (5.9)
k=0
(where F, 41 is not uniquely defined when N > 1) and
o0
Su@) = D Br)M;.
k=u+1

In view of (5.7)—(5.8) the sum Z,fio B (z) My converges in the Drury—Arveson space.
Let G be its limit, and assume that G # F. Thus there exists w € By such that
G (w) # F(w). We now proceed in a number of steps to obtain a contradiction.

STEP 1: There exists ug € N such that for u > ug

F—-G)d, n
Sl R >  sup  EZDD cewmaarl 4

ceC”, || =1 2
deC™, |d||=1

Indeed, S, tends to 0 in norm in (H(By))"*". Since in a reproducing kernel Hilbert
space convergence in norm implies pointwise convergence, we have lim,,_, o S, (w) =
0, %m in the norm of C"*™, and there exists 1y € N such that

F(w) — G(w
u>uy = |ISy(w)] < LZ()”

Thus

| F(w) — G(w)

| Ry (w) || + — IRy ()| + 1 Su(w)|| = | F(w) — G(w)],
and so
F(w) — G(w)
IRy > 1= GO
which can be rewritten as (5.10).
STEP 2: It holds that
Jim (1= Jue %) 1B () M| = 0 (5.11)

Birkhauser
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Indeed, from the convergence of > -, B My we have

1. SB M nxm =— 0.
Jim 1B M | 1By ))
Thus, with ¢ € C"™ and d € C", we have:

d
% M ,d nx = % M P nx
|{Bk (wi) Mic YH®B )< = [(BrMyc 1—(~,wk))(H(BN» i
4l

= IBeMicl @@y - —F——
V1= Jlwl]

4l

< 1Bk Mill @y )y - licll - ———,
V1= [lwg]|?

where we have used the Cauchy-Schwarz inequality. So, after taking supremum on ¢
and d,

IV 1 = llwell?Br (wi) M|l < 1B Mg |l gy yym —> 0 asn — oo,

and so (5.11) holds in view of (5.5).

STEP 3: We conclude the proof.
Letu > ug, where u is as in Step 1. Since R, (z) = By, (z) Fu+1(z) and since w
is such that F(w) # G(w) we have

{(F —G)d, cew)mm,y)n<t!
1= [lw]? - |1 Bu,y W) Fyr1(w)| > sup UG

ceC”, |c|=1 2
deC™, ||d||=1
(5.12)
By definition of w4+ we have
Y, 1 — lwy ”2 : ||Bwu+| (Wut1) Fut 1wyt |l
F—G)d, ce nx
- sup [{( ) w>(H(]B1v)) d ,
ceC”, [lell=1 2
deC™, ||d||=1
and using (5.5) we contradict (5.11). O

6 Infinite Blaschke Products

In the previous sections appeared the counterpart of finite Blaschke products in the
setting of the ball. We now consider the case of infinite products.

) Birkhduser
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Leta € By, and let b,(z) be a C1*N -valued Blaschke factor. We use the formula

*

*
za za
a— a—«/l—aa*(z— a)
a a

* a*

ba (Z) =

, 6.1
T 6.1
from [16, (2), p. 25] rather than the formula in (2.5). See [6, Lemma 4.2, p. 13] for the
equality between the two expressions.

We first prove a technical lemma useful in the proof of the convergence of an infinite
Blaschke product.

Lemma 6.1 Leta = _\/57* € 0By. Then,
1 —+1—aa*
(z—a) (a*a (T) - IN) + z(aa™) — a(za™®)

by (z) — by(a) =
(2) (@) (1 21 + Jaa)

-1 —aa* (6.2)
and
41 = aa*
Iba(2) — bal@)|| < 1_—”;’”" 6.3)

Proof We write b,(z) — by (o) = Mw, where the numerator

za* za* .
A=\|a—- a—~1—aa*\z— al)d —aa”)
aa* aa*
*

— (a— Za*a—vl—aa* (oz—za a)) (1 —2za®

a* a*

has 16 terms. Out of there, a and —a cancel each other, and

Za* k
alaa™®) = *a(za*)
and
za* N aa* .
V1 —aa* alaa™) = /1 —aa* a(za™).
aa* aa*

We are thus left with 10 terms, which can be rewritten as:

*

%k
A:(Z—a)((—z a —«/l—aa*IN+\/l—aa*a a

a* aa*

+a*a) + /1 —aa* (z(aa*) - a(za*))) .

) Birkhduser
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Note that z(aa™) — a(za®) does not vanish when N > 1. Therefore

ba(z) — by (a)
(z —a) ((—Z;‘j — 1 —aa*ly + 1 - aa*ZZ‘i +a*a) + 1 —aa* (z(aa*) — a(za*)))
(1 — za*)(1 + /aa*)

(6.4)
O

Remark 6.2 We note that
1 —4/1—aa*
la*a (—“") — Inll = VT —aa*,
aa

as can be seen by computing the eigenvalues of the matrix in the left hand side.

We now consider a term of the form (3.1) and write (where « = ——%= and W is

Jaa*

a unitary matrix to be determined)

B,(z) = BQ)W
_ (U ( by (o) le(n—l)) ‘U ((ba(z) — by(a) le(n—l))) W, (6.5)

Om—1yxn  In—1 O(—1)x N Iy

where we do not stress the dependence on the matrices U and W. Since b, («) is a unit
vector, the matrix
U ba(a) O1xn-1
Om-nxn  In-1

is coisometric, and we can complete the columns of its adjoint to a unitary matrix W.

Then we have
by (o) le(n—l))
U W=(I0 6.6

(O(n—l)xN Infl ( ) ( )

and show that the corresponding infinite product will converge when > o> | /1 — a,a;*
converges.
In Theorem 6.3 below we imbed C™ inside £, via the formula:
im(Z1s s Zm) = (2155 2m,0,0,..). (6.7
We also need some notation and introduce the matrices

E, = (1 lek(N—l)) (=1when N =1),

Fi = (hpg-1yov—1) O(g-nN—1)xv—1)) € CHFETDN=IVHE=DIV=D),
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and note that £ = F; and

Ey=E\Fy---Fy and Eyq1 = ErFy41. (6.8)

We also note that multiplication by Fj on the right imbeds C!T*=DW=D jno
C'+k(N=D 1t will be useful to use the notation

1%
my
Fpr=[] Ex 6.9)
k=mi+1

Theorem 6.3 The infinite product by, (z) By, (2) Bw,(2) -+ Buy_,(2) - - - where the
factors are normalized as in (6.6) converges pointwise for z € By to a non-identically
vanishing £y-valued function analytic in By if

o0
Z /1 — axa; < oo. (6.10)
k=0

Proof The idea is to follow the proof for the scalar case appearing in sources such as
[11,13] and reproduced in [3, pp. 104-105]. We consider the product

my

[T Fe+ A2

k=1
with

Ar(z) = Uy (boak (z) — bak () Ollx(k—l)(N—l)) Wi
k=DW-DxN  LE=DH@-1)

c C(1+(k—1)(N—l))><(N+(k—1)(N—1))’

and note that, in view of (6.3),

4/1 — araf

Ak @) <
1 — Izl

(6.11)

Following the classical proof we now prove the convergence in a number of steps and
use [3, pp. 104-105] as a source.

Note that, to ease the notation, in Steps 1-3 we do not stress the dependence of Ay
on the variable z.

STEP 1: It holds that

m
m m

ITT Fe+ A0 = Enll < [JA+ 1A = 1. meN. (6.12)
k=1 k=1
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We proceed by induction, the case m = 1 being trivial since E1 = Fj. We have

mzl m
I TT Fx + A0 = Eniall =1l (H(Fk + Ak))(Fm+l + Ant1) = Eptill
k=1 k=1

Il
—1=)

(Fk + A | (Fmt1 + A1) — En Fint ||
k=1
(Y%
m
<I|(TTFe+A0 | = En | Bl +
k=1
m
+ [ Amsrl (H(l + ||Ak||))
k=1

=< ((kli[l(l + ||Ak||)) - 1) + [ Am1ll (ﬁ(l + ||Ak||))

k=1
m+1
=(H<1 + ||Ak||>)— 1,
k=1

where we have used the induction hypothesis to go from the third to the fourth line.
Replacing A by Ai4,,, we have for my > m;:

N e
my my

my
[T E+a0|- ] Em|=

< [] a+1an])-1. ©613
k=mi+1 k=m1+1 k=mi+1

NN

STEP 2: Let Z,, =[[,_; (Fx + Ay). Then,

1Znll < eXi= 140 < oo
Indeed,

m
1Zmll < [T I1F + Acll
k=1

< [a+ 1A

k=1

m
o0
<[]0 < X214 < o,
k=1

in view of (6.10) and (6.11).
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STEP 3: Let i, be defined by (6.7). Then, (i,,(Z,))meN 1s @ Cauchy sequence in
0.
For my > m and using (6.13), we have

”imz(zmz) - iml(Zml)”Ez = ||Zm2 - imz c im1+1(Zm1)||(Cl><(1+(m2+1)(Nfl))

% m
mi m3
=|[[E+4a0 || [] E+a0-F2,
k=1 k=mi+1
m
mi m2
s(]‘[<1+||Ak||))-|| [T Fe+a0—-Fp2l
k=1 k=mi+1
my
<K T a+nan | -1
k=mi+1
my
<K H A )
k=mi+1
myp
<| D Nl e, (6.14)
k=mi+1

with K = Z,fi] [l A|l (which is finite, thanks to (6.10) and (6.11)), and using inequal-
ity

e <14+xe*, x>0,

withx =352, Ly 1Akl

STEP 4: The £,-valued function Z(z) = lim;,— o0 Z;, (z) does not vanish identi-
cally in By .
We first assume that > oo [[Ax(2)|| < % and prove by induction that

1Zn @Il = 1= 4@ (6.15)

k=1

The claim Z # 0 will then follow by letting m — oo. For m = 1 the claim is trivial.
Assume that (6.15) holds for m. We then have:

1Zm1@N = 1Zm () (Fny1 + Ams1 ()l
= N Zm (@) Fnt 1 1= 1 Zm (2) A1 (2| (sincel| Zp (2) Fing1 | =1 Zim (2)1)
= NZm @I = 1 Zm @D [ A1) (since|| Zp (2) Am11(2) |
= 1Zm @[ Am+1() 1D
= 1Zn @I - (1 = [[Ans1())
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L= 1A@I ) (1 = Ans1 @D
k=1
m+1

1= 1A
k=1

v

v

Let M € N (depending on z) be such that > .2,/ [[Ax ()| < % Then the same
inequality holds in an open neighborhood V of z in view of (6.11), and so the same
M can be taken for z € V. Let
A M1
Zu1@ =[] _ (Fu+ Au(2) e CHIFM=2N=D),
u=1

where

Zu@ =[] _,, FutAu).

We can patch together "5111/ the Z M_l(z)ﬁ(z) to a common function defined in By .
Assume that Zy;_1(2)Zy(z) = 0 in one of the neighborhoods V. Then the infinite
product vanishes identically in By . Letting z go to the boundary we get a contradiction
since Zyr—1(z) Zpy (z) takes coisometric values on 9By .

STEP 5: Using (6.12) and (6.14), we obtain the bound:

[T F+ Ay —z| < D 1Al ). (6.16)
k=1 k=m+1

m}

It is worthwhile to note that the above theorem allows to further extending the
results of [6] to the case of an infinite number of points.
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