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HILBERT TRANSFORMATION AND REPRESENTATION OF ax +b
GROUP

PEI DANG, HUA LIU, AND TAO QIAN

ABSTRACT. In this paper we study the Hilbert transformations over L*(R) and L?(T)
from the viewpoint of symmetry. For a linear operator over L?(R) commutative with the
ax+b group we show that the operator is of the form Al + nH, where I and H are the
identity operator and Hilbert transformation respectively, and A, are complex numbers.
In the related literature this result was proved through first invoking the boundedness
result of the operator, proved though a big machinery. In our setting the boundedness is
a consequence of the boundedness of the Hilbert transformation. The methodology that
we use is Gelfand-Naimark’s representation of the ax+b group. Furthermore we prove
a similar result on the unit circle. Although there does not exist a group like ax+b on
the unit circle, we construct a semigroup to play the same symmetry role for the Hilbert
transformations over the circle L?(T).

1. INTRODUCTION

The Hilbert transformation given by the formula

Hf(z) = %p.v. /R xf(—_yidy, z € R, (1.1)

can be first defined for functions f of finite energy and locally of the Holder type continuity.
It then can be extended to become a L?-bounded linear operator over the whole L? space.
In the rest of the article we will omit the prix p.v. in the case of no confusion.

The Hilbert transformation has many applications, including solving problems in aero-
dynamics, condensed matter physics, optics, fluids, and engineering (see, for instance, [7]).
It is, especially, an indispensable tool in harmonic and signal analysis.

Hilbert transformations play a role to connect harmonic with complex analysis. In general
terms, a Hilbert transformation on a manifold, can be defined as the mapping from the
scalar part (real part) to the non-scalar part (imaginary part) of the boundary limits of
complex analytic functions on one of the two regions divided by the manifold ([1]). For
example, VYu € L?(R), u + iHu belongs to the closed subspace of L?(R) constituted by the
non-tangential boundary limits of the functions in the complex Hardy space H*(C"). The
concerned closed subspace of L?(R) is denoted by H?(R). On the contrary, if f € H*(C"),
then there exists a function v € L?(R) such that the non-tangential boundary limit of f, still
denoted as f, possesses the form u + iHu, where u can be chosen as real-valued or complex
valued. In particular, the non-tangential boundary limit of a Hardy H?*(C") function f can
have the expression (1/2)f + i(1/2)Hf on the boundary, phrased as the Plemelj formula
[12], that further implies Hf = —if. The latter turns to be a characterization of a function
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f € L*R) to be in HZ(R) ([3]). The above relations can all be extended to Hardy spaces
HP(CY) with 1 < p < oo ([14]). For p = 2 the trace operator taking H*(C") to H%(R) is,
in fact, an isometry between the Hilbert spaces. In harmonic and signal analysis there is
correspondence between the real signal v and analytic one v+ iHu ([I3],[5]). In the current
study we restrict ourselves to p = 2. For the lower half complex plane we have an analogous
theory and, correspondingly, have the spaces H*(C~) and H?(R).

Denote by H* = H2(R) the spaces consisting of, respectively, the non-tangential bound-
ary limits of the upper and lower half Hardy spaces, the Hilbert transformation H can be
decomposed into the sum of the two projection operators over H*, respectively. In fact,
by the Plemelj formula,

[*R)=H"@PH", H=(-i)(PT-P),
where P* denote the projection operators over H* respectively. By this decomposition it
is easy to check that the Hilbert transformation is a power self-inverse, and precisely,
((H)? =1, or H?=-I,
where I is the identical operator [12]. We further note that

! /R ¢ (—isgn(£)) 1 (€)de.

T o
where [ is the Fourier transform of f, and, for almost all x,

Hf(x)

1 +oo
Pfa) = ap [ e

1 1
= §f(:c) :l:zin(x)

In [I§] a set of characterization conditions for an operator to be the Hilbert transforma-
tion is given, while the characterization conditions are in terms of properties of the images
of the operator restricted to the exponential functions. In [5] the authors further study the
aspect and give mathematical proofs of the results in [I§]. In the present study we give
characterizations of the Hilbert transformations on the real line and on the unit circle in
terms of group symmetry in the respective contexts. What is interesting is that the Hilbert
transformation operator originally defined as an analysis object can be fully characterized
through algebraic operations.

On the real line we consider the following two group operations in relation to symmetry
properties of operators.

Denote by T, the dilation operator
Tof = a—%f(g), a>0, Vfe LR), (1.2)
and 7, the translation operator
nnf = f(xr—>5), beR, Vfe Ly(R). (1.3)

It is evident that both T, and 7, are isometric mappings from L?*(R) to itself. Then we
have the following lemma, [7].
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Lemma 1.1. For a € R™,b € R, both operators T, and 7, commutes with the Hilbert
transformation H,

T,H = HT, (1.4)
and
TbH = H’Tb. (15)

Lemma [[T] reveals the physical significance of the Hilbert transformation. ([L4]) means
that H is independent of the scales, while (LH]) says that H is independent of the location
of the original point. We know that translation and dilation generate the ax + b group. So
the Hilbert transformation is invariant under the action of the ax + b group over L*(R). In
this sense we say that the Hilbert transformation has the symmetry of the ax + b group.
On the other hand this symmetry can characterize the Hilbert transformation. In fact, by
using the results in [6] one first obtains that in R™, and in some other symmetric manifolds
as well, linear operators on L for some 1 < p < oo commutating with translation or scaling
like operations are themselves bounded operator. As second step in [7] the author shows
that a linear bounded operator on LP(R), 1 < p < oo, commuting with the translation and
scaling, is of the form

M +nH, (1.6)

where I and H are the identity operator and Hilbert transformations respectively, A, n are
complex numbers.

In the present paper by using Gelfand-Naimark’s irreducible representation of the ax+b
group and Schur theorem we prove the characterization of the Hilbert transformation in
the L?*(R) space in terms of the ax + b group. We, in particular, do not assume the bound-
edness property of the operator commuting with the ax 4 b group. With our approach the
boundedness is a consequence of the Gelfand-Naimark’s irreducible representation theorem
that avoids the big machinery establishes in [6].

It is more delicate to study the case of the unit circle T. Denote by L?(T) the space of

1 2m

square integrable functions on T with the inner product 5= [ f(e)g(e)df. The Hilbert

transformation over L*(T), or circular Hilbert transformation, is defined as

. 1 [
Hf(t) = p.v.%/o f(e”) cot(
.7 = ¢, A closely related singular integral operator is

27 is
Cf(t)= p.V.L MdT =Dp.v ! /0 eﬂ#e“d& (1.8)

2wt Jp T —t 27 is — il

05 4s (1.7)

where t = %

In this article we call C the singular Cauchy transformation. Denote by Hy the functional
Hyf = % 027r f(e")ds giving rise to the 0-th Fourier coefficient of the function to be
expanded. It is easy to check (the Plemelj formula, see, for instance, [12] or [15]) that

1.~ 1
C=H+ H, (1.9)

H has properties analogous with H. For instance, L*(T) is the direct sum of the two
Hardy spaces on, respectively, the two areas of the complex plane divided by the unit circle.
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ﬂ, modulo a constant multiple of Hy, is a linear combination of the projections over the
two Hardy spaces, respectively, namely,

1
I=P"+ P, PiZQ(I:tC),

and

H=(—i)(P"-P7) +iH,, H?>=-I+H,.

With the Fourier expansion

%
— § Cr ezkt

k=—00

there, in fact, hold

P*f(e™) che P~ f(e™) Z cpet®

k=—o00

and

Hf(e") = —icy + Z —isgn(k))cpe™®
k0

It seems to be unnatural to study symmetry of the singular Cauchy transformation due to
the non-zero curvature of the underlying manifold, viz., the circle. In the present paper
we are to deal with symmetry of the circular Hilbert transformation. At the first glance,
it should be the Mobius transformation group that gives rise to the characterization of H.
There, however, does not seem to exist a Fourier correspondence of the Mébius transfor-
mation. On the other hand, the phase translation and scale change generate the Fourier
inverse of the actions of the ax + b group on L*(R). We were also to obtain the symmetry
by the module of the az + b group, and, in order to do so, we treat (a,b) and (c,d) as
identical if az + b = cx + b (mod27)Vz € R. Unfortunately, the equivalent classes do not
form a group.

We construct a family of transformations over T whose natural representation is irre-
ducible over L*(T). Then we obtain the characterization of H in analogy with H.

We at the end of the paper add some remarks on the role of the Mébius group in relation
to symmetry of the Hilbert transformation on the unit circle.

2. INDUCED REPRESENTATIONS OF TWO GROUPS

In Section 1 we mentioned that translations and dilations generate a nontrivial group G,
the ax + b group, which is the group of all affine transformations x — ax + b of R with
a >0 and b € R. Tts underlying manifold is (0, 00) x R and the group law is defined by

((a,b)(d,b))(z) = ad'z + b+ ab = (ad',b+ ab')(x), = €R,
which gives
(a,b)(d',b") = (ad',b+ al).
It is easy to check the relation (a,b)™" = (%, —%). The measure da/a® is the left Haar

a’ a

measure and dadb/a is the right Haar measure on this group [2].
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There exists a natural unitary representation 7 of G, of infinite dimension, over the
Hilbert space L?(R). Denote by (L?(R)) the operator group of the unitary automorphism
of L*(R). Then the group morphism 7 : G — $4(L*(R)) is defined by

r—0b

(m(a,b)f)(x) = (<)% f(

), v €R.
a

m(a,b) is also written as 7y, in this article.

It is obvious that both the Hardy spaces on respectively the upper and lower half planes
are the invariant subspaces of the natural representation of the ax 4+ b group. So it is
reducible. It is not easy to get the irreducible representation of the ax 4+ b group since it is
both noncommutative and noncompact. In 1948, Gelfand and Naimark [4] first proved the
following Theorem.

Theorem 2.1 (Gelfand-Naimark). The ax+b group has only two nontrivial irreducible rep-
resentation, 7 (a,b) : (L*(0,4+00) — L*(0,+00)) and 7 (a,b) : (L*(—00,0) = L*(—00,0))
as

e*™ b f(aqx), (x > 0) (2.1)
e¥m i f(qx), (x < 0) (2.2)

[ (a,b)f](z) = a
[ (a,0) f(x) = a

1
2
1
2

(#(a,0) f)(z) = a2e®™ f(ax), a € R*,b € R, f € LR). (2.3)
#*(a,b) and 7(a, b) are also written as 73, and 7, respectively.

It is obvious that L?(R) can be decomposed into the orthogonal direct sum of L?(—oc, 0)
and L?(0, +00), i.e, L?(R) = L*(—00,0) & L*(0, +00). By Theorem [Z1] the representation
7 is just the sum of two irreducible representations #* over L?(—o0,0) and L*(0,+o0)
respectively.

Denote by F the Fourier transformation. We also denote f* = Ff. For (a,b) in the
ax + b group, define F(7) by

(F(m)(a,0) f)(x) = (F (manf"))(2), f € L*(R). (2.4)
Then we have

(F@)(a.0)f)a) = 7 / i 2)#‘%
/ f/\ znyb(a:c) 6ibxdy—_b

a

m\»—t

V2or
= aze™ f(ax) = (%,bf)(x)- (2.5)

Thus the Fourier transformation is just the isomorphism between the two representation
7 with #. Then 7 has two sub-representations that are equivalent to #* by the Fourier
correspondence, rtespectively. Let H* be the the images of L?(0,+o00) and L*(—o0,0)
under the Fourier transformation, respectively. Let 7 be the restriction of 7 over H*,
respectively.



6 PEI DANG, HUA LIU, AND TAO QIAN

Theorem 2.2. For m = my, we have m = 1t @ 7=, where = are defined by
mf = (@ (a,b)f)" feHT
T f = @ (a0)f) feH .
Then ©* are irreducible representations of the ax + b group over H*, respectively.

To obtain our main results we introduce a Schur’s lemma in the version of the infinite
dimension. Let H be a complex Hilbert space, and A a family of transformations acting on
H satisfying H = (Upea T(H). We say that A acts irreducibly on H if there does not exist
a decomposition of H such that H; & H,, where both H; and H, are invariant subspaces

of A.

Theorem 2.3. [§] (Dixmier’s Lemma) Let H be a complex separable Hilbert space. If a
family of transformations A acts irreducibly on H, then any linear transformation T which
commutes with every T € A is of the form T = AT where X be a complex number and T 1is
the identity transformation.

Let o be a representation of a group G over the Hilbert space H. It is obvious that o is
irreducible if and only if {o(g) : ¢ € G} acts irreducibly on H. Then by the above theorem,
the following theorem is evident.

Theorem 2.4. (Schur’s Lemma) Suppose that o is a irreducible representation of a
group G over a complex separable Hilbert space H. Then any linear transformation T
which commutes with o is of the form T = XIZ where X\ is a complex number and L is the
identity transformation.

We note that T is not required to be a bounded operator in either of the above theorems.
We will be based on the above two theorems.

3. CHARACTERIZATION OF THE HILBERT TRANSFORMATION ON THE LINE

We can now state the symmetry properties of the Hilbert transformation H. It is obvious
that the operator group 7(G) is generated by T, and 7,. Then by Lemma [[T] we get that
the Hilbert transformation H is invariant under the actions of 7(G) over L*(R). That is
the following theorem.

Theorem 3.1. © commutes with the Hilbert transform H, i.e.,
TwH(f) = Hra(f), (a,b) € ax +b, f € L*(R). (3.1)

Then by Theorem and [24] the restrictions of m over HT are the scalar operators.
Let us now further identify the spaces H*. Denote by H2 the Hardy spaces on the upper
and lower half planes respectively.

Theorem 3.2. H* = H? and H- = H?.

Proof. Tt is trivial to check that both H2 are the closed invariant subspaces of 7(G). By
Theorem [2.1] there exist exactly two nontrivial irreducible representations of the ax + b
group. Then H? must be H*.

Given 0 # f € H™. By the definition of H™, its Fourier transform f" € L?(0, +00). We

define
1 [+ : 1 [t .
F(z) = % - f/\(t)eztz dt = % i f/\(t>€2tme—ty dt, 2=+ Zy
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Obviously, for y > 0, F(z) is analytic. By the theory of the Hardy space on the upper half
plane we obtain that f(z) is the non-tangential boundary limit of F'(z) when z tends to
x from the above. That is, f(z) is the boundary value of F(z), i.e, f belongs to H7. So
H* = H?, and then H~ = H2. O

We note that from the Fourier multiplier representation of the Hilbert transformation
we have
(HN)"E) = —isgn(&) [ (€), £ €R. (32)

The following theorem is now obvious.

Theorem 3.3. H' and H~ are respectively the eigen-subspaces associated to eigenvalues
—1 and i of the Hilbert transformation. That is

H‘H+ - —iI‘H+,H‘H7 — ’iI‘Hf.

Although the Hardy space theory and the related Fourier multiplier theory imply Theo-
rem [3.3] it is difficult for them to discuss the converse of the theorem. The converse of the
theorem addresses the symmetry of the Hilbert transformation.

Theorem 3.4. Suppose that T is a linear operator from L*(R) to itself, and T commutes
with the natural representation of the group ax + b. Then there exist two complex numbers
A, such that

T = A +nH. (3.3)
Moreover, if T is an anti-symmetric, norm-preserving and real operator, it must be either
H or —H.

Proof. By Theorem 4] both the restrictions of T over H* are the scalar operators since
T commutes with 7(G). Assume that T = kI|g+ over HT and T = koI|y- over H™,
respectively. For f € L*(R) there exist f; € H" and f, € H~ such that f = f; + f. Then
we have

Tf = ThH+Tf=kfi+kfo

= kl;kz(flﬂsz)*‘ 1;k2(if1—if2)
_ kz—l—/ﬁIf lef- (3.4)

Let A = 238 and n = 228 ([@4) completes the proof of ([B.3)).
IfTisa real operator, 1ts non-real eigenvalues must appear in pairs. This implies k; = k.

If T is also anti-symmetric, its eigenvalues must be pure complex numbers, i.e., ky = —ko.
Finally, if T preserves the norm, we obtain that |ki| = |ks| = 1. Therefore, A = 0 and
n=1or —1. U

Remark. For bounded operators T Theorem [3.3]is a known result in the literature of Hilbert
transformation. The above (B4 is precisely the relation (4.82) in [7]. Moreover, linear
self-maps of L?*(R) that commute with translations (even just with one translation) are
automatically continuous [6]. Since translation operators over L*(R) do not have critical
eigenvalue, by Corollary 3.5 of [6], linear self-maps of L?(R) that commute with translations
must be continuous. The relation (4.82) in [7] is proved by the multiplier theory from [16],
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where the assumption of boundedness of 7' is essential. In the present paper we derive
Theorem without invoking the results from [6l [7, [16]. We use the Gelfend-Naimarks
representation of ax + b to deal with the issue. The new methodology would enable us
to study Hilbert transformations on other types of manifolds with symmetry properties
similar to translations and dilations. As example, in the next section we study the Hilbert
transformation on the unit circle in an analogous way.

4. CHARACTERIZATION OF THE HILBERT TRANSFORMATION ON THE CIRCLE

We did not find a group acting on T suitable to study the Hilbert transformation over
L?(T). Fortunately, there exists a semigroup on the unit circle that plays a similar role as
the ax + b group on the real line. The semigroup on the unit circle makes it possible to
carry on a similar but not exactly the same procedure as above for the line.

Denote by 9 the set of pairs (n, 3),n € Z*, 5 € R. We will also use the notation af + f3,
a € QF, B € R. The latter turns out to be a subgroup of the azx + b group. Be similar to
the case of the ax + b group, we would hope that af 4+ 3 can be considered as an affine
transformation on R such that (n,8)(f) = nf + 5 mod (27). Let (n, ) € M. Define its
action on T by (n, B)t = /™5 where t = €' € T. Unfortunately it does not work for the
non-integer o’s by this machine. That is, af + 3 is not congruent to a(f + 27) 4+ 8 modulo
27 if v is not an integer. It means that it is not well-defined for the action of af + 5 on T.

In general the element of the af + 3 group is not the automorphism of T. There, however,
still exists a natural action of the afl + 3 group over the space L?(T).

Define by 7 the mapping from the a6+ group to the the set of bounded endomorphisms
of Ly(T) as follows: for n € Z* and f € L*(T),

(m(n, B)f(t) = ()2 f(t"e), t € T; (4.1)

and, for a general positive rational number o, « = ¢/p, p, ¢ € Z*, p > 1 and (p,q) = 1,
let

q pyrl (e (e i _
(x( BN = ()2 (fle GODY 4 f@GPl) 4 4 F@GTPr)) (4.2)
where 7 = ¢ € T and w, = e'r .
a2km

Notice that e’ » is one of the p-th roots of the unity. Then the p-tuple

i q2km . q2km 1 i q2km p—l . 3 1 p—l .
("7 e 7wy, -, e 7 wh™h) is just a rearrangement of (1,w,,--- ,w?™"). Thus [@2) is

independent of the choice of . We note that ([A1]) and ([@2]) do not give the representation
of the af + 8 group. But we still can use it to derive the characterization of the Hilbert
transformation over L*(T).

In the rest of the section we denoted by 7,5 the image of («, 8) under 7. We say that 7
commutes with a linear operator T if m,3T = Tm,p for all (o, 8) in the af + [ group.

Theorem 4.1. © commutes with the Hilbert transformation on the unit circle.
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Proof. Let p,q € Z and (p,q) = 1. First we check that Hy is invariant under 7. In fact, for
f € L*(T) we have

B LN = 3= [ () 1ot g s
= O [ s = (L ) E) 0)
qa 27T Jo P

Then by (L) it is sufficient to prove that 7 commutes with the singular Cauchy transfor-
mation C. Notice that 7a is the composition of m,0 with w14, i.e., mag = mm15. We only
P P p P

prove the cases of « = n or % for positive integers n.
Let @ = n be a positive integer and 5 € R. It is obvious that we may assume n > 1.
Then for f € L*(T) with the Holder type continuity we have

_ 1 (3)2f((n, B)1)
1y5 £(4neiB
B L V./<n> sae)
27T T t—s
1.1 2m f(ez'(neJrB)) 0
= &) 2—1”/0 e
Let ¢ = nf#. Then by ([{3]) we get
1 1 ) 1 do
(Cmap) f(s) = (=) %p.v./0 TS (4.4)
Tl 2 f( Mw)) itpr i1y no1, A0
1. 1.1 M f(HOHB))eid
= ﬁ(ﬁ) %(DV- i ngbjt

2nm f(ei(qb—l—ﬁ))Sn—l

elP — gn

do)

0

We divide the right hand side of (44]) into n parts. Then

11,1 T f(el0HR))eid 1.1 F(6+9) o
—(=)25—p.v. ————d¢p = (=)2—p.V. A T/ 4.5
n(n)227rpv 0 et — gn ¢ (n)227rpV/0 et — sn (45)
L1 ™ f(e™)de™
= (—)2—.p.v./ fiet)de”
n’ 2w g e —ste
Al F(r)dr
N (n)227r pV'/TT—s"elﬁ
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Similarly, for 1 < k£ <n — 1 we have

2 p(i(6+B)) i L0 gk n Ar (i(d+5)) i iE0 Gk
p.v. fle )¢ 5 o = p.V./ f ‘¢>) do (4.6)
0 el — el P 2(1-1) e — s
2m
_ f(e@r?) E (0+2im)
= p.v. i o i 625 Z el n )\
2m n
_ FeO)sF i in=1=k (21r)
=1
Notice that n > k > 1 and ei"= (™) )1l =1,2,---,n, are just all of the n-roots of the

unity, which means that
n

S et g, (4.7)

I=1
Now by ([@4),[E5),[@d) and ([@T), the proposition is proved for o € Z7.

For a = % we have

(Cra)f(s) = ——pu. /T (as/)(E) 3y (4.8)

21 t—s
1 |
— —pV/ n%—(f(elneelﬁ)+ .
0

21 n
1 .
ZLG n—1 ZB 60
+f(e"n"wy, ))762.9_Sd6 :

For 1 <k <n,let ¢ = %9 in the k-th terms of the sum of the above integrand. Then we
have

— 2= (f(e'n eP)——— 4.9
2mpv/ nn(f( W) ot (19)
f zqﬁwk—leiﬁ)eind)

_ n

1 i, k—1 zB i(n—1)¢ id
= —n2p V. / -1 f( w ) .e -1 dgb,
2T 0 (6Z¢ —e 57/’)((32(17 —e nlﬁwn) . (6zq§ _ e’ﬁd’w;}—l)

where s = ¢ € T and w,, = wi — ¢~ Notice that w,, 1s still one of the n-th roots of

the unity. Then we obtain that (1 —w,) -+ (1 —w"™ 1) =lim, % =n and

eiln=1)¢
(i — en?) (e — einVw,) - - - (e — enPuwn—1) (4.10)
B 1 1 1
 (T—w,) - (T —wpt) 6i¢—€inw+” +el¢—eln¢w” 1
1 1
- ﬁ(em — ein? Tt et — eint¥yyn—1
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Denote by

1 n% f( z¢wk 1 zB) ip

— . —d¢, jk=1,---,n—1. 411
2 n . ot _ vl 5 J, (4.11)

From (L8)-(EII) we have

n n n—1

(Crap) f > A=) > Ap;). (4.12)

k=1 j=1 m=0 1<k,j<n,j—k=m(mod n)

It is obvious that 37, 4 .o, i j—o(mod n) Aks = 2_j—1 Aj;- But by (@II]) we obtain

n 1 27 . . .
1 n3 T f(eeR)er n fefw,e)e?
Ay = —pw(f T REEE gy [ )y, (4.13)
27 . . .
7 ezd)wn—lezﬁ ez¢
o
0 e —enTwy,
1 2 id i i2m
_ LEP . ( n f(e“f’elﬁ) del¢ n n f( Z¢e n 625 n del(b
2w m -y eit — ein? 0 eidein —ein?
2(n—1)m .2(n—1)7
U A Gl de™)
o TE 1
1 ne = n )f(ei(bew)dei‘b
- 2—m?p 2(7L 1) eld) _ eZ%d}

1 ne T f(eeP)de 1 ne /2” f(e)de®
_—pV —_—— -V-
0

2mi " Jy e —etn®  2min eit — einVeib
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k+1 .., k+n—1
n )

Similarly, for m > 1, recalling that w”, w Wy

the unity, we get

still run through the n-th roots of

> Ay (4.14)

1<k,j<n,j—k=m(mod n)
27 . . 27 . .
_odm [ [T Sl ute)
2w n 0 el —ein¥ 0 et —etnt,
27 . 1 o
TN fePwpte?) de 1 [ f(ee’) dei®
0o e — ei%d’wﬁ_m_l 0o ¢ — ei%wwg_m

¥ f(epie)

de’®

27

- de'®
T 0 e"‘f’ — eanvyn—1 )
1
_ LEpV( n f( z%melﬁ)deer n f( i$ymtle Zﬁ)de"f’
271-2 n o 0 6145 — elnd) 0 eld) — € nw

o . . 2w
o f(eubwn—lezﬁ) ) o
ot / i¢ il:; n_m_ldewﬁ +
0o €% —entuw! 0
27 . .
o f(ez¢wz+m—lezﬁ)
0o e — ei%d’wg—l

1
= nzp.v/ f(7) dr, m=1,2,--- ,n—1.
T

2w n r—e nwwmezﬁ

fewne)
et — ei%d’wﬁ—m

de'®

de'®)

From (4.12) and (4.14]), we have

1 =TT . 4.1
(Cri,)f sz / en%mew ~dr) =7y 4(CHs (4.15)

(ETI5) is valid for f € L*(T) because C is a bounded operator over L?(T) and the class of
the functions of the Holder continuity is dense in L?(T). This completes the proof of the
theorem.

U

5. DECOMPOSITION OF THE CONCERNED OPERATORS AND SPACES ON THE CITCLE

In the rest of the paper we discuss the irreducibility of m. Then we characterize the
circular Hilbert transformation H.

In the previous section we point out that G = {(a,3),a or * € Z*,;b € R} is not a
group. But we can still prove that the family of m(, gy, (o, 8) € G, acts irreducibly on some
subspaces of L*(T).

Given a family of functions 9 in L*(T). Denote by

= ({rnez f. =0}, (5.1)

fem
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where f, are the Fourier coefficients of f such that f(t) = > f,¢". By @), Z(9) =0

n=—oo

means that for every n € Z there exists at least one f(™ € 9 such that f,(l") # 0.
Theorem 5.1. Assume that Z(9M) is empty. Suppose that ¢ belongs to L*(T) and satisfies

fxp=0, VfeM (5.2)
Then ¢ = 0.

Proof. Assume that

o(t) = i Gnt" = i one™, t=e";

and
f@)y =3 fut"= D ™, t=e"
for f € 9.
Then we obtain
(fx)(e?) =F ' (fo) = D fubne™, (5.3)
which gives f,¢, = 0,Vf € 9, especially f,(L")ngn = 0. Thus ¢, = 0,Vn € Z, which means
that ¢ = 0. U

Denote by H*(T) the Hardy space on the unit disc, H~(T) the Hardy space on the
complement of the unit disc in the whole complex plane. Denote by H° the subspace of
constant functions, and H*(T) its orthogonal complement in H*(T). Then we obtain that
LA(T) = H* @ H°@ H~. It is obvious that H° is invariant to 7. It is easy to check that
there do not exist f € H*(T) and 7 g such that 7 f is a constant function. Thus
both Hy and H*(T) are invariant spaces of (.5, (a,3) € G.

The following theorem plays the same role on the circle as the Gelfend-Naimark’s repre-
sentation for the ax+b group on the real axis.

Theorem 5.2. The family of nap), (o, B) € G, acts irreducibly over H*(T) and H=(T)
respectively.

Proof. We only prove the first part. The proof of the other part is similar.

If the family 7, 5 were not irreducible over H*(T), there would exist two proper sub-
spaces Hy, Hy C fIJF(']T) such that fI+(’]I') = H, P H,, and both H; and H, are the invariant
spaces of {m(a.g), (o, B) € G}.

Claim: Z(H;) NZ* can not be empty.

Otherwise, assume that Z(H,) NZ" = (). Since Z(H(T)) = ZTU{0}, Z(H®) = Z\ {0},
we obtain that Z(H~(T)) N Z(H") = Z* and

Z(H, U H° U H~(T)) = Z(H,) N Z(H") N Z(H(T)) = 0. (5.4)
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Let h € H,. Since all H°, H, and H, are invariant spaces of the transforms T, for 0 € R
we have
<mupfh>=0,Yfe HHUH UH (T),0 € R.

Recalling that w1 ) f(e”®) = f(e'*=%)), we obtain that
_ 1 [ -
fxh(e?) = 2—/ F(eC=Vh(eis)ds = 0,Yf € Hy U H° U H~(T).
T Jo

Now by Theorem .1 we obtain A = 0, which contradicts with Hy being proper. So
Z(Hy) NZ*T can not be empty.

According to the just proved Claim there exists at least one positive integer m such
that m € Z(H,). Since g(t) = t™ € H*(T), there exist f'(t) € Hy and f"(t) € H, such
that t™ = f'(t) + f”(t). Recall that m € Z(H;) means f/ = 0. Then we have

0=<[f,f'>=< [ " = [ >=< 4" > =< f.f >= fr, = IF'II” = =IlfIP,
which gives f'(t) = 0. So t™ = f"(t) € Hy. Now by ([2) we have t = 71 (™ € H,.

m’

As consequence, t" = 7, ot are all in H, for n € Z*. Hence H*(T) = span(t,t2,---,) C
Hy, C H*(T), which contradicts with the assumption that Hs is proper.
0

By the Plemelj formula ([12]) it is easy to prove the following theorem.

Theorem 5.3. Let H be the Hilbert transformation on L*(T). Then
H|g. = —il|g:, Clyo =0, Cly- = il|y-. (5.5)
We end this paper with the inverse of Theorem (.3
Theorem 5.4. Let T be a bounded operator from L*(T) to itself. Assume that T commutes
with 7(a,p), (o, B) € G. Then there exist three complex numbers A\, n,w such that
T|z: = M|ge, Tlgo =nlg,, Tlg- = wl|y-.

Proof. Tt is obvious that the family of 7,4, (@,f) € G) acts irreducibly on H". By
Theorem and 23, T must be scalar operators on, respectively, H*, H°, and H~.
O

Remark. 1. Theorem [5.4] as far as what we are aware, is a new result. It is also not easy to
prove by the methods from [7] [16] because of lack of the general dilation on the unit circle.

I1. It is also possible to characterize the circular Hilbert transformation by the symmetry
of the generalized Mobius group containing both the rotations and Mobius transforms.
Define 79z = €¢?2, § € R and ¢,(2) = 2%, a € (0,1). Then the Mobius group, M, is

l1—az’
generated by 7y and ,. There exists a natural representation of M over L?(T) as following:
: : _ 10 z—a
for o € M with the expression p(2) = ¢7==, we define
V1—a?

(r@) () = (7 1)), [ € I3(T),

It is easy to check that my, is a unitary representation and commutates with C. We can
also prove that its restrictions to H* are respectively irreducible. Then we obtain Theorem

b3l
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But the Fourier series expansions of the Md&bius transforms are complicated. So we can
not obtain the precise structures of C in the phase space as we discussed in the real line
case.
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