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Abstract We give Fourier spectrum characterizations of functions in the Hardy H?”
spacesontubesfor 1 < p < oo.For F € L?(R"), we show that F is the non-tangential
boundary limit of a function in a Hardy space, H? (Tt), where I" is an open cone of R”
and Tt is the related tube in C”, if and only if the classical or the distributional Fourier
transform of F is supported in I'*, where ['* is the dual cone of T'. This generalizes
the results of Stein and Weiss for p = 2 in the same context, as well as those of Qian
et al. in one complex variable for 1 < p < oo. Furthermore, we extend the Poisson
and Cauchy integral representation formulas to the H? spaces on tubes for p € [1, o0]
and p € [1, 00), with, respectively, the two types of representations.
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1 Introduction

The Paley—Wiener Theorem in relation to the Hardy H?(C%) asserts that for f €
L%(R), f is the non-tangential boundary limit of some function in the Hardy space
H?(Ct) if and only if supp f C [0, 00) (see, for instance, [24]). We recall it in the
following.

Theorem A (Paley—Wiener) [13], ([24]) F € H 2(C) if and only if there exists a
function f € L2(0, 00), such that

Oo .
F(Z) — / f(t)ezj-”tzdt,
0
forz € Ct, and, furthermore,

/O |f(OFdt = |F|%,.

Related generalizations were subsequently obtained in [17], [9], [20] and [21]. The
mentioned literature proves the following Fourier spectrum characterization result: For
feLP(R), 1 <p <oo, fisthenon-tangential boundary limit of a function in the
Hardy H? (C™)ifand only if, in the pointwise or distributional sense, supp f C [0, 00).
Especially, Qian et al. obtained the following Theorems B and C.

'IA‘heorem B ([20]) Let f € HP(CY), 1 < p < oo. Then, as a tempered distribution,
f is supported in [0, 00), denoted as d-supp [ C [0, 0o). That amounts to

(f,9) =0,

for all S S(R) with supp ¢ C (—o00, 0]. Moreover, in the range 1 < p < 2 there
holds f(x) = 0 for almost all x € (—o0, 0].

In 2009, Qian et al. proved the converse result of Theorem B (see [21]) as follows.

Theorem C ([21]) For 1 < p < o0, if f € LP(R) andd-suppf C [0, 00), then f is
the boundary limit of a function in HP (C,.).

It is certainly a natural question to ask whether in higher dimensional spaces, for
instance, involving several complex variables, analogous results hold. To the authors’
knowledge, in the Euclidean space R" context, there have been no general Fourier
spectrum characterization results for all range of the index p. In [26] of Stein and
Weiss, it is shown that the characterization result is valid for the Hardy spaces H*(Tt)
on tubes over open cones I : They show that a square-integrable function is the non-
tangential boundary limit of a function in H>(Tr) if and only if its Fourier transform
vanishes outside T'*, the latter being the dual cone of T. The following related result
of Stein and Weiss [26] is restricted to p = 2.
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Theorem D ([26]) Let B be an open connected subset of R". F belongs to H 2(Tp)
if and only if it has the form

F(2) =/ (1) dt, z € Tr,
where f is a function satisfying

sup/ e F () di < A% < oo.
yeB n

When the base B is an open cone one obtains the following representation theorem
of H>—functions sharper than that is obtained in the above Theorem D.

Theorem E ([26]) Let T be a regular open cone in R". F € H*(Tr) if and only if
F(z) = fr AT f () dt, z e Ty,
where f(t)Xr=(t) is the Fourier transform of
F() = n_)lg’rr;ﬁr F@& +in),

Xr+(t) is the characteristic function of T, that is, Xp=(t) = 1, fort € T*; and
otherwise Xr=(t) = 0. Moreover,

1/2
IF 2 = Il = (/F VGl dr) :

Moreover, for all range p, Stein and Weiss [26] obtained the fundamental result as
given in the following Theorem F which is an important result of the theory of Hardy
spaces on tubes.

Theorem F ([26]) Let I' be a regular open cone in R"*. Suppose that F € HP (Tr).
Then ([26], Section 5, Chapter 3),

(a) forl < p < o0,

lim F(x+iy)= F(x)
r, y—>0

ye

holds foralmostall x € R". F(x) is called the restricted (non-tangential) boundary
limit of F(z);
(b) forl < p < o0,

li F y) — F =0;
Jlim IF G i) = @
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(c) for 1 < p < o0, ([26], page 120)
F(2) =/ P(x —t,y)F(t)dt.

In [15] the author proved the one-way result that for | < p < ooand f € H”(Tg),
where Q2 is an irreducible symmetric cone, there holds supp f C Q. In[18] Horman-
der proved some results corresponding to the Paley—Wiener Theorem for bandlimited
functions involving entire functions in several complex variables. The complete col-
lection of Fourier characterization results for Hardy space functions like what have
been established in one-dimension is missing.

The aim of this paper is to prove the analogous Fourier spectrum characterizations
(two-way results), as well as the related Poisson and Cauchy integral representation
formulas for Hardy HP (Tr) spaces on tubes over a wider class of bases I and for all
the indices p in [1, oo]. For the classical one dimensional case, the following results
related integral representation formulas of Hardy spaces on the half plane are well
known.

Theorem G ([7], [13]) Let F(x) € LP(R), 1 < p < 00, and

1 © F(t)
C(F)(Z)ZE/ :dl‘, Imz > 0.
—00

Then C(F)(z) € HP(C™), and there exists a constant C, < oo such that

/OO IC(F)(x +iy)|P dx <C) /OO |F(x)|P dx.

—00 —

Theorem H ([7], [13]) If F(z) € HP(C"), 1 < p < oo, then F(2) is the Cauchy
integral of its boundary limit F (x), that is,

1 * F(t
F(z) = — L0} dt, Imz>0.
20 J_ oot — 2

In order to better understand the present paper, we introduce notation and termi-
nology as follows. Let B be an open subset of R". Then the tube Tp in R" x iR" = C"
with base B is the subset

Tg={z=x+iyeC": xeR", ye B}.

For example, for n = 1, the classical upper-half plane C* and the lower-half
plane C™ are the tubes in R x iR = C with the bases By = {y € R; y > 0} and
B_ ={y e R; y < 0}, respectively, i.e., Ct ={z=x+iy: x € R, y > 0} and
C™ ={z=x+iy: x €R, y < 0}. Obviously, tubes T are generalizations of C*
and C~.
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A function F(z) holomorphic in the tube Tp is said to belong to the space
HP(Tg), 0 < p < oo, if

1
I F |l v =sup{</ |F(x+iy)|”dx>p ye B} < 0.
Rn

For 1 < p < oo, the number || F||gr is defined to be the HP-norm of the function
F(2). Under this norm HP (Tg), 1 < p < 00, is a Banach space. For 0 < p < 1,
under the distance function d(F,G) = ||F — G||5,’1,7 the space HP(Tp) becomes a
complete metric space.

When p = 0o, the Hardy space H°(Tg), as a Banach space, is defined by

H®(Tg) = {F : F holomorphic on Tp and ||F| g~ = sup |F(z)| < oo}.

zeTp

For any open and connected subset B of R", Stein and Weiss ([12,25,26,28])
studied the space H 2(TB) and obtained a fundamental representation theorem ([26])
restricted to only H?(Tg). They commented that the theory of H?*(Tg) becomes richer
if the bases B are with more restrictions. In this paper, base on the existing results,
we will continue to study the theory of the spaces HP (Tr), 1 < p < 00, on tubes
over open cones I'. What we call open cones are those satisfying the following two
conditions:

(1) 0 does not belong to T';
(2) Foranyx, y € I', and any o, B > 0, there holds ax + By € T'.

We note that a cone T is a convex set. In this paper, we will mainly study the H? (Tr)
spaces on tubes over open cones.
The dual cone of T, denoted by T'*, is defined as

*={yeR':y-x>0, forany x € I'}.

A cone T is said to be regular if the interior of its dual cone T* is nonempty.
For instance, when n = 1, there are only two open cones, viz., the open half-lines
{x e R: x >0}and {x € R: x < 0}. Their dual cones are the closed half-lines
{x eR: x >0}and{x € R: x > 0}, both having non-empty interiors. Whenn = 2,
the open cones are the angular regions between two rays meeting at the origin. Such
a cone is regular if and only if the corresponding angle is strictly less than m. The first
octant of R" is a particular open convex regular cone whose dual cone is the closure
of itself. There are two particular types of regular cones, that is, polygonal cones and
circular cones. They, too, receive great attentions from researchers ([3-5]). Part of the
results on symmetric cones can be found in the book of [10] and the lecture notes [1].

An open subset I' of R” is called a polygonal cone if it is the interior of the convex hull
of a finite number of rays meeting at the origin among which one can find at least n
sides that are linearly independent. We call a polygonal cone an n-sided polygonal cone
if the minimum number of linearly independent rays convex-spanning I" is exactly n.
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The set

.= [(x,xn) eR": |x| < cxy, x e R c>0},

is called a canonical circular cone. If through a rotation I' can become identical with
a canonical circular cone, then I' is called a circular cone.

There are two important kernels related to the Hardy spaces H”(Tr), viz., the
Cauchy kernels and the Poisson kernels ([2], [5], [26], and [14]). Below we recall the
definitions and main properties of the Cauchy and the Poisson kernels.

If I" is a regular open convex cone of R”, then the Cauchy kernel and the Poisson
kernel of Tt are, respectively, the functions defined by

K(2) =/ ™ dr and P(x,y) = |K()*/K (2iy), )]

where z = x + iy € Tr ([26]).

As mentioned previously, if I' is the first octant of R”, then its dual cone is the
closure of T", namely, ['* = T. The Cauchy kernel ([26]) associated with the first
octant of R” can be computed explicitly, being identical with the tensor product of the
one-dimensional Cauchy kernel as follows,

n

-1
K@ =]] iy f€T @)
=t

and the Poisson kernel of the tube T is the tensor product of n copies of the one-
dimensional Poisson kernel in the upper-half plane:

n
) Iy
P(x,y) = IK@P/KQiy) =[] = :
e

zeTr. 3)

Let F € (S(R")) be a tempered distribution. If there exists a function f(x + iy)
analytic in Tt such that for any ¢ in the Schwarz class S(R"),

F@)=(f.¢)= lim /R FOk g,

yel, y—0

then we say that F is a holomorphic distribution and f (x + iy) is an analytic repre-

sentation of F. We note that here and below the self-explanatory notation Ilim 0
yel, y—

means the restricted limit along I. .
Let f € L'(R"). The Fourier transform of f, denoted f, is defined by

foy= | fwedr

Rn

for all x € R".
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Let T be any tempered distribution. If (7, ¢) = 0, for any ¢ € S(R") with
supp ¢ C C, where C is a closed subset of R", then we say that the distributional
support of T, denoted as d-supp 7, is contained in R*\C, or, d-supp T C R*\C.

In what following, the second section of this paper states our main results. The third
section contains main technical Lemmas. The last section provides proofs of the main
theorems.

2 Main Results

We note that the following results have been announced, without proofs, in our recent
survey paper [8]. Theorems 2.1-2.4 given below are higher-dimensional generaliza-
tions of the Paley—Wiener Theorem to p # 2.

Theorem 2.1 Let I" be a regular open cone in R" and F(x) € LP(R"), 1 < p < 2.
Then F(x) is the boundary limit function of some F(x +iy) € HP(Tr) if and only if
suppF C T'*. Moreover, if the condition is satisfied, then

F(z)z/ Xr*(t)ezniz"ﬁ'(t) dt:/ Ft)K(z—1) dt:/ P(x—t,y)F()dt,
R" R” R”
4)

where K (z) and P(x, y) are, respectively, the Cauchy kernel and the Poisson kernel
for the tube Tr.

Theorem 2.2 Let I" be a regular open cone inR", and F(z) € HP(Tr), 2 < p < c0.
Then F(x), as the boundary limit of F(2), is the tempered holomorphic distribution
represented by the function F(z). Moreover; d- suppF C I'*, that is (F @) = 0 forall
¢ € S(R™) with suppp C R*\I'*.

In order to prove the main Theorem 2.4, we have to prove first Theorem 2.3, which
itself is an important result in the Hardy space theory.

Theorem 2.3 Let " be a regular open cone inR". Suppose that F(z) € HP (Tr), 1 <
p < oo, and F(x) is the boundary limit function of the function F(z). If F(x) €
LIR"), 1 < q < 00, then F(z) € HI(1Ir).

The following converse result of Theorem 2.2 holds.

Theorem 2.4 Let I be a regular open cone in R". If F € LP(R"), 2 < p < 00, and
(F,9) =0, forall ¢ € S(R"™) with suppp C R*"\I'*, then F is the boundary value of
a function in H? (Tr).

Theorems 2.2 and 2.4 show that we also have the spectrum characterization for func-
tions in the Hardy spaces H? (Tt), 2 < p < oo.

We note that the proofs of Theorem 2.4 and the L' -results of Theorem 2.1 use some
methodologies different from those for the analogous results in the one-dimension
case given in [21]. In the latter one uses the Calder6n-Zygmund decomposition for
L'-functions, while in the present paper we take advantage of the Poisson integral
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representation together with the “lifting up” method for the Hardy space functions
(see [26] and [7]).

Up to this point, we have considered H” (1) spaces on tubes over open cones.
In what follows, we will restrict ourselves to consider tubes over the first octant of
R”, and more generally, tubes over the polygonal cones, and obtain more delicate
results. In particular, for the first octant and the polygonal cones the counterparts of
Theorems G and H are obtained for higher dimensions.

Theorem 2.5 Let K (z) be the Cauchy kernel associated with the tube Tr, where T is
the first octant of R", F(x) € LP(R"), 1 < p < 00, and

n

C(F)(z)z/ F()K(z —1t)dt.

Then C(F)(z) € HP(Tr), and there exists a finite constant C ,, depending only on p
and the dimension n such that

/ |C(F)(x +iy)|P dx < Cp/ |F(x)|? dx.
R” R?

Theorem 2.5 has a counterpart for tubes over the polygonal cones, as given in the
following Theorem 2.5%.

Theorem 2.5*% Let K (z) be the Cauchy kernel for the tube domain Tr, where T is a
polygonal cone in R", F(x) € LP(R"), 1 < p < 00, and

cwxmz/,FmK@—ndp
RVL

Then C(F)(z) € HP(Tr), and there exists a finite number N depending on T", and a
constant C,, the same as in Theorem 2.5, such that

/|amu+mWMSNq/|nmwm.
R~ R~

Theorem 2.5 does not hold for general cones except for p = 2. We recall the famous
result of Fefferman ([11]) asserting that the characteristic function of the unit ball in
R" is not a bounded Fourier multiplier for L? (R") when p # 2. This result, combined
with the loose theorem of Stein ([27]) and one by de Leeuw ([6], [19]), implies that
the counterpart result of Theorem 2.5 in the circular-cone case do not hold for p # 2.

Next, we have the following result.

Theorem 2.6 Let I' be the fist octant of R". If F(z) € HP(Tr), 1 < p < o0, then
F (2) is the Cauchy integral of its boundary limit F(x), that is,

F(z):/ F(t)K(z—1t)dt, z € Tr, (5)
]Rn

where K (z) is the Cauchy kernel of the tube Tr.
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Like Theorem 2.5*, Theorem 2.6 may be extended to the polygonal case:

Theorem 2.6* Let I" be a polygonal cone in R". If F(z) € HP (Ir), 1 < p < oo,
then F(z) is the Cauchy integral of its boundary limit F (x), that is,

F(z):/ F(t)K(z—1t)dt, z € Tr, (6)
Rn

where K (z) is the Cauchy kernel of the tube Tr .

We note that, when 1 < p < 2, as concluded in Theorem 2.1, the Cauchy integral
representation formulas of the Hardy space functions given in Theorem 2.6, in fact,
are valid for more general cones other than the polygonal ones, since they, in fact, are
valid for at least all regular open cones. In the case 2 < p < oo, however, we do
not know whether the same representation formula holds for a general regular open
cone. We are aware of some Cauchy integral representation results for holomorphic
functions in several complex variables ([16,22]). For the Hardy space functions our
results for the polygonal cones and the range 2 < p < oo are new.

The results of this study are summarized as follows.

Theorem 2.7 Let I" be a regular open cone inR", and F(x) € LP(R"), 1 < p < 0.
Then F(x) is the re/s\tricted boundary limit function of some F(x +iy) € HP(Tr) if
and only if d-supp F C I'*. In such case, we have

(1) forl <p <2, Fis locally integrable, and

F@)= | X« F(t) dt 2/ F()K(z —1) dt;
Rll n

(2) for1 < p < o0,

F(z) =/ P(x —t,y)F(t) dt.
R}l

Moreover, if T is the first octant of R", or a polygonal cone, we have
(3) for2 < p < o0,

F(z) = / FWOKG—1) dt,
RV!

where K (z) and P(x,y) are, respectively, the Cauchy and the Poisson kernels
associated with the tube Tr.

Theorem 2.8 Let K (z) be the Cauchy kernel associated with the tube Tr, where T’
is a polygonal cone in R". Then F(z) € HP(Tr), 1 < p < oo, if and only of there
exists G(x) € L?(R"™) such that

F(z)=C(G)(z)=/ G(OK (2 —1) dr,
Rn
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and there exists a finite constant C,, depending only on p and the dimension n such
that

/Rn |F(x +iy)|P dx <C)p A.Qn |G(x)|? dx.

In the “only if” part, the range of p can be extended to 1 < p < oo, and G(x) can
be taken as the restricted boundary limit F (x) of the Hardy space function F(z).

3 Main Technical Lemmas
In order to prove our theorems, we need the following lemmas.
Lemma 3.1 ([1], p. 103) Let I be an open convex cone. Suppose F € HP(Tr), 0 <

p < o0,andTy C T satisfiesd(Tgy, T'°) = inf{|y;—y2|; y1 € T, » €T} > ¢ >0,
then there exists a constant C = C(¢), depending on (¢, n) but not on F, such that

sup |F(2)| < ClIF|lgr.

ZET]"O

Lemma 3.2 ([1], p. 105) If 1 < g < oo, then Py(x) = P(x,y) € L9(R") for each
y € I', where T is an open convex cone and P (x, y) is the Poisson kernel associated
with the tube Tr.

Lemma 3.3 If f € LP(R"), ¢ € LP(R") NLY(R"), 1 < p <2, then

/ fx)@(x) dx =f F)ex) dx.
R~ R

As generalization of a corresponding result in [26], we have
Lemma 3.4 Let F'(z) € H?(Ir,), 1 < p < oo, where I, denotes the first octant of

R". Then, for anyn = ny +ny, 1 < ny, ny < n, and fixed (2,41, ..., 2n) € Trnz,
we have

F(.oizn+1, - 20) € HP (T, ).

Lemma 3.5 ([5]) Let I" be a polygonal cone, K (z) the Cauchy kernel associated with
Tr. Then Ky (x) = K(x +iy) € LP(R"), p > 1, forany y € I, and there holds:

IKyll, < Cn, p, T)K (iy)' = 1/7.

Lemma 3.6 (1) IfT is an n—sided polygonal cone in R", then its dual cone T'* is an
n—sided polygonal cone in R".
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(2) IfT is a polygonal cone in R", then T = U;V:] Fj, I'jNIy =9, j#k where
each T ; is an n-sided polygonal cone, j = 1,2, ..., N. The dual cone T'* is also

a polygonal cone in R". Moreover, T* = mli\/:l F;‘, where Fj is the dual cone of
rj, j=12,...,N.

Proofs of the lemmas are easy exercises ([10]).

4 Proofs of Theorems
4.1 Proof of Theorem 2.1
Proof To prove the “only if” part of Theorem 2.1, we need to show that, if F'(x +iy) €
HP(Tr), then d-suppF C T'*.
Let 1 < p < 2. For any fixed yg € T,
Fy(z) = F(z+iyo), To={y+yo: yel}CT.
Obviously, I'g C I', and, there exists € > 0 such that
d(To, T°) =inf{|y; — y2/; y1 € To, y2 €} > &> 0.

Then by Lemma 3.1, there exists a positive constant C = C(yp, n) such that

sup |Fy, (2)] = ClIFllgr < o0. (N

zeTr

From the last inequality, we have, for any y € T,

/Rn |Fyo(x +iy)[* dx = /IR | Fyo (x + i9) [P Fyy (x 4 iy) >~ dx

< /R |Fyo(x + iy)|P(CI|F || r)* 7 dx

< (CIFIl»)* 1| Fy, I}y < oo,
so that,

Fy,(z) € H*(Tr).
The Paley—Wiener Theorem for the H 2_functions (Theorem E) implies that

suppﬁm cr*. (8)

When p = 1, the relation for L' functions holds

[Flloo < I1Fl1-
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When 1 < p <2, by Hausdorff—Young’s inequality, for é + % = 1, we have

Elg < IIFIlp-

Hence, for 1 < p < 2, by invoking Theorem E and the above two inequalities, we
have R .
1Fyy — Fllg < I1Fyy — Fllp = 0, yo— 0, )

here L + 1 =
weeq+p

Due to (8) and (9), for any ¢ € S(R") satisfying suppp C R*\I'*, we have

‘/ I:“(x)go(x) dx
Rn

= ‘ /R (PG = Fyy(x)e(x) dx + /R Fyy@e(x) dx

fR () = By (0)g(x) dx

< [|F = Fyllgllell, = 0, yo — O.

This implies that d—suppﬁ cr*.

Now we turn to prove the “if part” of Theorem 2.1. We have to show thatif F € L”
and d-suppl": C I'*, then the relation (4) holds, and, as consequence, F(x + iy) €
HP(Tr).

Let F(x) e LP,1 < p <2, and d—suppﬁ C I'*. First, we can easily show that for
any fixed y e I' there exists a§ = 8, > O such that y - > §|¢] for all ¢ in I'™* (see
[26]).

As consequence, for any fixed y € I,

X+ (DT (0)] = Xew (D] F ()]
< X]"*(I)|ﬁ([)|g—2”‘s‘t| c LI(R")

Restricted to a neighborhood of y € T, the Lebesgue Dominated Convergence Theo-
rem can be used to conclude that the function

G(z)=f 2T B () dt=/ X+ ()™ E (1) dt (10)
n Rn

is holomorphic at y. Therefore, G is holomorphic in the whole Tt.
Next, we show G(z) € H”(Tr). Fix z € Tr. Let

g:(t) = A= ()™ G (1) = g (—1).

Then g, € L'(R") N L2(R™). By (1), g;(s) = K(z — ).
Forz, w € Tr, let

1(z, w) =/ Kiz—0HF®HK(t+w)dt. (11)
]Rn
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Then

I(z, w) = / & ()F(t)guw(—1) dt.
Rﬂ
Since, for z, w € Tr, &;(1)gw(—1) = g@u(z‘), where

g+ 0 = [ 2 @Fut— 0 = [ g©pu(e — 1) de

- f X (§)e™™7 Xpe (6 — )™ €70 d,
Rn
we have

I(z,w) = /R ) F(5)Xr(s)(gz * ) (s) ds
Z/ F(s)Xp+(s) / X (§)e™™ Xpe (€ — 5)e 67 dids.
n Rn

Lett = & —s. By (1), as well as the relation X« (1) X1 (2 4-5) X« (s) = Xp= () Xr=(s),
the last expression for 7 (z, w) coincides with

I(z, w) = / F(s) X+ (s) / X ()X (f + 5)e2T 6T 2wt gy g
n Ril

= / F(5)Xps(s)e¥ies / X+ (1) P 1@ g
Rn Rn

=G()K(z+ w).
For z € Tt, we have —Z € Tr, and
1(z,—2) = G(2)K(z — 2) = G(2)K(2iy). (12)

Hence, by the formulas (11) and (12), we have

G(z) = / F(t)K(Z _I(t()zlfy()t — g = / FOP(x —t,y)dt, (13)

where P, = P(-, y) is the Poisson kernel associated with the tube 7T. Due to (13), by
invoking the corresponding result in [26] (Theorem 2.1 in Chapter 1) we have

sup/ |G(x +iy)|P dx < o0.
yell JR?

G (z) proven before, we have G (x +iy) € H?(Tr).
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By Theorem E, the above formula (13) assures that the limit of G(z) as y — 0
is F(x). Defining F(z) = G(z), we therefore have a function in the Hardy space
HP (Tr) having F(x) as its restricted boundary limit.

Moreover, by Lemma 3.3 and (10), we have

F@)=G@) = | X" F(t)dt
Rll

=/‘<xhcnhﬁﬂ)nﬂwndz
= / F(t)K(z —t) dt.

The proof of Theorem 2.1 is complete. O

4.2 Proof of Theorem 2.2

Proof We are to prove that if F(z) € HP(Tr), 2 < p < oo, then F(x), as the
boundary limit of function F'(z), is the tempered holomorphic distribution represented
by F(z), and, moreover, d-suppﬁ c .

For 2 < p < oo, by Holder’s inequality and (b) of Theorem F, for any ¢ € S(R"),
we have

(Fy.0) — (F. )] = '/Rn(”x +iy) = F()e(x) dxl
< |1Fy — Fliyliglly — 0, y — 0,

where Fy(x) = F(x +iy), % +1=1.

For p = oo, under the same notation, by (a) and (c) of Theorem F and the Lebesgue
Dominated Convergence Theorem, we have the same result. Therefore, F(x) is the
tempered holomorphic distribution represented by F(z) € H” (Tr).

By using the same method as in the proof of the inequality (7), we have

[Fy, ()| = Cl[F|lp < oo, (14)

where C is a constant only depending on n and yy.
Let ¢ be a continuous function with compact support in ['* satisfying
Jgn # (1) dt = 1. Set

Y(z) = / A (1) dt,
R}’l

and ¥s(z) = ¥ (8z), § > 0.

By the definition of ¥ (z), and taking into account supp¢ C I'*, Theorem E assures
that ¥ € H2(Tr).

Consequently, due to the boundedness of Fy, given by (14), we have, forall § > 0,

Fy (2D)¥5(z) € H*(Tr). (15)
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For z € Tr, the Lebesgue Dominated Convergence Theorem implies
lim = lim 2ty (1) dt = 1.
Jmy Va(z) = ity /H; e

Moreover, |V5(z)| < My, where M is a constant. In fact, for y € ", by supp ¢ C I'*,
we have

|m@m/|ﬁW%wm=/e%Wwwm
Rn

Rn
< /Rn lp ()| dt = My < oo. (16)
Together with (14), this gives
|¥5(2) Fy (D9()] < MIp(0)] € L',
where M = M C| f|, is a constant, and ¢ € S(R") with suppy C R™\T*. The

relation
alg% Vs(2) Fyy (2)@(t) = Fy, (2)@(t) (17)

implies, by invoking the Lebesgue Dominated Convergence Theorem,

lim/ Ys(t +iy0) Fyy ()§(1) dt:/ Fy,(0)@(1) dt.
3—)0 Rn Rn

Therefore,

(F.p)=(F.§) = lim/ F(t +iyo)g(t) dt
yo—0 Jgn

lim lim f Ys (1 + iyo) Fyo (NG(1) dt
y0—>08—0 Jpn

lim lim/ (s (- + iy0) Fy, () (1) e(2) dt. (18)
yo—>08—0 Jrn

For yo € I', ¥s(x)Fy,(x) is the boundary limit of Fy,(z)¥s5(z) € H*(Tr) [by
formula (15)]. Theorem D then assures that the distributional support of the Fourier
transform of 15 (x) Fy, (x) is contained in I'*, that is,

supp(¥s (-) Fy, (-)) C T*. (19)
From (18), (19), and the condition suppp C R”\I'*, we obtain
(F,¢9)=0.

The proof of Theorem 2.2 is complete. O
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4.3 Proof of Theorem 2.3

Proof To prove Theorem 2.3 is to show that if F(z) € H’(Tr), 1 < p < 0o, and
F(x) € LI1R"), 1 < g < oo, where F(x) is the boundary limit of F(z), then
F(z) € H4(Tr).

Let F(z) € HP(Tr), 1 < p < 0o. By Theorem E, we have

F(z) = / P(x —t,y)F(t)dt = (F * Py)(x),
Rn

forall z =x 4+ iy € Tr, where F(x) = l(i)m - F(x +1iy), Py(x) = P(x,y) is the
y—0, ye
Poisson kernel of the tube Tt.

With the notation Fy(x) = F(x + iy), we have
I Fyllg = IF % Pyllg < IFllglPylli = 1Flly < oo,

for all y € I'. Thus,

sup/ |F(x +iy)|? dx < oo.
yell n

Since F(z) is analytic in Tt, we have F(z) € HY(Tr). O

4.4 Proof of Theorem 2.4

Proof We have to show that if F € LP(R"), 2 < p < o0, and (ﬁ, @) = 0 for all
¢ € S(R™) with suppp C R?\T'*, then F(x) is the boundary limit of a function F(z)
in HP(Tr).

We recall that if FF € LP(R"), 2 < p < o0, then F is a tempered distribution Tr
defined through

(F.¢) = /R (D) di

for ¢ in the Schwartz class S(R"). The FouriAer transform of F viewed as a tempered
distribution is also a tempered distribution, F', given by

(F.¢)=(F,9)
for ¢ in the Schwartz class S(R").

Let ¢ € S(R") be a continuous function with compact support in I'* that satisfies
Jrn @ (1)dt = 1. Set

U (z) = / 2T (1) dit.
Rn
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Then v (x) € S(R") and a;(—x) = ¥ (x). For§ > 0, let w‘s(z) = ¥ (6z). Theorem D
assures that
Vo (2) € HX(Tr). (20)

Moreover, ¥ (x) = ¢(—8x) € S(R") and
Yo (x) € LY(R") 1)

for all ¢ > 1. Therefore, for 2 < p < oo, by Holder’s inequality, for pL + i/ =1,

/27 q
we have

2/p
f |F )y (x)dx < ( / (IF@)}HP? dx) I¥°113, < oo
R}l R}l
Hence,
F(x)y%(x) € L*(RM).
For p = oo, the facts that F(x) € L* and ¥®(x) € L9(R") for all ¢ > 1 show that
F(x)y°(x) € L*(R).

Under the simplified notation A(x) = 1//5 (x), we have

i . 1 =5\ 1 -5 pe
(=) = 8_"¢ (?> = 57¢ (T) T+ (—S$).

Now,
(Fh,¢) = (Fh, $) = fR Fh@§) dx
:/ F(x)fvz/:k\go(x) dx
]Rn
= (F,h*¢)=(F,hxg), (22)
where
(h* @) (1) = /R ) h(=$)g(t — $) X+ (=) Xt — 5) ds. (23)

Noting that 7 € I'* and —s € I'* imply thatz — s € T'*, the relation (23) gives that
t € I'* implies (h * ¢)(t) = 0, viz.,

supp(h % @) C RM\T. (24)
The condition d-suppf’ C I'*, being combined with (22), (24), implies
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Due to the proven fact that F (t)h(t) € L2(R"), Theorem 2.1 forces that F(¢)h(t) =
F ()% (¢) be the boundary limit of a function, say, G®(z), in H>(Tr), viz.,

G'(x) = lim G’(x+iy) = F)y’(x),
yel', y—0
where, in particularly, G°(z) can be written as
G'(x) = / P(x —t, DFOY° (1) dr.
]Rn

Since Y% € L®(R"), the assumption F(x) € LP(R") implies that
Gl (x) = F(x)y®(x) € LP(R").
Therefore, from Theorem 2.3,
G(z) € HP(Tr).

Let
G(z)=/ P(x —t,y)F(1) dt,

which implies that

SUP/ |G (x 4 iy)|P dt < ||F||}.
yell n

We further show that G (z) is holomorphic in 7T . Once we achieve that, we can conclude
that G(z) € HP(Tr). Now, since G(z) is harmonic, we denote the left-hand-side of
the above inequality by |G| g».

Let zo = xo + iyo € Tr, be a fixed point, where I'g C T, satisfying

d(Ty, T =inf{|y; — y2/; y1 € o, y2 €’} =& > 0.

letS, ={z € C"; |z—z0l < e}.IfZe = {z € R"; |[y—yo| < €}, thenS; C Ty, C Tr.
Since G®(z) and G(z) both are harmonic functions, |G%(z) — G(z)|” is subharmonic
as a function of 2n real variables ([26]). Therefore, we have

1
anSZn

1 5 . ,
Q820 /Tz |G (x +iy) — G(x +iy)|” dxdy

&

1G(z0) — G (z0)|7

IA

f IG?(x +iy) — G(x +iy)|? dxdy
Se

IA
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1
< f f IG®(x +iy) — G(x +iy)|” dxdy
an82n > JR
Q2 8 Qp 8 P
< —" |G =G| < Fl —D|?,. 25
S WL I = G IFG = DIL,. @29

From the above inequality, and together with || F (W‘S —DJ|lLr — 0, § — 0, we have
1G%(z0) — G(z0)|? — 0, 8 — 0. (26)

The above estimate (25), in fact, is valid for z in a neighborhood of zo. Hence the limit
(26) is uniform in a neighborhood of zg. Since G? is holomorphic in 7r, we conclude
that G(z) is holomorphic in 7. The proof is complete. O

4.5 Proof of Theorem 2.5

Proof The proof of Theorem 2.5 amounts to showing that the Cauchy integral of a
function in L?(R") is a function in H”(Tt), 1 < p < oo.

Letn =ni+n2, 1 <ny, np <n,and fix (ty, 41, . .., 1) € R". Now we consider
the function f of nj real variables defined by

f('xla-XZ"'v-xl’l]) = F(-x17"'7-xl’l]7tl’l]+1a-~~’tl1)7
where (x1,x2...,x,,) € R
The Fubini Theorem ensures that f'(xy, x2 ..., x,,) belongs to L” (R"!) for almost
all (g, 41, ..., ;) € R"2. Below we will prove Theorem 2.5 by mathematical induc-

tion. When n = 1, by Theorem G, Theorem 2.5 holds.

Next, we assume n > 1. The induction hypothesis is that Theorem 2.5 holds for
n—1.Taken; =n—1.Since f(x1,x2...,X,—1) € LP(R"1), wehave, asthe n — 1
dimensional Cauchy integral,

Coo1()z1y v 2Zn—1)
_ 1 ft, ..., th—1)
@rir=t Jer TI52005 = 2))

dty ---dt,_1 € HP(TF,,,l),

where ', is the first octant of R”~!. In an alternative notation, we have,

CH*I(F)(Zlv cee anla tn)
1 F(t,...,ty)

@ e T2 — <))

dr - -dty_y € HP(Tr,_,), (27)

for (z1,...,2p—1) € Tr,_, and a fixed ¢, € R.
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By the induction hypothesis, there exists a finite constant C,,_1, depending only on
n — 1 and p, such that

/ NG 1 ()@ iyt i I d -
Rn~

<Ch1 /R . |F (X1, ..., Xp—1, t)|P dxy - - - dx,—1. (28)
Since F(x) € L?(R"), we have

/ ot (FY 1 4 i3, s Tt iyn s )| oty - - o1t
Rn

<Cup / |F(x1, ..., Xp—1, t)|P dxy - - - dxp_1dt, < 00.
RVL

This implies thatC, 1 (F)(x14+iy1, - - - Xn—1+iyn—1, 1) € LP(R™). As consequence,

Co—1(F)(x1+iy1, ..., Xp—1 +iyp—1, tp) € LP(R) as a function of one variable ¢, for
almost all (x; + iy, ..., xp—1 +iyn—1) € Ir,_,.
Using Theorem G again, we obtain, by fixing (z1, ..., z,—1) € ITT,_,,

C(F)z1,...,zn) = C1(Ch1 F)(21, ..., Zn=1, Zn)

1 o ey Zn—1sIn
__‘/ Ch_1(F)(z1 Zn—1 t)dtn
27Tl R tn — Zn
1 F oy
= . n(tl’ ta) dty - - - dt,
@iyt Jro [T521 (5 — 2))
=/ F(t)K(z —t)dt € HP(C") (29)
Rn

for z, € C*, and
/};lcl(cn—lf’)(zl, s Zn—1s X iy P dxy
=G /R [Ch1 (F)(z1, - oy Zn—1, X0)|” doxy. (30)
Therefore, by (28) and (30), we have
/R" IC(F)(x +iy)|P dx

:[lvg—l </R|Cl(cn—1F)(x1+iy1,...,x”+iyn)|1’ dxn) dxi - - dxp_1

< C1/ (/ IICn—l(F)(Zl,-~-,Zn—1,xn)|p dx1~~-dxn—1> dxy
R \JR—
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<C / (Cn—l / | F(x, ... ’xn—l,xn)lp dxy - 'dxn—l> dxy,
R Rn—1

= CullFllp < o0, 3D

where C, = C1C,—1 depending only on n and p. Thus, C(F)(z1, ..., z,) € HP(Ir).
The proof of Theorem 2.5 is complete. O

4.6 Proof of Theorem 2.5*

Proof If T is a polygonal cone in R”, then, according to Lemma 3.6, the dual cone
I'* is also a polygonal cone in R". Applying Lemma 3.6 (2) to the polygonal cone
', I'* can be decomposed into the union of a finite number of n-sided polygonal
cones F;, j =1,2,..., N, with disjoint interior parts. Using such decomposition,
we denote

N
Kr(z) =) Kr;@),
j=I

where I'; is the interior of (I')*, j =1,2,..., N, being also n—sided polygonal
cones (by Lemma 3.6). K, in fact, is the Cauchy kernel associated with the tube Tt.
This can be seen from the general definition of the Cauchy kernel:

Kr(z) = / 2Tt gy =/ 2Tt gy
) Ui
N N
= 2/ 2T g = Z Kr;(2). (32)
=177 j=1

Moreover, each I'j, j = 1,2,..., N, can be mapped onto the first octant by a
linear transformation ([26], [23]). Now we work out the linear transformation. Each
' is the interior of the convex hull of n linearly independent rays meeting at the
origin. By selecting vectors 1;,,1,, ..., 1j, as the unit vectors in the directions of
those rays, the set I'; is expressed as

Lj={hnj +Arnj +- -+ Aanj, eR"; A1 >0,...,A, >0}.

For each j, consider the linear transformations A;, j = 1,2, ..., N, that maps the
standard basis vectors e, onto nj,, k = 1,2, ..., n. Then A; maps the first octant I'g
onto the cone I';. Thatis, I'; = A;T"g. We further extend the mapping A; to Tr, by
defining A]Tl(z) =x+ iA;ly € Iy, wherez =x +iy, ye 'y, j=1,2,...,N.

Let {n}fl, e n}fn} be the dual base of {n},,...,n;,} such that (n;, n}‘fk) = i,
where 8;; = 1if] = k; and otherwise zero. This implies that {n;fl, e, n;fn } is the base
of 1"7, the dual cone of I';. Let B be the linear transformation mapping the standard



1214 H.-C. Lietal.

basis vectors e, onto r)jk, k=12,...,n,or Fj = B;Ty, j =1,2,...,N. Then
we have

(ji» n5) = (Ajer, Bjer) = (Aje)" (Bjex) = ef AT (Bjer) = du,

where 8, is the same function as above. Therefore, AITBj =1,or Bj = (AIT)*I.
Now, together with (32), we have ' '

N N N
ke =Y K@= [ & rar=3y [ &
j=1 =171} j=17BiTo

N N
2miz-Bjs 2miz- (A1) ls 1
= e 7’|det Bj| ds = f e i —ds
N 1
= Z/ AT gy
=ny |det A
N
=y S
|detA;| 7 T

~.
I

Thus, for any z € T,

1 -1 -1
IdetAlerO(Aj z—Aj t) dt

N
C(F)(z>=f F(t)KF(Z—l)dl=/ Ft))
RV[ ]Rn I':l
N N
- Z/ F(Aj$)Kry(A7'z —s) ds = Z/ Fj(s)Kry(A7'z —5) ds
j=1"RF" j=17R"

N N
=Y Co(F))(A7'2) :=) " Co(F)(©), (33)
j=1

j=1

where F;(x) = F(Ajx) € LP(R"), ¢ = A;lz € Tr,, and

Co(F)(©) =/R Fi(0)Kry(C — 1) d.

By Theorem 2.5, Co(F;)(¢) € HP(Tr,), and there exists a finite constant C,, depend-
ing only on p and the dimension n such that, forany ¢ =& +in = A;lz € Tr,

/W Co(F)(E +in)lP dE < C, | Fi|I.
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Those imply that the function Co(F;)(¢) = Co(F j)(Ajflz) as a function of z € Trj
is holomorphic in tube Trj, j=12,...,N,and

/Rn ICo(F))(E +iA7 YIP dE < CyllF;lIp.

Therefore, for any z € Tr, together with the relation I'* = U;\/:l I'*, which implies

that T = mj.vzlrj (by Lemma 3.6), we get that C(F)(z) is holomorphic in tube Tt.
Moreover, by the inequality and (33), we have

1/p
(/ |IC(F)(x +iy)|? dx)
b4 1/p

/ ZCO(F)(A (x+ly)) dx
(/R ICo(Fp) (A7 e +i) | dx)
RN 1/p
(/Rn‘co(Fj)(sJﬂAj v)| |detAj|ds)
1/p
|det A;]'/PC, (/ |Fj(§)|”d$>
]Rn
1/p
c, (/Rnwm,-snﬂdemjlds)

1/p
CI,(/R |F(x)|1’dx> =NCu|F|rr.

A

=

M=

1

.
I

I
M- 1=

~.
I
—_

I
M=

1

~.
I

I
M=

1

~.
I

Thus,
sup/ |IC(F)(x +iy)|? dx < NC,,||F||[L7,, < 00.
yel n
Hence, the proof of Theorem 2.5% is complete. O

4.7 Proof of Theorem 2.6

The Theorem 2.6 asserts that any function in H” (T1) can be represented as the Cauchy
integral of its restricted boundary limit. Below we provide a proof using a density
argument combined with Theorem 2.5.
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Proof The assertion for the case | < p < 2 is proved in Theorem 2.1. We only need
to prove the case 2 < p < oo.

Let F(z) € HP’(Tr), 2 < p < oo, F(x) € LP(R") be the boundary limit of
function F(z). We adopt the function ¥ (z) in the proof of Theorem 2.4. We will
show

F()v°(z) € HX(Tr).

In fact, on one hand, F(z) € H?(Tr), and (20) imply that F(z)w‘s(z) is holo-
morphic in 7r. On the other hand, by (20) and (21), Theorem 2.3 shows that
V8(z) € H* (Tr), 2r > 1. Therefore, for 2 < p < oo, by Holder’s inequality,
for ﬁ + } =1, we have

/ IF(x + in)yd (x + iy)Pdx
Rn

2/p 1/r
< ( / (FGx+in)P)PP? dx) ( f WA G+ i) dx)
Rn Rn

< 1F I, 19° 17, - (34)

Therefore,

sup / [F e+ iny’ (x +iy)Pdx < | Fllg 19 I, < oo
yeTr JR?

Due to the Cauchy integral representation in the Theorem 2.1, we have

Fy'(z) = A@ FOY’ (1)K (z — 1) dt.
By Theorem E, we have
Sli_r)r(l) F()y’(z) = F(2),z € Tr. (35)
Let, forany z € Tt,
C(F)(z) = /Rn Ft)K(z —1) dt,

where K (z) is the Cauchy kernel associated with the tube 7t. Then, by Theorem 2.5,
we have C(F)(z) € HP(Tr).
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Let g satisfy the equation % + %1 = 1. For any fixed z, by Lemma 3.5, we have

|F ()%’ (2) — C(F) ()|
< f ) (F() Yo (t) — F(1)K (z — 1) dr

<|Fy’ = Fll,IK@z—=)lqg — 0, §—0. (36)

(35) and (36) conclude that G(z) = C(F)(z). This completes the proof. O

The proof of Theorem 2.6* is similar to the proof of Theorem 2.6.
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