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1 | INTRODUCTION

Let X be a Banach space. We say D = {g,,a € I'} C X is a dictionary of X, if it satisfies ||g,||[x = 1, and Span{D} is
dense in X. By the terminology adaptive Fourier decomposition (AFD), we refer to approximations in the H?(T) space
by using linear combinations of the analytic Szegd kernels. The earlier and main studies on AFD were presented in
previous studies'? when studying the problem of signal decomposition into mono-components.** In the same spirit but
restricted to Hilbert spaces, the adaptive approximation under a dictionary can be found in the study of projection pursuit
regression and neural network training.’ In the series studies, S. Mallat gave a matching pursuit algorithm in real Hilbert
spaces and applied it to signal decomposition with a so-called time-frequency dictionary.*” The Hilbert space matching
pursuit algorithm is also called pure greedy algorithm (PGA) being referred to Temlyakov's work.® Based on PGA, similar
algorithms such as weak greedy algorithm (WGA), Chebyshev threshold greedy algorithm (TGA), and relaxed greedy
algorithm (RGA) in Hilbert spaces and in real Banach spaces with smoothness were studied.”*

The present paper gives two AFD-type approximations to functions in the HP(T) spaces in the unitdiscfor1 < p < oo
other than p = 2. In the sequel, we use D and T for the unit disc and the unit circle, respectively. Below, we give a quick
summary of the AFD algorithm for the Hardy space H?(T), where the dictionary consists of the normalized Szeg6 kernel

of the context, namely
V1-|al?
D:i=<eR=——,aeD ;. 2)

1-az

If a sequence {a,} % is given where repetitions are allowed, applying G-S procedure to the multiple Szego kernels
+o0

{€q,},2], we can get an orthogonal system
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VI-lalP 7 2 - a
B :=< B,(2) = — —n=1,2... », 3)
1-apz 51—z
=1
which is called T-M system."* Traditional studies are based on the hyperbolic nonseparability condition
+00
DA = lanl) = +oo, €
n=1

which makes the system to be a basis. In AFD, for any given f € H?(T), we adaptively select the parameter a, based on
a maximal selection principle,' and the algorithm is given by

n-1 n-1
1-arz 1—-akz
|<<!‘_[Z_ak fn—17ean>|—sup|< HZ—ak fn—l»ea>|y
=1

acl k=1

fa=f=),<f.Bc> By
k=1

We proved that the sup is always attainable in the open unit disc and that under the maximal principle selection, the
series converges to the original function whether the condition (4) holds or not. Later, we gave a convergence rate of the
AFD algorithm in Qian and Wang's study.**

2 | APPLICATION OF AFD TO H”(T) SPACES

As mentioned above, the system B becomes a basis if and only if the condition (4) holds, explicitly normalized orthogonal
basis for H?(T) and Schauder basis for HP(T).!* Compared with a basis, AFD adaptively decomposes functions in H?(T)
space. Empirically, a small number of terms can approximate well.'® If we directly apply AFD to HP(T) spaces, we can get

Theorem 2.1. Given f € HP(T), p,p, € (1, + ), andp € (2,p,) orp € (p,.2), then for Ve > 0, there exists a finite
combination of T-M system as an approximation such that the error is less than € + C'~%&®, where C and a are constants
depending on p, p,,.

Proof. Since p is between 2 and p,,, the space H?(T) () HPe(T) is dense in HP(T). Given f € HP(T), for Ve > 0, there
must exist g € H*(T) () HP*(T) such that ||f — gll, < &. Apply AFD to g, we can get a finite T-M system {By} kep SUCh
that

n
lg= Y, <gBi>Bill2 <e. (5)
k=1

By Hélder inequality, for some a € (0, 1), we have
n n n
lg= ) <gBe>Billp <llg— Y. <gBe>Billslig— Y, <& B> Bellp,”. (6)
k=1 k=1 k=1

On the other hand, as an equivalent condition of the Schauder basis property of the T-M system in HP(T),"* there
exists a constant Cy, , which is regardless of n, such that

n
llg= Y <& B> Billp, < Cp,lIgllp,. )
k=1
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From inequalities (5), (6), and (7), we have

n n
1F =Y <gBe>Bill, < I/ —gllp+llg— Y <& B> Bl
k=1

k=1
<&+ Cl o

where C and « depend on p, p,,.

)

®)

O

Remark 1. The function g in the above theorem can have simple choices, for instance, a partial sum of the Fourier

+o0

expansion of f, or, a Poisson integral of f. The difference between this result and the partial sum convergence of

Z < f,Br > By with respect to a Schauder basis {Bk};:i is that we use effective AFD in place of a basis, and the

k=1
coefficients of two representations are different.

3 | ALGORITHM IN HP(T),1 <p < +o0

1-az’

. . A, . . . .
Given dictionary ® := {ea(z) =L ae D}, where A, is the normalization constant with respect to a and p, making

llea()l, = 1. For any given f(e') € HP(T), we construct a sequence of {eq, 201 and a sequence of complex numbers

{ca}12] inductively by

|Fr,  (eq,)l = sup |Fr_(ea)| (if attainable), 9
acD
[ frn1 _cnean”p = min || fr—1 _Cean||p7 (10)
ceC
Jn=fna - Cn€q,,, (11)
where F, | is the unique complex supporting functional of the remainder f, _, satisfying ||F || = 1 and F;,_ (fn-1) =

I fu-1llp- When e, is fixed through (9), we obtain the best approximation to f,, _, from Span{e, }. From convexity of HP(T)
and Spanf{e, } is closed, the best approximation at the nth step always exists and unique. In the following, we prove that

the sup in (9) can be attained.

Lemma 3.1. (V). If f(z) € HP(D), then

1

1 b
lf@)| < <1——Iz|2> £ 1lp»

and the derivatives f ™ (z) satisfy
1

IfP@ < Cop—————IIfllp-
A—z>)»
With this lemma, we can prove the sup in (9) is attainable.
Theorem 3.2. For any nonzero function f(e*) € HP(T), there exists @ € D such that

|Fr(ea)| = sup [Fr(eq)l.
acl

Proof. It suffices to show that
lim |Fy(eq)| = 0.
la]—1

From the Riesz representation theorem,

3 1 2 |f(ei[)|p—1—i i
Ff(ea) = Z/O ngnf(e De,(et)dt.

(12)
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h(e") as

Denote sgnf(eit) = h(e') € L4(T), where g denotes the usual conjugate exponent satisfying 11) + é = 1. Write

h(e") = [h(e") — Pu(e") * h(e")] + Pu(e") * h(e"), (13)
where P, * h is the Poisson integral of h, then

2
1 / [h(e") — P.(e'") = h(e')]eq(eh)dt
277: 0

2
|Fs(ea)| = ’i / h(e")eq(e")dt| <
2z J,
1 2

— [Pr(e") * h(e")]leq(e")dt
2ﬂ 0

+

From Holder's inequality and the approximation to identity property of the Poisson integral, for Ve > 0, there exists
rsuch that

an

(18)

19)

2z
1 . . . .
5 / [h(e") — P,(e") * h(e")lea(e")dt| < [|h — P, * hllglleally < e, (14)
0
and
1 2z . . .
L [ et < e eaena] < Wl * el as)
0
where
1 2n )
1P, % el = - / lea(rel) P, (16)
T Jo
2r p
= |Aap|pi/ ;_
27wy |1-—aret
1 42
=
R
11
L (=lapy!
(1—lalryp
The last inequality holds because of the fact that the numerator in (18) is not larger than (HLW , and the denominator
is not less than m, which is deduced from Lemma 3.1. With the fixed r, when |a| is sufficiently close to 1,
IPr * eqll, < e. We thus conclude |lilm1 |Fr(eq)| = 0. O
a|l—

Remark 2. This theorem gives a principle of element selection. It ensures that the algorithm can continue step by

step. If at the nth step, sup |F,_ (e;)| = 0, the algorithm automatically stops and f can be expressed as a finite linear
aeD
combination of n terms. However, the proved boundary vanishing property does not hold for general dictionary. When

the sup can not be attained, a so-called weak form is used, ie, for any fixed 0 < ¢ < 1, |F;(®)| > csup |F/(g)|.
geD

| CONVERGENCE

n
By the proposed algorithm, for any given f, we can get an approximation cheak after n steps with the residual f,,. The

k=1

algorithm is convergent if lirf fn = 0. The proof is separated into two cases: {c,} € [, or not. We first have
n—4+oo
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+oo
Theorem 4.1. Letfbe any nonzero functionin HP(T), {eq, } %3, {ca} 1% aresequences from (9) and (10). If Z |en| < +o0,
+o0 =
then f = chean.
n=1
+o0
Proof. Since Zlcnl < 400, the sequence {f, } is a cauchy sequence. Denote
n=1

+oo n +oo
g=1/f- D ckeq = (f - cheak) + <— > ckeak) = fathn
k=1 k=1 k=n+1
Obviously, we have lim f, = g, lirf h, = 0. Suppose g # 0, from Theorem 3.2, there exists @ € D such that
n—+oo n—+oo
|Fy(ea)| = sup |Fg(eq)| # 0. For this ez, there exists a unique & € C, such that ||g — Cezl, = mi(g |lg — ceallp. Hence,
aeD ce
ligllp = llg — Ceallp
= ||fn + hn — Ceallp
> | fn— ae&”p - ”hn”p
> || fn — dreallp — llanllp

(20)

where || f, — dned”p =min || f, — ded“p-
deC

On the other hand, the Frechet differentiability of p-norm and strong convergence of sequence { f,}/% show that

lim [|F; —F; |l =0.Further, from definition of f, , ;, we have F; (e, ,) = 0, which indicates lirP |Fy (eq,, )| =
400 n n+ n+: n+: N——+00 n n+:

lim sup |Ff (e,)| = 0. As aresult, lim |Fy (ez)| = 0. From the definition of d,, the sequence {d, ;fj is uniformly
n—+co " n—+oo n =

bounded. Hence, we actually have lirJP |Fy (dnez)| = 0. The residual f,, satisfies
n—+0o0

0 < |[fullp = Il fn — dreallp
< fullp = |Fy,(fn — duea)l

(21)
< |Fy,(fn) = Fr,(fn — dnea)
= |Fy, (dnea)|
That is,
nl_igloo [ frn— dneﬁ”p = ngrfm ”fn”p = ”g”p (22)

Combining (20) and (22), we have ||g — Cez ||, = Ini(él llg — ceallp = llgllp, which means that |Fy(ez)| = sup |Fg(e,)| = 0.
ce aeD

The density of Span{®D} shows g = 0, which contradicts with the assumption g # 0. O

In the following, we will prove convergence for the other case {c,} & L.

Lemma 4.2. For any complex numbers a,b € C, we have
|a + b|P — |al|P — pla|P~!|b|Resgn(ab) > 0, (23)

where Resgn is the real part of signum function.

Proof. Seta = |ale®1,b = |b|e%2. Ifa = 0, the inequality obviously holds.
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Suppose |a] > 0,setd, — 6; = 6 and % = ¢, (23) can be written as

. . |P .
[lale® + 1ble®|" - lal? - plal’~" [b|Resgn(e"*:~")

io|P
= |1al + 1B1¢”| ~ al” - plal*~!|b| cos 0

P b
—1—pucose]

= |al’[
lal

1+|—€

= |alP(|1 + ce??|P — 1 — pccos 6)

bl
al

Obviously, we have |1 + ce??|P > |1 + ccos8|P > 1 + pccosé. O

Lemma 4.3. Forany complex numbers a, b, e’ € C, there exists a positive constant Cy, such that the following inequality
holds:
|a + b|P~|bResgn[(ab + |b|*)e’] — |a|P~!|b|Resgn(abe’)
(24)
< Cylla + blP — [al? - plal’™!|b|Resgn(ab)].

Proof. Whena = 0orb = 0, it obviously holds. To prove the lemma, we only need to prove it for a = ¢, because
we can factorize |a|P from the both sides. Further, we only need to prove it for b € R*, because we can put the phase
of b on the phase of a = €. From above, we only need to prove it for a = ¢, b € R*.

Denote

|e! + b|P~'bResgn[(e~b + b?)e'’] — bResgn (e~ bel’)

¥(b) = ; .
®) lel® + b|P — 1 — pbResgn(e~?b)

i

1+ b% + 2bcos 6)"27_1[b2 cos ff + bcos(f — 0)] — bcos(f — 0)]
1+b2+ 2bcos0)§ —1—pbcos6

which is a continuous function with respect to b, and
lim W) =cosp <1
b—+o0

(%’ - 1) cos 8 cos(f — 0) + cos(f — 6) + 2cos f

Jim (b = [1+ (p — 2)cos20]
—0+ — 2)C0o8
p_
|21H3J)22
S =iE 1<p<2
pp-1° p
Hence, we can always find a constant C,, > 1 such that (24) holds. O
Lemma 4.4. For the sequences { f,}}2), {ca} %, (Fr,  (€q,)} S in the proposed algorithm, there exists 0 < y, < 1,
such that
| fn-1llp = 1l full
% > 1p|Fy,_, (ea,)l- (26)
n

Proof. In the following, we sometimes omit the variable e without confusion. F 7., (Cneg,) is a complex number, there
must exist a §, such that

|F/_ (cnea)| =Fy,_ (cneq €)= ReF; (cneq e’). (27)
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Direct computation gives

-1 -1 i
”fn—l”ﬁ |an,1(cnean)| = “fn—l”g Rean,l(Cnea,,elﬂ")

1 2z

= Re— | fu1IP~ g0 fr-1Cneq, ePrdt
27T 0 "

2 .
1 _ o .
= Re—— / | fn + Cnéa, [P |cnea, |S0(fn + Cneq, )sgn(creq, )sgn(e” )dt
0

2r

1 _ _ .
| fn + cnea, P~ [cneq, |IResgn[(fucnea, + |cneq, [*)ePn1dt

From Lemma 4.3,

| fn + Cnea, P [cneq, |IResgn[(fucnea, + |cneq, |*)er]
< Cp(|fn + cnea, [P = 1ful?) + |fn|p_1|cnea,, |Resgn(f_ncneaneiﬂ") . (28)

— PCpl fulP~"|cnea, |Resgn( frcnea,)

Notice that
Fy (eq,) = Fy (cneq,) = Fr (Cneq, €)= 0. (29)
From (29), we can respectively get
2z B
/ | P~ Icnea, | Resgn(fucneq, )dt = 0 (30)
0
and
27 B )
/ |fn|p_1 |cneay,ReSgn(fncneanelﬁ")dt =0. (31)
0

Integrating the both sides of (28),

2z

1 _ — .
| fn + cnea, P~ [cneq, |Resgn[(fucnea, + |cneq, [*)ePr1dt

27 Jo

1 2z 1 2r
<G (5 [Timraera- L [Tinea)

= Col fuar 115 = 11 £lIB)
< PColl fumr Iy Al fna llp = 11 £lp)
From all above,
IF,_, (cnea )| < pCpo(ll frallp = I1fnllp)s (32)
hence y, = 1;%}, € (0, 1) satisfies

”fn—l”p - ”fn”p

[cnl

1plFy, (el < (33)

Now, we are ready to prove the convergence. O
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+0o0

Theorem 4.5. Let f be a nonzero function in HP(T), {e, }, {c,} are sequences from (9) and (10). If Z |cn| = +o0, then

n=1
+0o0
f =Y cnea,
n=1
n +o0 +oo
Proof. Denote S, = Z|Ck|, then Zln i = 4oo deduces to ZM = +oo. From the convergence of series
Sn—l Sn
k=1 n=2 n=1
+o0
Z(”f”‘l [p = Il fxllp) , there must exist a subsequence {n;} such that
n=1

Sn,

= (34)
|cnk |

Jm (1 f -1l = 11w llp)

Because if not, there exists a positive number ry, such that the sequence (|| fn—1|lp = Il fxll p)lf—"| > 1o holds except finitely

+oo

many terms, which leads to the convergence of series Z . From Lemma 4.4, we can get

Cn
S
n=1 "

Snk—1|Ff,lk_1(eank)| < Snlef,,k_] (eank)l

1 llfn —1”p = fn ”p
< Snk_ k k
Yp |an|

Combined with (34) and klim Sp,-1 = +0o0, it shows that
—+o00
kEToo \Fy, . (€a, )] = 0. (35)

Suppose liIP | fullp =R >0, thenforl < ng — 1,
n—+oo

1 (D) = W llp| < IF, (£ = F, (f)]

n—1
b (Be)

j=l+1
n—1 ,
< Y lelIFy, (e
Jj=l+1
n—1

< Y lejlIFy, (e,
j=1
which indicates
Jim [Fy, (/)] =R (36)

Since HP(T) is separable, the closed unit ball of its dual space is weak-star sequentially compact. Let F be a weak-star

cluster point of F Fupr? then (36) indicates the F to be a nonzero functional. For this F, sup |F(e,)| = 6§ > 0, so, for
aeD

sufficiently large k, |F s (eank )| > g, which is a contradiction with (35). O

5 | CONCLUSION

In this paper, we study adaptive decomposition of functions in Hardy spaces under the Cauchy-kernel dictionary. The
adaptivity is due to the parameter sequence {a, } being selected according to the given function f. The selection principle
is to maximize the absolute value of applying the supporting functional of remainder f, _, to elements in the dictionary.
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With this dictionary, the maximizer can be attained. The coefficient sequence {c,} is to minimize norm of the residual f,,
step by step. We prove strong convergence of the proposed algorithm. Also, we can directly apply AFD algorithm in H?(T)
to functions in HP(T) instead of a basis.
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