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1 Introduction

In rational approximation of one complex variable, one cannot avoid the so-called rational orthogonal
systems, or alternatively, Takenaka-Malmquist (TM) systems [20]. In the context of the unit disc, a TM
system is an infinite sequence of parameterized rational functions

V1—la,|? oz —ay
E; (2) = zeD, n=0,1,..

1—Gpz 1—apz’

N (1.1)
k=0

where a;, are any complex number in D and @, = (ag,...,a,_1,a,)T. The multiple product part of
each Ej, is a Blaschke product with n zeros, being the product of the explicitly given n M6bius transforms,
while the remainder is an L2-normalized Szegd kernel. Different choices for the zeros result in different
model structures. When all the a;’s are identical to a fixed real number a € (—1,1), we get the Laguerre
systems [10, 11,21, 22]; and when all a;’s are equal to a complex number a € D, it corresponds to the
Kautz systems [21,22]:

VI—[aZ [ z—a \"
Ep(2) = o (Z a), 2eD, n=01,... (1.2)
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More specifically, when all a’s are zero the system reduces to the classical finite impulse response (FIR)
models, a half of the Fourier system [5], namely, {2*}22 , a basis of the Hardy spaces HP(D),1 < p < o0.
For general parameters ay, is a system {Fgz, }5°, which is the basis of a Hardy H? space for p € (1,00)
only if the hyperbolic non-separability condition is satisfied. For p = 2, a TM system is always an
orthonormal system of H?(ID), regardless of whether it is a basis, i.e., regardless of whether the hyperbolic
non-separability condition is met.

Such systems have been well studied in pure mathematics and applied science [2,3,6,8,16,19,20,23,24].
In recent decades, engineers have paid a significant amount of attention to rational orthogonal systems
in the unit disc case [1,12-14,18]. For system identification of stable linear time-invariant systems, it
is crucial, in practice, to form dynamical models from measured data. Rational model structures, such
as the ARX (autoregressive with exogenous terms) and ARMAX (autoregressive moving-average with
exogenous terms) models are natural choices, because almost all systems can be described by rational
transfer functions (Hardy space functions) [9,10]. Recently, researchers in time-frequency analysis have
shown an increasing interest in rational orthogonal systems to investigate analytic signals from a nonlinear
phase in L?(0D) or H3 (OD) with a positive instantaneous frequency. Here, H? (D) and H?2 (OD) consist
of the non-tangential boundary limits of the complex Hardy H? functions inside and outside the unit
disc, respectively. Due to Ez € H?*(D) and taking the non-tangential boundary limits of Ez, , we get
the boundary TM systems {ez, }o2, C H3 (0D) defined by

ea,(t) = lim Fg (re'), teT=[-m,7] (1.3)
r—1-
for some vector @, = (ag,...,0n-1, an)T € D™*! and in particular, the Laguerre and the Kautz systems
en(t) := lim E,(re'), teT. (1.4)
r—1-

The system {ez, }22, consisting of basic functions of nonlinear phases is an orthonormal basis of H? (9D)
if the hyperbolic non-separability condition is met. Here, a nonlinear phase is such that each ez, has the
polarized factorization ez, (t) = p, (t)e!?(!) with the nonlinear phase function 6,,. Since the space L?(9D)
can be expressed as the direct sum of the two relevant boundary Hardy spaces, namely, L?(9D) =
H?(0D)® H? (0D), the system {ez, }72,U{ez, }52, is an orthonormal basis of L?(9D) if the two systems
are bases in their respective spaces.

The fundamentality of the Fourier system demonstrated by its explicit representations, generality, and
effectiveness depends, to a large extent on the general entries of the system. Research results on TM
systems and their general terms, namely, nonlinear Fourier atoms can be regarded as advances of Fourier
theory. They include a Bedrosian identity, nonlinear phase basis, adaptive algorithm (see [4,15,17,18]).

Notice that the operator % : C?[—m, 7] = C[—m,m] has a discrete spectrum, a discrete set of the
eigenfunctions e, that is the Fourier system. (Notice that if the domain is changed to R, the spectrum
will be continuous and e'*" will be the generalized eigenvectors.) It is natural to ask whether any general
rational system would have a spectral operator £. This note gives a part of the answer to this question.
We will use the Weyl correspondence theory to investigate the spectral operators of the Laguerre systems
and the Kautz systems {e,}>°,. Concretely, we will look for FF € S'(R?) to generate a differential
operator £ through the Weyl transform (2.2) such that e, is the eigenvector of £. We also generalize the
results to the cases of multiple parameters with a complex variable in both the unit disc and the upper
half-plane contexts.

We found that the spectral operators of the Laguerre systems and the Kautz systems are closely related
to the general Sturm-Liouville operators. We will deal with the general Sturm-Liouville operators under
the framework of Heisenberg group and Weyl correspondence.

Section 2 reviews the Heisenberg group and Weyl correspondence, and then discusses how to generate
the Sturm-Liouville operators. Section 3 focuses on the spectral operator of the Laguerre systems and
the Kautz systems. Section 4 generalizes the results of Section 3 to the multiple-parameter cases through
the one complex variable setting. Section 5 considers the upper half-plane. Section 6 discusses the Cayley
transformation method that converts the results of the upper half-plane to the unit disc and vice versa.
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2  Weyl correspondence and Sturm-Liouville operators

The group representation of Heisenberg group suggests an exponential type operator e2™i(PP+e¥)

(see (2.1)) and then leads to the Weyl correspondence theory to generate pseudo-differential operators.
The full Heisenberg group is the set (R")? x R with the multiplication

(0. )5, d.d) = (p+ﬁ,q+q,d+«i+ 1[(1%61%(116)]),

2
where the symplectic product on the phase space (R™)? is defined by [(p, q), (§,4)] = pG — qp. For p,q €
R",d € R, denoted by R4, M, and 7,, the usual rotation, modulation, and translation operators are
defined, respectively, by

Raf(x) = e f(z), M,yf(x)=e""9f(z), T,f(x)=f(x—p), xeR"

The Schrodinger representation of the full Heisenberg group is the unitary operator RdM%T_pM%. Up
to the rotation factor R4, the symmetric form M%T_p/\/l% is crucial in harmonic analysis in the phase
space. We adopt Folland’s notation [7]:

i(pD+qX
p(p.q) = TP = M T My, (2.1)
Essentially, e>7(PP+4%) is the operator mapping f(-) to e™P4e2™4() f(.4p). Here, D = ﬁ(a%, ce %)T

and Xf = (21 f,...,z.f)T.
Another symmetric form Mz 7, Mz gives rise to the operator

F(p, ) = *TOX D) = M T M,

which maps f(-) to e~ ™P%>™P() f(. — ¢). The identity Mz T M = .7'—/\/1%71,9/\/1%]:’1 implies the
relationship between 2™ (PP+eX) gap( 27i(pX¥—4D)

pp, q) = m@Y=IP) = F2mWPHa) 7=l — Fp(p q)F L.
The Fourier transform on R™ is defined by F (&) = [, f(z)e 2m@¢dy ¢ € R™. The Weyl transform
p(F) = /n /n F(p,q)p(p,q)dpdg = /n /n F(p, )™ PP+ dpdg (2:2)
with F' € L'(R?"), can be used to obtain pseudo-differential operators for function spaces defined on R™.

Here, the integral is an ordinary Bochner integral if ' € L*(R?").
The explicit formula for the operator p(F) is

p(F) f(z) = / s F(p, q)e™ P92 f( + p)dpdg
[ s )y

Naturally, p(F') can be regarded as an integral operator with the kernel

Tig(x — +x
Kp(x,y):/ F(y — z,q)e™" W dg = (F; 1F)<ym,y2 ) (2.3)

where F; denotes the partial Fourier transform for the j-th variable.

Proposition 2.1.  The map p from L'(R?") to the space of bounded operators on L*(R™), defined
by (2.2), extends uniquely to a bijection from S'(R*™) to the spaces of continuous linear maps from S(R™)
to S'(R™). Moreover, p maps L?>(R?") unitarily onto the space of Hilbert-Schmidt operators on L?*(R™),
and p(F) is a compact operator on L*(R™) for all F € L*(R?").
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Weyl’s prescription for assigning an operator (D, X’) to a function o(§,x) amounts to postulating
that the exponential function e2™(P¢+4%) should correspond to the operator p(p,q) = e2mi(PP+4X) defined
n (2.1). Once this is granted one can expand an arbitrary o(£,z) in terms of an exponential via the

inverse Fourier transform o(&,z) = [, [pn. 0( )e2™(PE+a%) dpdg to create a new operator

o(0.2) = [ / 6, )TN dpdg = pl(5). (2.4)

This integral is a Bochner integral if & € L'(R?"). Proposition 2.1 indicates that the notation o (D, X)
= p(6) makes sense as an operator from S(R") to S’'(R™) whenever & and o are both tempered
distributions.

From (2.3), 0(D, X) = p(6) is an integral operator whose distribution kernel is

K, () = (F5'6) (y ~ 2 “) = (Fi0) (y 22 x)

/>71 (5’ T+ y) 27‘(i(l‘—y)fd§.

As a consequence, the operator o(D, X) = p(d) is given by

o)) = [ [ o6 5 ) ypaya (25)

In the rest of this section, we investigate differential operators of order 2 generated by (2.5), which
maps S(R) to S'(R).
Theorem 2.2.  Suppose that o(&,t) = >/ re(t)€F. Then the operator o(D, X) is given by

o(D,X) =Y (;)i (") (;)jﬁku)jt (26)

k=0 J

Proof. ~ We write o(D, X) f(t) as

- /R /RU@t?’)e"’““‘yﬁf@)dydﬁ

- ki_o /R Ark(?jﬁ’“e?”i“”ff(y)dydé

S [l [rom (5 o
S ferfon (oo

By using the relation F~1(-FFf(-))(z) = (i)kdfkkf( ), it follows that

27i T

#(D.X)F() =3 (gjr)kcf:k [f (@) (t > xﬂ_
RV e

This completes the proof. O
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In particular, when m = 2, we have

#(D.2)5 (1)
9 k k k=i gk—j i
> () 2 (06 o 1)

=050+ 5 (74 OF0 + (O 1)

(rot) + 5740 = 12740 1)+

Therefore, we obtain the following corollary.
Corollary 2.3.  Set o(&,t) = ro(t) + r1(t)€ + r2(t)€2. The operator o(D, X) defined in (2.5) is

ro(t) d? 1 1, d 1, 1,
D,X)=— — — - — — — - — 7. 2.

o(D,X) = = om + gm0 = 57a(t) | 2+ {ro(®) + —m(t) — 572 (t) (2.7)

Theorem 2.4.  Suppose that o(D,X) is defined by (2.5). Then o(D,X) = a(t);—; +b(t) L + ()T

only if
a(&,t) = (c(t) - %b’(t) + ia”(t)) + 2mi(b(t) — a'(t))€ — 4m%a(t)€2. (2.8)
Proof.  Set a(&,t) = ro(t) + 71 ()€ +ro(t)€2. Equation (2.7) leads to a relationship between (a, b, ¢) and

(ro,71,72) as follows:

alt) = — g (1),
b(t) = 5= (1) — egT(t).
elt) = ro(t) + 757 (1) — 1oy (0.

Solving these equations, we obtain that ro(t) = —4n2a(t), r1(t) = 2mi[b(t) + 12z75(t)] = 2mi[b(t) — o/ (t)],
and

1 1
ro(t) = c(t) — I 1) + 1672 5 (1)
1 . 1 9
= C(t) — Tﬂ?’ﬂ'l[b(t) — a/(t)]/ =+ @[7477 a(t)]//
o 1 / 1 "
=c(t) 2b (t) + 1° (t)
This completes the proof of this theorem. O

We now turn to the Sturm-Liouville operator. A general Sturm-Liouville operator £, , has the form
Lo =u(t)Lo(t)L where u and v are defined on an interval I = (a,b), (a,+00), or R.

Theorem 2.5.  The Sturm-Liouville operator L, ., can be generated through (2.5) with the kernel

(&, t) = % [u” () (t) — u(t)v” (t)] — 2mind ()v(t)€ — dn?u(t)v(t)E. (2.9)

Proof.  The identity (2.9) is a direct consequence of (2.8) for a(t) = w(t)v(t), b(t) = u(t)v'(¢t) and
c(t) = 0. O
Corollary 2.6.  The kernel function o(&,t) = —2miu(t)u’(t)€ — 4n?u?(t)€2 determines the operator

d d d?

L, = u(t)%u(t)— = u?(t)—

7 + u(t)u'(t)—. (2.10)
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Throughout the paper, we will investigate the generalized Sturm-Liouville operators
L=Ly+ Pap (2.11)

with a5 = a(t)% + B(t)T for some differential functions u, o and 3. For the kernel of the operator £,
we have the following theorem.

Theorem 2.7.  The kernel function
a(&,t) = <ﬂ(t) - ;a’(t)) + (2mia(t) — 2miu(t)u’ (t))€ — dm?u®()€2

determines the operator L defined in (2.11).

Proof. By Theorem 2.4, we know that o(D, X) = a(t)4 + B(t)Z if and only if o(¢, ) = (B(t) — 3a/(1))
+ 27ia(t)€. Combining this with Corollary 2.6 and (2.11), the proof is completed. O

3 Spectral operators of the Laguerre systems and the Kautz systems

For any parameter a in the unit disc, D := {z =z + iy : |z| < 1}. Denote the Poisson kernel for the unit
disc by

1—|af
pa(t) = m, teT. (31)

Define the real-valued function 6, : T = (—m,7m) — R by e%(®) = 2=2| _ . ¢ € T with the exten-

1-a
sion principle 0, (t + 27) = 27 + 6,(t). We note that the density function of the harmonic measure is
0, (t) = pa(2)-

Suppose that £, is defined in (2.10) with u = pal(_). Define the differential operator £ by

L=Ly+ ou (3.2)

with g, = pa,p and a(t) = (17%,27;)]03(0 and ((t) = (17ae,i”)pg(t) (i— gzgg)

The main result of this section is the following.

Theorem 3.1.  Suppose that L is defined in (3.2). Then
Len(t)) = —(n+1)%e,(t). (3.3)

Proof.  To proceed with the proof, we need two identities. The first is

%en(t) - i((n T+ 1)palt) — 1_;it>en(t), teT.
The second is
Zen(®) = -+ D 0en(t) = egen(t) = (n-+ 179 (0en 1)
1 2(n 4+ 1)pa(t)
_ men(t) + wen(t).

Using the representations of 4e,, (t) and %en(t), we have

R N S,
po ~ e - T ® ~ Ve
1 2(n+1)

TErren eI

T =ac Mpat) "
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and
WD) Pl [ !
R0 = =G (6 D)= e entt
LB )
~ im0 T e

On one hand, this gives

Lu(en(t)) = u*(t) 5

—i(n+ 1)23(’5) en(t) — ae ™ en(t) — (n+1)2en(t)

1 2(n+1)
(1 —ae™")pa(t)
2 (1) AR

€n (t)

Conversely, we have

2i d 2i 1
T O = T e (D0~ T )nld
_ary >
(1 — ae—it)py () n(t) + (1 — ae—1t)2p2 (1) n(t).
Adding L, (e, (t)) and Wie”(ﬂ’ we have
2i d
Ly(en(t)) + mdt en(t)
=—(n Ze ;e ipz‘(t) _ e
(1 e+ e O T ) T aem o

Hence,

21 S PR A () R S
T A (T 10 M O N TR A
—(n+41)%e,(t),

Ly(en (t)) +

which is identical to

Lolen(t)) + 2i o (d i 1p,(¢)

A a o \a T3~ 2pa(t)>en(t) = —(n+1)%e,(1).

Therefore, L, (e, (t)) + pulen(t)) = —(n + 1)%e,(t). This completes the proof. O

4 Multiple parameters

This section deals with three aspects. First, we establish a more general theorem as Theorem 3.1. Second,
we offer a complex variable treatment. Third, we build a bridge between a boundary TM system and a
TM system.
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4.1 Boundary TM systems

Set N
Pa, (t) = Zpaj (t)v te Ta
7=0

where p, is defined in (3.1).

Now recall the Sturm-Liouville operator £,, in (2.10). For the sequence {@, : n =0,1, ..

vectors in the TM system, define the operator sequence L., T by

d d d? d
Lo, 1= un(t)aun(t)i =u (t)ﬁ + Un(t)U;L(t)%

with u,, = ﬁ. Essentially,

1 @ P ) d
(pa, (£)2d? (pq, (1)* dt
Define the sequence {p,,, : n =0,1,...} of differential operators by

2i d i 1p5 (1)
L—ape=®)pz ()\dt 2 2pg, (1))

'Cum'ﬂ‘ =

pun:’]r =
(

Define
Lnt =Ly, T+ Pu,,T-

Theorem 4.1.  Suppose that the operator L, 1 is defined in (4.4). Then

Ly r(ea,) = —ea,-

Proof.  The proof is like that of Theorem 3.1. The following two identities are crucial:

d . 1
e 0 =i(pa, (0~ —p o Jea (0, teT
and
d? i a,e it
272 G (t) = ipg, (t)ea, (t) — W%n (t) = pZ, (t)ea, (t)
1 2pa,, (t)
— Wean (t) + m@an (t)

t) _ Pa,() ane” it

n 1 ez (t) — _ ex (1) — es (1
p??n (t) pén (t) an( ) (1 — a"e_lt)ng‘n (t) an( ) an( )
! 2
(1-a e—1t>2p§”(t)€ L (1) + = ane—‘t)pan(t)e (1)
and
P, (), s, (t) 1
— n S (t) = — n - 1) — ‘ . ;
o 0 1 = T [P0~ T e )
_ -p:i'n (t) _p%{.n (t) 1
= —1 %n (t) ed'n (t) pgjn (t) 1 — ane_it an (t)
Therefore,

(4.1)

.} of parameter

(4.2)
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- ii éj: 8 ea, (t) i aa:eit;p%n ) (t) — ez (1)
_ (1—a ellt)zp?fn 0 ea, (t) + 1—a eit)pﬂn 0 ea, (t)
- lilg 22 e, (t) +ii§: 22 - al —can(t)
- ane;lt ea, (t) —ea, (t) — 11t ea. (1)

= —€g, (t) + (1 — ane_it)pdn (t) €a, (t) (1 s e—it)2p2 (t) €a, (t)
Ph, ) 1
+ lpgl (t)1—apeit an (b)-

Conversely, we have

2 d 2i . 1
o O = e (PO~ T ) )

I _ a (t - a, (t
T —ane Mpe, 0 T T ae ez @
The Summation Of Eunv’ﬂ‘(edn (t)) and (l_ane_z—w%Qﬁjn (t) iS
2i d
L. a (t - —eg (t
7“’]1‘(8 n( )) + (1 _ aneilt)pg‘n(t) dte 77,( )
2 1+ aye” it
= —ez (t - a (t) — - a (t
R e A e DL O R
Pz, (0 1 2 2
" lp%n (t) 1— ane—lte n( ) (1 _ a/ne_lt)pt_in (t)e n( ) + (1 _ ane_lt)ngjn (t)e n( )
1 Pz, () 1
= —ez (t - a, (T = —€g, (1
@0 e o T ae
Hence,
2i d 1
" t — t) — - a (T
’C' n T(ean( )) + (1 —a e_lt)pé (t) dtean( ) (1 _ ane_lt)p% (t) ean,( )

from which, we obtain

2 d i 1p; (1)
Lo, m(ea,(t)) + (1= ane )2 (1) (dt t5- 2 pa (t))ean = —€g,-

By noting the definition of g, 1 in (4.3), we see that the above equation is equivalent to
L, 1(€q, () + Pu, r(ea, () = —ea, (1)
This confirms (4.5) and finishes the proof of the theorem. O

Remark 4.2. Equation (4.5) does not reduce to (3.3) when all the parameters a;’s are identical. In
fact, when all a;’s are equal to a, the operators £, v and ., T, respectively, reduce to £, and p up to
the factor #, ie., Ly, 1= #[Zu and p,, T = #pu It is clear that (4.5) gives rise to (3.3).
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4.2 Complex variable setting

For a € D, denoted by P,(z) the Poisson kernel for the unit disc can be written as follows:

P(z)—l_—w zeD (4.6)
Y (z—a)(1 —az)’ ' :
Set .
Pi, (2) =) Pu(2), 2€D (4.7)
j=0
for vector @, = (ag, . ..,an_1,an)" € D", Define £, p by
d d 1 d® P;(2)d

< (4.8)

Fuo =) g g = B2 Gy T R @

with u, = P%. Let

o2 (4 1RO
P = (2 = an)PZ (2) (dz 2 P&n(z)> )

and
Lnp =Ly, D+ Qu,D- (4.10)

Theorem 4.3.  Suppose that the operator L, p and the system {Egz, } are defined in (4.10) and (1.1),
respectively. Then
L.p(Ez,(2) =Ez,(z), ze€D. (4.11)

Proof. ~ With disintegrated computation, the proof is like that of Theorem 4.1 by invoking the identity

d an, 1
E- = (P E= = P: — Ez D.
50.() = (Pas() 4 T ) a9 = (Paul9) - = ) Banla), 2

This completes the proof. O

4.3 From the complex TM system to the boundary TM system

This section addresses the relationship between £, p and £, . We will prove that by setting z = et

in (4.11) so that we obtain (4.5). In fact, by setting

— 1 1 (eit) _ Pz';‘n (eit) ’ (eit)
Pa%n (eit) An Pgﬂ (eit) An
1 P, (et .

_ an(i) -~ (e1t) ,
2 P; (elt) ™

R(t)

2 .
_ _ EL it
+ (eit — a”)Pgn (eit) | n (e")

and L(t) = Ez, (") = ez, (t), t € T, and by setting 2 = e’ in (4.11), the relation can be written as
R(t) = L(t).

The following theorem indicates that R(t) = —L,, (e, (t)), from which we conclude that (4.11) with
z = e'! leads to (4.5).
Theorem 4.4.  Suppose that L, 1 is the operator defined in (4.4) and R(t) is the right-hand side
of (4.11) with z = et. Then R(t) = —L, r(ea, (t)).
Proof.  Using the relations between Ez and ez,

EL (') = —ie7'el (1), teT,

Qnp, dn
EY (&) =ie (e} (t) +ies (1), teT,

Qn

and similar relations for Pz, and pz,,,

Pz, (eit) = e_itpgn (t), teT,
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P; (") = —e™*!(pa, (t) +ipf, (1)), teT,

we have
RO = oy €, () i, () - _(p(;)z)p D et
a0 5 e e 0]
- e, (=, ) — PO
T [0+ 5 P e 0]
¥ MR
e | 0 g0+ 5 e 0)
B ARl
T |~ g0+ 3t 0)
= Lo r(ea, (1)) = pu, x(e, (1) = ~Lorlea, ().
This completes the proof of the theorem. 0

5 Upper half-plane

There is a parallel theory for TM systems on the upper half-plane. In the upper half-plane context, we
say f € HP(CT), 0 < p < oo, if f is analytic on CT and sup,~, [~ |f(z + iy)|[Pdz = ||fH’;I,,(C+) < 0.
When p = oo, we write f € H*(C™T) for the totality of all the bounded analytic functions on CT, and
we give H>®(C*) the norm || f|| oo (c+) = sup,ec+ |f(w)]. The relation between f € H?(CT) and their
non-tangential boundary limits on R is the same as for the unit disc. H?(C*) has inner product

e = [ T j(0gdt. f.g € HA(CY),

For a given parameter sequence {\,}>°, C C*, the corresponding TM system {[3Xw }22 , on the upper

half-plane C¥ is
W EIm{A, sl
By (2) = = H 2T z€Ch, nezy, (5.1)

<5
" Z— Ap Z—=Aj

Jj=0

with vector \, = Aoy -3 A1, An) T € (CT)™FL. Under the condition Y o yimu) 00, {an} is an

A& [?
orthonormal basis of the Hardy space H?(C*),1 < p < oo.
The corresponding boundary TM system {5 }72, on the upper-half plane case is

ﬁxn(t) = hm ﬁxn(z) =

Im(z)—0*t

N Ht—X:’ teR, n=01,... (5.2)
n J



1972 Chen Q H et al. Sci China Math  October 2019 Vol. 62 No. 10

5.1 For a boundary TM system on the upper half-plane

For A € CT, the Poisson kernel gy on the real line is defined by

2Im{ A}
t) = teR. 5.3
a(t) e € (5.3)
Generally, for vector Xn = Aoy s A1, M) T, set
n
g ()= ar(t), teR (5.4)
§=0

For a sequence {Xn :n =0,1,...} of parameter vectors on the upper half-plane, define the operator

sequence L, by
d d N d

u = Up -, Un - Y nt/ rn .
Lt = n(0) rn(0) 32 = 62 (0) T+ un (O, (1) 3 (55)

with u, = q%. Essentially,
A

n

fot T @ maE T O
Set C @
2 d 143 (1 )
PunR= 77—~ ~ 5 |0 5 5.6
a—&@y(& 2450 >0
and
En,]R = Eun,R + Oy, R- (57)

Theorem 5.1.  Suppose that the operator L,r and the system {fs } are defined in (5.7) and (5.2),
respectively. Then

Lnr(Bs, () =—B5 (), teR. (5.8)

n

1 n _ A
(t = Xa)By (B) = y/ ~Im(A) ] 22
™ =0 t— )‘j

Proof.  The identity

implies that

Furthermore, we have

B () = [q'xn 0+ ZAn)Q — 43 (t) - tfim a5 ( )} B (1)
Then
CunslB3, () = - ()~ By
un R\PX, - q/%n (t) An ?\n ()%
1 ’ 2 9 2i
- a; (t) (qu (t) + EWE e Uy w1 ))B/\n(t)
g5 (1) 1
B R T
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and
o 2 S 14,0
o 55,00 = 5 5y (5.0~ 55 0)
2 . 1 145 (1)
ST ® (.0~ 25 ) 35,00 - 3 2 5.0)
B ( 2% ~ 2 %0 ) o
e m O CE O G- @)
Therefore, Lo, r(B5 (1)) + ou, r(B5 (1)) = —B5 (t). This completes the proof of this theorem. O

5.2 For TM systems on the upper half-plane

For A € CT, we extend the Poisson kernel ¢y to the complex plane

2Im{\} _

Q)\(Z) = m, zeC (59)
and
QX,,L(Z) = ZQ)‘j (Z)’ zeC (5.10)
=0

for vector A, = Aoy -5 An—1, An) T € (CT)mHL

For the sequence {Xn :n=0,1,...} of parameter vectors, define the operator sequence L, c+ by

d d 1 2 Q% ()4

= un(2) —un(2)— = — - 11
Ly, ct =u (Z)dzu (Z)dz Q; (2) d22 Q?f\' (2) dz (5.11)

with u,, = Qan . Set

2 d 1Q% (Z))
Punct = ————5——| 7= — 5= 5.12
T M@ ) (dz 2G5 () (5:12)
and

Lo+ = Ly, c+ + Pu, c+- (5.13)

Using the identity

d 1 1
£6X7L (Z) = (ianl(Z) — o An)ﬁxn (Z) = (ian (Z) - o >\n>ﬁx’L (2)7 PSS (C,

and applying a similar discussion to that in the proof of Theorem 5.1, we obtain the following theorem.

Theorem 5.2.  For the operator L,, c+ and the system {f3,,} as defined in (5.13) and (5.1), respectively,
it holds that

Lc+(B5 (2)) =B85 (), =€ C*. (5.14)
Notice that the operators £, g and £,, ¢+, defined respectively in (5.7) and (5.13) are almost the same

because they are connected by the natural mapping z — Re(z). Essentially, this is due to the analyticity
of By, (z),z € CT and the real analyticity of 8y, (t),t € R.
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6 From the upper half-plane to the unit disc

This section will establish a relationship between the operators £,, ¢+ and £,, p. To build a bridge between
L, c+ and L, p, we use the Caley transform x : D — Ct:

11—z
i
142’

k(z) =

z €D,

which is a bijection between I and C* with inverse x~! : Ct — D,

KU (z) ==, zeCT.
1+z

The following identity is crucial. Tt establishes a relationship between 85 and Ejz, through the compo-
sition of k:

B, (#(2)) = C1(1 + 2)Eg, (2), 2€D,

. 17(1]‘

where (A\j,a;) € CT x D is the k-pair ruled by \; = k(a;) = Sy
jE{O,l,...,?’L}, Cy =

ﬁeia, and

_ n—1 _
1+a, 1+a;
\1+an| i=0 1+a;

eia — (_1)1’L+11

Replacing z € CT by k(z) € CT,z € D, in (5.14), we get R(z) = L(z), z € D, with

)
e R AT E R
Q% (s(2))
. 2 Bl (5() — 22 g ((2)

and
L(z) = —an (k(2)) = —-C1(1+ 2)E3z, (2), =z¢€D.

The following theorem shows that R(z) = —C1(1 + 2)L, n(Ez, (2)) so that (5.14) reduces to (4.11) when
we replace z € C* by £(z) for z € D in (5.14).

Theorem 6.1.  Suppose that L, is the operator defined in (4.10) and R(z) is the right-hand side
of (5.14) when we replace z € C* by k(z),z € D. Then R(z) = —C1(1 + 2)Lnn(Ez, (2)), z € D.

Proof.  We first prove two identities associated with the derivatives of 35 :

B (k(2)) = %Cl(l +2)°[Eq, (2) + (L +2)E (2)], z€D

and

5 (k(2)) = —Ch %(1 +2)°EY (2) + (1 +2)*E} (2) + %(1 +2)3Ez ()], z€eD.

Similarly, by noting that % = %(1 — |al?) for k-pair (), a), Q5 satisfies both

Q5, (6(2)) = 5(1+ 27 Ps, (), €D,
and
Q% (k(2) = %(1 + 2)3P; (2) + i(l +2)*P; (2), z€D.

n
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By substituting the expressions of Q5 ((2)), Q% (k(2)) and 5§j)(f$(z)),j = 0,1,2, into the above
equation, it follows that " !

R =401+ 2)™ 5 (00 {0+ 9B, () (14 2)1 B, () + 51+ 2)°Fz, ()

s(L+2)°Ps, (2) + (L +2)' Py (2) ,
- %(1+Z)6P§’w( ) 701(1—’—’2) [E ( )+(1+Z)E§n(z)]

2 i ) /
+ (k(z) = An) (1 + 2)4P2 ) {Ol(l +2)°[Fa, (2) + (1 + 2) B (2)]
1

15(142)3Ps,(2) + (14 2)*P; (2) }
- = Ci(1+2)Eg .
2 10+ 9P, () N
After some calculations, we get
1 1
S Oi(1 —i—z)R(z) - P2 (2)

i, (2 Py (= E.L (z) P, (z
A1) PR 07 P P ) 2012 R e

(B4, (2) +4(1+ 2) " B, () + 21+ 2) *Eq, (2)]

2 PN § 7 A CO P
T (5(2) — M) S+ 2)2FZ (2) [QEM )= 1P, (o) B )}
. P (%) P (2)

= P B2+ 2002 B )] = (149 5 i () — B ()

2 1oy Zilpln() (s
(v(z) = M) 3+ 2)°P2 (2) 550)— 1 a4
= Eg, (2).

Recalling the operator L, p with u, = Pz, (2), noting that x(z) — X\, = —7 f;n “7% for the k-pair
(An,a,) and

i b, (2)

e B, ()

2 Pan 8 b, (Z)}
BSOS T
SR S R Y

PL (2
= Qu, p(Fa,(2)) — #(z) {E(/in(z) - ;PZEZ; o (2)}

1y

(k(z) — An) (1 +2)2P2 (2) 5 a, (2) —

we obtain

1 1B, (2)

——————R(2) = Lu, p(Ez,(2)) +2(1 + 2) b, (2)
Ci(1+ 2) un 0 (Fa,

— 2)7 1 a, (2
P (1+2) P%L(Z)Ean()
9 R AC P
<1+>P<>[ w3 By Pl )]
= L,p(Ez, (2)) + 9u, p(Ea,(2))
= £n,D(Eﬁn,<Z))'

This completes the proof of the theorem. O

+ 9u, p(Ea, (2)) —
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