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Abstract

Let D € N, g € [2,00) and (R?, | - |, dx) be the Euclidean space equipped with the
D-dimensional Lebesgue measure. In this article, we establish the Fefferman—Stein
decomposition of Triebel-Lizorkin spaces F go_ ,(RP) with the help of the dual on
function sets which have special topological structure. A function in Triebel-Lizorkin
spaces Fgo’ q,(RD ) can be written as a specific combination of D + 1 functions in
Fgo q,(RD ) N L®(RP). To get such a decomposition, first, some auxiliary function

spaces WE! 4 (RP) and WE> ¢ ' (RP) are defined via wavelet expansions. It is shown
that

Y ,R”) S L'®RP)UFY ,R”) c WEMRP) c L'RP) + F ,(R)

and WE>- ¢’ (RP)y is strictly contained in Fgo 7 (RP). Next, the Riesz transform char-
acterization of Triebel-Lizorkin spaces F R q(RD ) by the function set WE! 4(RD)
is established. Then the dual of WE!7(RP) is considered. As a consequence of the
above results, a Riesz transform characterization of Triebel-Lizorkin spaces a ﬂ q (RD)
by Banach space L' (RP) + F R q(RD ) is obtained. Although Fefferman—Stein type
decompositions when D = 1 was obtained by Lin et al. (Mich Math J 62:691-703,
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2013), as was pointed out by Lin et al., the approach used in the case D = 1 cannot
be applied to the cases D > 2. In the latter cases, some new skills related to Riesz
transforms are to be developed.

Keywords Riesz transform - Fefferman—Stein decomposition -
Triebel-Lizorkin space
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1 Introduction and Main Results

The Riesz transforms on R, D > 2, which are natural generalizations of the Hilbert
transform on R, may be the most typical examples of Calderén—Zygmund operators
(see, for example, [8,16,17] and references therein). The Riesz transform character-
ization of Hardy spaces plays important roles in the real variable theory of Hardy
spaces (see, for example, [3,16]). Via this Riesz transform characterization of the
Hardy space H'(RP”) and the duality between H'!(RP”) and the space of functions
with bounded mean oscillation, BMO(RRP), Fefferman and Stein [3] further obtained
the so-called Fefferman—Stein decomposition of BMO(RP). Later, Uchiyama [23]
gave a constructive proof of the Fefferman—Stein decomposition of BMO(RP). Since
then, many articles have focussed on the classical Riesz transform characterization and
the Fefferman—Stein decomposition of different variants of Hardy spaces and BMO
spaces; see, for example, [1,2,7,10,25] and references therein. Recently, Lin et al. [11]
established the Hilbert transform characterization of Triebel-Lizorkin spaces F 0 (R)

and the Fefferman—Stein decomposition of Triebel-Lizorkin spaces F 0 ,(R) for each
q € [2, 00). Yangetal. [26] obtained the Fefferman—Stein decompos1t10n for Q-spaces
Q4 (RP) and the Riesz transform characterization of P%(R?), the predual of Q, (R?),
for any « € [0, 00).

As was pointed out by Lin et al. in [11, Rem. 1.4], the approach used in [11]
for the Hilbert transform characterization of Triebel-Lizorkin spaces F 0 (R) cannot
be applied to F 0 q(RD ) when D > 2. Hence, new techniques have to be devel-
oped (see also orgamzatlon of this article” at the end of this section). In this article,
motivated by some ideas from [11,26], we establish the Riesz transform characteriza-
tion of Triebel-Lizorkin spaces F 0 (RD ) and the Fefferman—Stein decomposition of
Triebel-Lizorkin spaces FO q,(]RD) forall D e N:= {1, 2, ...} and g € [2, 00).

In order to state the main results of this article, we now recall the definition of
the Triebel-Lizorkin space F R q (RP) from [19]; see also [5,20-22]. Let . (R?) and
' (RP) be the Schwartz space and its dual respectively, and 2 (RP) the class of all
polynomials on RP . Following [19], we also let

o (RP) = {go e S RP): /D e(x)x%dx = 0forall & € le}
R

and .7, (RP) be its dual. Here and hereafter, Z, = N U {0}, Z_?_ = (Z4)P and

forany o := (o1, ...,ap) € Z2 and x := (x1,...,xp) € RP, x¥ :=x{" .. x}P.
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Let ¢ € .7 (RP) satisfy supp (@) C {€ e RP : 1/2 < |&] <2}, [9()| = ¢ > 0if
3/5 < |§] < 5/3, and ZjeZ |P(27&)| = 1if & # 0, where ¢ is a positive constant.
Write ¢; () = 2D/g0(2/-) for any j € Z. Such ¢; have been used to define the
homogeneous Triebel-Lizorkin space F[(,)’ e RP, 0 < p < 00,0 < g < oo. Further,
such definitions are independent of the choices of ¢. See [5,19-22]. We consider the
case where p = 1 and oo.

Qeﬁnition 1.1 Let ¢ € (1,00). Then the homogeneous Triebel-Lizorkin space
Fl‘{ q(RD) is defined to be the set of all f € .77 (RP) such that

1/q

o ) q
170z, oy = |1 2 Loy * /1 <00
JjEZ
LI(RD)

Remark 1.2 (i) It is well known that .7/ (RP) = .#/(RP)\P(RP) with equivalent
topologies; see for example, [9, Thm. 24.0.4], [13, Thm. 28], [14, Prop. 35.4,
Prop. 35.5] and [27, Prop. 8.1] for an exact proof.

(i) From [5, p.42], it follows that F R 2(]RD) = HYRP) with equivalent norms.
Obviously, for any ¢ € [2, 00), ”f”F?,q(RD) < Il /1l 771 (mpy- Hence H'(RP) ¢

Ep ,RD).
Now we recall the definition of Fé’o q (RD).

Qeﬁnition 13 Let ¢ € (1,00). Then the homogeneous Triebel-Lizorkin space
F, ,(RP) is defined to be the set of all f € .} (RP) such that

1/q

1 00
Ifll70 @oy:=  sup @/ Yoo e f@| dxp <o,
’ {Q: dyadic cube} Qj=—10g2€(Q)

where the supremum is taken over all dyadic cubes Q in R” and £(Q) denotes the
side length of Q.

Remark 1.4 (i) From [5, p.42], it follows that F2, ,(RP) = BMO(RP) with equiv-
alent norms. )

(ii) It was shown in [4, (5.2)] that, for each ¢ € (1, 00), Fgo 7 (RP) is the dual space
of F R q(RD ). In particular, BMO(RP) is the dual space of H!(RP), which was
shown before in [3].

Next we recall the definition of the 1-dimensional Meyer wavelets from [24]; see
also [6,11,12,15] for a different version. Let ® € C°°(R), the space of all infinitely
differentiable functions on R, satisfy 0 < ®(£) < 1/+/27 for any & € R, ®(&) =
1/3/27 for any &€ € [—27/3,2m/3], [®(£)]> + [®(& —27)]*> = 1/(2n) for any
& € [0, 2x]. Further,

D) = D(—£&) forany & e R, (1.1)
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and
®(&) =0 foranyé € (—o0,4n/3]U [47/3, 00). (1.2)

In what follows, the Fourier transform and the reverse Fourier transform of a
suitable function f on R? are defined by

&) = (271)*0/2/17 e ¥ f(x)dx forany £ € RP,
R
and
f(x) = (271)_D/2/ eixéf(é)dé for any x € RP,
RD

respectively.

From [24, Prop. 3.2], it follows that ¢ := ® (the “father” wavelet) is a scaling
function of a multiresolution analysis defined as in [24, Def. 2.2]. The corresponding
function mg of ¢, satisfying $(2~) = m¢(-)$(-), is a 2m-periodic function which
equals 27 ® (2-) on the interval [—, ).

Furthermore, by [24, Thm. 2.20], we construct a 1-dimensional wavelet ¥ (the
“mother” wavelet) by setting ¥ (€) := €'6/2m4(£/2 4+ 7)®(£/2) for any & € R. It
was shown in [24, Prop. 3.3] that v is a real-valued C°°(RR) function, ¥ (—1/2 —x) =
Y (—1/2+ x) forall x € R, and

supp (V) C [-87/3, =27 /31U [27/3, 87/3]. (1.3)
Such a wavelet v is called a 1-dimensional Meyer wavelet and ¥ (0) # O.
Dt
B 1mes
Let D € NN [2,00) and 0 := (0, ..., 0). The D-dimensional Meyer wavelets
are constructed by tensor products as follows. Let x := (x1,...,xp) € RP, Ep =

{0, 1}P\{0} and, for any A := (A1, ..., Ap) € Ep, define
Y () =@M (x) - P (xp),

with ¢*7 (x;) := ¢(x;) if A; = 0 and ¢™ (x;) = ¥(x;) if A; = 1. As in [24],
for any (%, j,k) € Ap :={(h,j,k) : A € Ep, j € Z, k € Z”} and x € RP,
we let w?,k(x) = 2DPiy*(2/x — k) and, for A = 0 and any k := (ki, ..., kp), let

YO0 () :=2PIgp@Ix1 — k1) -+ (@I xp — kp) and YO(x) 1= p(x1) -+ § (xp).

By [24, Prop. 3.1] and arguments of tensor products, we know that, for any
(A, j, k) € Ap, w}’k € Zo(RP). Thus, for any (A, j, k) € Ap and any
f e YéO(RD), let aJA.’ () ={f, w]{k), where (-, -) represents the duality between
S (RP) and .74 (RP). From the proof of [5, Thm. (7.20)], it follows that, for any
[ e SL®P),

=333 d(Hvt, in FLRD). (1.4)

MeEp jeZ kezD
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Moreover, by [24, Prop. 5.2], we know that {wj)." ), j.keAp 1s an orthonormal basis
of LZ(RP).

For any ¢ € {I,..., D} and any f e .7 (RP), denote by Ry(f) the £th-Riesz
transform of f, which is defined by setting

Ri(H)(E) = —i%f(é) for any & € R? and £ # 0.

Since (1.2) ang (~1.3) hold true, by [~26, (5.2)], we know that, for any ¢ € {1, ..., D},
js

(h, j k), (, j. k) € Apand |j — j] = 2, we have
(Re (v}0) . v2) =0, (1.5)
where (-, -) denotes the inner product in L2(RD ). Note that (1.5) implies that
A\ Mjk
Ry (vf,,',k) = ) biievix

(L jReAp:j—1<j<j+1

for some coefficients
rjk A %
vett = (Re (Vi) viz)-

Now we recall the wavelet characterization of F R q (RP) and Fgo’ p (RP) (see, for
example, [5, Thm. (7.20)]). For j € Z and k = (ky, ..., kp) € ZP, denote

D
Qjx =[]k, 277/ (1 + kL.
=1

Theorem 1.5 Let g € (1, 00). Then
() f e F) RP)ifand only if f € S, (RP) and
1/q
. q
a?’k(f)‘ X <2fx - k)] < o0,

LI(RD)

Jr = Z [ZDj

(. j.k)eAp

where x denotes the characteristic function of the cube [0, 2. Moreover; there
exists a positive constant C such that, for all f € F 10 q (RP),

1
Gl @) < Tr < Cllfllgy, oy
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190 Q.Yang, T.Qian

) f e Fgo’q (RP) ifand only if f € L (RP) and there exists C > 0 such that for
all dyadic cube Q,

> 26Dk (P17 < ClO|.

(A, j.k)eAD,QjrCQ

Remark 1.6 By Remark 1.2 and Theorem 1.5, we also obtain the wavelet characteri-
zation of H'(RP) as in [12, p. 143].

To consider Fefferman—Stein type decomposition for Fgo’ q (RP), we need to study
some properties relative to frequency. Hence we use Meyer wavelets to introduce
the auxiliary function sets WE! 7(RP). We consider the linear functional on these
function sets and consider some exchangeability of Riesz transform and some sums
of orthogonal projector operator defined by Meyer wavelets.

Letg € (1,00) and f € .7, (RP). Foranys € Z, N € Nandt € {0,..., N + 1},
let P y be the projection onto the subspace generated by the wavelets at the scales j
living in the band [s — N, 5], namely

P nf = > a; (HY) e in FLRD). (1.6)

{(A, j,k)eAp: s—N<j<s}

For each t € {0,..., N + 1}, we further restrict the projections to the sub-bands
corresponding to the scale intervals [s — ¢ + 1, s] and [s — N, s — t],

0, t =0,
1
TN = > a; (Wi tefl N+1)
{x, j,k)eAp: s—t+1<j<s}
1.7)
and
A A
o > @ (W 1€{0,... N},
T N() i= {0 j beAp: s—N<j<s—1} (1.8)
0, t=N+1.

Observe that Py y = T(l) ~NT T(z) N and the operators T(i) _y are also orthogonal
projections. More precisely, Tg( t) N = Psr—1and T @ LN = = Ps_; n—:- When f belongs
to the projection space, then the projection operator acts like the identity, a fact that will
be used repeatedly. The operators T( ) LN (f)and T( ) v ) in the above Egs. (1.7) and
(1.8) are quite important. They are adapted to the Eq (1.5) where the frequencies does
not change much when considering the action of Riesz operators on Meyer wavelets.

Definition 1.7 For | < ¢ < oo, the space WE® 4 (RP) is defined to be the space of
all f € 7 (RP) such that
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”f”WEOC-q(]RD)
(1) T®
‘= sup sup |: T, ‘ (f)” ] <0
{seN, NeNj} t{0,....N+1} +@RP) s LN L®(RP)

It is easy to see that

Proposition 1.8 For 1 < g < oo, WE*4(RP) = L®°(RP)Nn Fgo’q(RD) are Banach
spaces.

Definition 1.9 For 1 < g < o0, the relative space WEl’q(RD ) is defined to be the
space of all f € ./ (RP) such that

I fllwgta®p)
= sy o+ [T | <
Further, for f € L'(RP)U Fﬁq (RP), we define
I fll{1.q) :=min(|| £l .1, ||f||ﬁ1qu)-
For f € L'(RP) 4+ Fﬁq(RD), we define
Ifllg == inf {IAallpr + IIgIIFo }. (1.9)
f=h+geLl+F{,

Remark 1.10 For D = 1 the spaces WE! 4 (R?) and WE®> 4 (RP), g € (1, 00), have
been introduced by Lin et al. in [11, p.693] and [11, p.694], respectively, and were
denoted by L'-7(R), and L% 9 (R), respectively. To distinguish these spaces from
the well-known Lorentz spaces, we use the notation WE!" 4(RP) and WE> 4 (RP)
which indicate that these spaces are defined via wavelet expansions. Recall also that
the space WE!-7(RP) was also called the relative L' space in [11, p.693].

‘We know that the function

Py f(x) = > af  (OIV ()

(€. k)N p. | j|+1k|<2N
belongs to .75, (RP) for all N > 1. Set A = WEL4(RP) or LI(RP) U F‘ﬂq(RD) or
L'(RP) + FD (RP).If f € A, then Py f € A.Ttis easy to see that
Proposition 1.11 For 1 < g < oo,

(i) WE'4(RP) is complete with the above induced norm.
(ii) The set .%o (RP) is dense in A.
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192 Q.Yang, T.Qian

Rgmark 1.12 Let qg € [2,00). It was shown in [20, p.239]‘that the dual space of
Fﬂq(RD) is Fgo, q,(RD). Further Fgo’z(RD) = BMO(RD), FRZ(RD) = H\(RD) ¢
L'(RP). Hence for g = 2,

L'®RP)U F),RP) = WEM2(RP) = L'RP) + F?,RP) = L'RP).  (1.10)

Let2 < g < 0. LY(RP) + Fﬂq (RP) are Banach spaces. W E'-4 (RP) are function
sets, not Banach spaces. Moreover, the following equalities are not true

L'®RP)u FY,(RP) = WEM (RP) = L'(RP) + F{ ,(R).

In the following Theorem 1.17, the above two equal signs both have been changed to
the inclusion sign “C”. i.e.

L'R)U F) (RP) c WEMRP) c L'RP) + F, (RP). (1.11)

For A, we can use distributions to define their dual elements.

Definition 1.13 For 1 < g < oo and a function set A ¢ L' (R?) + Floq(RD), we call
I to be a dual element of A, if I € .7, (RP) and

sup I, £ < oo.
FeZ=®P),[flla<l

We write [ € A'.

A’ is a linear space. In fact, fora, p € Cand/y, 1> € A’, we know thatal; + Bl € A’.
Further, L1 (R?) + F R q (RP) is the linearization function space of the set L' (R?) U

Fﬂq (RP) or the set WEL7 (RP). The dual elements on the set L1 (RP)U Fﬂq (RD)Y or

on the set WE"4 (RP) are the same as those on the linear space L' (R?) + Fﬂq (RD),
Now we are ready to state the first main auxiliary result of this paper.

Theorem 1.14 For g € [2, 00), we have

(LI(RD) U Fﬁq(RD))/ = (WEI"I(RD))/ = (Ll(RD) + Fﬁq(RD)>/

= L*®R”)nFY (RP).

For g = 2, due to the Eq. (1.10), the above Theorem 1.14 is evident. For general
q, this theorem is new and its proof will be given in the final section.

Let Ry := Id denote the identity operator. We state the second main auxiliary
result which will be needed in the proof of our Fefferman—Stein type decomposition.
We will use certain exchangeability of Meyer wavelets and Riesz transform to prove
Theorem 1.15 in Sect. 2.
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Theorem 1.15 Let D € Nand q € [2, 00). Then f € .7} (RP) belongs to F ,R?)
ifand only if f € WE"4(RP) and {Rg(f)}?:] C WE"9(RP). Moreover, there exists
a positive constant C such that, for all f € F {) q(RD ),

1
I e @0y = D IR lwgrame) = Clf o, @o):

Theorem 1.15 provides a Riesz transform characterization of the homogeneous
Triebel-Lizorkin spaces F 10 q(RD ) via the wavelet expansion sets WE! 4 (R?) for
q =2

Remark 1.16 If D = 1, Theorem 1.15 is just [11, Thm. 1.3].

Fefferman—Stein decomposition says, for some function space A, there exists some
space B satisfying B ¢ A such that, for f € A, there exist f; € B such that

D
f=Y Rifi
1=0

The functions in B have better properties than those in A. But a function in A has
been written as a linear combination of a function in B and the D images of the D
Riesz transformations acting on the D functions in B respectively. Such slightly better
properties can improve certain results in PDE and in harmonic analysis. The following
Theorems 1.17 and 1.18 tell us that we have also Fefferman—Stein decomposition for
FY, ,(RP).

By Remark 1.12, we know that, for any ¢ € [2, 00), F (RD) c WEL4(RP) and
WE®- 4 (RD ) C F 0 7 (RP). The above inclusions of sets are proper. Thefacts A & B
means the funct1ons in A have better properties than the functions in B. Fefferman—
Stein decomposition needs such facts. The following conclusions are extensions of
[11, Rem. 1.8]. The proof of Theorem 1.17 will be given at Sect. 3.

Theorem 1.17 Let D € Nand g € [2, o0). Then
Q) Fﬁq(RD) ¢ L'RP)U Fﬁq(RD) Cc WEV4(RP) c L'(RP) + F{{q(RD);
(i) WE> 4" (RP) G FY o+ RD).

Combining Theorems 1.15 and 1.17 and some arguments analogous to those used in
the proof of [11, Thm. 1.7], we obtain the following Fefferman—Stein decomposition
of Fgo’ q (RP), the proof will be given in the final section.

Theorem 1.18 Let D € Nand g € (1,2]. Then f € F, (RD) if and only if there
exist { fi}2_, € WE™ 4 (RP) such that f = fo + Zl:l R@ (fo).

By Theorems 1.14 and 1.18, we obtain the following Riesz transform characteri-
zation of the homogeneous Triebel-Lizorkin spaces F 10 q (RD).
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Theorem 1.19 Let D € Nand q € [2, 00). Then f € .7} (RP) belongs to F ,R?)
if and only if f € L'(RP) + F{{q(RD) and {R(F)}P, ¢ L'(RP) + F{{q(RD).
Moreover, there exists a positive constant C such that, for all f € Fl0 q RD),

D

1
I i @y = 2 IR @y ip, @oy = CIFLR o).
, 2 . ,

Remark 1.20 (i) Theorem 1.18 when D = 1 isjust [11, Thm. 1.7].

(i) Forg =2, F q(RD) is the Hardy space, L' (R”) 4 F q(RD) = L' (RP), this
theorem becomes the well-known characterization of Hardy space by L!. For
2 < g < o0, the conclusion of Theorem 1.19 is new.

The organization of this article is as follows.
In Sect. 2, Vi.a the definition of the space WE! ¢ (RD ), the boundedness of Riesz
transforms on F 10 ’ (RP), the Riesz transform characterization of H'(RP) and some

ideas from [11,26], we prove Theorem 1.15, namely, establish the Riesz transform

characterization of Triebel-Lizorkin spaces F 0 (RP). Denote fsn = Ps nyf.Com-
paring with the corresponding proof of [26, Sect 6.2], the main innovation of this
proof is that we regard the corresponding parts of the norms of Riesz transforms
{Re(fs, NI, in WE9(RP) as a whole to choose only one ! € {0,..., N+ 1}
such that (2.6) below holds true as one did in the corresponding proof of [26, (6 6)]. For
D > 2, we do not choose D numbers tf’N €{0,...,N+ 1}foreach ¢ € {1, ..., D}
separately. Using this technique, we successfully overcome those difficulties described
in[11, Rem. 1.4].

In Sect. 3, we prove Theorem 1.17. In Sect. 4, we give the proof of Theo-
rems 1.14, 1.18 and 1.19.

Finally, we state some conventions on notation. Throughout the whole paper, C
stands for a positive constant which is independent of the main parameters, but it may
vary from line to line. If, for two real functions f and g, f < Cg, we then write
[ Sgif f < g < f,wethen write f ~ g.Forg € (1, 00), let ¢’ be the conjugate
number of g defined by 1/q + 1/q' = 1. Let C be the set of complex numbers and
N := {1, 2,...}. Furthermore, (-, -) and (-, -) represent the duality relation, and the
L% (RP) inner product respectively.

2 Proof of Theorem 1.15

In this section, we prove Theorem 1.15. To this end, we need to recall some well
known results. The following conclusion is taken from [5, Cor. (8.21)].

Theorem 2.1 Let D € Nand g € (1,00). Then the Riesz transform Ry for each
L ef{l,..., D}is bounded on Fﬂq(RD).

Remark 2.2 By Remark 1.2, FR 2(RD) = H'(RP). Theorem 2.1 says that the Riesz
transform R, for each £ € {1, ..., D} is bounded on H!(RP).
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The Riesz transform characterization of H'(R?) can be found in [16, p.-221].

Theorem 2.3 Let D € N. The space H' (RP) is isomorphic to the space of all functions
f € LYRP) such that {Rg(f)}/?=l c LY (RP). Moreover, there exists a positive
constant C such that, for all f € H'(RP),

D

1

Ellfllgl(RD) < fll@wpy + E IR 1oy = ClLf Nl woy-
=1

The following lemma is completely analogous to [11, Lem. 2.2], the details are
omitted.

Lemma24 Let D € Nand q € [2,00). If f € WEL9RP), then, for any j € Z,
Q;(f) € H'RP), where Q;(f) = > G k)eEpxZP ajf,k(f)llf;"’k. Moreover, there
exists a positive constant C such that, for all j € 7 and f € WEL4(RP),

105N 1oy < CILE oo o)

2.1 Proof of Theorem 1.15

Proof of Theorem 1.15 We first show the necessity of Theorem 1.15. By (1.11) in
Remark 1.12 and Theorem 2.1, we have

D D
D IR Iwgrawpy S ZO IR0 @y S PN oy
=

=0

which completes the proof of the necessity of Theorem 1.15.

Now we show the sufficiency of Theorem 1.15. To this end, forany f € WE! 4(RP)
such that {R@(f)}gD:1 C WEL9(RP), it suffices to show that, for any s; € Z, N1 e N
and f;, n, := Py, n, f defined as in (1.6), we have

D
||fs1,N1 ”F{{q(RD) Z“RZ Jsim ”WElq(RD)’ 2D
=0

where the implicit constant is independent of s, N1 and f. Recall that with the notation
introduced in (1.7) and (1.8), we have that f;, y, = T, (f) + Toon n, (f).
Indeed, assume that (2.1) holds true for the time being. Owing to (1.5), for any

L e{l,..., D}, there exists a sequence {f;"ke}(x,j,k)eAD C C such that

Ry (for.m) = > fhivh in FLRP).

{(h, j, )EAD: si—N1—1<j<s1+1}
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By this and the orthogonality of {1//}’ )., j. keAp, with the notation introduced in
(1.7) and (1.8), we know that, foreach ¢ € {1, ..., D},

“Rf (fn» Nl) ||WE1~‘1(RD)

: (1)
= sup min, ‘ SRe (fsi, )| .
ez, Neny 1€00.... N+l}|: SN (1. 3) ) (RD)
NRZ (szl,Nl) ‘LI(RD)
: (eY)
= sup min ‘T ~R¢ (fs; n) | .
Sez, NeN ref0 N1y LI 50N (fs1.m) EY (RP)

5<s|+1,5-N=s;—N1—1

T;’ZI)’ N-RZ (f?l, Nl)

‘L'(RD)

: M 7@
= = min |20 rp)|,, 4|72 R ]
Fez, I%:)GN ret0,. N4y LI S0 N ! F) (RD) we iRl L'(RP)
?§s1+1,3’71\72x17N171
A similar conclusion holds for fi, n; = Ro ( I, Nl)' We choose to write out the

process, for there is a distinction on the ranges.

I fs1, 0 et e ®p)

)
T o Nl)Hﬁf’_qu)

= sup min_
FeZ, NeN 1€{0,...,N+1}
§<s1+1,5=N=s1—Ny—1

(2)
+ TE,t,ﬁ(f”’Nl)”Ll(]RD)}

@
= su min_ ~(f, N)” 7P _(f, N)H
FEZ.[%)eN te{O,...,N+1}|: 50, NS Fqu(RD) 5,0 N SNV gDy
?SS|.?—NZ,§]—N|
i (1) 2)
= sup min_ ~(f) H @ () H
5eZ, NeN t€{0,..., N+1}|: 5N FQQ(RD) 5.6, N L1(RD)
K’le,}?ﬁzsl—Nl
= Ifllwgt g @py < o 2.3)

From (2.1), (2.2) and (2.3), we deduce that

D
[fsimill 0 oy S D2 IR Ivgraeo) -
=0
Further, the Levi lemma says
||f||Fﬁq(RD) <lim || Ss1.my || FRQ(RD) .
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These, together with Theorem 1.5, implies that f € F ﬁ q(RD ) and

1/q
[ 2 [201"a}k(f)‘x(zjx_k)]q)

(A, j. k)eAp

. <
”f”Flo £1(RD) ~
LI(RD)

1/q
2% ool (o0 |

~ lim
Np,s1—00

[{(As.j-k)EAbzslNl<./<51} LI(RD)

/S Nl.lsilnl)w Hfsl, Ny H Fﬂq(RD) ,S ZZO ”Ri(f)”WEI,q(]RD) s
which are the desired conclusions for sufficiency.

Thus, to finish the proof of the sufficiency of Theorem 1.15, we still need to prove
(2.1). To this end, fix s; € Z and N; € N. In order to obtain the WE!-4(R?)-norms
of {Re(fs,. N, )}fzo, by (2.2) and (2.3), it suffices to consider

s:=s1+1 and N :=N;+2in(1.7) and (1.8), 2.4)

because the proof for the other indices (s, N) can be deduced in a similar but easier
way.
For such s and N, there exist t(o) 1D e {0, ..., N + 1} such that

, N> s N
N + N
‘ s, t(O) N (fsl 1) FIO_ (®D) ’ s, 1(0) N (fsl 1) LIRD)
= min . 25
{0, ..., N+l}[ 5,6, N (fb] N') Flo,q(RD) + s t,N (fsl Nl) LIRD) (2.5)
and
(D o)
Z HTS po NRZ (fs1,N|) . + ‘ Ts KO NRZ (fSI»Nl)
(=1 s N F{{q(RD) N LI(RD)

Ts(,zt), nRe (fsl, Nl)

Ts(,lt), nRe (fSL Nl)

’Ll(RD)]'

(2.6)

D
= min Z
te{0,...,N+1} —

@)

In the remainder of this proof, to simplify notation, we let g := fs, n, for any
fixed sy and Ny, tj = t(’) and T; j = Ts(,l;f-"}\,,Nfor anyi € {1,2}and j € {0, 1}.

With the help of (2.4), (2.5) and (2.6), to prO\}e Eq. (2.1), it suffices to show that

D

lgrll gy @oy S D IRe (€D llwta oy @7
N =0

O
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2.2 The Proof of Eq. (2.7)

To prove Eq. (2.7), we consider the following three cases: fo = t1, fp > t; and fp < 1.

Case I 1) = 1. In this case, we write g = a; + az, where

s s—1p
ar:= Y Qj(g) and ay:= Y Q;(gn).
j=s—to+1 j=s—N
By (2.5), we have ay = T»,0(g1) € L' (RP) and
lazll 1 woy = | 2.0 (80| 1@y = N81Iwea@p)s (2.8)

which, together with Lemma 2.4 and H L(RP) ¢ LY(RP), further implies that

Os—1o (81) + Os—1p—1 (g1) € H' (RP)

and

H Qs—to (gl) + QS—lo—l (gl)HHl(]RD)
S H QS*I‘() (gl)HHl(RD) + ” QS*[()*] (gl)”Hl(RD) S ”gl ”WE]JI(RD) . (29)

Thus, by this, H'(RP) ¢ L'(RP) and (2.8), we obtain

a — [Qs—1, (81) + Qs—rp—1 (g1)] € L' (RP)

and

||a2 - [Qs—t() (gl) + Qs—to—l (gl)]“Ll(RD)
< llall 1@y + [ Qs—10 (81) + Qs—to—1 (D] 1 @) < g1 gt ooy - (2:10)

Moreover, foreach £ € {1, ..., D}, we have

Ty, 1Re (1) = Ta, 1 Re (a2 + Qs—1+1 (81))
=T, 1Re (a2 = [Qs—1y (81) + Qs—1-1 (g1)])
+ T2, 1Re (Qs—1 (81) + Qs—tg—1 (1)) + T2, 1 Re Qs—1+1 (81)
= Ry (a2 = [Qs—1o (81) + Qs—1p—1(81)])
+ To, 1Ry (Qs—1 (81) + Qs—1—1 (1)) + T2, 1 Re Qs—1p41 (81)
= Ry (a2 — [Qs—1p (81) + Os—19—1 (81)]) + T2, 1Re Qs—1p+1 (g1)
+ To,1Re (Qs—19 (81) + Qs—1p—1 (g1)) - (2.11)
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Denote

19 := Ry (a2 — [ Qs (81) + Qs—1-1 (gD)])
09 =19 + 75 1R Qs _y41(21)
=T2, 1R (81) — T2, 1R¢ (Qs—1o (81) + Qs—1o—1(81))

By (2.6), (2.11), H'(RP) ¢ L'(RP), Remarks 1.6 and 2.2, (2.9) and Lemma 2.4, we
conclude that, for any £ € {1, ..., D},

o e LY(RP)

and
HH(Z)’ LiEny = 172, 1Re (gD 1oy + T2, 1Re (Qs—10 (81) + Cs—19—1 (€D) || g1 g0,
D
< D IR D lwgta@py + [Re (Qs—to (81) + Qs—19—1 (8) | 1
=1
D
S Y IR @D lwgtagpy + | Qs—1o (8D + Qs—rg—1 @D 1 o)
=1
D
I R¢ (gl)”WE' 9(RD) + llg1 ”WE] 4(RD) - (2.12)
i
From (1.5), it follows that, for each ¢ € {1, ..., D}, there exist {rj).",f}(;\‘j)k)e,\n cC
such that

I(g) = Rg ((12 — [Qs—t() (gl) + Qs—to—l (gl)])
= Z 'L';L:kl'(ﬁj)‘:k

{A.j,K)eAp: s=N—1=<j<s—io—1}

and

N
ReQs—1g+1(81) = Z t]/'\,k ‘p},k'

{(, j,k)eAp: s—19<j<s—to+2}

For any h € L*(RP?) and jy € Z, let

Piy(h) = ) (h 1/’10 k>w;° -

keZP

where (-, -) represents the duality between L™ (RP) and L' (RP). Note Q; = Pj 41 —
P; and therefore by a telescoping sum argument Pj; = ) i<jo—1 0;.
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We claim that Pj,(h) € L°°(RP). Indeed, by |(h, wf?o, O < 27Dio/2 and WO e
Z(RP), we know that, for all x € RP,

Pa] s 30 272028 | < 3wl (20— k)| s 1.

kezZP keZD

Let

ho i= Ps_q(h) = > a; (WY .

{(A, j.k)eAp: j<s—1p—1}

Thus, hg € L®(RP) and 120l oo (mP) < 1 by the above claim.
Moreover, with (2.12) and by definition of I©) we observe that, for any { €
{1 LA} D}>

) = . = ) < [,

LI(RD)
which, combined with [|A¢ | .o gDy < 1 and (2.12), further implies that

D

S IRe (80wt go) -
=0

[

<[]

LI (RD) LY (RD)

From this, Theorem 2.3 and (2.10), it follows that

ay — [Qs—1, (81) + Qs—p—1 (g1)] € H'RP)

and

||CZ2 - [Qs—t() (gl) + QS—to—l (gl)]”Hl(]RD)
~ ”612 - [stt() (gl) + sttofl (gl)] “LI(RD)

D
+ D [Re (a2 = [ Qs (€1) + Qs—tg—1 @D ]) | 1 g
£=0

D

S ||81||WEI,¢1(RD) + Z | Re (gl)”WEl»q(RD) ,
=1

which, together with Remark 1.2, (2.9) and Lemma 2.4, further implies that
lazll po oy < llazll e

SJ ||L12 - [Qs—t() (gl) + Qs—t()—l (gl)]”Hl(RD)
+ Q510 (81) + Qs—19-1 (8D 11 eny

@ Springer



The Dual Elements of Function Sets and Fefferman-Stein... 201

D
5 ”gl ||WE1vq(RD) + Z | Re (gl)HWEl-q(]RD) . (2.13)
=1

Furthermore, by (2.5), we find that
lla1 ||FRq(RD) = ” T1,0(g1) ” FRq(RD) < g1 ||WE1~‘1(RD) )

which, combined with (2.13), implies that g; = a; + a> € Fﬂ q(RD) and

D

I8z oy < larllzo oy + laallzo oy < D IRe (8D llwgtaqep) -
=0

This finishes the proof of Case 1.

Case Il 1) > 1. In this case, we write g; = b + by + b3, where

K s—1] s—1o
b= > Qj@). b= Y Qj(g) and b3:= > Qj(g).
j=s—t1+1 Jj=s—to+1 j=s—N

By (2.5) and (2.6), we have
b =T 1(81), b2 = Ti0(g1) — T1,1(g1) = 12,1(81) — Ta,0(g1) and b3 = T 0(g1)-
Similar to (2.11), for any £ € {1, ..., D}, we know that

Ty 1Re (81) = To,1Re (b3 + b2 + Qi 11 (81))
= Re (b3 4+ b2 — [Qs—1 (81) + Qs—r—1 (g1)])
+ o, 1Re (Qs—1, (81) + Qs—r1—1(g1) + T2, 1R Qs—1+1 (81)
=1 + 17 + 1.

With this notation observe that
Ry (by +b3) =17 + Ry (Qs—1, (81) + Qs—ri—1 (81)) - (2.14)

For any h € L®(RP), let

hy = > a; (WY} = Pogy (h).

{(h, j,)eAD: j=s—1—1}
Similar to the proof of iy € L>(RP), we have h; € L®°(RP) and

1721 ||LOC(RD) <1 (2.15)

@ Springer



202 Q.Yang, T.Qian

By (1.5), we know that, for any £ € {l,..., D}, there exists a sequence
{f}:’kg}()hj,k)e/\[, C C such that

) Al A )
= > JixV¥jx and

{(x, j,k)eAp: s—N—1<j<s—t1—1}
— AL
= ) Fik Vi

{(A, j.k)eAD: j=s—11}

which imply that

(1 m)| = (17 )| = {15 27 )| = (72 R o) =157 )

Hence, by this, (2.15), (2.6), H'(RP?) < L'(RP), Remarks 1.6 and 2.2, and
Lemma 2.4, we conclude that

1o 10
€], [”Tz Re @0 en + 1] RD)}
(11)
; I1Re @Dlhwerooy + |57
D
S Y IR @D wetagoy + [ Re (Qs— (1) + Q-1 (€)1 g
=1
D
S Y IR (@) lwetagoy + | Qs (D) + Cs—n—1 (€D 1 oy
=1
D
S Y IR (@) llwgra oy + 181 gt o) - (2.16)

~
Il

1

Thus, Ige) e L! (RD ). Moreover, by Remark 2.2 and Lemma 2.4, we have

” Ry (Qs—tl (gl) + Qs—tl—l (gl))”Hl(RD)
S Qs— (8D + Qs—ti—1 (@D 1 @y S N8t gt ooy - (2.17)

With this notation, applying H'(R?) c L'(RP), from (2.14), (2.16), (2.17) we
deduce that
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{
I1Re (b2 +b3) oy < |17, )+ IRe (Qomty (80 + Qotimt 60) | o,
D
<Y IR (80 gt gop) - (2.18)
=0
On the other hand, for any function 4 satisfying that ||| Lo®P) < 1, let

ho = Z a}\',k(h)‘ﬁ}\,k =h — Ps_y12h.
{(A, j,K)EAD: j>s—10+2)

Similar to the proof of g € L*™(RP), we have h — hy € L°(RP) and ||h —
holl Leowpy < 1, which further implies that

“EO ||LOO(]RD) = ||h||L°°(RD) + ||h - EO “LOO(RD) 5 1. (219)

By (1.5), we know that

Ry (b2 = [Qs—rpr1 (81)+ Q542 (81)]) = > v

{x, j,k)eAp: s—to+2<j<s—t1+1}

which implies that

(Re (b2 = [Qs—1p+1 (81D + Qs—r42 (g1)]) . )
= (Re (b2 = [Qs—p+1 (€1) + Qs—1p+2 (81)]) . o)
= (R (b3 4+ b2 — [Qs—1g+1 (81) + Qs—142 (g1)]) » f~10>. (2.20)

From an argument similar to that used in (2.17), it follows that

” Ry (Qs—to+1 (1) + Os—1+2 (81)) ”HI(RD)
S Q5041 (1) + Cs—tor2 8D | 1oy S N8t Iwra o) - (2.21)

Thus, by (2.20), (2.19), (2.21), H'(R?) c L'(RP) and (2.18), we conclude that

| Re (b2 = [Qs—rg+1 (8D) + Qs—rg+2 (€D]) | 11 o)
S| Re (b3 + b2 = [Qs—tg+1 (1) + Os—rp+2 D) | 11 o)

S Re (b3 + b))l 1wy + | Re (Qs—rg4+1 (81) + Qs—tor2 (gl))HHl(RD)
D
<D R (8D gt @, -

=0
Therefore, by this, H'(RP) ¢ L'(RP) and (2.21), we obtain
IRe 32l 1oy < [Re (b2 = [Qs—to+1 (81) + Qs—rg2 (€D]) || 11 @py
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+ | Re (Qs—g+1 (g1) + Qs—1942 (8D) || 1 omy
D

<Y IR (@) gt o) -
=0

which, together with (2.18), implies that

IRe D3)llL1rpy < lIRe (b3 + Do)l 1oy + 1 Re (D2) |l L1 (mD)y
D

S IR @) lwgtao) - (2.22)
£=0

Furthermore, by (2.5), we know that

16311 L1y = | T2.0 (80| 1 oy S g1 IIwgra @) -

which, combined with (2.22) and Theorem 2.3, implies that b3 € H'(R”) and

D

D

B3]l g1 oy ~ B3l 1oy + D IR B3l 1oy S D IRe (81 lwgt ooy -
=1 £=0

(2.23)
By (2.23) and Remark 1.2, we know that b3 € F} ,(RP) and
D
163150 @y < Wb3llan@ey < Y IR (8D lwgrao) - (2.24)
=0

Moreover, by (2.5), we obtain

161+ b20lip oy = [T1.0 (8D 70 @0y S 81wt oo, -

which, together with (2.24) and Remark 1.2, further implies that

D
”gl ||FRq(RD) < b1 + b2”F10.q(RD) + ”bSHFIO,q(RD) SJ % | Re (gl)”WE],q(RD) .
This finishes the proof of Case II.

Case IIl 7y < ¢1. In this case, we write g1 = e + e2 + e3, where

N s—10 s—11
eri= Y Q). e:= Y Qj(g) and es:= Y  0;(g).
j=s—to+1 j=s—ti+1

Jj=s—N
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By (2.5) and (2.6), we have
e1 =Tio(g1),e2="Ti.1(g1) — T1,0(g1) = T2.0(81) — T2,1(g1) and e3 = T2,1(81)-
Moreover note that

e2+e3 =Ty 0(g1) and ex + e =T1,1(81)-

Similar to (2.11), for any £ € {1, ..., D}, we have

Ty, 1Re (81) = To, 1 Re (€3 + Q51141 (81))
= R (e3 — [Qs—1 (g1) + Qs-11—1 (g1)])
+ o, 1Re (Qs—1, (81) + Qs—y—1 (1)) + T2, 1R Qs—1, 41 (81)
=19 + " 411" (2.25)

Note that with this notation
1 + 1 =7 1 Re (g1) — 1.

For any h € L®(RP), let

hy = > aj (WY} = Py ().

{(A, j.k)eAp: j<s—n—1}

By an argument similar to that used in the proof of iy € L>®(RP), we conclude that
hy € L*(RP) and A2l oowpy S 1. By (1.5), we know that, forany € € {1, ..., D},

there exists a sequence {f;"k‘{}(;“ i keap C Csuch that

) ol h
" = > Fik Vi

{(r, . K)eAp: s—N—-1<j<s—t;—1}

and

e
T 1 ReQs—1,+1(81) = Z Ik ‘p},k’

{(A, j.k)eAp: j=s—11}

which, together with (2.25), imply that
(7, 1)) = (9, k)| = (00 + 1, o) = (72, 1 Re o) = 1 o)

Hence, by this, [|h2]l c®p) S 1, (2.6), H'(RP) C L'(RP), Remarks 1.2 and 2.2,
and Lemma 2.4, we conclude that
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o

S || T 1R (gl)“Ll(RD) + HH&IZ)’

LI(RD) L (RP)

Mb

45)
[Re (D wgt a@py + H HHI (RD)

~
Il
R

Mb

| Re (g0)llwgt 4(RD) + “RZ (Qs n (81) + Os—r -1 (gl))“Hl (RD)

~
Il
.

Mc

| Re (gl)”WEl 9(RD) + “QY 3] (gl) + Qs n—1 (gl)”Hl(]RD)

~
Il
—_

Mw

| Re (gl)”WEl @Dy llg1 ”WEI 9(RD (2.26)
(RP) (R7) -

~
I

1

Thus, 11 € L'(RP).
By (2.6), we have ¢; + e3 € L' (RP) and

llez +e3ll 1 epy = [ 72,0 (80| 11y S gt gt o) - (2.27)

For any h € L®(RP), let

hy = > a; () = Py 1h.

{(A,j,k)eAp: j<s—11-2}

Similar to the proof of 1y € L>(RP), we have ||ﬁ1 | oo (mD)Y < 1. We notice that

(3 = [Qs—n (81) + Qs—y—1(gD] . )
= (e3 — [Qs—r, (81) + Qs—ri—1 (g1)] . 711) = (e3. hi1) = (e3 + €2, 71).

Therefore, by this, (2.27) and ||h tlgeompy S < 1, we obtain
les = [Qs—1 (81) + Qs——1 (gl)]”Ll(RD) S lles +eallpiwoy S Igillwgtawp) -

Hence ez —[Qs—4,(81)+ Qs—1,—1(g1)] € L'(RP). From this, (2.26) and Theorem 2.3,
we deduce that e3 — [Qs—r, (g1) + Qs—1—1(g1)] € H' (RP) and

les = [Qs—n (81) + Qs—ri—1 (g])]”Hl(RD)
~ ||€3 - [Qs—tl (gl) + Qs—tl—l (gl)]HLl(]RD)
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D
+Z\Rz —[Qs—n (80 + Qs—n—1 D] | 11 o)

=1

D
SO IR () lywgra @, -
=0

Then, by this, H'(R?) ¢ L'(R?) and Lemma 2.4, we know that e3 € L' (R”) and
lesli oy < [le3 = [Qs—n (€1) + Qs—y-1 (gl)]”Ll(RD)
+ [ Qs—n (g1) + Qi1 (€D | 1 o)

D

S Y IR (@) llwg g, - (2.28)
=0

Foreach £ € {1, ..., D}, we observe that

Ti,1Re (81) = Ti,1Re (€1 + €2+ Qy—yy (g1)) -

By this and (2.6), we know that, for any £ € {1, ..., D},
T1,1Re (e1 + €2+ Qs—y (81)) € Flo,q(RD)

and

D
H T, 1R (31 +er+ Os— (81) “ 0 SRD) Z | Re (gl)HWEl-q(RD) .
=1

This, together with
letll g oy = [T10 6D o @) < lg1lwgroo, (see @5). (229
Theorems 1.5 and 2.1, and (2.29), further implies that, for each £ € {1, ..., D},

|| T1, 1R (32 + Qs— (gl)) |}Fﬂq(RD)

< |71, 1Re (e1 + €2 + Oy (1) ]| i, @0+ I71,1Re (en)]| £, ®P)

D
< 2 IR @Dl aqen) + IRe Dl o o,
=1 '
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>}

< 2 IRe (gDlwetagey + lletllzo oy
=1 '

Mw

| R, (gl)HWEI a(RD) + llg1 ”WEI 4(RD) - (2.30)

o~
I

1

Furthermore, for any € € {1, ..., D}, we notice that

Ti,1Re (€2 + Qs—1, (1)) = Re (e2 — [ Qs—r1+1 (1) + Qs—1 (81)])

+ T1 1R (Qs—141 (81) + Qs—ry (81) + Qo (81)) -
2.31)

By Theorems 1.5 and 2.1, Remark 1.2 and Lemma 2.4, we conclude that
” Tl, 1R¢ (Qs—t1+1 (gl) + Qs—tl (gl) + Qs—t() (gl)) HFIO (RD)
.4
S | Re (Qs—n1 (80 + Qs (81) + Qs (80) | o o)
S Qs—r41 (8D + Qs—ry (81) + Qs (81)]| £, @)

S Q1 (€) + Qs (81) + Oty @D 1 2oy S llgtll g o)
which, together with (2.30) and (2.31), implies that

|Re (€2 — [Qs—n+1 (1) + Qs—1o (gD]) | £, (D)
< |71 1Re (e2 4+ Qs—1, (8] F0RD)

+ [T 1 Re (Qs—n1 () + sy (€1) + Qi (8D) [ 0 @0
2 q
D
S g lwerawey + Y IRe (D) gt ogo) - (2.32)
(=1

Now we need a useful identity from [18, p.224, (2.9)] that, for all f € L2(RD),
D
Y RIS = (2.33)
=1

From ey — [Qs—1+1(81) + Qs—1,(g1)] € L?*(RP) and (2.33), we deduce that
ey — [Qs7t1+1 (g1) + Qs—y (81)]

—[Qs—n41 (8D + Qs (81)]) € F ,(RP),

\MD
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which, combined with Theorem 2.1 and (2.32), implies that

“62 - [Qs—t|+1 (gl) + Qs—t() (gl)] H Fﬁq(RD)

MU

H RZ [Qs—t1+l (g1) + Os— (gl)])‘

FRq(RD)

~
Il

1

Mw

[Re (e2 = [Qs—n+1 (1) + Qs—so gl)])”Fo J(RD)

~
I

1

Mw

| Re (gl)”WEl 9(RD) - (2.34)

&~
Il
=}

Again, by Remark 1.2 and Lemma 2.4, we obtain

| Q141 (g1) + Qs—1 (81 £ @0y S | Qs—t1+1 (g1) + Qs—1y (8D 1 o)

S llgt ||WE'=‘1(RD) s
which, together with (2.34), implies that

leall oy < ez = [Qs=ni1 (61) + Qoo (0] 50 e

D
+ | Qs—ry41 (81) + Q1o (D), £, @P) S > IR (@) lwgnap) -
' =0

(2.35)
Combining with (2.29), (2.35) and (2.28), we obtain
3 D
el oy = D llesll o, oy S D2 IRe (€D lwoqen) »
=0

j=1

which completes the proof of Case III and hence Theorem 1.15.

3 Proof of Theorem 1.17

Proof of Theorem 1.17 (i) Suppose that g € [2, 00), ¢ and ® are defined as in the
construction of the 1-dimensional Meyer wavelets. Moreover, we assume that the
1-dimensional Meyer wavelet ¢ satisfies 1/ (0) # 0.

For any x := (x1,...,xp) € RP, let wo(x) =¢(x1)---¢(xp). From [11, (5.1)],
we deduce that, for all x € R?,
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> v (x—k)\— >l —kol S 1. (3.1

keZD U=1koeZ

Forany j € Z,k € ZP and x € R?, we write w?’k(x) i= 2Di/240 (2/x — k). Let

f € LY(RP). For any j € Z, define Pi(f) = yezn(f, Iﬂ?‘k)‘(//?yk. Then, for any
J € Z, by estimate in (3.1),

125l = [, [, 17000 3 [wP@ly - o] [pPuP @i~ o dxay
R JRD kezP

S/RDIf(y)I > o =0|dy SUIflEe) (3.2)

keZP

The proper inclusion relations in (i) of Theorem 1.17 are contained in Remark 1.12
except for the first inclusion. In order to prove (i) of Theorem 1.17, it suffices to show

that F SR G LI R U E ,(RP). We first observe that ¥ € L'(RP). Indeed,

To show y¥ ¢ Fﬁq(RD), let aj x(Y°) := (YO ;) forany j € Zand k €
7P, where (-, -) represents the L%(RP) inner product. Let & := (&1, ...,&p), n =
M1,....Mp) € RP. Then, by the multiplication formula (see [18, p.8, Thm. 1.15]),
(1.2), (1.1), (1.3) and the assumption ¥ (0) # 0, we obtain

e

D
LIRD) l[[|¢>||L1(RD) 1171 o, < 00

Il
o

[ 3 e02P (2775 ae
R

&~
Il
-

4 /3 o .
| w2y (27 de

—47/3

22in/3 , N
[ o ()22 o an

—22-im/3

87/3 _ R
[ @ (2n) 270 o an

—87/3

87/3
/ ¥ (o) dne

87/3

Il
o

&~
Il
MR

Il
o

~
I
MR

Il
o

~
)
S

~2PIR 1y )P Z 2RI (33)

2
[\S)
S
s
' :l
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provided that j < —M for some positive integer M large enough. Therefore, we have

1/q
5 : q
f f ZDJ/Z ‘a k(lﬁo)‘)((ij—k)] dx
R® /RS JEzZ, keZD
—M—1 1/q
o) )
R | 2
M1 1/q
z/ 3 2Piay (zfx —k) dx
R? |

1 1/q

> Z[ Z 2Dija dx = oo,

et Y BO.2M\BO.2m) | T

which, combined with Theorem 1.5, implies that wo ¢ F R q(RD ). This finishes the
proof of (i) of Theorem 1.17.

(i1) Then we use Daubechies wavelets to prove (ii) of Theorem 1.17. The goal
is to show that there is function g € F0 ,(RP)Y such that g ¢ WE1 (RD) We
will realize this g as the Riesz transform of a suitable function f, more precisely,
g = Ry f. We know that there exist some integer M and a Daubechies scale function
d0(x) € CPT2([—2M, 2M]P) satisfying

Cp = / M $0(y — 2M+ gy < 0, (3.4)
|y|n+l
wheree = (1,1,...,1). Let ®(x) = O0(x — 2M+1e) and let f be defined as
fx) = Z (27 x). (3.5)
j€2N

For j, j' € 2N, j # j', the supports of ®(2/x) and @ (2/'x) are disjoint. Hence the
above f(x) in (3.5) belongs to L (RP?). The same reasoning gives, for any j' € N,

Z ®(2% x) € L®RP).
jeN2j>j’

Now we compute the wavelet coefficients of f(x) in (3.5). For (\/, j’, k') € Ap, let
fj?: v =(f CD;%, i)~ We divide two cases: j* < Oand j’ > 0.

For j' < 0, since the support of f is contained in [—3-2¥,3.2M1P we know that
if |k'| > 22M+3 then f b = O IF [K] < 22M%3 we have

il = c2? [ ipwiar < c2”.
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For j' > 0, by orthogonality of the wavelets, we have

fj?h/,k’ == <f, q>?’,k’> == < Z @(22‘1), @?/!k1> .

JEN,2j>j’

By the same reasoning, for the case j/ > 0, we know that if |[k'| > 2XM+5 | then

/

f}, o =0.Since Y ®(2%x) e L¥,if [K'| < 2*MF5, we have
’ jeN,2j>j’

|f]?>,,k/| < C/ |©;:’k/(x)|dx < C.

By the above estimation of wavelet coefficients of f(x) and by the wavelet charac-
terization of F C?O’q,(]RD ) in (ii) of Theorem 1.5, we conclude that f € Fgo’q,(RD ).
Hence,

feL®RP)n Fgo’q,(RD). (3.6)

Since @0 € CP 12 ([—2M, 2M1P), we know that
d(x) = &O(x —2MTe) e P2 (12M, 3. 2M1P),

Further, if |x| <2™~1and y € [2™,3-2M]P then |x — y| > 2Y~!. Hence R ®(x)
is smooth in the ball {x : |x| < 2M~1},

Applying (3.4), there exists a positive § > 0 such that for [x| < 4§, there holds
Ri®(x) < Cp/2 < 0. That implies, if 22/|x| < 8, then R;®(2%/x) < Cp/2 < 0.
Hence

Rif(x) ¢ L¥RP). 3.7)

The Egs. (3.6), (3.7) and the continuity of Riesz operators on Fgo q,(]RD ) implies
g=Ri(f) e Fgo q,(RD) but g ¢ W E®4" (RP), which is precisely what we set out

to prove. O

4 The Proofs of Theorems 1.14, 1.18 and 1.19

We first prove Theorem 1.14; note that this proof is independent of Theorem 1.15.

Proof of Theorem 1.14 1f | € (L' (RP) U F{{ q(RD))’, then

sup I{Z, )] < oo.
FeSoo®PYIFI 170 <1
.q

In other words,

sup [{l, f)| < oo and “4.1)
FeLoo@®P), £l 1<1
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sup I, f)] < oo. 4.2)
fefoo(RD),nan»?qsl

The condition (4.1) means I € L(RP), the condition (4.2) means [ € F, q,(RD).
Hence we have the following inclusion relation:

(LI(RD) U Fﬁq(RD))/ c L®®P)NEY ,(RD). (4.3)
Further, by Theorem 1.17(i), we have that
L'®RP)u FY,(RP) ¢ WEM(RP) c L'RP) + F{ ,(R).
Hence we have
/

(Ll(RD) + Fﬂq(RD)>/ c (WE“’(RD))/ c (LI(RD) U F{{q(RD)) (4.4)

) / )
Moreover, by the fact (LI(RD))/ = L®RP) and (Fﬁq(RD)) = Fgo 7 and the
definition of L'(RP) + Fﬁq(RD) in (1.9), we know that
) / )
(LI(RD) + F{{q(RD)) = L®RP) N EY , (RP). (4.5)

The Egs. (4.3), (4.4) and (4.5) implies Theorem 1.14. O
Using Theorems 1.14 and 1.15, we prove Theorem 1.18.

Proof of Theorem 1.18 By the continuity of Riesz operators on the FSO’ q (RP), we know
thatif f; € FQ, ,(RP) N L>(RP), then

> Rifitx) € FY, ,(R).

0<I<D
We now prove the converse result. Let

B— {(go,gl,...,g[)):gl eWEl’q/(RD),lzo,...,D],

B={Go.g.....e0) g € L'®RP)+ £}, ®RP),1=0..... D},

where B C B. The norm of B and B is defined respectively as follows

D
1(g0- g1+~ 8p)lB = Y _ llgillygra-
=0
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D
1(80. &1, ---. gn)ll 3 = g gl
We define
S={(g0’g1""7gD)EB:glleg()?l:O’ 17""D}’
S= {(go,g1,~--,gD)€éig1=RzgoJ=0,l,-..,D},
where S C S.
By Theorem 1.15, g0 — (go, R1&0, ---, Rpgo) defines a norm preserving map

from F 10 ,(RP) to S. Hence the set of continuous linear functionals fon F 10 L(RP)Y is

equivalent to the set of bounded linear maps on the set S. According to the deﬁnition of
B and B and the second equality in the equations of Theorem 1.14, the set of continuous
linear functionals f on F’ 10 e (RP) is equivalent also to the set of continuous linear maps

on the Banach space S.
According to Theorem 1.14, the continuous linear functionals on B belong to

WE>4(RP) + - .- + WE®4(RP).

For all f € Fgo q (RD ), f defines a continuous linear functional / on F f) q,(RD ) and

also on S. Hence there exist fl € WE®4(RP), | =0,1,..., D, such that for any
8o € Fﬁq,(RD),

/ fx)go(x)dx
RD

D
= / fo)gox)dx + ) / fi(x)Rigo(x)dx
RD = RD
~ D ~
= [, hweeods =3 [ R
RD = RD

Hence f(x) = fo(x) — Y2 Ri(f)(x). o
Finally, as a consequence of Theorem 1.18, we deduce Theorem 1.19.
Proof of Theorem 1.19 By the continuity of Riesz operators on F' ﬁ q (RP), there exists

a positive constant C such that, for all f € F R p RD),

D

; IReCH 1oyt i9, oy < CILF g o)
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To prove
1 D
g, o) < 623 IR 1oy 50, @)
it is sufficient to prove
D
1(f &) < C D IR flwgra o, gl zo @)
=0 '

forall g € S (RP) N FY,  (RP).

But, by Theorem 1.18, for all g € .7 (RP) N F go q,(RD ) there exists g; such that

D
gt lypeoa’ zoy < Cligllpo  @p, and g=)" Rig.
00,q
=0
Hence, we have
D D D
HF =10 D Rigdl <Y I Rig)l =D HRif. gl
=0 =0 =0
D
< CY IR fllwgto@o) I8 llygea @o,
=0
D
= CY IR flwgranyIglgo o)
1=0 '

]
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