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1. Introduction

The classical Paley-Wiener Theorem asserts that for a L?(R)-function f, scalar-valued, it is further the
non-tangential boundary limit (NTBL) of a function in the Hardy H? space in the upper half plane if and
only if the Fourier transform of f, denoted by f , satisfies the relation f = x4+ f , where x is the characteristic
(indicator) function of the set (0,00), that takes the value 1 when its argument is in (0, 00) and otherwise
zero. This amounts to saying that a characteristic property of boundary limit functions of the Hardy space
functions is that their Fourier transforms vanish at the negative spectra. This classical Fourier spectrum
characterization of the Hardy H? space functions has been studied and generalized by different authors (see,
for instance, [5,8]). Among recent studies [18] and [19] give a throughout treatment to the analogous results
for LP(R) for p € [1,00]. Those papers prove that if f is a function in LP(R),1 < p < oo, then f is the
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NTBL of some function in the Hardy H? space in the upper half plane if and only if the Fourier transform
f satisfies the relation ( f , %) = 0 for ¢ being any function in the Schwartz class whose support lays in the
closure of left half of the real line. We note that for 2 < p < oo this last statement is interpreted as that f , as
a distribution, is supported in [0, c0). The Fourier spectrum characterization results have implications to the
Hilbert transform characterizations of the Hardy space functions, as well as to Hardy space decompositions
of L? functions, the latter being through the Fourier spectrum decomposition. We note that the Hardy
spaces decomposition can also be extended to the LP spaces for 0 < p < 1 ([4]) although there do not exist
spectrum decomposition results.

In higher dimensional Euclidean spaces there exist analogous results. The above mentioned Fourier spec-
trum, Hilbert transformations, and the Hardy space decompositions are all based on the Cauchy type
complex structure associated with the underlying domain on which the Hardy space functions are defined.
In R™, n > 2, there are two distinguished complex structures, of which one is several complex variables and
the other is Clifford algebra. Both those complex structures in relation to their respective Hardy spaces are
treated in [20] and [21]. The several complex variables setting corresponds to the Hardy spaces on tubes.
The Clifford algebra setting corresponds to the conjugate harmonic systems.

Fourier spectrum properties of Hardy spaces on tubes were first studied in [20] and [21] with the restriction
on p = 2. Certain one-way results for H?(T) and a partial range of the space index p, where Q is an
irreducible symmetric cone and T = {x +iy € C";z € R",y € Q@ C R"}, were obtained in [7]. In
[12] Hérmander proved some results corresponding to the type of Paley-Wiener Theorem for bandlimited
functions involving entire functions in several complex variables. Fourier spectrum characterizations of the
Hardy spaces on tubes for all cases 1 < p < oo are thoroughly studied in [14].

The present paper gives Fourier spectrum characterizations for functions in the Clifford algebra-valued
Hardy spaces for the whole range p € [1,00]. As a particular case, the vector-valued case corresponding to
the conjugate harmonic systems was previously and fundamentally studied in [20,21], and further in [10,13,
16]. The previous studies, besides the restriction to vector-values, were also restricted to the singular integral
version, and the index range is restricted to 1 < p < co. The main results of this study imply the Hilbert
transformation eigenvalue characterizations of the Hardy spaces and the Hardy spaces decompositions of
the LP functions.

The crucial notion with the Clifford algebra setting of the Euclidean spaces is the projection functions
X+ defined by

w© - (1£i)

and the associated generalizations of the trigonometrical exponential function

6i($,§) _ e27ri(1,§>eq:27rmo\§\xi(§)7

where ¢ = g + .

The purpose of this paper is to declare the Fourier multiplier form of the Clifford Cauchy integral
representation formula for the Clifford algebra-valued Hardy HP functions F' in the upper-half space Rfﬁ“
for all p € [1, o0]:

Flzo +2) = / PTHED 2m0lel () F(€)de.
Rn,

The above formula is also the Laplace transform of functions on R" in the Clifford algebra setting provided
that the formula makes sense. We note that when 1 < p < 2, the above relation is valid in the Lebesgue
integration sense, while when p > 2 it is valid in the distribution sense. We will prove that, for all p €
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[1,00], a Clifford algebra-valued LP(R")-function F satisfies F € HP(R’"!) (the NTBL of some Clifford
algebra-valued Hardy space function) if and only if F= X+F, where the multiplication between x4 and
the distribution F' will be precisely defined in the rest part of the paper; and F € HP (RT’l) if and only
if HFF = F, where H = — 22:1 e Ry, is the Hilbert transformation, and Ry, k = 1,...,n are the Riesz
transformations. For the Clifford algebra-valued Hardy spaces in the lower-half of the space R"*! we have
the counterpart results F= X_F’; and HF = —F.

In [21] (see also Propositions 2.3-2.5) the characterization by the Riesz transformations of the NTBLs of
the vector-valued Hardy spaces functions, or alternatively the conjugate harmonic systems, for 1 < p < oo,
is proved. When p = 2, the corresponding Fourier spectrum characterization of the vector-valued functions
in H?(R}™") can be directly derived from Theorem 3.1 in [21, page 65] (see also Proposition 2.3) through
the relation ' = (fo, (R1(f0))", ..., (Ru(fo))") = (fo, —i%fo, - —i%fg). Our study systematically treats
the Fourier multiplier aspect for the Clifford algebra-valued functions case, and for the whole index range
1 < p < o0, involving distributional and BMO functional analysis.

The paper is organized as follows. In §2 some notations and terminologies are given. In §3 we prove the
main results. In §4, as an application of the Fourier spectrum of H p(R:‘_H), we prove the analogous result
in the Clifford algebra-valued Bergman spaces on Ri“.

2. Preliminaries
2.1. HP space in terms of conjugate harmonic systems

Let RT‘l = {z = (z,m0) € R"";20 > 0,z € R"}, and u;,0 < j < n, be functions defined on R:’_H.
Suppose F' = (ug, u1,- .., u,) satisfies the generalized Cauchy-Riemann systems in Ri“, ie.,

=0 " (2.1)

Ou;  Oup . ‘
— = — k,0<j,k<n.
FEr J#Fk0<jk<n

Such (n+ 1)-tuple F = (ug,u1,...,u,) is called a conjugate harmonic system ([20,21]). For 0 < p < oo, we
say that F € HP (Rfﬁ“)7 the vector-valued monogenic p-Hardy space, if F' satisfies (2.1), and moreover,

1
IF|lp = sup /IF(on)I”dz < o0. (2.2)
zo>0
R’n/
For p = oo, we say that F' € H®(R/I™) if F satisfies (2.1), and
1F||oo = sup{|F(z, z0)| : (z,70) € RT™} < o0. (2.3)

[|F|lp is a norm when 1 < p < oo, and a Hilbert space norm when p = 2 (see cf. [21, page 220]). For
/HP(RTJ), the following results for harmonic functions are well-known.

Proposition 2.1 (/21, page 78]). Let u(z,x0) be harmonic in R .
One has:

(a) If1 < p < oo, u(z, x0) is the Poisson integral of an LP(R™) function if and only if sup |ju(z, zo)l, < oo.
xo>0

(b) w(z, o) is the Poisson integral of a Borel measure if and only if sup ||u(z,xo)|1 < oo.
x>0
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Proposition 2.2 ([3, Theorem 1.3, page 62]). For f € LP(R™),1 < p < oo, if u(z,xg) is the Poisson integral
of f, then

(a) u*(z) = SUP|y_y|<au, [y, T0)| < AM(f)(z), where a > 0, M(f) is the Hardy-Littlewood mazimal
function of f.
(b) For almost all xz € R™, one has

lim u(y, xg) = f(x).
(y,m0)—(z,0),|ly—z|<axzo (g 0) f(i)

Proposition 2.3 (/21, page 65]). Let fo and fi,..., fn belong to L>(R™), and let their respective Poisson
integrals be ug(z, o) = Pyy * fo,ur(z,20) = Pry * f1,-. s un(z,20) = Pyy * fn. Then a necessary and
sufficient condition that

f] :R](fo)? j: 1,...,71,

is that (uo,...,un) satisfies the generalized Cauchy-Riemann equations (2.1), where R; is the j-th Riesz
transformation, that is,

1 Tj—Yj
fiw = Ry =lin = [ ey (2.4
lz—y|>e -
n+1
with o, = F’Enzl).
2

Proposition 2.4 (/21, page 220]). Suppose that F € Hp(RiH), 1 < p < oo. Then there exist fo, f1, f2,-- - [n,
each in LP(R™), so that u;(x, xo) is the Poisson integral of f;,7 =0,...,n. Also f; = R;(fo), R1,Ra,..., Ry
are the Riesz transformations. Conversely, suppose fo € LP(R™), and let f; = R;(fo), and uj(z,xo) be the
Poisson integrals of f;,j = 0,...,n. Then F = (ug,u1,...,u,) € HP(RTTY); moreover || follr» < |F|, <
Ayl foller.

Proposition 2.5 (/21, page 221]). Let F € HY(R"™'). Then lim F(z,x0) = F(z) exists almost everywhere,

xo—0
as well as in the L*(R™) norm. Also

zo>0 zo>0

/ sup |F(z,xo)|dz < A sup / |F(z,z0)|dz = A||F||y.
R7l Rn

Moreover, the space ’Hl(RiH) is naturally isomorphic with the space of L*(R™) functions fo which have
n
the property that R;(fo) € LY(R™),j = 1,...,n. The H' norm is then equivalent with || foll1+ > ||R;(fo)ll1-

J=1

Conversely, suppose fo € L*(R™) and R;(fo) € L*(R™),R;(fo) = fj.»j=1,...,n. Then
n n
> [ s e olde < A3 151
j:ORn xo>0 §=0
where uj = Py * fj,7 =0,...,n.

It is noted that the Riesz transformations R;,1 < j < n, defined as (2.4) are bounded operator from
LP(R™) to LP(R™),1 < p < 0o, and weakly bounded from L!'(R") to L'(R™). When p = oo, we need to
revise the Riesz transforms (see e.g. [22]) R;,1 < j <n, as
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R;(fo)(z) = lim L / (% - X{|g|>1}(y)%> Jo(y)dy,

e—0 oy T — g‘"
lz—y|>€

which are well-defined for f; € L>°(R™) up to a constant, and X{ly|>1} is the characteristic function for
{y € R™;Jy| > 1}. The revised Riesz transformations are bounded from L>*(R") to BMO(R") (Bounded
Mean Oscillation space).

2.2. Clifford algebra-valued Hardy H? spaces
Let eq, ..., e, be basic elements satisfying
eje, +ere; =205, j k=1,..,n,

where §,1, is the Kronecker delta function. Let R" = {z = z1e1+- -+ z,epn;2; € R,1 < j < n} be identical
with the usual Euclidean space R", and Ri“ ={xo+z;20 > 0,2z € R"}.

The real (complex) Clifford algebra R(™) (C(™) generated by e, ..., e,, is the associative algebra gen-
erated by ey,...,e, over the real (complex) field R (C). The elements of R(™ (C™) are of the form
x =Y parer, where T = {1 < j; < j» < --- < j; < n} runs over all ordered subsets of {1,...,n}, z7 € R
(C) with g = x9, and er = ej,ej, ---e;, with the identity element ey = ey = 1. Sc = := z and NSc
x :=x — Sc x are respectively called the scalar part and the non-scalar part of . In this paper, we denote
the conjugate of z € C™) by T = > r Trer, where € =€, - - - €;,€;, with € = eg and €; = —e; for j # 0.
The norm of # € C™ is defined as |z| := (Sc Tz)? = Oor |zr|2)2. Generally, a Clifford algebra is not a
division algebra, unless n = 2, that corresponds to the algebra of quaternions. x = zy + 2 € R"*! is called
a vector or a para-vector, and the conjugate of a vector z is T = xg — z. If = is a vector then ™! = %
For more information about Clifford algebra, we refer to [2].

A Clifford algebra-valued function F is left-monogenic (resp. right-monogenic) if

DF = (Z 8kek)F =0 (resp. FD = F(Z ak'ek) = O) s
k=0

k=0

where 0y, = %, 0 < k < n, and D is the Dirac operator. Note that D(DF) = AF = 0 if F is left-monogenic,
which means that each component of F' is harmonic. A function that is both left- and right-monogenic is
called a monogenic function. Vector-valued left-monogenic functions are simultaneously right-monogenic
functions, and vice-versa, and thus they are monogenic.

The Fourier transform of a function in L'(R™) is defined as

f@=ﬂn@:/fmﬁv@@

R’n,

where § = §1e1 + -+ + §pe, € R", and the inverse Fourier transform is formally defined as

w@zf*@@=/8W%Mg@

R”

We note that the Fourier transformation is linear and thus it, together with some of its properties, can
be extended to Clifford algebra-valued functions. In particular, the Plancherel Theorem holds for Clifford
algebra-valued functions: For Clifford algebra-valued functions f,g € L?(R"™) there holds
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An alternative form of the Plancherel Theorem is

[1@swiz = [ i @ae
Rn R
Define, for = = z¢ + z,

with

e (z,§) = STED TR (¢)

‘\m

(see e.g. [15]), where x+(§) = %(1 +1i=). x+ enjoy the following projection-like properties:

i

XX+ =x+x- =0, xi=xx x++x =1 (2.5)

Definition 2.6. Let F(z) = 3, fr(z)er, where 2 = zg + 2 € R} If F is left-monogenic on R and
satisfies

|| El5e = su>p0/|F(x0+£)|pd§<oo, 1<p<oo, (2.6)
o
Rn

then we say F(z) belongs to the Hardy space HP (RTFI). If F is left-monogenic on Ri“ and satisfies

[|Fllge = sup [|F(z)| < oo,
mGRiJrl

then we say F(z) € H®(R}1).
When p = 2, the inner product of H2(R’") is defined as
(£.G) = [Pz,
R’!L

where F'(z) and G(z) are respectively the NTBL functions of F' and G. The norm of H2(R™") is, in fact,
equal to

|1F|[32 = Sc (F, F).

In particular, if F' € HP(R}™),1 < p < oo, is a vector-valued function, i.e., F(z) = fo(:c)+2?:1 fi(x)ey,
then F' corresponds to an element in HP(R/}™) ([13]). To see this, we let U(zo +z) = ug(zo + ) — u1 (zo +
z)e; — - — up(wo + z)e,. With eg = 1, we have

n

DU = (Z 6k6k)[uo(l'0 + Q)eo — ul(:co +£)e1 — = Un(iro 4 E)en]
k=0
Jug | Ouy Ouy, duj  duy,
= — _— P — _ . 2
axO + a.’ﬂl + + 81’n T Z (al'k axj )e_]elﬁ ( 7)

0<j<k<n
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which means that DU = 0 if and only if U satisfies (2.1). Thus HP(R’"!) can be regarded as a proper
subspace of HP(R/1).
By Propositions 2.3-2.5, we have, for 1 < p < oo,

Uﬁ —U() zn:RJ

For general vector-valued F' € HP (RT‘l), 1 < p < oo, there holds

=S Ri(fo)@e; = (I + H) fola),

Jj=

—

where the operator H, the Hilbert transformation, is defined by
n
— Z Rj €;.
j=1

Note that the Fourier multiplier of R; is —i% (see e.g. [11]), i.e.,
| (=&
R;(fo)(z) = _ZH 0(¢) (§)~

This implies that the Fourier multipliers of %(I + H) are, respectively, x+(£).
The Cauchy integral formula in Clifford analysis may be regarded as the reproducing formula. In partic-
ular, for FF € H p(RiH), the following reproducing formula plays an important role.

Proposition 2.7 (See e.g. [10,16]). For F € HP(R*"),1 < p < 0o, we have

/Ea:—i y)dy,

where E(z) = 53— v is the Cauchy kernel, and F'(y) is the NTBL function of F.

20, \J,|"+

When 1 < p < o0, one has
Proposition 2.8 (See e.g. [16]). For f € LP(R™),1 < p < oo, there exists a constant L > 0 such that

|Coo (NLr < L[ f] v,

where

/E gd, r=x9+z,29 >0,
RTL
and L is independent of xg and f. As a consequence, as a function of z, the function Cy,(f)(z) belongs to
HP(R}).
Moreover,

lim Coy(F)(&) = (/@) + Hf(@)), aezeR"

xo—0+
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There are parallel results for the lower-half of the space R"*!. If we apply Proposition 2.8 to the NTBL
of a Hardy space function F, then we conclude, from the last relation, H? = I.
Let U(R™) be the Clifford algebra-valued Schwartz space, whose elements are given by

(&) = vr(er,
T

where ¢ are in the Schwartz space S(R™). Denote by U*(R") the subclasses of ¥(R™) consisting of the
Clifford algebra-valued Schwartz functions of, respectively, the forms

(&) = P(E)x=(9);

where ¥(&) takes the zero value in some neighborhood of the origin. It is easy to show that the direct sum

T+ (R"™) & U~ (R") is dense in U(RM).
Denote by O£ (R™) the subclasses of U*(R™), whose elements are of the form

scalar

P(E) = o(€)x+(€),

where 1;0 is scalar-valued.
For more information on the Clifford algebra-valued distribution theory, we refer to, e.g., [2] and [17].

3. Main results

Our main results are as follows.

Theorem 3.1. For I € Hp(RiH), 1 < p < oo, we have
(Fov) = (R.) = [ bz =o.
R’n.

where 1 € U~ (R™).
Conversely, we have

Theorem 3.2. Let F € LP(R™),1 < p < oo. If (F,1) =0 for ¢y € U~ (R™) (F = x,F if 1 <p < 2), then
F(z) is the NTBL function of some F(z) € HP(RH).

In particular, we have

Corollary 3.3. F € H?(R™),1 < p <2 if and only if F € LP(R") and F(§) = x+(§)F(€), and

F(z) = / et (z, &) F(£)dE = / E(z —y)F(y)dy.

R n Rn

Remark 3.4. Theorem 3.1 and Theorem 3.2 extend Proposition 2.3 and Proposition 2.5, respectively, to the
non-vector-valued Hardy spaces cases. Moreover, the sufficiency and the necessity of the result for the case
p = oo are not proved in either the vector-valued or the Clifford algebra-valued Hardy spaces in literatures.
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Proof of Theorem 3.1. We first prove the result for 1 < p < co. Mainly using Proposition 2.7 and Proposi-
tion 2.8, we have

(F)| = limy [(F(-+20),9)
= lim [(Cy,(F), )]
< Tim [(Coy (F = G), )] + T |(Ci (), ) (3.8)
< Gy T [|Co (F = G)l o []| o + Tim |(Ca (G), )

< Co T L||F = G| |[¢|20 + Tim [(Ca (G), 9)],
xo—0 xo—0

where ¢ = z%’ L is given in Proposition 2.8, and C, is a constant depending on n.
For any € > 0, G is chosen as a smooth function with compact support such that

||F—G||Lp < €.

Since O, (G) € H*(R'T1), there follows

Rn

= [ B+ 290 @)y
R?L

= [ et (90 (6)) (g
R’n.

This shows that

Therefore,

(Cao (@) (), D(@)) = ((Cary ()NE),10(8)) = (72" x4 ()(Cz0 () (€),1(8)) = 0.
Hence, through (3.8), for any € > 0, we have

(F,9)] < CuLelld]La +0,

which shows (F, 1)) = 0.
Now we deal with the case p = 1. We use the following Lemma (for the complex analysis setting, see also

e.g. [4]).
Lemma 3.1. If F € H'(R™), then F,y(:) = F(xo +:) € L*(R").

Proof. Since F' is left-monogenic, by the mean-value theorem, we have

F(zo+z) = yo+ydy,

VJ

”‘o
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where B, (%3) is the ball centered at 2 with radius %, Vo is the volume of B, (%). Then we have

|F(yo +y)|dy

1
F(zo + 2)| < /
(%

IN

C
T / / |F(yo + y)|dydyo
Lo
2 R”
C
n / |F(yo + y)l|dy,
Lo yo>0Rn

where C' is a constant. This implies that Fj, (z) € L>°(R™). Then, we have

/ \F(zo + z)Pdz = / IF(zo + 2)||F(zo + 2)|dz
R” R”

< sup |F(xo+ z)| / |F(zo + z)|dz < o0.
z€R B
The proof of the lemma is complete.

IN

Now we continue to prove Theorem 3.1. Let F' € Hl(RfﬁH)7 29 > 0. Then we have

() = (F = Fay ) + (Fay, ).
For any € > 0, for a suitably chosen zy > 0, we have

[(F = Foo, )] < CullF = Foy [1[¢]loc < Crel|t)]loo-
On the other hand, as in the proof for the case 1 < p < o0,

Hence

(Fao,¥) = 0.

(F, )] < Crel| oo
for arbitrary e > 0. That shows (F, 1)) = 0.

Fe =R},

For p = oo, we will mainly adopt the technique used in [19]. In Lemma 3.2, we will show that for

F(z) = HF(z) +c,
where c is a constant. It is easily shown that

(C, '(/’;) =0,

Hence, in the following we only need to consider

P e T (R").
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F(e) = 51+ H)F(@) = 5 Y (I + H)fr(o)er

T

We first consider that ¢ € U__, (R™). We have 9(§) = Jo(é)X—(é) Po(§) + 25—y ¥;(§)e;, where Yo is
a scalar-valued Schwartz function. In particular, we note that

E —27ri<a: &)
“(1—i2 284
0= [ B30 i .
R‘VL

= /JO(*@ 1+z|§|) 27Ti<&,§>d§,
R'n.

which means that @(g) is the NTBL function of functions in Hl(RiH). In the following we first accept,
and use this property to prove that (F,1)) = 0 for ¢» € ¥~ (R™). Since 1) € HYRYT) and (I + H)fr(z) €
BMO(R™), (I + H)fr(z),) is well-defined. As shown in [6, page 146], we have

/MMMM@@=Z/%%@&%MME

Rn kZORn
:—Z/%Rm o) fr(2)dz
k=0 n
—— [ B rwis
R”L
Hence we have
[ @@ - Y B @edz = [ G+ Bey)(@)fr()dz.
B =1 B =1
One can easily show that 7,/3(] + Z?Zl Rje;) = 0. In fact, since the Fourier multiplier of R; is — ‘ g\ we have
. i y ¢je ~ £ S
DI+ Rie))Y (€)= 1+w§j|ﬂ = o(€ < ig (i) =0
j=1

Thus 1&([—}—2’7: Rje;) = 0, and hence ((I+H)fr(z),9) = 0fory € © ). Consequently, (F, ) =0

foryp e U_, (R™). For p € U~ (R"), we have

Z es(F, (hsx-)").

scalar(

scalar

Then, for each S, we have

(F7 (¢SX*)A) =0

by applying the above argument. We have (F, 7,?1) =0fory e U-(R™). O
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Proof of Theorem 3.2. We first consider the case p = 1. Define

D(zo+2) = / e+(x,§)ﬁ(§)d§

R?’L
and
GM@=Q%+@=/RwD&W@@~
Rn

We then have

Ban+2) = [ @0 OF©dE = [ Payle— »F)dy = Glan +2).

Rn R‘Il
We also note that G, € L'(R"™) since
|Gy llLr < Col[Fll L || Pa 21 < 00

By interchanging the derivatives with the integral, we can show that ® is left-monogenic since e"‘(w,@ is
monogenic. Thus ®(z) € HY(R}T).
Next we consider the case for LP(R™),1 < p < co. By the assumption, we have

0= (F,9) = (F)" +(F)"¢) = (F)",¢), forally €T (R"), (3.9)

where F* = 2(I + H)F and F~ = (I — H)F, and ((F™)", %) = 0 follows from the proof of Theorem 3.1
(note that this argument only works for 1 < p < oo, not including p = 1). Consequently, we can have, for
© being a scalar-valued Schwartz function taking zero in some neighborhood of the origin,

(F) o) =((F) " oxe) + (F)" ox-) =0,

where ((F7)", ox+) = 0 follows from the proof of Theorem 3.1, and ((F~)",px—) = 0 is given by (3.9).
This implies that (F~)” is either zero or a distribution with support at the origin. For the latter case,
(F~)" has to be a finite linear combination of the partial derivatives of the Dirac delta function (see e.g.
[12,17]), which contradicts to F' € LP(R™),1 < p < co. Thus, for 1 < p < oo, (F'~)" =0, and then F'~ = 0.
For p = oo, F~ is a constant ¢. Then, for 1 < p < oo, we have F' = F*, and for p = co, F = F'T + ¢ being
the NTBL function of some functions in H?(R}™!). 0O

Lemma 3.2. For F € H®(R*"), we have
F(z) = HF(z) +c, (3.10)
where ¢ is a constant.

Proof. Denote by So(R™), where ¢ € So(R™) is a scalar-valued Schwartz function such that ¢ takes the
zero value in some neighborhood of the origin. To show (3.10), it suffices to show that

(I = H)F(z),¢(z)) =0 (3.11)

holds for all ¢ € Sp(R"™). In fact, we have
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(I = H)F(z), d(x)) = (I = H)F)"(£). 9(£)),

which means that ((I—H)F)V is either zero or a distribution with support at the origin. Thus (I—H)F(z) =
¢, and hence F(z) = HF(x) + ¢, where ¢ is a constant.

R v
Let F =3, frer, and ¢(z) = (%) (z). Moreover, we have

—2m|€|e 2 lEl) (¢) = —e 2 mlEl (),

and hence,

(aOPIO N 1/J)(£) = _PIO * (b(&)

Note that for ¢ € So(R™), 9 is still a Schwartz function. For each T', we have
I+Zeg )fr(zo + ), —¢(z))

I+Ze3 ) fr(wo + ), (—2m[€[d(

Im
-
-
/—\
v
=

= (fr(zo +2), (—27[¢|(€)" (@)(T = ) Ryey))

= (o + ), [(-2AIEIO) 1+ 3% (@) (3.12)
= (fr(wo +2), 6(@)) + (fr(zo + ), [ —2mig;(€)es] (2)

n

= (fr(@), = Pry * d(@)) + (fr(zo + ), [Y_ —2mi&;(E)e;) ()

Jj=1

= (fr(z), (o Pay * ) (z)) + (fr(z0 + 2), Zaﬂb

In the second equality we have used the result proved in [6, page 146], while the other equalities follow
from the properties of the Fourier transform and the Fourier multiplier of the Riesz transformations. Since
1 is a Schwartz function, for any € > 0, we can find J, a C°°-function with compact support, such that
|l — ||p1 < € and |01 — aszHLl < ¢€,1 < j <n. We also note that

1 0 T 1 —nz? + |z|?
OoPay(@) =~ Lot

o 020 (e + [a2) "7 on (uf + [2f?) "FH

Thus,
|(fr(2), (B0 Loy * (¢ — {/;))(z))l

/ / + |z y|2)"+1+1 lYh(y) — (g)ldydx
.730 €T —

Rn R”
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e z — y/? _
/ / xo ”+1+1|w(g) *w(g)\dgdz

nd g @tz —y)

< C| Py # (Y = 1/)\)||L1+ Hon*(lw IR

1"

C ~
<(C"+ )Y = Y|z,
T
< Ck,

where C’,C" and C are constants. Hence,

(3.12) = (B0 Pry * fr)(@), () + (Z 0 fr(zo + z)e;, ¥(z))

+ (fr(@), 00Pay * (¥ — ¥)(2)) + (fr(zo + 2), Y —(00(z) — ;0(z))e;)

j=1

= ((0o + Zajej)f’f(wo + E)MZ(E))

n

+ (fr(2), 00 Puy * (¥ — ¥) (@) + (fr(wo + 2), Z — (00 (z) — 9;0(z))e;)

= (Dfr(zo + ), ¥(z))

3

+ (fr(2), 00 Puy * (¥ — ) (z)) + foo+x,Z — 9(x))e;).

Then, we have

((I+)_ejR;)F(zo + z), —¢(z))
=1
= (DF(x0 + ), ¢(x))

+ (F(@), 80Py, * (4 — ) (@) + (F (0 + 2), Z — 95u(@))ey)-

Since F' is left-monogenic, we have

I+Ze] F(xo+z),—¢(x))

= (F(), 0Py, * (¢ — ¥)(2)) + (F(zo +2), y_ —(05(z) — 9;b(x))e;).
j=1
Thus, for any € > 0, we have

(T + ZejRj)F(xo +z), —¢(z))]
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< |(F(x),80Pry * (0 = $)(@))] + | (F(wo + ), > —( — Oyib(x))e;)|

j=1

< (Il =l + 32 N0 — 050 1)

j=1
< (n+1)C"e,

where C"” is a constant. Hence,
(I + ZejRj)F(ffo + ), —¢(z)) = 0.

Finally, we have

o —0

((I+Zej3j)p@), z)) = lim ( I+Ze] F(xo +1z),¢(z)) =0

for all ¢ € Sp(R™). The proof is completed. O

Remark 3.5. If '€ H <>O(RTFI) is vector-valued, the above result becomes
Z R;(fo)(z)e; +c,
j=1

which is a special case of the celebrated characterization of BMO proved by Fefferman and Stein in [6].
We note that the proof of the above lemma holds for HP(R’"'),1 < p < co. This means that we have
given an alternative proof of the Cauchy integral formula for F' € HP (Rfﬁ“), 1<p<oo,ie,

Flao+2) = [ B )Py
R'n,
and for I’ € HOO(RfﬁH)7
F(xg + ) /E r—y)F(y)dy +c,
R’IL

where E(x — y) is revised corresponding to the revision of R;,1 < j < n.

When p = 2, we can prove F'(z) = HF(z) in the normal sense. The proof of the above lemma is motivated
by the case p = 2. In fact, a direct computation of DF = 0 yields

((90fT(.130 + l‘ + Z (9 fT (.130 + x))eT =0, for all T, (313)

j=1

where T} satisfies (—1)"ejer, = er. We note that
lj=N(@GNT;) + PG, T5),

where N(A) = #A denotes the number of elements in some set A, and
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P(5,T;) = #{k;j > k,k € T;}.

Taking the Fourier transform on z, we have
(@ofr(zo+ &) + Y _(—1)"(2mi&;) fr, (w0 + &))er = 0.
Jj=1

Using the fact that
Jim 9 fr(wo + &) = lim Go(Pa * fr)™(€) = lim do(e™*™*0l fr(§)) = —27¢] fr(©),

we have

and consequently,

This means that F(z) = HF(z).

We also note that the system (3.13) is indeed a generalization of the conjugate harmonic system (2.1).
When F is vector-valued, the system (3.13) is reduced to (2.1) (see the simple argument given in §2).
Consequently, for HP(RT") > F = fo + 2?21 fijej, F'= HF is then reduced to f; = —R;(fo),1 <j < mn,
which is the classical result for the conjugate harmonic system (see Propositions 2.3-2.5).

4. Analogue in Bergman space

In this section we prove a representation formula for the functions in the Clifford algebra-valued Bergman
space in the upper half-space as an application of our results in the previous sections. For the analogous
result in the complex analysis setting, we refer to [9] and [1].
Definition 4.1. Let F(z) = Y, fr(z)er, where z € R If F is left-monogenic on R’/!, and satisfies

HFHZW://\F(x0+g)|pd§dxo<oo, 1<p<oo,
0 R”

1
then we say that F belongs to the Bergman space AP(R}™1).
As an application of the Fourier spectrum characterization of HP(RTFI), 1 < p < oo, we have

Theorem 4.2. For F' € A]"(R_’f_"’l)7 1 < p <2, there exists a function G € L1(R"™),q = p%l, such that

Moreover, for 1 < p < 2,
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X+ (G
—————df | < ||[F]lar <00,
amlg)? ¢) I
and forp=1,
IX+(©G(Q)]
i 727T|§| <||F || ar < o0.

Theorem 4.3. For I' € A]"(Rfﬁ"’l)7 2 < p < 00, we have that, for xog > 0, there holds
(Fwo+-),0) =
forp € U7(R™).
Proof of Theorem 4.2. Since F is left-monogenic, |F'|P is subharmonic for 1 < p < 2. We thus have
p o 1 P
F@P < [ P +yPdy
B2 (9)

where B,(0) is the ball centered at = with radius 0 < 0 < xo (for instance, let 6 = %), V5 is the volume of
B.(9). Then we have

and then,

/|F o +z)lPdz < g // / F(yo +y)Pdydyodz

R™ 0 |z—y|<é

C o0
= St // /ng(a)@)dﬂF(yo + y)[Pdydyo

0 R®*R"

oo [
= 5ot //\F(yo + y)[Pdydyo

0 R

o 7
= 7//|F(y0 +y)|Pdydyo

0 R"™

where the second equality used Fubini’s theorem, and C and C” are constants. The above inequality implies
that Fy, (z) = F(yo +z) € HP(R}1") for F € AP(R}™) and yo > 0. Consequently, we have
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Fule) = [ @ OB
RTL
and
Fyy(z) = / Py (2 — y)Fy, (y)dy.
RTL
Thus
Fyo-ﬁ-ro (é) = 672ﬂw0|§|ﬁ1y0 (é)
and hence

62ﬂ(yo+zo)\§‘ﬁ‘yo+xo (g) = eQTry0|§|Fy0 (g)

Therefore, if we let G(§) = e?mwlel o (), which is independent of yo, then we have

Fy(x) = /e+(x,§)e_2“y°|§|G(§)d§

R»

_ / e* (yo + . €)G(E)dE.

R‘IL

Consequently,

R n

Moreover, by Hausdorff-Young’s inequality, we have, for 1 < p < 2

1
q

/\X+ |qe—2ﬂ'z0q|§|d£ < /|F(x0 +z)|Pdz |

R” R”

and for p=1,

sup [+ (OGOl < [ 1P(ao + 2)ld
ceRn :

For 1 < p <2, by Minkowski’s inequality,

Qg

/ /|X+ |P6727r9c017|§\d$0 dg S/ /|X+ ‘qefZﬂ'zoqmdé‘ dzo
0

/|F xo + z)|Pdzdzg,

0 R"®

IN
\8

and thus
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(2mple))? = O/R[Wfowﬂ dadzy | < oo

Forp=1,

X+ OGO T
£ERn Coorlg] < O/R/n |F(zo + z)|dzdzy < co. D

Proof of Theorem 4.3. As in the proof of Theorem 4.2, we can show that Fy (z) € HP(R}'!) for F €
AP(RT'I), 2 < p < oo and yg > 0. Then, by Theorem 3.1 we complete the proof. O
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