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Abstract
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in particular with the context the Hardy spaces on tubes, aspects of rational approx-
imation for functions of finite energy in several complex and several real variables are
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1 Introduction

The study of approximation of one complex and real variable has a long history (see for
instance [29, 30}, 33]). In particular, J. L. Walsh discussed problems of approximating holo-
morphic functions by rational functions in one complex variable. In the one complex or real
variable contexts the studies are mainly based on orthogonal function systems. In the unit
disc and in the upper-half complex plane cases rational orthogonal systems, or Takenaka-
Malmquist (TM) systems, are unavoidable. The trigonometric system, for instance, is a
particular case of a TM system: when all the system parameters take the zero value then the
TM system reduces to the trigonometric system. Studies in the one variable cases are closely
related to the topics interpolation and sampling, as well as uniqueness sets, etc. There are
comparably much less results in multivariate approximations. Studies on several variables,
as in the one variable cases, involve the complex analytic (or Cauchy type) structures of
the underlying spaces. There are basically two different complex structures of which one
is several complex variables and the other is Clifford algebra, the latter being mainly for
several real variables. The two settings have different natures. As an example, multiple
trigonometric series deals with approximation by multi-polynomials to functions defined on
the n-torus that correspond to holomorphic functions of several complex variables inside the
polydisc D™. In the several complex variables setting approximations on boundaries of open
sets of C™ have been studied. In the Clifford setting approximations to functions defined on
manifolds as boundaries of open sets in Euclidean spaces have been studied. A model of the
Clifford context is the conjugate harmonic systems in the sense of Stein-Weiss ([24]). The
multiple variables cases induce hard and open problems such as Bochner-Riesz summation
and non-restrictive rectangle summability, etc. The main obstacle with a practical and com-
prehensive theory of multivariate approximation would be the lack of TM-systems as rational
orthogonal systems in one-complex variable. The present paper aims to develop a rational
approximation theory and methodology in the several complex variables setting with the un-
derlying spaces as the Hardy spaces on tubes. The latter also gives rise to approximation on
R™. The study will be in the spirit of the AFD (adaptive Fourier decomposition) as given in
[19]. With a simple and elegant manner, 1D-AFD, or Core-AFD, offers an effective rational
approximation method in one complex variable. Due to its particular algebraic formulation
the Gram-Schmidt (G-S) orthogonalization is combined in the process. By using the max-
imal selection principle rapid convergence is achieved. In higher dimensions there does not
exist an algebraic formulation like Core-AFD of one-dimension, and thus the G-S process
cannot be incorporated algebraically and has be down separately. The effect of the algebraic
approach of Core-AFD can, in fact, be achieved through a pre-orthogonal procedure. The
latter, being called Pre-orthogonal AFD, or POAFD in brief (see [16] and further in [17]), is
considered as new formulation applicable to a large class of Hilbert spaces. It is, particularly,
applicable, with equal force as AFD of the Hardy space of the unit disc, to a large class of
reproducing kernel Hilbert spaces (see [13]), including our several complex variables context.
Below we will give an expository overview of Core-AFD, and show the passage leading AFD
to POAFD. Before going into details we recall that by adopting the interpolation formulation
of Blaschke products in higher dimensions AFD theory has been successfully generalized to
approximate matrix-valued functions of multivariate complex variables ([1, 2]). The task of
the present paper is to establish POAFD method for Hardy spaces on tubes through verifying



the corresponding boundary vanishing conditions. This establishment raises the concept and
introduces methodology of rational approximation in Hardy spaces on tubes generalizing the
long existing classical theory in the disc and upper half complex plane. The Blaschke product
approach, however, seems to be more delicate and restrictive. The POAFD method may be
adopted to a wider class of spaces ([22]).

Recall that D denotes the unit disc in the complex plane. Let H?(D) denote the classical
Hardy H?2-space in the unit disc. Among several equivalent definitions of H?(ID) we adopt the
one in terms of the coefficients of the Taylor expansion of a complex holomorphic function
in the disc, that is,

H*(D) = {f:D — C | f is holomorphic in D, f(z) = chzk, Z |lek]? < oo}
k=0 k=0
We will be using the following dense subset of H?(D):
(calehae D), where ey(s) = Y10
ea(2);a , where e, (2) = “——b

We note that the reproducing kernel k, of H?*(D) is

a(z) = —

1—az’

and e, is the normalized reproducing kernel. For any function f; = f € H*(D) and a; € D
one has the algebraic identity

fi(z) = (f1,€a)€0,(2) 2 — 1

F(2) = (h ean)ea (2) + z—a1 1—az
1-a1z
Setting
fa(z) = = Ui eadean ()
1-a1z

the above identity can be re-written

Z — ay

f(2) = {f1, ear)ea (2) + f2(2) (1.1)

1—612

with the energy relation

AP = 1(f1s ea)ea ” + 1f2l* = (1 = Jas ) fu(an) " + [ £,

where besides the usual orthogonal projection property we also used the complex unit mod-
ular property of the Mobius transform. The process of getting fo from f; with the parameter
ay is called a sifting process. The nice thing is that in the open set D one can find

ay = argmax{(1 — |a|?)|fi(a)|* : a € D}



([19]). The availability of selection of a; in (1.1) with the above maximal property is called
the mazimal selection principle. By fixing such a; the energy || f2]|* is minimized. Repeating
the same procedure to f5, and so on. Up to the n-th step one gets

m

F(2) =D (frrear) Bu(z) + fmir [ | 12__;; (1.2)
k=1 k=1
where for k=1, -+ ,m,
ap = argmax{ (1 — |a*)|fx(a)]* : a € D}, (1.3)
fk(z) _ fk—l(z) - <ff:;k7iak—1>€ak—1(z)’ (14)
l1—-ar_12
and

V1= ag)? o
Bk(z) = B{al,...,ak}(z) = (1.5)

1—ak2 11 1—512’

the latter being the so called rational orthonormal, or Takenaka-Malmquist, system which
is generated by the algebraic sifting process and automatically orthonormal. Due to the
maximal selections of the parameters it has fast convergence. The following theorem gives
what we call adaptive Fourier decomposition (AFD or Core-AFD).

Theorem 1.1 ([19]) For any given function f in the Hardy H? space, by making a mazimal
selection at each step we have
F2) = S (i eal) Bul2).
k=1

We remark that due to the maximal selection principle in the sifting process AFD converges
at fast pace. It is an equivalent type of fast convergence that we will develop in this paper
for multivariate functions. A technically alternative adaptive expansion, also of the Fourier
type, called unwinding Blaschke expansion, has been developed in a series of recent papers
by Coifman et al. ([3, [6, 4]), and, independently, by Qian et al. ([I5]). The unwinding
method does not seem to have a close counterpart in higher dimensions, for it is strongly
dependent on factorization. The second remark on 1D-AFD is that each term of a TM sys-
tem, when prefixing a; = 0, has a positive boundary phase derivative function, defined as
the instantaneous frequency function of the term. This aspect, in fact, was the motivation
of the mono-component function theory, as well as AFD ([19]). Unwinding Blaschke expan-
sions also have positive frequencies. In this paper we do not pursue the unwinding method
but concentrate in POAFD as a generalization of AFD characterized by the pre-orthogonal
maximal selection principle (|1.9)).

AFD was originally established in the Hardy spaces of the unit disc and the upper half
plane. For multivariate cases the step , involving the generalized backward shift oper-
ation to get the induced remainder fi,1, is unavailable, and thus the maximal selection in
step cannot be performed. Suggested by the relations

(frs€ar) = (gr, Be) = (f, Bx), (1.6)
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where
E—1
zZ —

al2) = 1) [ 1t

is the k-th standard remainder, one can perform what is now called pre-orthogonal AFD,
abbreviated as POAFD, the latter is reduced to AFD in the classical setting and thus is
seen to have equal force as AFD in general reproducing kernel Hilbert spaces satisfying
some boundary vanishing condition (BVC). To illustrate the method we do the following
preparations.

Let {ai, -+ ,am, -} be a finite or infinite sequence. For a fixed m we define the mul-
tiple of a,, in {ai,--- ,a,}, denoted by I(a,,), as the repeating time of the value of a,, in
{a1, -+ ,an} (ie. the cardinality of the set {j : a; = a,, 7 < m}). We accordingly define the
multiple reproducing kernels

_ A a l(am)fl A a l(am)fl
kam - [(aa ka - aa kanz (]‘7)

a=am

with the property

f(l)(a) = <f7 <%) ka>7 [ = 1727 T (18)

Let f € H*(D) and {a;}, be m existing points in D. To formulate POAFD we replace
(1.4) and (1.3)) with the selection of a,,.; in D to satisfy

s = argma [{, By (1.9)
where BZ, , is defined by the requirement that {By,--- , By, B% .} is the result of the G-
S orthogonalization process applied to {Bi,- -, By, /;am}. In such way one does not need
to formulate the reduced remainders that are crucial in 1D-AFD but unavailable in the
higher dimensions. The replacements of the reduced remainders resulted from the sifting
process are the newly designed pre-orthogonal algorithm and use of multiple reproducing
kernels. In each concrete reproducing kernel Hilbert space context one has to show that the
boundary vanishing condition (BVC) holds that implies existence of an a,, 1 in (the pre-
orthogonal maximal selection principle). The contribution of the present paper is realization
of POAFD in various Hardy spaces on tubes, consisting of settings of the question in the
formulation of reproducing kernel Hilbert spaces, specifying and verification of the boundary
vanishing conditions, applications of the approximation to functions of several real variables,
and generalizations of the theory to regular cones.

We next recall the necessary notations and terminologies for the Hardy spaces on tubes
([24]). Let B be an open subset in R”. We say that T is a tube over B, if each z € Ty C C"
is of the form z = x + iy, € R",y € B C R®. We will be, in particular, working on the
case where B is an open cone. Open cones are nonempty open subsets I' € R™ satisfying (1)
0¢ 7T, and (2) whenever x,y € I and a,b > 0 then az + by € I'. A closed cone is the closure
of an open cone. It is clear that if I" is an open cone then I'* = {z e R" : x-t > 0,t € '} is a
close set. If, in addition, I'* has a non-void interior, then I'" is said to be a regular cone, and



I is called the cone dual to I'. For instance, for n = 1, the upper half-plane in the complex
plane can be regarded as the tube T o) = {z = z+iy,z € R,y € (0,00)}. Denote by H?(Tt)
the Hardy space on Tr. We say F' € H?(Tt), if F is holomorphic on Tt and satisfies

|F||? =sup [ |F(z+iy)]*dz < oo.
yel' JRn

H?(Tt) is a Hilbert space equipped with the inner product

(h.G)= | PG

where F(§) = lim,er 0 F(§ + in) is the limit function in the L*mnorm, as well as in the
a.e. pointwise sense, and so is G(§). Existence of such non-tangential boundary limits is a
fundamental result of the Hardy spaces on tubes (see [24]). The space H*(Tt) is a reproducing
kernel Hilbert space with the reproducing kernel

K(w,z) = / eXmwitedmiztdt ),z € T

In this paper we are mainly concerned with the following special tube Tt,, where
I={yeR":y; >0,50>0,...,y, > 0}.

The theory and algorithm given in [16] are restricted to the bi-disc H?(ID?). This paper treats
in several unbounded domains. As given in Section 3, our main result is

Main Result For F € H*(Ty,), there holds

m

lim [|F =) (F, BByl =0, (1.10)

k=1

where, as formulated in , each element of the sequence {z(k)}gozl,z(k) € R", is selected
according to the mazimal selection principle specified in , {By} is obtained by apply-
ing the Gram-Schmidt orthogonalization process to the corresponding multiple Cauchy-Szego
kernels.

The well-definedness of {B} will be proved in Section 3. As a matter of fact, discussions of
the system {Bj} constitute a main part of the paper.

The optimal selections of z(*) towards the pre-orthogonal maximal principle are
guaranteed by BVC. In this paper we will prove the validity of BVC in H?(Tt, ), and show that
the convergent rate of POAFD is O(m_%) for H?(Tr,, M), a particular subclass of functions
in H*(Tr,). As an application of the main result, rational approximation of functions in
L*(R") can be obtained through dividing the L? space to 2" Hardy spaces on tubes, and
then use the theory for the Hardy spaces (also see [16]).

As a by-product, in Appendix A we will give another kind of rational approximation in
H?*(Tr,) by using BVC in H*(Tt,). Also, we will study POAFD in Hardy spaces on tubes,
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H?(Tr), where T' are some regular cones. Since treatments in the H?(1r) case are more com-
plicated than those in the H?(Tt,) case, we put all details of the H?(Tr) case in Appendix
B. In fact, through verifying BVC in H?(Tt) (see Theorem in Appendix B), we have

If T is a reqular cone such that holds, then for F' € H*(Tt) there holds

nll_lgo | — Z(R Bi)Bx|| = 0,
k=1

where each element of {z*)}e | 2*) € R™ s selected according to the pre-orthogonal mazi-
mal principle , and {By} is obtained by applying the Gram-Schmidt orthogonalization
process to the corresponding Cauchy-Szego kernels.

We note that the theory is dependent on the condition (B.6). For regular cones in R? (that
is, n = 2), and for polygonal cones and circular cones in R" for any n > 2, we can prove the

validity of .

The writing plan is as follows. In Section 2 some related and basic results for H?(Tt,)
are given. In Section 3 we devote to establishing POAFD in H?(Tr,). In Section 4 we prove
the validity of BVC in H?(Tr,). In Section 5 we investigate the convergent rate of POAFD
and rational approximation of functions in L?(R"). In Appendix A we give another kind
of rational approximation in H?(Tt,). In Appendix B we explore POAFD in H*(Tt) for T'
being in some particular subclasses of regular cones.

2 Preliminaries
In this section, we will review fundamental properties of H?(1r). For more information, see
e.g. [24, 10, 7).
As given previously,
I'y={yeR":y; >0,y2 >0,...,y, > 0},

whose dual cone is I = T;.
For H*(Tt), we have

Theorem 2.1 (Paley-Wiener Theorem [24], page 101]) Suppose I' is a reqular cone.
Then F € H*(Tv) if and only if

F(z)= / e*mE L (t)dt
F*
where [ 1s a measurable function on R™ satisfying

|f(t)Pdt < oo.
-

e = (/. \f(t)\zdty-
7
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H?(Tt) is a reproducing kernel Hilbert space whose reproducing kernel is the Cauchy-Szego
kernel

K(w,z) = / eXmwltedmiztdt ),z € T
F*
The corresponding Poisson-Szego kernel is given by

P () = K(zl,(o()zf;()o,z)

and P,(z) € L?, for 1 <p < oo.

We will use the notation Kr(w,Z) if we want to emphasize the specific I" in the context.
In particular, if I' = I'y then the Cauchy-Szego kernel and the Poisson-Szego kernel can be
exactly computed by the following formulas

K, (w,z) = / e2miwtedmiztdy = H
T,

k—Zk

and

Kr,(2,0)Kp,(0,2) m
P (z) = —12 o
i Xt | ey

For general I the integral formulas corresponding to the Cauchy-Szego and the Poisson-Szego
kernels are, respectively, given as in

Theorem 2.2 ([24, page 103]) If F € H*(Tt) then
P = [ FOREDE = [ FOKGOE
for all z = x + iy € Tr, where F(§) = lim,o,er F'(§ + in) is the limit function in the

L?-norm.

Theorem 2.3 ([24, page 106]) If F € H*(Ty), then

F) = [ F@Pa - ¢

for all z = x + iy € Tr, where F(§) = lim, o er F'(§ + in) is the limit function in the
L?-norm.

Theorem 2.4 (|24, page 119]) Suppose I' is a regular cone in R", and F' € HP(1r),1 <
p < o0, then

lim |F(x 4 iy) — F(x)|Pdz = 0,
yGF,y—>0 Rn

and
Flatin) = [ FQPz -

where F(§) is the limit function, whose existence is in the norm sense, as well as in the
subsequence-pointwise convergence sense ([24, Chapter III, Theorem 5.5]).
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3 POAFD in HX(Ty,)

Suppose_that {z(k)}z"zl is a sequence of distinct points in 7r,. Under such assumption,
{Kr, (-, 2))}72, are linearly independent. Let {Bj}/., be the Gram-Schmidt (G-S) orthog-
onalization of {Kp,(-,2*))}7 . For a function in H?*(Tt,), One can define the m-th partial
sum

=> (F.B,)B (3.11)
k=1

Since span{Bi, ..., By} = span{Kr, (-, 2M), ..., K1, (-, 20M)}, and F — S,,(F) is in the orthog-
onal complement of the span, we have

In the following discussion, we remove the restriction that all elements of {1} are
distinct from each other, i.e., there may exist k # [ such that z*®) = 2 In such case, the
original definition of S,,(F") is meaningless in such situation. Therefore, we need to define
the generalized S,,(F) that is denoted by S,,(F). The generalization is intrinsically related
to the POAFD methodology.

Set ¢, = ¢, = Kr, (-, 2®). By the G-S orthogonalization process, we have

M =Yy = 91,

k—1
N i
Ye = ’Y{z(l) ,,,,, 2R}y = ¢k - Z <¢]§, > k Z 2 313
— vl ) (3.13)
Yk
Bk B (1) 2(k) .
(e AT

To define é:n(F), it suffices to define {B;}7, for the case that there may happen z*) =

)k # 1. Such kind of discussion on {B;}™ , should be regarded as multiple poles Takenaka-
Malmquist (TM) system, and is automatically motivated by 1D AFD or pre-orthogonal
maximal selection principle in POAFD methods. In fact, it has been, respectively, made in
the one complex variable [21], quaternionic analysis [20] and several complex variables [16]
settings. The general discussion on such property of {Bj}7, is included in [16], and recently,
a detailed proof is given in [22] and [1§].

The present context that we deal with is with the several complex variables setting. For
simplicity, we interpret this for z = (21, 22) € C2. Unlike the one complex variable case, the
generalization of TM systems in higher dimensions is more subtle since the dimension of the
linear space spanned by the h-th order (h > 1) partial derivatives is more than 2. In this
paper we provide a strategy that is in the spirit of the one dimensional case. Let [, be the
cardinality of the set {j : 20 = 2® j < k}. Suppose that d = (dy, dy) € P> = {€ = (£1,&) €
C2: |&]2 4 |&]? = 1}, and d is fixed in the following discussion. As in the one dimensional
case, we define

g(k) = ﬁ(d ’ V)(lk_l)¢z‘z:z<k)?



7 0%¢z| o 7 —
where d - 7 = d1% + dQ%. Note that szlk TPlce) gor m(d )L,

ol

where a = (a1, ), |a| = Zj L0y, al = H2 Lol and 0%, = 0"10%¢, = % Next

we assume that {Bj}7, is the G-S orthogonalization of {(b <k)}k .. Set w = 2™ 4 rd with
d € P2. Since ¢, = Kr,(+,%Z) is anti-analytic in z, by the Taylor expansion with respect to
the directional derivatives in the direction d, we have that

b =T (Doom @) + R(m)(¢z<m)+ri)
0%yl omy = D“Dolsim) 24
— Z —¢ O|;Z< )(rd)"‘—i— Z —¢| ( )(Td) ,

! o
|| <l —1 la|>lm

and consequently,
T(m z<m +7“d Z T(m z<m +7“d) B; >BJ
7=1

Then we have

}g% By, om0

¢w - Z;n 1<¢wa

;) B;
= lim
r—0 H(bw - Z] 1<¢1U7 >B H
i Dw = TP 4rd) = 2ot (D = T (D), Bi) B
=0 chw T( ( Dotm rd) — 2oyt (P = TN 4p) Bi) B

_T(m

Tlm - d Z =1 rlm =l BJ>BJ

(
= lim
r—0 H¢w T (m )((;5 L(m) 1 d . Z <¢w (d) (m)+rd >B H

rim

0%¢2| m 0%zl ___(m
Dol A o Zj 1O =t %da B;)B;
a d)z m 8 ¢Z m !
||Z|a| Ly, e e 3 (ST = e BB

which means that the [,,-th directional derivative with the direction d of ¢, is involved in
the G-S orthogonalization process when r tends to 0.

Being similar with [I6], we introduce A,k = 1,2, ..., the function set consisting of all
possible directional derivatives of the functions in Ay, where Ay = {Kr,(-,Z) : z € 11, }.
Denote by A the set

rim

.A = UI?;OAI{-

Note that we do not make the elements in A; normalized. Given a sequence of points
{z(®}m_in Tr,, we can find a sequence of elements {®_u }7, in A such that {B,}, is the
orthonormalization of {®,m }7-, in the above sense. We actually make & %) = gbz(k) with a
fixed direction d. Define

= (F.Bi)By. (3.14)
k=1

10



With the same reason as for (3.12)) we have

(Sm(F), @) = (F, ), k=1,2,...,m.

Note that S,,(F) = é:n(F) if all z®)s” are distinct from each other. For C",n > 2, we can

similarly define A4 and S,,(F'). Hereafter, we do not distinguish between S,,(F') and gn(F ),
and then we adopt the notation S,,(F') for both cases.

Remark The treatment given in the above is in the spirit of the one dimensional case, which
is, however, a special one in the higher dimensional case. On the other hand, due to the
Cauchy-Riemann equations between the partial derivatives, there is a limited number of h-
order partial or directional derivatives involved for each fixed h. It can be easily computed

that there exist (h:le) linearly independent h-th partial derivatives. If we want to use as

less as high order partial derivatives, then after at most 22:1 (h:ﬁl) = (k:") interactive
steps one (k + 1)-th partial derivative yet has to be involved.

The main procedure of constructing Sy, (F) using an optimal {z)}7, leading to fast
convergence to F' (m — oo) in the H?-norm is as follows. Every time when we already have
m points in Tr,, we select (™) € Ty, to satisfy

(m+1)

2 = arg max [(F, B;,.1)], (3.15)

ZETFl

where {Bi, ..., By, B2, } is the orthogonalization of {B, ..., B, ®.}. Existence of such z("+1)
is proved in Section 4. It is, in fact, a consequence of BVC in H?(Tt,). At this moment, we
assume that such z(™*1) exists. The convergence of S,,(F) in the H?-norm sense is given by
the following result.

Theorem 3.1 For F € H*(Tr,), we have
||F = Sm(F)|| = 0,as m — oo, (3.16)

where each element of{,z("’)}zoz1 is selected according to the maximal selection principle (3.15]).

Proof: By (83.14) and the Riesz-Fischer theorem, we know that there exists S, (F) € H*(Tr,)
satisfying

Se(F) = lim S,,(F) inthe H*-norm. (3.17)

m—ro0

If (3.16)) does not hold, then
g=F —S.(F)#0. (3.18)

By the Identity theorem in several complex variables analysis, we must have b & {2} |
such that

|9(b)| = do > 0. (3.19)

11



On one hand,

do = g(0)] = [F'(b) = Sec(F) ()|
< [E D) = Sn(E)0)] + [Soo (F) (D) = Sm(EF) (D).

By (3.17)), there exists N; > 0 such that when m > Ny, the second term of (3.20)

|Seo(F) (D) = S (F) ()] = [{Sac(F)(-) = S (F)(-), Kr, (-, b))
< [Soo(F) = S (F) K1, (-, b)]|
)
< 5,
where the second inequality follows from the Cauchy-Schwartz inequality. Hence, we have

|F(b) — S (F)| > %

(3.20)

On the other hand, by (3.12)) we have
F(b) = anH(F)(b)?
where S? .| (F) is defined as (3.14)), which corresponds to (2™, ..., 2™ b). By (3.15)), we have

112 = 1S (F)I = [|F = Sy (F)IP
> ||F = Sy (B[P = [|FI]* = [|Smaa (F)].

Therefore, there exists Ny > 0 such that when m > Ny,
|E(b) = Sin(F)(B)] = |51 (F)(b) = S (F)(0)]

< 18841 (F) = Sl E) 1K, (- D)
= (1K, B 1S (B = 1S (F)][2) .
< 1K, St (BN 5 (EFP) |
= 1155, (DS (F) =SB
do
<3
This proves the theorem. O

Immediately, we have the following corollary.

Corollary 3.2 If all the conditions in Theorem|[3.1] are fulfilled, then, for any compact subset
A in Tpl,

ZFBk Bk ZEA,
k=1

uniformly converges to F(z) as m — oc.

The proof of the corollary follows from the Cauchy-Schwartz inequality and the fact that the
L?-norm of the Cauchy-Szego kernel is uniformly bounded in any compact subset A.
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4 The Maximal Selection Principle of POAFD

Denote by 9T, the boundary of Tr,. Since {z(!), ..., 2(™} are previously fixed in the proce-
dure of selecting 2™+ in (3.15)), the existence of z(™*1) is given by the following lemmas.
For z # 2™ k=1, ...,m, we recall that

Ms

S7Zn+1(F) <F Bk> (F, Bfn+1>Bfn+1>

e
Il

1

where {B;}}", is the orthogonalization of {®,u) }7",, and {Bi, ..., By, BZ, . } is the orthogo-
nalization of {By, ..., B, ¢.}. Note that ¢, = Kr,(+,Z) and {(I)Z(k)} C A, where A contains
all higher order directional derivatives of K, (w,Zz) with respect to z.

First, we show that

Lemma 4.1 Suppose that F € H*(Ty,) and 2V € Ty, j = 1,...,m, are fized. If

FE)
P00 (2)] . '
lim ————— =0, j=12,..,m,
=8 [|¢]|
where B € 01r,, then
i || F = S5y (F)I| = (17 = S (F)I, (4.23)
and if
F
i e =0
Z|—00
N 4.24
lim 120G _ i=1,2,...,m 2
|Z|_>OO H¢ZH ) ) ) ) )
then
im [|F =57, (F)]] = [[F = Sm(F)]]- (4.25)

|2 =00

Proof: We adopt the notation given in (3.13]). Based on (3.14]), we have
IF = Si it (F)? = [|1F = S|P = (F, Bjy1) -

To get (4.23), we need to show [(F, B, ;)| — 0 as z — (. In fact, by the Gram-Schmidt
orthogonalization process,

(F, 6. — Soi, (62, Br)By)|
16 = So5s, (@-, Be) By
P g — XL (g BB (4.26)

(', Bra)| =

=1l

V1= S [y B P
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Note that each By is a linear combination of {(I)Zm}f:l as given in Section 3. Then, by 1)
we can have (4.23). We can also conclude (4.25)) in a similar way. The proof is complete.
O

Note the conditions (4.22)) and (4.24)) essentially follow from

FOl
ampeaty, ||bs]]
' (4.27)
IE .
eoo [lézl]
which is called the boundary vanishing condition (BVC).
In fact, we will prove a strong version of BVC in H?(Tt,). Define
8|Q|KF1(~,E) —1 " Oéj!
P = Gz 0m (ﬁ) I = (4.28)

where all elements of n-tuple a = (ay, ..., @,) are non-negative integers and |a| =37 | a; >
0. In particular, ¢ . = ¢, = Kr,(+,2).

Lemma 4.2 Forl <p<oo, z=xz+1iy € Ir, and a = (a, ..., ay),

. " T +P(O‘]+1) 1 p(aj+1)—1
/ de, - de, = x5 T 2 >(—)

P(—(“f;”)

n p

H —a+1

=1 (& j=1 Yi
Proof:
n 1 p n 00 P(QJQ'+1)
= déy - - / dg;
/" E(gj_z)aﬂ 31;[1 o0 ’53_%’ + y;1?) ’
n 1 p(a;+1)— 1 1 M
i1 \Yi 5+
L ( 1y p(a]+1)) 1 plaj+1)—1
=72 — ,
g Cv]Jrl ) <y])

where the third equality is due to changing variables by setting ¢; = @;—va’, and I'() is the
Gamma function. O

Consequently, we have

lousll = (55 ) (ﬁ@!y) o

(4.29)

14



BVC in H?(Tt,) is a consequence of the following lemmas. In fact, by Lemma and
Lemmas - |4.5, through a compact argument we conclude that z(™+Y in (3.15) can be
achieved in a compact subset of Tr,. In addition, Lemmas can be regarded as the
Riemann-Lebesgue Lemma for the Cauchy-Szego kernel.

Lemma 4.3 For F' € H*(Tr,), and o = (ay, ..., a,),
F oLz
)

y€F17y_>:8 ||¢a7z||

holds uniformly for x € R™, where g € OI';.
Proof: Since

=0, z=uxa+iye I, (4.30)

(Fobus) = [ POFar(@de,

and F(€) is the limit of F'(£ + in) in the L?>-norm, we can find G(§) € L?*(R") N LP(R"),2 <
p < oo, such that for any € > 0, |[F' — G||;2@n) < 5. We also have

i< el
It suffices to prove that, for y € 'y, y — 5,
Jer |G(©)0a-(OIdE _ € (4.32)

|9z | 2
Indeed, by applying Hélder’s inequality to [, [G(§)¢a,.(&)|dE, 1) follows from

1
a;i+1 7 . _1
2% H’n F(—%-ﬁ-q( ]2 )) q 1 (a]+1) P
T j=1 PYTICTERY) Y5
= lim )

1 1
yel,y—p e T(a;+0)\2 (1% T2
e Hj:l T(a;+1) v

. Jgn 0o, 7dE)
Verr w8 ([ |Gos|?dE)

NI=| Q=

where C is a constant, and ¢ satisfies £ + 1 = 1. The last equality follows from p > 2 and

q
the fact that there exists some y; — 0 when y — f. a

Lemma 4.4 For F € H*(Tr,), and o = (ay, ..., a,),
F o,z
T

y€l,|y|—o0 ||¢a,z||

=0, z=ux+iye I, (4.33)
holds uniformly for x € R™.
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Proof: By Theorem for any € > 0, we can find 3/ € I'y such that

|F(&) = F(§+iy)[PdE < e.

5
UF udl _ FC) = FC 4 i), 6udl | KEC+ ), 60
e Téaa] [Gaal
IFC) = F 4+ i) 1dosl] . 1{F Gorin)
: ] ]
(F, Gozrig)
R [P

(4.34)

Note that we can find G € L?*(R") N LP(R"),1 < p < 2, such that, for any ¢ > 0, ||F —
G||z2@®n) < €. By applying the argument in Lemma , we can easily show that, for y € I'

and |y| large enough,
|<Fa ¢a,z+iy’>|

< Ce
|| ¢a,z] ’

where C' is a constant.

Lemma 4.5 For F € H*(Ty,), and a = (ay, ..., ay),
F o,z
1{F 60

|z|—o00 ||¢a2||

=0, z=z+wyecI,

holds uniformly for y € I'y.
Proof: By Lemmas [4.3] and [£.4] it suffices to prove that
F oLz
{60
jal=00  |[@a,z|

holds uniformly for y € Ay, where Aq is a compact subset in I';.
Since span{ Kr, (-, %), z € Tr,} = H*(Tr,), we have {wW} | in Tr, such that

=0

€
IF =Gyl < &,

where Gy = Z;VZI ¢;Kr, (-, w®) € H*(Ty,). Hence, we have

|<F7 ¢a,2>| < |<F_GN7¢04,Z>| |<GN7¢0¢,Z>| E |<GN7¢04,Z>|
Goell = Naall  Deadll 2 Tidaall

It suffices to show that, for a fixed w = £ +in € Tr,, when |z]| is large enough,
|<KF1('7E)7¢a,z>| o - (2%) ]+QO‘ !

Bacll 311z — w5y Ca)

41
H (2y;)* 205!
a;+1
=1 (2 — &)2 4 (g +0)2 77/ (20y)!

.

€
2
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The last inequality is based on the fact that there exists x; satisfying that |z;| — oo as
|z| — oo. 0

Note that we can alternatively prove Lemma 4.3 and Lemma by using the density
argument as used in proving Lemma [{.5 Since the tube Tt is very special, in Appendix A,
we will prove one more boundary vanishing property of ¢, .. Combining it with Lemmas
- , we can give another rational approximation in H?(Tt,) that is analogous to the one in

31,

5 Further Results

In this section we consider the convergent rate aspect of POAFD in H?(Tt,), and give rational
approximation of functions in L?(R™) by POAFD in H?*(Tt,).

5.1 Rate of convergence
As in [9], we first introduce the function class

o0

H2(TF17M):{F€H2(TF1):F:Z ¢w(j) w(j)eTF1az|Cj|§M}7
j=1

C;——————

where ¢, = Kr,(+,Z). We give the convergent rate of the AFD-type approximation of func-
tions in H*(Tr,, M). The result is stated as follows.

Theorem 5.1 For F € H?*(Ty,, M), and S,,(F) corresponding to the sequence {z™}m
where each element of{z(’“)}z;1 1s selected according to the maximal selection principle (3.15)),

we have
M

m+1

[ = Sm(F)]| <
To prove Theorem [5.1] we need the following result.

Lemma 5.2 ([9]) Let {dy}32, be a sequence of nonnegative numbers satisfying

d
di < A, dk+1§dk(1—f)-

Then there holds

A
di, < e
Proof of Theorem [5.1]:
For F € H*(Ty,, M), we have F' =" ¢ ||Zw2:;\\ and
IEIF< D lex| < M.
j=1

17



By , we have
1S (F)* = Z\ (F.By)I",
and
| FriiI* = |1 Fll* = KF Boa) I* = | Fall® = [(Fny B,

where F,.1 = F — S,,(F) with F; = F. By (3.13)),

‘(Fma Bm>’ =
[e2]
= |<Fm7q)z(m) Zk 1 < z(m)7‘8k>8kz>|
[Dm) — D e ( ), Bi) By
(I’z(m)
. ’<Fm7 ||¢,_( >||>|
(m) m—1, @ L (m)
H 1l S oy | " 7 Br) Bl
d)z(m)
|<Fm7 H¢Z(m)”>|
¢ (m) m—1, &_(m)
” 6 )l &=k=1 <W,Bk>8k”
o)
Z |<Fm7 Z—>|,
||¢z(m>||

where the last inequality is based on

& om) ~—, P m 9 O om) 9
| B)Bi||” =1 — |{ Bi)|* < 1.
[fomemy| ,; [@em Z [ 0m ||

Combining (3.15)), (5.37)) and (5.38)), we have

|<Fma Bm>| = sup |<Fma B{z(1> @,..., z(mfl),z}>|

ZETFl
0
> sup [(Fp, 22|
2 1 1]
> sup (B 0],

ze{wR}ee " [¢-|]

Notice that

o0

Dot -
[Fnll* = (Fn, F)| = (F, Z ¥ )W<M o sup  [(Fn, 7).
e w(k) || ze{wF)}ee | ||¢Z ||

18
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Hence,

[Fmi* = [1Emll* = [{Fon, Ban) |

O
SNEullP = sup  [(Fo, )]
sefw®}ee [¢-]]
[ £ |
< |5t — 1
Ful?
— Fm2 1_HL )
il (1- 12
By Lemma 5.2 we conclude the desired result. O

5.2 Rational approximation of functions in L?(R")

It is known that, for f € L*(R), one can have f = f* + f~, where f* and f~ are non-
tangential boundary limits of functions contained in H*(C, ) and H?(C_), respectively. Then,
rational approximation of functions in L?(R) can be easily obtained by rational approxima-
tions of functions in H?(C,) and H*(C_). Here we give rational approximation of functions
in L*(R") in a similar manner. Define o; = (0,(1),0;(2),...,0;(n)),1 < j < 2" whose
elements are + and —, and

I, ={y € Ry >0if 0j(k) =+ and yp <0 if 0j(k) = —, 7 = 1,2,...,n}.
Observe that R" = U?ilf_g] For F' € L*(R"™), the following result is known.

Theorem 5.3 ([24, 12]) For F € L*(R"), if

n

F2) = [ PR e R = 02 JRAG) R (5.40)

(2’/TZ)” Pl fk — Zk

where z € Ir,, and m; denotes the number of minus signs in o;, then F, () is holomorphic
on T[‘Gj, and for Fy (x +1iy) as a function of x,

1Eoy -+ in)l2an) < ClFll ey, (5.41)

where C' is a constant that is independent of F' and y.
Furthermore,

2n
F(x) = Z F,(z), x€R", in the L*-sense, (5.42)
j=1

where Fy (x) = limyer, -0 Fo,(x + iy) is the limit function in the L?-norm.

Remark It is noted that Theorem is a summary of partial results given in [24, 12]. In
fact, the conclusion given in Theorem holds also for F' € LP(R"),1 < p < oo (see [12]).
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For more information, we also refer to, e.g. [26] 27, 28]. Based on the definition of Hardy
spaces, the inequality implies that F,, € H 2(T; poj). The formula is called the
Hardy projection of F. Hence the formula (5.42) means that F' can be decomposed into
a sum of boundary limit functions of functions in the Hardy spaces on tubes over octants.
Moreover, for F' € LP(R"),1 < p < oo, F, () can be characterized as the Fourier transform
of a function supported on I';, in the distribution sense (see [12]). This can be regard as a
generalization of the Paley-Wiener theorem (see Theorem [2.1)). Recently, the analogues of
the Paley-Wiener theorem for H?(1r),1 < p < oo (for 2 < p < oo in the distribution sense)
are given in [7], where I' is a regular cone.

Due to Theorem |5.3/and the above discussion, we can reduce the relevant study to I, (1 <
j < 2") when considering the problem of rational approximation of F' € L?(R"). Therefore,
for each F,, we can obtain an approximation of F,, given by POAFD. Moreover, for a real-
valued function ' we only need to deal with the related 2"~! Hardy spaces. For instance,
we interpret this in C2. If {z*) = (25’“), zg’“))}g‘;l is a sequence making S;b(F) — F, ; as

m — oo in H*(Tt, ), then we have that {(sz), zék))}zozl is a sequence making S~ (F) —
F__asm — oo in H*(Tr_ ). The same argument holds for the cases F _ and F_ ..

—
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A A Non-Orthogonal Expansion with Simpler Algo-
rithm

By using Lemmas [4.3]- [4.5 and the following lemma (Lemma[A.1)), we can give another kind
of rational approximation to functions in H?(7r,). Such rational approximation is analogous
to the one given in [31]. Specifically, we apply the idea of greedy algorithm to H?(Tt,) with
the dictionary

D= {¢a,z(w) - Q‘b@z(u’]’), la| = Zaj >0,z,w € Trl} . (A.1)
a,z =1
Recall that ¢, .(w) is defined as
oMK (-, 7) "
¢a,z - azloqazQaz ... azna (27.(.2) H a]-i-l

J:1

where all elements of n-tuple a = (ay, ..., @) are non-negative integers and |af = 7, a; >
0.
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We briefly give an introduction to greedy algorithm with the dictionary D. Let F' €
H?(Tr,). Then, by greedy algorithm, one can have

m

= Z<RIF, Vo) 0) Vo) o0 + R™'F, (A.2)

=1
where R'F is defined by
R'F = F,R'F=R™7F — (R'F, {0 .0)Y,0 .0, 1>1,

and ¥,u) 20 satisfies

‘(RZF7 wa(l);(l)” = Ssup ‘<RZF7 ¢a,z>‘- <A3)

wa,z €D

In the following discussion, we focus on the existence of ¥, .o in (A.3) for each [ > 1.
To this end, we show the following result by using the technique in [31, Lemma 4.8].

Lemma A.1 For F € H*(Ty,),

i [P 00

=0 A4
el (A.4)

holds uniformly for z € Tr,.

Proof: As shown in Lemma (.5 for any € > 0, there exists
Gy = Z] L6 K, (-,wd) such that

€
IF—Gwll < 5.

Therefore, we only need to prove that for any fixed w = & +in € Tr,
K W a,z
U (), )

| o0 |[Pa,z]|

= 0.
In fact, we have

(29) " 20!
|2 — w;| %/ (204)!

|<KF1 ("E>7 ¢a,z>|
||%a,: ]

=

1

<.
Il

(2y)% 2 ay!
T (5 )/ (2ay)!
((a + $)my) =22+,
T (o + 1)ny)it1209+L /(2a,5)!
(o + 3)™ +%2aﬂa-'
Doy +1 ag+1mm

-1 _1
1

) 2
Cim; 2oyt

IN

IN

s s T s T

IN
W.
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where C is a constant that is independent of a;. The second inequality is based on the fact

J

oty
that % attains its maximum value at y; = 2(a; + %)nj for 1 < 7 < n, and the last
J J

inequality follows from the Stirling’s formula
T(h+1)~h"2¢"/21, heR,h— oo
The proof is complete. O

Combining Lemma and Lemmas - A5} we conclude the existence of the optimal
Yo m,1 > 1. Note that

IFIP = (BF $aw.o)” + [[R™HF,

=1

although {¢,0 0,0 = 1,2...,m} is may not be an orthogonal system. Based on Theorem 1
in [14] and the fact that spanD = H?(Tr,), we have

lim ||[R™F|| = 0. (A.6)
m—00

In a general reproducing kernel Hilbert space an ordinary greedy algorithm (GA) scheme is
usually not as effective as what is called orthogonal greedy algorithm (OGA) by the construc-
tion, and the latter not as effective as POAFD. But with the extended dictionary in (A.1])
incorporating all possible partial derivatives of the reproducing kernels OGA is comparable
with POAFD with respect to only the reproducing kernels.

For further discussion on such approximation and greedy algorithm, see e.g. [31], 9] 14, 25].

B Results on Regular Domains

In this part we will investigate POAFD in H?(Tt), where I is a regular cone. Based on the
discussions in Section 4, we know that Lemmas - play important roles in studying
POAFD in the octant case. The techniques used in Theorem and Lemma [{4.1] still work
for the proposed approximation in H?(Tr). Therefore, for a regular cone, we only need to
consider the analogous results of Lemmas - A5 As mentioned in Section 4, BVC is
sufficient for us to obtain POAFD. In this part, under the assumption , we will prove
certain properties of boundary behavior of functions in H?(Tt),1 < p < oo, which can be
regarded as special cases of the analogous results of Lemmas - When p = 2, such
properties give BVC in H*(Tr,).
We need the following results as preparation.

Lemma B.1 Suppose that ' is a reqular cone in R". For z =z + 1y € Tt and 1 < p < oo,
we have

Sl

1Py(z — Yoy < =K (2,2)" 7. (B.1)

)
v\:| =
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Proof: For 2 < p < oo and z = x + iy € Ty, we have

|K(&,7)[Pde = sup |[K(&,2)P2 | |K(&,2)d¢
R ¢€Rn R

| | (B.2)
< 2—nK(z,§)p_2K(z,E) = 2—nK(2,2)p_1.
Hence, for 1 < p < o0,
‘K<§> )|2p =\2p—1— 1 = 1
P(r—&\lPde < p—1-p _ _ | P B
| e —opa < [ BT < SRz - () (B3
Obviously, when p = oo, we have ||Py(z — )| peomny < K(2,%). O

Unlike the octant case, estimation of K(z,Z) at points of OI' and at infinity is not easily
accessible. The next lemma gives useful estimates of K(z,%) on JI.

Lemma B.2 ([11, Lemma 2],[10, Proposition 1.3.2]) LetT be a reqular cone in R"™ n >
3, and p € OI'. Then

lim e ldt = oco. (B.4)

yely—=8 Jv

Remark It is obvious that (B.4]) is true when n = 1. For the self containing purpose we
illustrate the proof. For n = 2, as shown in [§] it suffices to verify (B.4) holds for a special
class of regular cones in R? :

" = {y € R% |y1| < kyp}, 0< k< oo0. (B.5)

The dual cone of I'* is .
[ = {t € R? |t1] < ~t}.
K

By a direct computation, we have

K
Kre(2,2) = et =
re(2,2) /N,* 8m2(k2y3 — i)

(see e.g. [8] for general n). Obviously, for § € OI'", limyers 5 Kps(2,Z) = co. In the
following discussion, we write elements in I as column vectors. If I' is a regular cone in R?,
then, for y € T, there exists a matrix P € SO(2,R) = {Q € GL(2,R);QQT = QTQ =
1,|Q| = 1} and I'* such that

(y1,92)" = P(&1,&)T, €= (&,&)" e T

Then we have
K(Z,E) — / e—47ry~tdt _ |P| e—47r(P§)-(Pt')dt/ _ / 6_47r£.tldt,.
T Tk,* Ky*
Since P is nonsingular, £ — OI'" as y — OI'. Hence, limyer 5 K(2,%) = 00.
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What we are concerned is whether there holds

lim  K(z+ i,z +1y) = 0, (B.6)

yer, |y]—o00

where [ = y + I,y € I'. In this paper we do not prove that holds for general cones.
Nevertheless, we can show that holds for two classes of cones: the polygonal cones and
the circular cones. If a polygonal cone is the interior of the convex hull of a finite number
of n linearly independent rays meeting at the origin, we call it n-sided polygonal cone. A
polygonal cone, however, is always a finite union of n-sided polygonal cones. Hence the
general polygonal cone case is reduced to the n-sided polygonal cone case. For the circular

cone case, we only need to consider the circular cone of the form I'* = {y € R™; , /2}:11 ly; |2 <

KYn},k > 0, as we can reduce a general circular cone to this form by using some rotation.
In fact, these two classes of cones are two different generalizations of I'* in R™ n > 3. For
simplicity, we consider I'* in R?. We will use two different ways to show that holds for
['*. One can then easily conclude that holds for the polygonal and the circular cones,
in general.

We first show the way that can be utilized in proving that holds for the circular
cones. As shown previously, for y € T'%,

K

8m2 (K% (y2 + ¥5)* — (y1 +¥1)?)
K

81280k (y2 + yb) + |1 + 4]

Kre(z +i(y +9),x+i(y +vy)) =

where §y = dist(ﬁ, '"¢) > 0, and I is the complement of I'*. This implies .

Next we show the way that can be utilized in proving that - holds for the polygonal
cones. Note that there exist a linear transformation @) that maps the first octant onto I'",
ie.,y= Qf yel™” é € I'y (see e.g. [24, 23]). Hence we have

JE— 1 c o4l
Kre(z + iy, x + iy) = e It dt = e gt = — K (i€, Zf)
P 1QlJr |@

Since |§| — 00 as |y| — 0o, we conclude the desired result again. Since the interior of the dual
cone of a polygonal cone I' is polygonal, there exist n-sided polygonal cones '),k =1, ..., N,

such that
(w,2) Z/ e dm(w=2)tqp — ZKp(k)wz

(k)
where [ = U]kvleZ‘k), and for each I'(;) there exists a linear transformation mapping the first
octant onto I'(y). Therefore, we can easily get that holds for the polygonal cones.
For general regular cones, we have the following result, which is closely related to ,
but we note that the lemma is not sufficient to prove .

Lemma B.3 Suppose that Ty is a reqular cone whose closure is contained in T'U {0}, where
I' is a reqular cone. Then
lim  K(iy,iy) = 0.

y€Tlo,|y|—o0
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Proof: We first show that

lim e 4yt — .
yelo,Jy|—o0
We claim that if n € Ty and ¢ € I'*, then there exists a § > 0 such that d|n|[t| < 7 - t.
Denote by X the set {¢ € R™; [¢] = 1}. Define a function H(n,t) =n-t,n € ToNX,t € I*NY.
From the definition of I'* and Iy we have 0 < 7-t. Since ;N and I'*NY are both compact,
the existence of 0 > 0 follows from the fact that 0 < n-t = H(n,t) and H(n,t) is a continuous
function. Consequently, we have

lim et < lim e Wl =0, ter
y€lg,|y|—o0 y€Tlo,|y| =00

and
el < Ao >
where fr* e~ 4™l dt < oo. Therefore, by the Lebesgue dominated convergence theorem we
have
lim  K(iy,iy) = 0.
y€lo, |yl —o0
(Il

Remark On one hand, the argument used in Lemma can not, be applied to I = y 4+
with some fixed y' € T since the key point of such argument is that the union of all dilations
of Ty N ¥ is [y while this is not the fact of I' N ¥. On the other hand, Lemma shows
that holds in most situations. The unsolved situation can be almost concluded as
that § € oI, |y] — oo. The assumption should hold for more cones other than those
discussed in this paper. For instance, one can easily check that holds for the symmetric

cone in R? given by {y = (y1,v2,93) € R y1 > 0,912 — y2 > 0} (see [3]).
Under the assumption that holds, the main result of this part is stated as follows.

Theorem B.4 Suppose that I is a regular cone such that holds. For F' € HP(1r),1 <
p <00, and z = x + 1y € I, we have the following results.

|F(2)|

lim ————— =0 (B.7)
velw=8 K(z,Z)»
holds uniformly for x € R"™, where 5 € OT.
F
im O (B.9)
vellyl=>oo [ (2, %)
holds uniformly for x € R™.
o PO, 5o

holds uniformly for y € T'.

In particular, for reqular cones in R? (that is, n = 2), and for polygonal cones and circular
cones in general R™, we can prove the validity of but do not need to specially assume
it.
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Proof: By Theorem we have

P = [ FOR -

where F'(§) € LP(R™).
Therefore, for any € > 0, we can find G € L"(R") N LP(R™),p < r < oo, such that

||F - GHLp(Rn) < €.
Hence, for ¢ satisfying Il? + % =1 and h satisfying *+ + + = 1,

FG Jen [F(§) = G(E)| Py — fRn |G(&)|Py(x — &§)dE
K(z,72)r K(z,7)7 K(z,7%)
P,(z — )| pemrn P,(x — )| 7rmn
S ||F _ GHLP(R") H y( )_Hllz (R™) + ||G||LT(Rn) || y( )_Hi (R™)
K(z,z)» K(z,z)»
1-1 1 (BlO)
K (2,7) LK (z,7) %

< €2q 1 + ||G||L7‘(]Rn) 2h T
2,Z)P 2,Z)P

e |IGllorm@ny 11
=zt 2—%K(Z>Z)T v,
where the first inequality is given by the triangle inequality, and the second inequality follows
from the Holder inequality.
By Lemma [B.2| and the fact that 1 — % < 0, we have K(z,%)
we complete the proof of .

By Theorem [2.4] we know that

P = [ F@PSe - de

3=

P50 as y — (. Therefore,

Then, for any given € > 0, we can find 3’ € I" such that

|F(E+iy) — F(E)PdE < e.

Rn
So
()] _ e (F(&) — F(E+iy)) By(w — di!ﬂfw (€ +iy') Py(z — §)d¢]|
K(z,7)r K(z,7)
’fR" f)Pery/ - )dél
2‘1 K(z,%z)r
Similar to , we have
| Jon PPy (@ = de| _ ¢ K(z+iy, 2T iy)" s
K(z,%)r = K(z,7) o (B.11)
NGl K+ i SH )
2n K(z,z)»
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where G € L"(R") N LP(R"),1 < r < p, ]l)_{_é: 1 and %—i—%: 1.
Notice that K(z + iy, 2 +iy’) < K(z,%Z). Hence, the first term in (B.11) is strictly less
than 5. For the second term in (B.11), by K(z + 1/, z + 1y/) < K(2,%), limyer jy|—o0 K (2 +

24
iy, z+1y’) = 0 and % — 113 > (), we can easily conclude that, for |y| large enough,

K(z+iy,z +iy)n
T < €.
K(z,z)»

By the above discussions, the proof of (B.8|) is completed.
To prove (B.9), because of (B.7)) and (B.8), we only need to show that

—0 (B.12)

holds uniformly for y € Ay, where Aq is a compact subset in I'. Notice that
K(z,7z) = / e At = K (iy, —iy),

and y € Ap. It suffices to show

lim |F(z)| = 0. (B.13)

|x|—o00
Since Ap is compact, there exists a constant p > 0 such that d(Ay,I'*) = inf{|ly — {|;y €
A, £ €T} > p, where I' is the complement of I'. Let Ay = Uyea, {n; [n — y| < §}. Obviously,

d(A;,T¢) > § and A; is also compact. Based on the fact that [, [p. |[F(z +iy)[Pdzdy < oo,
and the definition of functions in H?(1t), we have

/ / |F(z + iy)|Pdzdy — 0, N — oo. (B.14)
Ay ‘$|>N

Recall that |F|P is subharmonic. For z € Tr, we have

y p 1 7 p
Pl < gy [ IFE mpasan (B.15)

where V(B (%)) is the volume of the ball B.(%) centered at z with radius §. From (B.15)),

for y € Ay, we have

|F<x+z'y>|ps;)) / P+ Py

V(B.(2 2)
1 / / .
< |F'(§ + in)|Pdédn B.16
VI(B:(%)) Jopin-vi<2y Jiete—al<2) (B10)

1
S — F ) |Pdédn.
< v /. /{£;|§—x|<z}| (& +in)rdidn
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Since | — x| < £, we have [z| — £ <[] < [z] + £. Therefore, when || > N + £, by (B.14)
we have (B.16)) tends to 0 uniformly for y € Ay. The proof is completed. O

Remark (1) When p = 2, Theorem implies existence of 2™+ in the following mini-
mization problem

2+ = argmgrx|<F, BZ 1)l (B.17)
Hence, we obtain POAFD in H?(Tt) if T is one of the following cases: a regular cone in R?;
a polygonal cone in R"; a circular cone in R".

(2) Since |F|P is still subharmonic for 0 < p < 1, the technique used in proving in
Theorem m still works. Thus holds for 0 < p < co. Note that Theorem m plays an
essential role in studying POAFD. Moreover, Theorem [B.4] indeed is analogous to the known
result in the Hardy spaces on the unit ball H?(B,,),1 < p < oo (cf. [32, page 123)),

lim (1—|z)?|F(z)| =0, F e H"(B,),

|z]—1—

where Kg, (w,Z) = ( is the Cauchy-Szego kernel for H*(B,,).

1
1=3 T wkZk)"
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