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1. Introduction

Rational approximation over a long period of time has been an active research area [22,23]. It has fruitful results and
ample applications in mathematics itself, as well as in practical problems, including, in particular, in system identification
[12-15,24]. In the study of rational approximation great interest has been devoted to the classical Hardy spaces, namely the
Hardy spaces of the unit disc and that of a half of the complex plane. Among others the question of best approximations to
functions in the Hardy spaces by rational functions of degree not exceeding n was brought attention. Existence of a solution
to this n-best problems has long been proved [22], yet, new proofs have been explored in order to obtain a mathematically
ultimate algorithm [16-18,25]. The same type problems in weighted Bergman and weighted Hardy spaces naturally arise.
One of the motivations is that in control theory some system functions belong to those spaces [2,3]. In those non-Hardy
cases the original question in terms of rational function is naturally adapted to whether there exists a best approximation
by linear combinations of at most n reproducing kernels. The present study establishes such existence result for all weighted
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Bergman spaces. The main results and the related kernel estimations are seen to be new, and significant to both the analysis
of the analytic function spaces, and algorithms solutions of system identification questions.

Let D be the open unit disk in the complex plane C and let H(D) be the space of all analytic functions on D. A complex
Hilbert space H c H(D) is called a reproducing kernel Hilbert space if for every point a € D the point-evaluation f + f(a)
is a bounded linear functional on H. Then by Riesz representation, there must exist a unique function K; € H such that
f(a) = (f,Kq) for all f e H. The function K(z, w) = Ky (z) on D x D is called the reproducing kernel of H.

It is easy to show that the kernel function K has the following properties: K(z, w) is analytic in z, conjugate analytic in
w, and K(z, w) = K(w, z). Furthermore,

K(z,2) =K, (2) = (K., K;) = | K:||?, zeD.

In the case when K(z,z) > 0, we will consider the unit vector k; = K;/||K;||, which is called the normalized reproducing
kernel of H at z.

The most classical examples of reproducing kernel Hilbert spaces of analytic functions on the unit disk include the Hardy
space H? and the weighted Bergman spaces A2 with o > —1. Recall that H? consists of analytic functions f(z) = > reo cZk
on D with the property that

oo
I1£l7 =D lal® < oo.
k=0

It is well known that H2 is a reproducing kernel Hilbert space with

1
1—zw’

K(z,w) =

For any o > —1 we define
A2 = 12(D, dAy) N H(D),
where
dAq(2) = (@ + 1)(1 - |21*)* dA(2),

and dA is the normalized area measure on D. Each A2 is a reproducing kernel Hilbert space with its inner product (and
norm) inherited from L% (D, dAy). The kernel of A2 is

1
Kizw) = ——+—.
( ) (1 — ZW)2+°‘
Given any positive integer n and any finite sequence Z = {z,--- ,zn} of distinct points in D, let H; denote the closed

subspace of a reproducing kernel Hilbert space H spanned by the kernel functions Kz, 1 < k < n, namely,

n
H;=3) aKzz):qeCl<k=<ng. (1)
k=1

It is clear that H; = H © I, where I is the space of all functions in H that vanish on Z.

If we allow repetition in Z, which is the case for most of our discussion below, we need to make some adjustments to
the definitions of Hz and I. The necessary adjustment for the definition of I; is obvious: if a point A appears m times in Z,
then we require a function f € I; to vanish at A to the order of m, that is,

fR)=FG) == ["DG) =0,

The corresponding adjustment for Hy is then as follows: if A appears m times in Z, we then use the following m functions
in the spanning set of Hy:

il((z,w) , O<j<m-1. (2)
ow wel
These will be called generalized kernel functions for H. Consequently, if Z consists of n points from D, counting multiplicity,
then Hy is still spanned by a total of n (generalized kernel) functions. With the understanding of this adjustment we will
still denote H; by (1), although this is a slight abuse of notation.

We mention that multiple zeros and the corresponding generalized kernel functions in (2) arise naturally in function
theory and optimization problems. See [6,11,19] for example. For those who are not familiar enough with the relationship
between multiple zeros and the generalized kernel functions in (2), we illustrate it with A2 as an example. Given any f € A2,
we have

fw) = /D K(w,2)f(2) dA(z) = /D F@KE W) dAq (2).

2
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Differentiating under the integral sign, we obtain
; 3K (z, w)
fow = [ f(z)[aj dAu (2).
D

Therefore, fU) (1) = 0 if and only if f is orthogonal to the following function in A2:

7K (z, w)
L, St W
ow

w=A

The best kernel approximation problem for H is the following: given any positive integer n and any function f € H find
the best possible approximation of f in norm by a linear combination of no more than n kernel functions. Thus, we consider
the extremal problem

n
inf f—chsz 16 eC, zyeD, 1<k<n
P

If Z={zy,---,zq} is fixed and we first take the infimum over all coefficients {c,}, then by elementary functional analysis,

n
inf{ [ f =Y cky | iceeC T<k=nt=If-Pfl.
P

where P; : H— Hy is the orthogonal projection. Therefore, the best kernel approximation problem can be stated as
inf{||f = P2fll : Z={z1,--- . za} C D}. 3)

Since

LI = NP 12 + 1A= P FIIP,

the extremal problem in (3) is equivalent to the following: Given any positive integer n and any f € H find
sup{lIPfl : 2= {z1.+ .22} < D). @

Our main concern is whether or not the extremal values above are actually attained by a certain sequence Z* of n points
in D. The difficulty of the problem stems from the fact that D" is non-compact.

The best kernel approximation problem for general reproducing kernel Hilbert spaces arises from system identification
of stable systems. In particular, the weighted Bergman spaces A2 appear as special cases [2,3,20]. From the respective re-
producing kernel formulas earlier, it is clear that the Hardy space H2 can be thought of as the limit case of the weighted
Bergman spaces A2 as o — —1*. The best kernel approximation for H? corresponds to stable linear time-invariant system
identification, whose identification has been studied by numerous authors (see, for instance, [12,23]). The existence of ex-
tremal sets in (3) and (4) for H2, which is also equivalent to the problem of best n-degree rational function approximations,
was established in [4,16,17,22].

The purpose of this paper is to prove the existence of extremal sets in (3) or (4) for the Bergman spaces AZ. Our main
result is the following:

Main Theorem. Suppose & > —1, n is a positive integer, and f € AZ. Then there exists a sequence Z* of n points in D (with
possible multiplicities) such that the infimum in (3) and the supremum in (4) are attained at Z*.

We will see that the extremal set Z* is not unique in general. Practical algorithms to find the extremal sets Z* will not be
considered in this paper. To the best of our knowledge, no mathematical algorithm has been found to locate the extremal
sets Z* even in the case of the Hardy space H2. There are some related algorithms in engineering applications, but they can
only find local extremes [4,16,18].

The best kernel approximation problem for the weighted Bergman spaces is much more complicated than that for the
Hardy space. This is because the solution of the problem depends on a very careful analysis of the reproducing kernels of the
spaces Hy and I,. The structure of those kernel functions in the case of H? is relatively simple, while it is well known that
the situation is completely different in the case of (weighted) Bergman spaces. In fact, our proof of the main result relies
on several new estimates for the kernel functions of zero-based invariant subspaces of A2, which are of some independent
interest.

Unlike the Hardy spaces and in spite of several major breakthroughs in the past few decades (including [1,8,21] for
example), the theory of Bergman spaces is far from mature. We refer the reader to [7,11] for an introduction to and more
information about the spaces A2 and their zero-based invariant subspaces.

3
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2. Preliminaries on reproducing kernel Hilbert spaces

In this section, we collect some preliminary material on reproducing kernel Hilbert spaces. In particular, we will need a
result from [28], which is not readily available to people outside of Hong Kong. Thus, we include it here for convenience of
the reader.

Throughout the paper we assume that any reproducing kernel Hilbert space H satisfies the following additional as-
sumptions: K(a,a) > 0 for every a e D, and for every finite sequence {z;,---.zp} of distinct points in D the functions
K(z,z1),--- ,K(z,zy) are linearly independent in H. These assumptions are obviously satisfied by the Hardy space H? and
the weighted Bergman spaces A2.

Recall that for a sequence Z of points in D we use I; to denote the space of all functions f € H such that f|; =0 and
we write H; = H © I,. Since I; and H; are closed subspaces of H, they are reproducing kernel Hilbert spaces themselves. We
will use K7(z, w) to denote the reproducing kernel of I.

In this section, all sequences will consist of distinct points. So we will be working with the original reproducing kernel
K(z,w) of H instead of the generalized kernel functions in (2).

For each k > 1 let Z; = {z;,--- , z;}. Then the reproducing kernels Kz, (z, w) can be constructed inductively as follows:

Kz, (2. zk1)Kz (Zi1. W)
Kz, (Zkt1, Zks1)

where Zy =@ and Kz, (z, w) = K(z, w) is the reproducing kernel of the full Hilbert space H. In fact, if we fix w and let h
denote the function on the right-hand side of (5) (with z being the variable), then it is clear that h I, ,- Moreover, h has
the reproducing property at w for functions f e Iz..:

Kz, (z.w) =Kz, (z. w) , k>0, (5)

Kz, (W, Zny1)

(fLh) = (f. Kz (w)) — m(f Kz, (zq11))
Kz, (W, Zny1)
= f(w) - mf(zkﬂ)
= f(w).

By uniqueness, the function h must be the reproducing kernel of Iz, at the point w.
Proposition 1. With the above notation, if we apply the Gram-Schmidt orthogonalization process to the kernel functions
K(z,z21),K(z.z2),--- . K(z,2), - - -,
the result is the following orthonormal system:
K(z,z7) Kz (z.22) Kz (z.zi1)
VK@ z) K (@.22) K @1 2is1)

Proof. This was proved in [28]. Again, for convenience of the reader, we include a brief proof here (different from the one
given in [28]).

The first function in (6) is obvious. The second function in (6) follows from the recursion formula in (5). Now assume
that applying the Gram-Schmidt process to the functions {K(z, z;) : 1 < k < n} results in the orthonormal set

ek(z)=M:1<k<n .
VK @eze) T

Then the last function e,,; from the Gram-Schmidt process when applied to {K(z,z;) : 1 <k <n+ 1} is the normalization
of the function

(6)

n

h(2) = K(z.zns1) = ) (K(Zns1), er)ex(2)
k=1

n
=K(z,z441) - Zek(z)ek(an)-
k=1

By assumption, {e, : 1 <k <n} is an orthonormal basis for Hz,, so the summation above represents the reproducing kernel
of Hz, at z,,1. Since H © Hz, = Iz,, the function h is the reproducing kernel of I, at z,,1, that is, h(z) = Kz,(z, zp;1). Thus, a
normalization of h yields

Kz,(z, zny1)

VEKz, (Zns1, Zn1) ‘

The desired result then follows from induction. O

en1(2) =
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See [26] for additional information about these kernel functions Kz, (z, w) and their application to interpolation problems
for Bergman spaces.
Corollary 2. With the above notation and a € D \ Z, if we apply the Gram-Schmidt process to the functions
I<(Z’ Z )’ I<(Z7 22)7 MY I<(Z; Zk)) I<(27 a)’

then the last unit vector
sz (Z, a)

is the (unique) solution to the following extremal problem:

sup{Re f(a) : felz. |Ifll <1} (7)
Proof. It follows from the reproducing property

fl)=({f Kz (D), felg,

and the Cauchy-Schwarz inequality that the extremal problem in (7) has a unique solution and the solution is simply the
normalized reproducing kernel of I, at the point a. The desired result then follows from Proposition 1. O

Gz, (2) =

The extremal problem in (7) plays a critical role in the modern theory of analytic function spaces. In the case of the
Hardy space, the solution of (7) is exactly the Blaschke product with Z being its zero set. In the case of the ordinary Bergman
space A% (o = 0), this problem was first studied by Hedenmalm in [8] and then by many authors since then. See [1,7,11] and
references therein.

3. Weighted Bergman spaces

Although our main result is about weighted Bergman space A2 with standard weights, its proof relies on certain results
about more general weighted Bergman spaces. In this section, we prove a kernel estimate for weighted Bergman spaces
induced by finite Blaschke products. This estimate will then be used in the next section to obtain kernel estimates for
zero-based invariant subspaces in A2.

For any finite positive measure w on D we write

A2 = 12(D, dw) N H(D)

for the weighted Bergman space induced by w. Under very mild conditions on w it is easy to show that A2 is a reproducing
kernel Hilbert space. The weighted area measures

dw(z) = dAe (2) = (e +1)(1 = |z]?)* dA(2), a> -1,

are called standard weights, and the resulting spaces are of course AZ. See [11,30] for an extensive study of the spaces AZ.

In this paper, in addition to the spaces A2, we also need another family of weighted Bergman spaces. More specifically, for
any Blaschke product B we consider the measure dw(z) = |B(z)|2 dAy (z) and use Aéy p to denote the corresponding weighted
Bergman space. For f € A(ZLB we will write

111, = [ 7@ PIBG)P dAu @),
We begin with the following identification of Aé,B as a set.

Lemma 3. For any finite Blaschke product B of n zeros we have Afx‘ 5= AZ. Furthermore,
1

@zl = 10l < 15l
for all f e H(D). The constant above is best possible.

Proof. The inclusion A2 c Ai p and the inequality ||f|l;2 < ||fll,z is trivial, because |B(z)| <1 on D.
’ a,B o

To prove the other direction, choose a positive constant ¢ such that
[Ur@PiPdr@ = ¢ [ 1f@P @

for all f e H(D). See Lemma 4.26 of [30] for the existence of such a constant. Computing with the Taylor expansion f(z) =
5 o az¥, we can actually find the best such constant. More specifically, we have

117 =D lal? /D 2 dA (@) = (0 + 1) Y |a?Blk+ 1.0 + 1),

k=0 k=0
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where B(x,y) is the beta function. Similarly,

Izfl3 = (@ + 1) la*B(k+ 2,0 +1).
k=0

Thus, we just need to find a constant ¢ > 0 such that
B(k+2,0+1)/Blk+1,a+1)>c
for all k > 0. Since

B(k+2,a4+1)  k+1
Blk+1l,a+1) k+a+2

is an increasing function of k, we just need to set k = 0 to get the constant ¢ = 1/(« + 2).
Next, for any a € D we consider the Mdbius map ¢, : D — D defined by

)= 212% zeD
=T w '

By the change of variables w = ¢4(z), which is the same as z = ¢4(w), we have

feally = [ 1F@Plga(a)? dAa)
(1 _ |a|2)(2+a)/2
:/D‘f((p“(z))(l—az)ZW

(1 _ |a|2)(2+a)/2

1
> a—i—Z/D‘f(wa(Z))(l—aZ)Z“)‘

1 1
- a3 [ @R A = 511

for all f € H(D). The desired result then follows from applying the estimate above n times. O

212> dAo (2)

2dAq (2)

Lemma 4. Suppose H is any reproducing kernel Hilbert space of analytic functions on D and K(z, w) is its reproducing kernel.
Then

K(a,a) =sup{|f(a)]*: f e H,

for every a € D.

fll <1)

Proof. If f(a) =0 for every f € H, then K(a,a) = | Ky||2 =0, as K4(z) = K;(a) = 0 for every z. In this case, the desired result
is obvious.
Suppose a € D is a point such that K(a, a) > 0. For any vector f in H with || f|| <1 we have

If@? = |{f. Ka) | < I fIPIKall* < K(a, @)

by the Cauchy-Schwarz inequality. Furthermore, equality is achieved by the normalized reproducing kernel
f(2) =Ka(2)/|1Ka|l = K(z. @) /y/K(a. a).

This proves the desired result. O

The simple result above is certainly well known to experts. We included it here for convenience of reference.
Lemma 4 plays a crucial role for our next estimate.

Theorem 5. Let B be a Blaschke product of n zeros. Then Aé,s is a reproducing kernel Hilbert space and its reproducing kernel
Kg(z, w) satisfies

1 (@ +2)"
oy =000 = G qapye

for all a e D.
Proof. Denote by K(z, w) the reproducing kernel of AZ. By the last two lemmas, we have
K(a.a) = sup {|f@P: f e A2, | fllg <1}
< sup {IF@P: f e A2 11, <1}
= Kg(a, a).
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Similarly, we have

K@) = sup [F@F: f e A2 g, < 1)
<sup{If@*: fe AL IIfllg < (a+2)"}
= (@+2)"sup {If@[2: f e A2 [Iflly, <1)
= (o +2)"K(a, a).

Since
K = 1
@0 =G japyia

the desired result follows. O

The above proofs work for weight functions more general than finite Blaschke products. For example, if B is an infinite
Blaschke product whose zero set is the union of finitely many interpolating sequences, then there exists a positive constant
¢ such that

/ 1f@P|B@) dAa(@) = ¢ / f@P dAa@).  feHD).
D D

See [5,27]. Thus, Lemma 3 and Theorem 5 are still valid, except that the involved constant ¢ may depend on the location of
the zeros of B.

4. Kernel estimates for zero-based invariant subspaces

In this section, we use the kernel estimates for weighted Bergman spaces from the previous section to obtain sharp
kernel estimates for zero-based invariant subspaces of AZ. Recall that for any A2-zero set Z we use I, to denote the space of
all functions in A that vanish on Z, counting multiplicity. We also write H; = A2 © I,. The closed subspace I, is often called
a zero-based invariant subspace, because it is invariant under the action of the multiplication operator M, (a weighted shift
operator). See [11] for an introduction to the theory of invariant subspaces of AZ.

Proposition 6. Suppose Z = {zq,--- ,zn,---} is a sequence of distinct points in D. If we perform the Gram-Schmidt orthogonal-
ization process to the kernel functions {K(z,z;).--- ,K(z,za).---} of A%, then we obtain an orthonormal system {ej,--- ,en,---}
in A2 with the following properties:

(i) For each k > 1, the function e, depends only on zq, - -z.
(i) For each k > 1, the vectors in {ey, --- , e;} form an orthonormal basis for Hz,, where Z; = {z,--- , z}.
(iii) For each k > 1 and any fixed a € D, the kernel function Kz, (z, a) is a meromorphic function with poles outside the closed unit
disk. In particular, each Kz, (z, a) is continuous up to the boundary.

Proof. The assertions clearly follow from Proposition 1 and the recursion formula in (5). O

Proposition 7. Suppose Z is a Blaschke sequence in D and B is the corresponding Blaschke product. Then the reproducing kernel
K7 for I; c A2 and the reproducing kernel Ky for Ai, g are related by

K7(z, w) = B(2)Kg(z, w)B(w).
Proof. Consider the functions
Kl (z) =: KT (z, w) =: B(z)Kg(z, w)B(w).

For any a ¢ Z and f € I; we have

(KD = [ F@RTG 0 dAu@)
D

~ B(a) /D F@)Ks(a.2)B(2) dAa(2)

f@ 2
=B — K B dA
@ | gz K@ 2IB@) dAu(2)
= B(0)[f(a)/B(a)] = f(a).
By the uniqueness of the reproducing kernel of I; at a, we must have K;f(z) = Kz(z,a). A limit argument then shows that
K'(z,a)=Kz(z,a) forall zand ain D. O

Corollary 8. Let Z={z;,---,zn} be a Blaschke sequence in D and B be the correpsonding Blaschke product. Then for any a e
D\ Z the unique solution G to the extremal problem

sup{Re f(a) : felz [[fllg =1}
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is given by
B(a)
G(2) =K “1B(2)Kp (2, a) o1,
(Z) B(a7a) 2 (Z) B(Z a) |B(a)|
where Kg(z, w) is the reproducing kernel of the weighted Bergman space A?X‘B.

Proof. It is easy to see that the extremal function G is exactly the normalized reproducing kernel of I; at a. The desired
result then follows from Proposition 7. O

Corollary 9. Let n be any positive integer. Then
|B(a)|* B(a)|?
———=—— <Kz(a,a 2
A —Jap)ye = z2(a.0) = (@ +2) 1 —|a]?)2+
for every set Z c D of n points, where B is the Blaschke product corresponding to Z.

Proof. This follows from Theorem 5 and Proposition 7. O

We will also prove an off-diagonal estimate for the reproducing kernel functions K7(z, w) of I;, where Z is a finite se-
quence in D. We need the following elementary estimate first.

Lemma 10. We have the inequality
_ a1 — |2
|1 zal(l |b£) <
|1 —zb||1 — ab|
for all a, b,z € D. The constant 2 is best possible.

Proof. This follows easily from Lemma 1.3 of [29]. O

Theorem 11. For any positive integer n there exists a positive constant C = C(n, ) such that

|B(2)B(w)|

|Kz(z, w)| < CW

(8)
forall Z={zy,---,za} c D and z,w € D, where B is the Blaschke product corresponding to Z.

Proof. By a standard limit argument we may assume that the points in Z are distinct. Under this extra assumption, we
prove the estimate in (8) by induction on n.

When n =1, we write Z = {z;} and let K(z, w) = (1 — zw)~?*® be the reproducing kernel for AZ. It follows from the
recursive formula in (5) that
K(z,21)K(z1, w)

K(z1.21)

1 (1 -z >

(1 _ ZW)2+a (] _ Zzl)l+a(] _ 21W)2+a

1 [1 (1-zw)>=(1 - |z1|2>2+“}

Kz;(z,w) = K(z,w) —

T A-—wra| T (d—z)e(1 —ziw)e

It follows from Lemma 10 that for the constant C; = 1 + 22+% we have

G

|Kz(z, w)| < W,

zZ,w e D.

Since Kz(z;,w) = 0 and K7(z,z;) = 0 for any fixed z or w in D, an application of the maximum modulus principle twice then
gives
G |B(z)B(w)|

|Kz(z, w)| < 1w

zZ,weD.

This proves the desired result for n = 1.
Now suppose that for some positive integer n there exists a positive constant C, = C(n, o) such that (8) holds. We then
consider
Z= {z1,- znzomt = {21, . Za} U{zaa} =1 ZU{zp 1}
Let B and B be the Blaschke products corresponding to Z and A respectively. By the recursion formula in (5), we have
_ Kz(z, zp11)Kz (241, W)

(e w) = Kz (2, w) Kz(Zn41, Zns1)
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This together with the induction hypothesis and Corollary 9 gives

|KZ(Z’ W)|
|B(z)B(w)| G2|B(2)B(zn41)B(zn1)B(W)|
T —zwpre T 1 - 2Zn 11 |21 = 2y 1 W2+ Kz (2011, Zng1)
_C |B(z)B(w)] CalB(zos1)|?[1 — ZW|*
" |1 — zw|?+ [T —2Zp 1 2|1 = Zp 1 WI2HK7 (Zns1, Zns1)

B@)B(W)| [1 Gol1 - Zw>re (1 - |zn+1|2)2+“}
~ 1 —zw]Pe 11— 2Zpq [PH[1 = Zp W]+

Another application of Lemma 10 yields the positive constant
Cuat = Ga(1 +2779G,)

such that

Kz w)| < G

Since K5(zpi1, W) = K5(z, ;1) = 0, the maximum modulus principle again implies that

IB@)BW)||¢z,., (2)¢z,., (W)|
|1 —zw|2+e ’

|Kz(z, w)| < Copa

where ¢, (2) is the Blaschke factor corresponding to the single zero z,,1. It is clear that |B(2)¢,,,, (2)| = |B(2). Therefore,
we have

B(2)B(w)|
[1—zw|2te’

This shows that the desired result holds for n+ 1 as well. The proof is then complete by induction. O

IKz(z.w)| < Caa

Corollary 12. For any positive integer n there exists a positive constant C = C(n, «) such that
_ CIB@Bw)|
= (1= [a]2)2te

forallZ=A{z,---,zz} cD and all w,a € D.

|Kz(a, w)

Proof. This follows from Theorem 11 and the elementary inequalities
_ 1
1—aw| = 1-la| = (1 - |al®).
O

Corollary 13. For any positive integer n there exists a positive constant C = C(n, o) such that for every Blaschke product B of n
zeros we have

C
|Ks(z, w)| < W

for all z,w € D. Consequently, there exisists another positive constant C = C(n, ) such that

C

|Ks(z, a)| < W

forall z,a e D.

Note that our kernel estimates in this section are in the same spirit as the results obtained by Hedenmalm in [9]. How-
ever, the main theorem in [9] does not cover our results, because our measure |B(z)|2 dAy (z) does not satisfy the assump-
tions for weight functions in [9]. In the unweighted case o = 0, if Z is a finite sequence in D (not containing the origin) and
G is the unique solution to the extremal problem

sup{Re f(0) : felz, | fll =1},

then Hedenmalm’s results in [9] are valid for the weighted Bergman space corresponding to the measure |G(z)|2 dA(2).
When Z is fixed, the function |G(z)/B(z)| is bounded from both below and above on D. But the structure of the function G
is very complicated, and it is not clear how to control the lower and upper bounds of |G(z)/B(z)|. Potentially, those bounds
could depend on the location of the zeros in Z.

The main point of this section is that we are able to prove kernel estimates with constants that only depend on the
number of zeros but not on the location of the zeros. These estimates are of independent interest and they will be critical
for our analysis in the next section.
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Our results here hold for all weighted Bergman spaces A%, o > —1. It is well known that many techniques and ideas
based on the extremal function for invariant subspaces and the bi-harmonic Green function (such as those used in [7,9,11])
do not work for A2 in general. One such example can be found in [10].

Finally in this section we mention that it is impossible to obtain off-diagonal lower estimates like

c
|Kp(z, w)| > T —zwpzre’
or equivalently,
c[B()B(w)|
|Kz(z, w)| = = zwrre’

where c is a positive constant. It was shown in [10] that, for any fixed w (w =0 for example), the kernel function z
Kz(z,w) can have more zeros than those in Z when « is large. This clearly shows that the off-diagonal lower estimates
above are not possible for general o > —1, although they do hold on the diagonal!

5. Best kernel approximation in A2

In this section, we consider the best kernel approximation problem for weighted Bergman spaces with standard weights.
We will focus on the equivalent extremal problem in (4) and prove that there is always an extremal set Z* inside D. All
norms and inner products appearing in this section are those in AZ2.

To see that the problem is non-trivial and also to motivate our discussions below, we first consider the case when n =1,
so Z = {a} is a singleton. In this case, the space H; is one-dimensional, consisting of all constant multiples of the normalized
reproducing kernel

(1 _ |a|2)(2+a)/2

ka(2) = A _za)=e

Thus,
Pof = (f. ka)ka = (1 = |a|*)®* 2 f(a)kq,
so the extremal problem in (4) becomes

sup(1 — [a]?)@+*/2| f(a)], (9)
ash

where f € A2 is fixed. The existence of an extremal set Z* = {a*} inside the non-compact set D follows from the fact that the
non-negative function in (9) is continuous on D and tends to 0 as |a| — 1~, which is well-known and follows, for example,
from the fact that k; — 0 weakly in A2 as |a] — 1. See [11,30].

The arguments above also show that, even in the case when n =1, the best kernel approximation is not unique in
general, because the function in (9) can attain its maximum value at more than one interior points. For example, if f(z) = z"
for some positive integer n, then the function in (9) attains it maximum value at infinitely many points (a whole circle
centered at the origin) in D.

We can now prove the main result of the paper.

Theorem 14. Suppose n is a positive integer and f e AZ. Then there exists a set Z* = {z;.--- .z} ¢ D (with possible multiplici-
ties) such that

Pz fll = sup{|IPfll : Z={z1.--- .z} C D}.

Proof. We prove the desired result by induction on n, the number of points in Z (counting multiplicity). Recall that the case
n =1 follows from the fact that the normalized reproducing kernels k, in A% converge weakly to 0 as |a| — 1-.
For any m > 1 we will consider the function

Fn(2) = |2 f]

So here and below we will think of Z as a point in D™ instead of a set in D. It is easy to see that each F; is continuous on
D™ (see Proposition 6) and |F,(Z)| < ||f||2 for all m > 1 and all Z € D'™. We will assume that for some positive integer n the
function F,(Z) attains its maximal value inside D" and proceed to show the same for F,,;(Z) on D"t

Choose a sequence {Z®} in D1,

2 Z=(@,-,zm) D™

Z0 =2 20y k=1,
such that
lim Fyy1 (Z9) = sup{Fos1 (2) 1 Z € D™ 1) = My, (10)
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By the continuity of F,.; on D"! we may assume that the n+ 1 coordinates in each Z® are distinct. Going down to a
subsequence if necessary, we may also assume that

(k) _ —n+1
9 - 7"=(7,-- .2;,2;,1) €D

as k — oo.

If Z* e D™, we are done. If Z* is not contained in D"!, then there exists at least one z; that is on the unit circle.
The function F,,1(Z) is clearly symmetric in the sense that the values F,,;(Z) remain the same when we permute the
coordinates of Z. Thus, we may as well assume that z;;_; € dD.

For each k > 1 we let

(k) (k) (k)
{el”.---.en’ ey}
be the orthonormal basis for H,(, generated by applying the Gram-Schmidt process to the following AZ-kernel functions:
Kzz"). . K@zz¥), K@z9).

Recall from Proposition 6 that for each 1 < j < n the set {egk), e

,e§’<)} is also an orthonormal basis for H{z(k) L0y We can
(RN

write
n+1

Ky (k k) \ (K
Py f = Z(fa e; ))35 ) = Pyw f+{f. 9;431)3;(131'

where W& = (zgk), ., z%) e D", and

n+1
Fa1(Z9) = S 1(£. ™) = EW®) + [(f e 2. (1)
j=1

We will show that the assumption z; ; € dD implies ( 31(1’21) — 0 as k — oo. Since the kernel functions {K, : w € D}
span A2, a simple approximation argument tells us that we can assume f is a finite linear combination of kernel functions
in AZ, which allows us to further simply to the case where f = K; is the reproducing kernel of A at some fixed a € D.

By Corollary 2, we have
Kyw (z, Zr(lljr)l)

k
e(‘)]( ) ’
Z( <)1)

Ky w (Z,(ji)] s

where K, (z, w) is the reproducing kernel of I, the zero-based invariant subspace corresponding to the zeros in w®,
It follows from the reproducing property of K, in A2 that, for f = K, we have
|Kya (a, Z,(qu,)l)|

Ky (Z,(lkJr)l , Z(’i)1 )1/2

I(f.elf)) ] =

Since a is fixed and |z(k)1| — 1 as k — oo, it follows from Corollary 12 and the first inequality in Corollary 9 that
Jim [(f e 2 =0, (12)

and the convergence here is uniform with respect to the location of the coordinates of Z(¥),
By the induction hypothesis, there exists some W* = (w5, ---,wj;) € D" such that
My =: sup{||By f||* : W € D"} = || By- f|*.
It follows from (10), (11), and (12) that M, < ||By~f]|?. On the other hand, it is clear that adding an extra coordinate to
W* will expand the space Hy,+ and hence increase the norm of ||Ry- f]|, so
||H/V*f||2 = ||P(wf<-~.w;‘|,wn+1)f||2 = Mn+1
for all w, 1 € D. This shows that
Mai1 = B Il = [1Pows . wi e FI?
for any w,; € D, so the function F,,;(Z) attains its maximum value at (w*, ..., w%, wy, 1) € D™ for any choice of w,,; € D

(under the earlier assumption that z; , € D). This completes the proof of the theorem by induction. O

Recall that when we write H; with Z = {z,---,z,} C D, it is implicit that the points in Z can repeat. For example, for
={%. 4.3}, we have

0K (z, w)
ow .

1 1
H; = span K(z,j), K(Z,g)

1
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With this understanding, we can say that the infimum in (3) and the supremum in (4) are actually attained.

On the other hand, if we are only concerned the value of the infimum or supremum, we can use sequences Z of distinct
points in D. For example, for any f € AZ and any positive integer n, it follows from the continuity of the function F, in the
above proof that

8(f,n) =8(f,n),

where

S(fom)y=inf{||f —Pfll: Z=A{z1.--- . 2o} C D}

with possible repetition in Z, and
S(fon)=inf{|lf —Pofll : Z={z1,--- .z} C D, zi #2; for i # j}.

The same remark applies to the supremum in (4). If, in (3) and (4), we use sequences Z of distinct points in D, then
technically we cannot say that the infimum and supremum are attained, because repetition can definitely occur in the
extremal set Z*.

_ We illustrate this with a simple example. Consider the function f(z) =z and n=2. In this case, we have §(z,2) =
8(z,2) = 0. The infimum in the definition of §(z, 2) is attained by Z* = {0, 0}, because Hz« = span {1, z}. On the other hand,
it is easy to see that with Z(®) = {0, 1/k}, we have

. k
zZ= klgr; 24_70{“((2, 1/k) — K(z,0)]

and the convergence is in norm. Thus, || f — P, f|| — 0 as k — oo, so g(z, 2) is indeed equal to 0. However, the infimum in
the definition of §(z, 2) cannot be attained, because there is clearly no way we can write
€1 G
Z= — + —
(1 _ 221)2+oz (] _ZZZ)Z-Hx

for two distinct points z; and z, in D.

6. Further remarks

The proof of Theorem 14 works for the Hardy space H% as well. In fact, the proof works for many other reproducing
kernel Hilbert spaces up until (12). It is well known that the reproducing kernel for I; c H? is given by
B(z)B(w)
K;(zw) = ———=,
2z W) = =
where B is the Blaschke product with zeros in Z. This immediately leads to (12) in the Hardy space case.
Recall that in the special case n=1 the best kernel approximation problem for A2, o > —1, amounts to finding the
maximum value of the function

F(a) = (1 -la»)**|f(a)]?

on D. Here we think of the Hardy space H? as A2,1- The maximum value of F; is attained inside D because F;(a) — 0 as
la] — 1=. It is natural to wonder if for any n > 1 we might have a certain closed-form formula for the function F,(Z) =
\|P, f ”/2a2 on D" that we can use to solve the best kernel approximation problem.

o

For the Hardy space H? with n = 2, say Z = {z;,z,} (assume z; # z, for the moment), we apply the Gram-Schmidt process
to the two kernel functions K(z,z;) and K(z, z;) to obtain an orthonormal basis {e;, e;} for Hz, where

er(2) = K(z,z1) \/1—|Z1|2’

K(z1.z)  1-%&
and
er(2) = Kz, (z,2) .
VEKz, (22, 22)
Recall that

K(z,21)K(z1, z3)

Kz,(z,23) =K(z,22) — Kz.21)

and consequently,

1 1—z:112 gz, (22)?
K , = — — = ! . 13
42 2) = T T gl T 1- [l (13)
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It follows that

[(f.en)l?

a-

and
(el = =22l e - T2 BT

Therefore, after some simplification and with the new notation p(z;,2;) = |¢;, (z2)| in terms of the pseudo-hypobolic metric,
we have

k(z1.2,) = ||sz||2 = I(f, en)” + I(f ez)l2

f()

_2(1 —|Zl|2)(1—|22| ) f(Zl)f(Zz)
0(21,22)? 1-z1z, °

which is clearly a symmetric function of z; and z,. Note that a different approach was used in [25] to tackle the best kernel
approximation problem for the Hardy space H? using the pseudo-hyperbolic metric and TM systems. The present paper was
motivated by [25].

If we fix z; e D and let z; — z;, it can be shown directly that the function F,(z;,z;) above has a finite limit. Therefore,
F, is a non-negative continuous function on D?. Also, for any fixed z; € D, it is clear that

llm Fz(Z] Zz) = (1 - |Z1| )|f(zl)|2

lz2]—

Therefore, the function F,(z;,z5) has limit values when one of the variables tends to the boundary while the other variable
is held steady. But the behaviour of F,(z;,z;) is not that clear if both variables tend to the boundary at the same time
without any control on them.

The example above shows the complexity of the best kernel approximation problem for n > 1. A similar calculation is
possible for A2, @ > —1, when n = 2. But the resulting function F(z;, z,) is even more complicated. We were able to simplify
Kz, (22, 23) in (13) for H?, which is not possible for the weighted Bergman spaces A2 with a > —1.
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