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Abstract

In conventional PID-type iterative learning control (ILC) designs, to determine the learning control
gains involved, relevant model knowledge on the controlled systems is often dependent. In this paper,
two completely data-driven ILC laws, the extended PD-type ILC law and the extended P-type ILC
law, are designed in frequency domain for linear discrete-time (LDT) single-input single-output (SISO)
systems. The designs of the proposed ILC laws are based on the approximation/identification to unknown
transfer function with a novel adaptive Fourier decomposition (AFD) technique. As a result, the strictly
monotonic convergence of ILC tracking error is guaranteed in a deterministic way. A numerical example
on a four-axis robot arm is performed to illustrate the effectiveness of the proposed data-driven ILC
algorithms
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1. Introduction

Iterative learning control (ILC) is an effective control methodology for reducing tracking
errors from trial-to-trial for dynamical systems that execute a given tracking task repeatedly
over a finite time interval. During an ILC process, the control inputs are updated iteratively af-
ter each trial by using previous or current tracking errors such that the tracking performance of
the controlled system is improved progressively. Recent three decades have witnessed consid-
erable achievements in ILC theoretical development [1,5,7,14,15] with extensive applications
in robot manipulators [2,32], batch processes [3], and 3-D crosswind flight [4], etc.

Hitherto, the existing ILC techniques can be roughly classified as PID-type and adaptive-
type algorithms. The PID-type ILC algorithms were normally derived by the contraction
mapping-based designs [8,10,29], 2-D analysis techniques [5,9,30], and norm-optimal meth-
ods [1,6,13], etc. However, to determine the learning gains involved in the PID-type ILC
algorithms, relevant model information or parameter ranges of the controlled system are often
required. As for the adaptive ILC algorithms, they have been mainly designed for linearly
parameterized systems [17,20,21] and non-parameterized nonlinear systems [22,23]. The lin-
early parameterized systems are heavy model-dependent since they are modeled as a linear
combination of some unknown parameters with respective to known nonlinear functions. The
non-parameterized nonlinear systems based adaptive ILC algorithms normally use neural net-
works or fuzzy systems to approximate some unknown nonlinear dynamics such that a perfect
ILC tracking performance is hardly achieved due to the approximation errors from the neural
networks or fuzzy systems. Moreover, in the adaptive ILC algorithms [17,20-23], the control
directions of the controlled systems are normally required to be invariable and known a prior.
Notably, in many practical engineering processes, it is very difficult or expensive to obtain the
exact or estimated information on mathematical model of the controlled systems. Therefore,
a fully data-driven ILC approach, in which the input-output data of the controlled system is
involved only, is expected.

On the other hand, the existing ILC algorithms have been mainly designed in time domain
[2-5]. From an engineering point of view, a frequency-domain based ILC technique is some-
times preferable as it may exhibit the spectrum characteristics of system signals and provide
the lower computation burden for convolution operation of time-domain signals. However,
compared with the fruitful ILC results in time domain, the frequency-domain based ILC de-
signs are very limited [12—15]. In [12], for linear continuous-time single-input single-output
(SISO) systems, convergence conditions for the anticipatory learning control were obtained in
terms of the lead-time and anticipatory learning gain. In [13], for linear discrete-time (LDT)
SISO systems, a frequency-domain based ILC design was developed, which was combined
with basis functions to cope with variations in tracking trajectory. In [14], three different
multirate ILC algorithms using a lower sampling rate from a feedback system to update the
control input were proposed for LDT SISO systems. In [15], according to the frequency
spectrum features derived from the Fourier analysis to the average energy of ILC tracking
error, sufficient and necessary conditions for monotonic convergence of the ILC tracking error
were demonstrated for linear continuous-time systems. It is worth noting that just like the
ILC designs in time domain, the relevant model knowledge of the controlled systems plays
an important role in applying the frequency-domain based ILC laws [12-15].

This article aims to present completely data-driven ILC algorithms for LDT SISO systems
in frequency domain. Recently, a novel adaptive Fourier decomposition (AFD) technique
was utilized to identify the unknown transfer function of LDT SISO system [16]. AFD-type
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techniques outperform other system identification techniques with a fast convergence rate of
series for approximation and a direct representation to poles of the transfer function [33] since
the basis functions of AFD are selected adaptively. In this article, according to [16], the
input-output data of the LDT SISO system at the first repetition/cycle is utilized to constitute
an AFD approximator. Then, two data-driven ILC algorithms with determining the learning
gains from the AFD approximator are presented, in which the input-output data of LDT
SISO system is merely dependent, and no model knowledge except for the linear minimum
phase characteristic of the controlled system is required. As a result, the strictly monotonic
convergence of the ILC tracking error is guaranteed in a deterministic way, which has not
been realized by most time-domain based PID-type ILC algorithms [5,10] and adaptive ILC
algorithms [17,23]. In this regard, it is noted that two AFD based ILC laws with data-driven
determining techniques for learning gains were ever presented in [24]. However, the used
AFD approximation method in [24] was combined with support vector machine such that
the convergence of ILC tracking error was derived in statistical learning sense, and then, the
convergent probability of ILC tracking error is dependent on the AFD approximating error to
transfer function. The key features and contributions of the paper are summarized as follows:

(1) In this paper, two AFD based ILC algorithms are proposed for LDT SISO systems,
in which an AFD representation is utilized to approximate the unknown transfer func-
tion. No model knowledge except for the linear minimum phase characteristic of the
controlled system is required.

(2) A prominent advantage of the two proposed AFD based ILC designs over many PID-
type ILC and adaptive ILC algorithms is that the strictly monotonic convergence of ILC
tracking errors can be guaranteed, which is a very strong and desirable property of ILC
algorithms.

(3) Compared to the AFD based ILC work presented in [24], the strictly monotonic conver-
gence of ILC tracking error obtained in this paper is in a deterministic way. The AFD
approximating error to transfer function only affects the selection ranges of learning
gains, and doesn’t affect the monotonic convergence of ILC tracking error.

The rest of the paper is organized as follows: Preliminaries and problem formulation are
given in Section 2. Section 3 presents the data-driven ILC designs using AFD in frequency
domain. The simulation example is illustrated in Section 4. Finally, Section 5 concludes this

paper.

Nomenclature

C Complex space

R Real space

D Unit disc in C

H?(D) Hardy space

(-,-)  Inner product of two functions in Hardy space

In this paper, the sign |-| represents the module of a complex number, and the used norm
of the complex function f(e/") is defined as || f(e/")|| = \/% foz” |f(e)|*dn as in [25].
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2. Preliminaries and problem formulation
2.1. Mathematical foundation of AFD

Let the set of functions {B,,(z~')} be defined by

m—1 S

elan(z7) ]_[1 Z_&jzafl ,m=234, ..
j=
,m

1
eay(z!).m=1

where z € D, a; € D, and e{aj}(z") = VIl (j=1,2,...,m). According to the AFD the-

e
1-a;z

Bu(z7') = ey

ory [18], for any sequence {a;} in D, {B,, (z~1)} constitutes a set of orthogonal basis functions
for AFD. Specifically, if all {a;} are taken to be 0, {B,,(z"1)} yields a set of Fourier basis
functions [19].

For any F(z~') € H*>(DD), it can be represented by the following AFD form [18]:

+o0 M
FE) = Y enbnle) = Y cnbule™) + Rl M) @
m=1 m=1

_ - - Fuot @)= (Fam1 @71,
where ¢ = (Fu(z™"). €1q,)(z™")) € Cand Fy(z71) = = e
T—a. -1

1@ew, ™

Ay

with

1=y 12~

Fi(z)=F( anda, = argmg%{HFm(z_l), el @ NP m=1,2, ... M). Rp(z™" M) =

Fy(z7h) - H%zl lz:;_gi”, denotes the standard remainder for AFD with the Mth partial sum.

Regarding the AFD representation Eq. (2) with the standard remainder Ry (z~', M), we
have the following Lemma 1.

Lemma 1. [26]. Let F(z~!) € H*(D) be represented as AFD in Eq. (2). Then, there is

L
Rr(z7', M)| < =% 3
H F(Z )” = m &)
+o0
where Y || < L, with 0 < L, < +o00.
m=1

It is noted that the calculation of ||Rr(z~', M)| is somewhat complicated. To facilitate the
sequent applications of the bound on the standard remainder Ry (z~!, M) in ILC designs, it
is proved in Appendix that |[Rr(z~!, M)| < \/L—]% is equivalent to

L
Rr(z7', M)| < —X 4

According to Lemma 1, the larger M leads to the smaller standard remainder Ry ', M).

Specifically, Mlim Rp(z7', M) =0.
—+00

2.2. ILC and AFD based approach

Consider the ILC issue of the following LDT SISO system performing repetitive operation
over the discrete-time instants {0, 1,2, ..., N},
{xk (n+1) = Ax(n) + Buy (n),

Yi(n) = Cxx(n) + Duy (n), )
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where the subscript k=0, 1,2,------ indicates the iteration/repetition index, andn €
{0,1,2,...,N} is the discrete-time instant. x;(n) € R", u;(n) € R', and y;(n) € R' denote
the system state, input, and output, respectively. A, B, C, and D (normally, D = 0) are system
matrices with appropriate dimensions. The reference trajectory of the LDT SISO system (5)
is yg(n), n € {0, 1,2, ..., N}. Then the ILC tracking error at the k-th iteration is defined as

ex(n) = ya(n) — yr(n) (6)

The initial iterative output of the LDT SISO system (5) is supposed to satisfyy;(0) =
va(0)=0fork=0,1,2,------ . Then the LDT SISO system (5) can be transferred to the
following form in frequency domain.

Yi(z™")=G@E™")  U(z7) (7

where Uy (z7!) and Y, (z ') represent the Z-transformation to u (n) and yy (1), respectively, i.e.,
U(z™") = Z[ug ()] and Y (z™") = Z[w(n)]. G(z™') =C(z"'1 —A)"'B+ D is the transfer
function of the LDT SISO system (5).

The goal of ILC design is to update Uy (z~') or u; (n) iteratively such that kEI-Poo E(z7hH =

Oor lim ec(n) =0atne{0,1,2, ... N}, where Ex(7") = Z~'[ex(m)] = Yaz™") = Yic™")
— 400
with Y, (z7") = Z[ya(n)].

Remark 1. For the LDT SISO system (5), if a conventional PID-type ILC law is used, it is
normally not difficult to estimate necessary parameter values to determine the learning gains,
e.g., the input-output coupling scalar CB for a P-type ILC law in [30]. However, for this
purpose, the initial state condition x;(0) = 0 € R" or x;(0) = x341(0) is usually required. In
practical applications, for an unknown LDT SISO system (5), the observability and accurate
positioning on the initial state x; (0) are often not met. Therefore, it is necessary to investigate
an estimated transfer function based ILC approach for the unknown LDT system (5).

For the LDT SISO system (7) in frequency domain, the transfer function G(z~') is sup-
posed to be completely unknown in this paper. As a result, an input-output data set based
approximating technique in frequency domain is needed. Fortunately, a novel AFD technique
to identify the unknown transfer function G(z~') was ever presented in [16], which involves
a two-step approximating process. To explain the AFD identifying technique, the following
Lemma 2 is used,

Lemma 2. Let G(z™!), z € D be a transfer function of the LDT SISO systen_l (5). As the
frequency-domain based input-output data set Q = {(9,, G(e/”")),r =0,1,. — 1} is ob-
tained by sampling the frequency response of the LDT SISO system (5) w1th 1mpulse input

signal §(n), where ¥, = % and N denotes the number of sampling points in the boundary

of unit disc D. If
e]z? )ejﬂ
o — ®)

then, lim G(Z’I,N) =Gz ™).
N—+o00
The transfer function G(z™'), z € D is continuous on |z| = 1, so Lemma 2 can be directly

derived from the definition of Riemann integration [27]. In terms of the function GA(z’l, N)

Gz~

MZ‘
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in Eq. (8), according to [16], there is

o [o{e) (o)

Letting F(z™!) = é(z‘l,N), and combining Eq. (4) with Eq. (9), there is

6" =6 )| < ,

M
=S enBa(e )| < |66 = 6 R)| + |6 R )= 3 entin
m=l m=1
<o+ i = ¢ 10
VM
where o = sup |G(ej79r+|) _ G(ejﬁ,)|.
r=0,1,...N—-2

Remark 2. In fact, Eq. (10) represents a two-step approximation process to the unknown
transfer fU.IlCthIl G(z~') by AFD. Firstly, G(z~!) is approximated by the data set based
function G(z~', N). Then, the known function G(z~!, N) is expanded as AFD representation
M cnBnm (z“). Notably, since the transfer function G(z~') is completely unknown, its AFD
representation cannot be gotten directly from G(z7!).

Remark 3. The approximation error ¢ =o + \/L—}% in Eq. (10) includes a residual er-
ror ¢ and a standard remainder 5—;7 to G(z7',N) by using the AFD representa-

tion M ¢,B,(z"!). The residual error 0 =  sup  |G(e/”+') — G(e/”)| can be eas-
r=0,1,..,.N—2

ily gotten from the data set Q = {(¢,, G(¢/"")),r =0,1,...,N — 1} with 9, = % The

standard remainder j—l% can be derived by setting M as a given value and L, =

inf{Lp : G(z ™!, N) € Hy(D, Lr)}[26], where D :={e(,(z""), an, € D} and Hy(D,Lr) :=
(G N) =3 Bz e, @) € D, Y5 |en| < Ly} with B,,(z™") defined in (1).
As a consequence the value of ¢ is computable for appr0x1mat1ng the unknown transfer func-
tion G(z71).

For subsequent ILC analysis, Assumption 1 is imposed on the LDT SISO system (5) or
Eq. (7), which is often used in frequency-domain based ILC designs [11,12].

Assumption 1. The LDT SISO system (5) or (7) is of minimum phase, and there exists a
minimum phase inverse for it.

Based on the AFD approximation (10) and Assumption 1, two data-driven ILC designs
with unknown transfer function are produced in the following Section.

3. ILC designs using AFD in frequency domain

To clearly exhibit the AFD based ILC approach, a simplified design procedure of ILC in
frequency domain is depicted in Fig. 1.

3.1. The extended PD-type ILC design

In this section, based on the AFD approximation to the unknown transfer function G(z7!),
the following extended PD-type ILC law is applied to the LDT SISO system (5) at n €
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0,1,2,....,N — 1},
M -1

wer1 () = u () + 271 | (he™ = 4) (Z cmBm(z—‘)> B (27) (11
m=1

where 77! = ¢/*T with sampling period T to continuous-time signal, Z~![-] stands for the
inverse of Z-transformation, Z%zl cmBn(z”") is the AFD approximation to G(z™"), and A,
1 € R are learning gains.

For k=0, input uo(n)= é'(n), ne {0,1, 2y N—l}
to get the dataset Q= {(gr,G(ef‘gr )), r=0,1,..,N— ]} in Lemma 2

v

M
Approximate G(z") by >lc,B, (=) using
the two-steps procedure stated in (10) and Remark 2

v

M
Utilize ZcmBm(z") to design ILC algorithms
m=1

Fig. 1. AFD based ILC design procedure.

Correspondingly, the extended PD-type ILC law (11) in frequency domain is written as

Ui (z7) =U(z) + (A + 1 — 1) (f: cmBm(z_l))_ Ee1(z7) (12)

m=1

Remark 4. According to Assumption 1, G(z™") #0, z € D. Therefore, from Eq. (10), we
know that only if M in Z%zl cmBm(z~") and the number N of sampling points are large
enough, ZI,,V{:] cmBn(z7") can sufficiently approach G(z~!) such that Zf::l CmBn(z7h) #0.
Subsequently, the factor (>-_ ¢,,B,,(z""))~" involved in the extended PD-type ILC law (11)
or (12) is achievable.

Then, the convergence condition for the extended PD-type ILC law (11) or (12) is presented
in the following Theorem 1.

Theorem 1. For the LDT SISO system (5) with Assumption 1, utilize the extended PD-type
ILC law (11) or (12). If the learning gains p and A in Eq. (11) or (12) make that

uw>xr>0,

u - (13)
lw+1—24] —max{ (Z CmBm(Z_l)> } cup > 1,

m=1
or
u+1<i<0,

u - (14)
|/L+1—2k|+max{ <Z CmBm(Zl)) }'M¢> 1,

m=1
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where ¢ defined in Eq. (10) is the approximation error of Z%:l cmBm(z™Y) to G(z71), then,
the ILC tracking error E;(z~!) converges strictly monotonically to zero as the iteration number
k goes to infinity.

Proof. The ILC tracking error at the (k + 1)th trial for the LDT SISO system (5) is
represented as

Ek+1(171) = Yd(Zil) - Yk+1(171) = Ek(Zil) - (Yk+1(171) - Yk(zfl))
=E(")-GE") (U (c") = Uk(z™")) (15)
Substituting (12) into (15), we have

Buaa() = Bi() — 60 e 2) (i cmBm<z-l>) Bl a6
Furthermore, it yields "
o)

i EE)
1+ G (A" +p—2) (::1 CmB (Z‘l)>] ’

) B
T+ (e +u—2) + (G(Z*I) - mé cmBm(z*‘)) (Az ' +u—1) (é CuB (Zl))1

) m)

et |(06) - £ aae))os (£ )

) B o
el dp—a+1|— (G(Z“) -~ é cmBm(Z‘l)) (A7 +pu—2) (é "mBm(Z_l)>l

On the other hand, consider the following mathematical relation

|z + = A = |2/ + 1 — A| = | cos (wT) + jrsin (@T) + p — Al

= \/(A cos (wT) + 1 — A)? + A2sin®(wT)

= \//\2 + (u— 2>+ 2x(w — 1) - cos (wT)

where z7! = /T @ € [0, 7/T). It is noted that v/A2+ (1 — A)> + 24 (1w — A) - cos(wT)
is a monotonic function on we[0,7/T). As w=mn/T, there
isy/22 + (1 — 1)> + 20 (1 — 1) - cos(@T) = VA2 + (u — 1)” =24 (u — 1) =

l[w—2A], and as w=0, there is \/AZ +(u—2)*+2x( — 1) - cos(wT) =
VA2 4+ (u — A2 + 2h(u — A) = |u|. Therefore, we obtain

|Az7! 4 = 2| € [min {|u], |w = 240}, max {|pl, | — 241} (18)

|Az7' 4+ — A+ 1] € [min {|p + 1], | + 1 — 2A]}, max {| + 1], |w + 1 — 24]}] (19)
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Subsequently, there is

b +p—a+1|-

G ) (écm3m<z-l>)l¢

[2)

If the learning gains p© and A in Eq. (11) or Eq. (12) make
w>Ar>0,

—1
41 =24 —max{| ()L, cnBu(@™)) 1} g > 1,
AL —p —1) <0. As a result, 422 —4ur + p? < p2and 402 —4pdh —4r +p> +2u+ 1 <
w? 4+ 2u + 1. Equivalently, there are | — 24| < |u| and | + 1 — 2A| < | + 1|. Thus,

>min{|u+1|,|,u+1—2A|}—¢-maxI

] ~max {|ul, [ —2A[} (20)

we have A(A — 1) < Oand

M -1
min (| + 1], i + 1 — 2]} — ¢ - max (ZcmBm(z-1)> max {|ul. [ — 221}
m=1

u —1
= |u+ 1 —2X|] — max (Z cmBm(z_1)> cug > 1 21)
m=1

Similarly, if the learning gains © and A in Eq. (11) or Eq. (12) make
u+1<xi<0,
e+ 1= 2]+ max{[ (TN, B g > 1
AMA—p) <0, Furthermore, 4A> —4ur —4r+p?> +2u+1 < p?+2u+land 42% —
dur + p? < w?, which lead to | +1—2A] < |w+ 1] and | — 24| < |u|. Consequently,
the result of Eq. (21) can also be derived by the following procedure,

e obtain A(A—pu—1) <Oand

M -1
min (| + 11, [ + 1 = 2]} — ¢ - max (ZcmBm(z—1)> max ], [ — 221}
m=1
M -1
= |/_,L+] —2)\|—¢)max (ZcmBm(Z_l)) |M|
m=1

M -1
= |u+1—2A] + max (ZcmBm(z_l)) - g
m=1

> 1.

That is, whether the learning gains u and A are selected according to Eq. (13) or Eq. (14),
the result of Eq. (21) holds.
Combining Eq. (20) with Eq. (21), and considering Eq. (10), we have

2453



W.-Y. Fu, X.-D. Li and T. Qian Journal of the Franklin Institute 359 (2022) 2445-2462

M -1
>z -+ 1| - (/\z‘1+u—x)<zcm3m(z“)> ¢
m=1

> 1. (22)
At last, taking limitation on two sides of Eq. (17), and considering Eq. (22), we have

lim E(z7")=0 23

k*lTOO k(Z ) ( )

Notably, it is seen from Eq. (17) that |Eir1(z7 D] < |Ex(z™")], which means the conver-
gence of E;(z™") is strictly monotonic. This completes the proof of Theorem 1.

Remark 5. In Theorem 1, the convergent condition Eq. (13) or Eq. (14) for the ILC tracking
error E;(z7') reveals that the selection of learning gains p and A is closely related to the
approximating error ¢ of the AFD representation Y_ ¢,B,(z"") to G(z™"). From Eq.

w>ir>0
(13), we have {|,11-2-1

m .

(rnax{|(z’,f=1 CmBm(z’l))_] !> ¢ and from Eq. (14), we have

{,u +1<i<0

_2A|— Iy =
B2 (max{| (X enBn ) D7 > ¢
that the smaller the approximating error ¢ is, the larger the feasible ranges of p and A can
be selected.

due to —u > 1. Clearly, it can be seen

3.2. The extended P-type ILC with feedback design

In this section, the following extended P-type ILC law with feedback is applied to the
LDT SISO system Eq. (5) at n € {0,1,2,...,N — 1}

u -1

Ues1 (n) = u(n) + 27 (Z CmBm(Zl)) (@Ex(z™") + BEr(z7")) (24)
m=1

where 77! = ¢/*7,Z~![.] stands for the inverse of Z-transformation, >"_ ¢,B,,(z”") is the

AFD approximation to G(z~'), and «, B € R stand for the learning gains. Accordingly, the
extended P-type ILC law Eq. (24) in frequency domain is given by

U1 (27 = Ue(27") + (Z cmBm(z—1)> (2Er(z7") + BEs1(z7")) (25)

Then, the convergence of the extended P-type ILC law (24) or Eq. (25) is guaranteed by the
following Theorem 2.

Theorem 2. For the LDT SISO system (7) with Assumption 1, utilize the extended P-type
ILC law (24) or Eq. (25). If the learning gains « and $ in (24) or Eq. (25) make that

0<% <,

M -1
(Zenncn) Jf 55
where ¢ defined in Eq. (10) is the approximation error of ZZ:[ cmBm(z™Y) to G(z71), then,
the ILC tracking error E;(z~!) converges strictly monotonically to zero as the iteration number
k goes to infinity.

I+ Bl - |/3|¢-maX{

}>ma (26)
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Proof. Substituting the extended P-type ILC law (25) into Eq. (15), we have

e () = (=) = G(=) (Z CmBm(Z‘)> (@Ei(c7") + BE1(271)).

Subsequently, there is

M=
o

3

(oo

3

N\

l—a- G(zl)<

B ()] = - | BT
1+8- G(z“)(

I
=

M=
o
3
&
=
|

m

I
—
N——"
I

l—o- G(z_l)<§: cmBm(z

145 G(zl)< mé cmBm(zl))_l

27

If the learning gains o and B satisfy (26), there are 0 < |%| < land |14 8| — |Bl¢ -

-1 142
max{| (XM, c,Bnz)) |} > ﬁ% = ll_‘g: > 0. As a result,

|

o

1+2

(ng::l CmBm(Z_l)>1

+ <1

|1+ﬂ|—|ﬂ|¢-maX{

On the other hand, we have

I—a G(zl)<§: c,,,Bm(zl))1

m=1

1+ 8- G(z“)(% cmBm(Z‘1)>_l

m=1

o I+3
= |—— + M -1
1+8- G(z—l)(Z cmBm(z‘l)>
m=1
14+¢
B u 1
1+ 8- G(z‘1)<Z CmBm(Z“)>
m=1
el ‘1+% _
B u -
1+B+B- <G(z1) - X CmBm(Zl)><Z CmBm(Zl))
m=1 m=1
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1+

(G(z“) - mé B (z‘l)> < mé cmBm(z“))l

< (29)

o
|,
1+ B8] —18]-

Noting that |1 4 B| — |B]¢ - max{|(3_, enBn(z ) ) > g%g > 0 from Eq. (26), and
IGz™") — ZM cmBm(z7D)] < ¢ in (10), we have

m=1

M

11+ Bl —181- (G(zl) - ZCmBm(Zl)) (é C’”B'"(Zl))_l

m=1

M —1
> 1+ Bl—IBlg - <Zcm3m(z‘)>
m=1

M —1
> |14 B| — |Bl¢ - max (ZcmBm(zl))
m=1

> 0. (30)

According to Egs. (30) and (28), the following can be derived from Eq. (29),
u -1

—a c(zl)(z cmBm(zl))
m=1
v -1

er e Eone)
m=1

o
1+

M —1
1+ 81— |ﬂ|¢-max{ (;} cmBm(z‘l)> H
<1 (31

<

o
|,

At last, taking limitation on two sides of Eq. (27), and considering Eq. (31), we have

lim Ex(z7') =0.
kﬁHJPoo k(Z )

In addition, it is seen from Eq. (27) that |Ex.;(z7")| < |Ex(z7")|. Therefore, the conver-
gence of Ey(z™") is strictly monotonic. This completes the proof of Theorem 2.

Remark 6. Similar to Remark 5 for Theorem 1, the relation of feasible ranges
of the learning gains o and B in the proposed ILC law (24) with the AFD
approximation error ¢ can be analyzed from the convergent condition (26).
0<% <l
From 26), it is derived that e _ .
20 B (| (52 B ' D > 6
B>a>0

(1= 52%5) - (max{|(CN, euBu ™) N7 > ¢
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B<a<0,8=<-—1

—1
(1= 25 max(I(T enBa ) 1D > ¢
of o and B, a smaller value of ¢ is expected.

Obviously, to get larger feasible ranges

Remark 7. It is worth noting that the proposed extended PD-type and P-type ILC laws with
convergence conditions are fully based on the AFD approximation to the unknown transfer
function G(z~'), which does not require any knowledge except for the linear minimum phase
characteristic of the system model (5). The learning gains involved in the proposed ILC
laws can be easily derived by solving corresponding convergent conditions (13), (14), and
(26). Therefore, Theorems 1 and 2 exploit an input-output data set based ILC technique in
frequency domain to unknown LDT SISO systems, which guarantees a strictly monotonic
convergence of ILC tracking errors.

4. Simulation example

In this section, a simulation example is given to illustrate the effectiveness of the proposed
AFD based ILC designs in frequency domain for LDT SISO systems.

Example. Consider the ILC issue of a four-axis, closed loop DC servo selectively compliance
assembly robot arm (SCARA) robot, SEIKO TT 3000 [31], which is discretized with sampling
period T = 0.01s into the following LDT SISO system,

i 0.04109z7! +0.03571
G@) = ) -
77— 1.58z71 +0.657
The system (32) is assumed to work repetitively over a finite time duration {0, 1, 2, ..., N}
with N = 100. The desired output is chosen as y;(n) = 2111 a;[1 — cos(b;n)], where by =
01w, by =2(—m, 1 =2,3,4,....,51), and a; = 80e™", (I =1,2,3, ..., 51).
Assume that the initial iterative output of the system (32) is set as y;(0) = 0. To verify
the AFD based ILC designs in frequency domain, the accuracy of ILC tracking is evaluated
by the following index ME® on the mean error in frequency domain,

(32)

1 < , A
ME® = =3 " |¥,(e/7) = i (7)) (33)
i=1
where w;, (i=1,2,3,...,p) is evenly sampled at [0,27/T) with p =200. It is noted
that according to the sampling theorem in frequency domain [28], the value of p should
be selected to satisfy p > N. In the AFD based ILC designs, the function Gz ', N)
in (11) is firstly needed, which is computed from the frequency-domain based data

set Q={(0,G(e”)),r=0,1,...,N—1} with 9, =2 and N=200. As a result,

o= sup |G(ej%(’“))—G(ej%)| =0.1854 is gotten. Then, with the parameter
r=0,1,...,N—2

setting of M =8 and L,=5.12, the estimated transfer function Z%zlcmBm(z_l) =

(AL, efay @ Newn @™ + X s (Fn@™D). el ™ Neway @H T f_—;m AFD
form is obtained, where the values of a,, (m=1,2,3,...,8) are given in Table 1. As
an illustration for approximation result, the curves of 3% ¢,,B,(e/*T) and G(e/*T) at
w € [0,7/T) with T = 0.01s are depicted in Fig. 2.

Based on the above AFD approximation to the transfer function (32), our ILC simulation

consists of the following two parts:
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Table 1
The values of a,, form=1,2, ..., 8.

ai a as as
0.9000 0.6614+ 0.3743j 0.8810- 0.1841j 0.8097+ 0.2585j
as ae ar ag
0.8141-0.3069j —0.0899+ 0.0046j 0.9088- 0.0468; 0.4469- 0.35377j

350 ‘ r

300 - ‘

250 — | T Glerr)

M
200 —>¢,B, (ef’“T )
3

05 -05

Imaginary Real

M . .
Fig. 2. Curves of Y. ¢;uBm (e/“T) and G(e/®T) at w € [0, /T).

m=1

------ The extended P-type (24)
——— The extended PD-type (11)

5 7 9 11 13
Iteration number k

Fig. 3. ILC tracking error index ME® at different iterations by using the two proposed AFD based ILC laws.

1) The extended PD-type ILC law (11) with the initial control input u; (n) = 5.84n is applied
to the system (32). According to Theorem 1, the values of learning gains u and A in the
ILC law (11) are chosen as u = 3.75 and A = 3.66 from Eq. (14). Consequently, the solid
line in Fig. 3 presents the profile of the ILC tracking error index ME® by using the
extended PD-type ILC law (11). In Fig. 4, the tracking performance of the system output
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—4(n)
8- y,(n)
7L Ye(N) ||

—— Yy(n)

Output

0 r r r r r r r r

0 10 20 30 40 50 60 70 80 90 100
Discrete-time index n

Fig. 4. Tracking performance of the system output y;(n) to the desired trajectory y,(n) at iterations k = 1, k = 2,
and k = 6, respectively, with the extended PD-type ILC law (11).

Output

“o 10 20 30 40 50 60 70 80 90 100
Discrete-time index n

Fig. 5. Tracking performance of the system output yi(n) to the desired trajectory y,(n) at iterations k = 1, k = 2,
and k = 6, respectively, with the extended P-type ILC law (24).

yk(n) to the desired y,;(n) at different iterations is shown. Clearly, the extended PD-type
ILC law (11) surely drives the ILC tracking error to zero strictly monotonically as the
iteration number k increases. Figs. 3 and 4 are consistent with the theoretical results of
the extended PD-type ILC law (11) in Theorem 1.

2) The extended P-type ILC law (24) with the initial control input u;(n) = 5.84n is applied
to the system (32). On the basis of Theorem 2, the values of learning gains « and § in the
ILC law (24) are taken as o = 1.75 and B = 3.75 from Eq. (26). As a result, the dashed
line in Fig. 3 presents the profile of the ILC tracking error index ME® by using the
extended P-type ILC law (24). And Fig. 5 shows the tracking performance of the system
output yi(n) to the desired y,(n) at different iterations. Surely, the extended P-type ILC
law (24) drives the ILC tracking error to zero strictly monotonically as the iteration number
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k increases. Figs. 3 and 5 verify the theoretical results of the extended P-type ILC law
(24) in Theorem 2.

Regarding the comparisons of the two AFD based ILC laws (11) and (24), the computa-
tional burden of the two ILC laws is almost identical. Thanks to the efficient integration of
the AFD approximation into the ILC laws, simulation results in Figs. 2-5 show no significant
differences between the two AFD based ILC laws in terms of the convergence speed and the
transient performance of the controlled system. Both the convergence speed of the two AFD
based ILC laws are very fast.

5. Conclusion

To avoid the dependence of traditional ILC methods on the system model information to
some extent, two completely data-driven ILC designs in frequency domain have been put
forward with verification of some numerical results for the LDT SISO systems with unknown
transfer functions. The designs of the proposed data-driven ILC laws are divided into two
steps. During the first repetition/iteration process of ILC, the input—output data set of the LDT
SISO system with a pulse signal input is used to model the unknown transfer function into an
AFD representation. Then, two AFD representation based extended PD-type and P-type ILC
laws with data-driven determining techniques for learning gains are presented. It has been
demonstrated by mathematical proof and numerical simulation that using the two proposed
data-driven ILC algorithms, the strictly monotonic convergence of ILC tracking error can be
achieved in a deterministic way.
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Appendix. Equivalence of |Ry(z~!, M)| < — = to R (z™', M)| < 5—1’;’7

Proof. According to the definition of norm on complex function, we have

B . 1 [ : 2
IR ()| = [Re (e, M)] = / o [ IR (e ) (a1
0
where 77! = /7 with n € [0, 27).
As |[Rr(z7', M)| < —‘ from Eq. (A.1), we have |Rp(z7!, M)| < 2" Lgd f
On the other hand, as |Rr(z7', M)| < —2, if |Re(z7',M)| < —;4 is not true, then,
there is |Rp(z7', M)| > ;—;7 Consequently, |Rr(z™', M)| = \'/27r T |Rp (i, M)| dn >
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% 2 L 7dn f It contradlcts IRF(z7', M)|| < T . Therefore, |Rr(z~!, M)| < _x is

equivalent to [Rp(z~', M)| < f This completes the proof
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