Adv. Appl. Clifford Algebras (2022) 32:29

© The Author(s), under exclusive licence to
Springer Nature Switzerland AG 2022
0188-7009/030001-60 .
published online April 20, 2022 Adva_nces I_n

https: //doi.org/10.1007/s00006-022-01209-z Applied Clifford Algebras

®

Check for
updates

Riemann Boundary Value Problems
for Monogenic Functions on the Hyperplane

Pei Dang, Jinyuan Du*® and Tao Qian

Communicated by Uwe Kaehler

Abstract. In this paper we systematically study the Riemann boundary
value problems on the hyperplane for monogenic functions in Clifford
analysis. The concept of the principal part of a sectionally regular func-
tion with the hyperplane as its jump surface is first introduced. Based on
this concept the general forms of the Riemann boundary value problems
on the hyperplane for monogenic functions are formulated. Then, the
explicit expressions and explicit solvable conditions for solutions with
any finite integer order at infinity are obtained.
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1. Introduction

It is well known that the boundary value problems (BVPs) for analytic func-
tions in the classical complex analysis are an important branch of mathe-
matical analysis, and have been actively studied for a long time, due to its
theoretical elegance and ample applications in physics and other areas such as
elastic theory, hydromechanics, fracture mechanics, etc. The theory of bound-
ary value problems for analytic functions has been investigated systematically
in the literature [11,19,24], and some applications have been studied in the
monographs [20,23].

It has been proved that the function theory over Clifford algebra is an
appropriate setting to generalize many aspects of the function theory of the
one complex variable to higher dimensions [2,6,14,15,29]. It is a natural ex-
pectation to develop the boundary value problems for analytic functions in
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the classical complex analysis to those for regular functions in the hypercom-
plex analysis. In fact, some results in the former have already been extended
to the latter with the Clifford algebra setting (see [7,16,17] and references
therein). However, as far as the authors know, there are many obstacles for
BVPs for monogenic functions in hypercomplex analysis. Here the difficulty
mainly lies in the fact that the basic theory on BVPs for monogenic function
in Clifford analysis is not fully established, and some commonly used technical
tools also have not been systematically formed. For Riemann boundary value
problems for closed smooth surfaces I" (“closed” means that T is the boundary
of a bounded region), [22] gives the latest results. There are more difficulties
in the discussion for Riemann boundary value problems on hyperplanes. In
fact, even in the classical complex analysis some boundary value problems
on the real axis have not been fully discussed in outstanding monographs
[19,24]. To develop a theory of boundary value problems on hyperplanes in
Clifford analysis we are facing more obstacles. In [30], Xu and Zhou tried to
solve the Hilbert boundary value problems on the hyperplane under the con-
dition that the solutions vanish or are bounded at the infinity. In [13], Gong
and Du continued to discuss the Riemann boundary value problems on the
hyperplane under the condition that the solutions have a finite non-negative
order at the infinity. These studies, however, contain some mistakes and are
lack of sufficient theoretical basis as being pointed out in detail below.

In the present paper, we will systematically study the Riemann bound-
ary value problems on the hyperplane for monogenic functions in Clifford
analysis. The particular contribution of this study is the initiation of the
negative orders at the infinity and the solutions of the corresponding bound-
ary value problems that overcome some primitive difficulties. The results for
the negative order category are also new for the Riemann type boundary
value problems in classical one complex variable case [19,24]. For Riemann
boundary value problems with nonnegative order singularity at the infinity,
we also construct the necessary supporting theory in detail, which updates
and corrects the results in [13,30]. In order to obtain these results, we must
develop some theory of hypercomplex boundary value problems and innovate
some tools for the boundary behavior of monogenic functions. The paper is
organized as follows. In §2 we provide necessary preliminary knowledge in
Clifford analysis. In §3, we introduce the Cauchy type integrals on the hy-
perplane and discuss their regularity. This kind of regularity discussion, as
necessity in solving the BVPs in this paper, is more difficult but interesting
than those Cauchy type integrals on finite smooth surfaces. Many authors ig-
nored this point, and the present study, to the authors’ knowledge, is the first
time to seriously look at this issue. In order to a thorough study to the Rie-
mann boundary value problems with negative orders at the infinity, we also
need to discuss the Cauchy type integrals on some unbounded subdomain
of the hyperplane. In §4, we further discuss the boundary behavior of the
Cauchy type integrals on the hyperplane, which plays an important role for
solving the BVPs. The results presented there improve the classical results,
that are the so-called Plemelj-Sochocki formula and Privalov—Muskhelishvili
theorem (the 2P Theorems for short) [11,19,24]. The authors wonder why,
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since the 2P Theorems are the cornerstones of solving BVPs, some authors
refer to it directly without proof, especially in the case of hyperplanes, which
is quite different from the case of real axis in the classical complex analy-
sis. We also discuss the boundary behavior of the Cauchy type integrals at
the infinity, which is the premise to obtain the general solution of Riemann
boundary value problems by using the Liouville type theorem. It is very dif-
ferent from the corresponding results in classical complex analysis and cannot
be simply simulated. We use the twisted inversion to get the boundedness
of the Cauchy type integrals at the infinity. Many authors used the twisted
inversion without providing or referring anywhere about the calculation of
its Jacobian determinant here. In §5, the definitions of the principal part and
the order at the infinity for a monogenic function cut along a hyperplane
are established, which are rather difficult since the infinity is not as usual an
isolated singular point for such functions. Before this, people failed to discuss
the boundary value problem with arbitrary order at the infinity, for they
would be difficult to find a reasonable description of the principal part. This
work even improves the Liouville type theorem. In §6, the Riemann bound-
ary value problem for the sectionally regular functions with the hypercomlex
plane as its jump surface is suitably formulated and successfully solved. For
all the allowed positive (including zero) and negative orders of the solutions
at the infinity the solution formulas are obtained and the conditions of the
solvability are specified.

The results of this paper can be used to solve the Hilbert boundary value
problems on the hypercomplex plane, which will be discussed in a separate
and forthcoming article.

2. Hypercomplex Functions

We begin by providing the necessary preliminary knowledge in Clifford alge-
bra and Clifford analysis which are used throughout this paper [2,6].

2.1. Clifford Analysis

Let C(V,,) be a 2"-dimensional real linear space. To expediently introduce
the product on it, we write its basis by {ea, A= (h1,...,h,) € PN,1<
hi <...<h. <n}, where N stands for the set {1,...,n} and PN is to
denote the family of all order-preserving subsets of IV in the above fixed way.
Sometimes, ey is written as eg and e as ep, . p, for A= {hy,..., h.} € PN.
The product on C(V,,) is defined by

{eABB = (71)#(AQB)(71)P(A’B)6AAB, if A,B S PN,

A=), >, Aappeaep, ifA= > Aaea,u= D paea,
AePN BEPN AEPN AeEPN

where the notation #(A) denotes the number of the elements in A, P(A, B) =
ZjeB P(A,j) with P(A,j) = #{i: i € A,i > j}, the symmetric difference
set AAB is also the order-preserving one in the above way, as well as A4 €
R (real number set) is the coefficient of the eg—component of the Clifford
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number . It follows at once from the multiplication rule (2.1) that eg is the
identity element written now as 1 and in particular,

2 _ e s
e; =—1, if i=1,...,n

eiej = —eje;, if 1<i<j<mn, (2.2)
€h1€hy -+ Ch,. = €hiho.. . hys if 1<hi<hy<...<h,<n.

It is clear that C(V},) is a real linear, associative and non-commutative
algebra by algebraically spanning the linear subspace V,, = span{eq,ea, ...,
en}. It is called the Clifford algebra over V,,. The elements A = \g + \1e; +

..+ Anen for Ag, ..., A\, € R are called paravectors.
We constantly use the following involution. It is defined by

_ #(A)(#(A)+1) .
€A=(—1) 2 ea,if A €PN,

Y= 3 e i A= 3 Asea (2:3)
AePN AEPN

In the sequel, A4 is also written as [A]4, in particular, the coefficient Ay is
denoted by Ay or [A]g, which is called the scalar part of the Clifford number
A. An inner product (-,) on C'(V;,) is defined by putting for any A\ and px in
C (Vo)

(A ) Z AApA, (2.4)

where A = 3", Agea, p = ZA haea and the symbol ) , is abbreviated from
>~ . Thus, the corresponding norm on C(V},) reads,

e ’ ’ - AQ] . (2.5)

In this way, C(V,,) is a real Hilbert space and at the same time it is a
Banach algebra with the equivalent norm

[Aly =222, (2.6)

that is

n+1

ualg < PMolilgs [hue] < 2727 A (2.7)

In particular, if A is a paravector and u € C(V4,), then [2]
2l = | = A 28
Let € be a non-empty subset of R"*!. Hypercomplex functions f defined

in 2 and with values in C (V,,) will be considered, i.e., f : @ — C (V},) . They
are of the form

x):ZAfA(x)eAv x:(m()vxla"'ﬂxn)eQCRn-i_l’ (29)

where f4(x) is the e4—component function of f(x). Obviously, f4’ are real—
valued functions in 2. Whenever a property such as differentiability and
continuity is ascribed to f, it is clear that in fact all the component func-
tions f4 possess the cited property. So f € C" (Q,C (V;,)) is very clear. The
conjugate of the function f is the function f given by

x) =Y falz)ex, ze€Q. (2.10)
A
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Clearly,
feC™(Q,C(V,) <= feC (Q,C(V,)). (2.11)

Obviously, C(V,,—1) is the subalgebra of C(V,,) where V,,_; = span{e,
€2,...,en—1}. Then, A € C(V,,) has the unique decomposition [13,30]

A= A1+ Aae, where A, Ay € C(V,—1), (2.12)
i.e.,
C (V) =C (Vo) @ C(Vi—1) €. (2.13)
We define
Re(A) = Aq, Im(A) = Ao. (2.14)

It is clear that the decomposition (2.12) is the generalization of the rep-
resentation of the classical complex number. In other words, (2.14) is the
generalization of operators Re and Im acting on the complex C.

For a hypercomplex function f given by (2.9), if
(Imf)(z) £ Im(f(z)) =0, z = (20,21,...,2,) € QL CR"H, (2.15)

e, f:Q — C(V,_1), then we say that it is a C'(V},_1)-valued function,
briefly, a para real-valued function which mimics the case of the real-valued
function in the classical complex analysis.

When z = (29,1, .. .,2,) € R* we introduce the mapping
n
capital : z — X = inei, (2.16)
i=0

which is one proper isomorphism between R"*! and the linear subspace
span{eg, e1,..., e, of C(V,,). In the sequel, we simply treat X as x. This is
Vahlen’s choice [27]. Thus,

Im(z) = x,, while z € R (2.17)
and
Re(x) =xp +x1€1 + ... + Tp_1€0-1. (2.18)
Define

Ri+1 = {z,Im(z) > 0}, R"" = {z,Im(z) < 0}, ]RBHI = {z,Im(x) = 0}.
(2.19)
R’}rﬂ and R™"! are called, respectively, the Poincaré upper halfspace
and the Poincaré lower halfspace, while the hyperplane Rg“ is called the
para real plane in R"*!. It is a significant advantage that the paravectors

given in (2.18) play a treble role as elements of R” and Rj*! as well as
C(Vp—1) C C (V).
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2.2. H Class of Functions
We need to introduce some classes of hypercomplex functions used frequently

in this paper. Below we will use — to represent the inverse 27! of z €
x
RnJrl\{()}
Definition 2.1. Assume f is defined on 2 C R*+L. If
[f() = f(s)| < Mt —s]" (0<p<1) (2-20)

for arbitrary points ¢, s on 2, where M and p are finite constants, then f is
said to satisfy Holder condition of order p, denoted by f € H*(Q). And p
and M are called, repectively, the Holder index and a Holder coefficient of f.
If the order p is not emphasized, it may be denoted briefly by f € H(Q).

Definition 2.2. Assume f is defined on Q C R**+1. If

' 0<p<l) (2.21)

for arbitrary points £, ¢ on Q\ {0}, where M and pu are finite constants, then
f is said to satisfy t-Ho6lder condition of order u, denoted by f € H]{‘ (). And
pand M are called, repectively, the T-Holder index and a t-Holder coefficient
of f.If the order p is not emphasized, it may be denoted briefly by f € H;(£2).

Definition 2.3. If f € H"(Q) N H'(Q), then f is said to satisfy H condition
of order p on 2, denoted by f € HH (Q) or briefly f € ﬁ(ﬂ)
The conditions (2.20) and (2.21) are, respectively, called the Holder

condition and {-Hélder condition of the H() class function f, which may
be simplified. To do this, we introduce the following notations.

Busa (w0, R) = {C € R, |C — w]<R}, Ba(t, R)={¢ € RE™, ¢ — tI<R}
(2.22)

are, respectively, the ball in R**! with radius R at center w € R**! and the
ball in Ry with radius R at center t € Ry ™.

Byi1(R,00) = {g eR™ |¢] > R}, B, (R, ) = {g e R [¢] > R}
(2.23)
are, respectively, the ball in R"! with radius R at center oo € R"*! and the
ball in Rg'H with radius R at center oo € RSH. The notation A denotes the
closure of the set A, such as

Bu(t,R) = {C e RY*, |C— 1] < R}, Bu(R,00) = {C e R§*, [¢] = R},
(2:24)
are, respectively, the closures of B, (¢, R) and B, (R, c0).

Ezample 2.1. [see[13]] f € H* (R™) if and only if
1£(6) = F(O] < M[¢ = ¢]", & ¢ eBaO,R), (2.25)
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and
“w

L ¢ ceBuR ), (2.26)

HORNGIES R

where M > 0 and R > 0 are some constants. In fact, (2.25) and (2.26) result
in, respectively,

I
76~ 1O < MBP |2 =2 while €, CeBL0.R\(O)  (220)

and
7O - 10| < mole—¢[ while € ceButroo).  (229)

In general, we may prove the following result, which makes it easier to
identify f € H*().

Remark 2.1. f € f[“(Q) if and only if
% _
7@ = 10| < Mlg—¢|" while ¢ ¢e@nBun(0,R),
n
1) = £ < M| = 1" while & ¢ €\ B (0.R),
where M > 0 and R > 0 are some constants. In other words,

fe Q) « feH" (Q anH(O,R)) N H! (Q \ BnH(O,R)). (2.30)

(2.29)

Lemma 2.1. [[13]] If f € HY (By(R,00)), which is called that f satisfies Hy
condition near oo, then,

= li 2.31
floo) =,y dim I 231)
exists and
’f(x)—f(oo)‘ﬁw7 x € Bp(R,00) (the Holder condition atz:oo),
x

(2.32)

where M is a constant.
Proof. From (2.21) and the Cauchy’s criterion, we easily get this lemma. O

By using (2.31) and (2.32), we introduce a new class of hypercomplex
functions. Such kind of functions only have the weak pointwise Holder con-
dition at infinity.

Definition 2.4. Let f be a function defined on B,, (R, c0). If (2.31) exists and it
satisfies the condition (2.32), then we say that it satisfies the pointwise Holder
condition at the infinity, denoted by f € H{(cc) or briefly f € Hy(c0).

We also use the more general definition below.

Definition 2.5. Let f be a function defined on Q C R™*+! with oo as its cluster
point. If

floo)=lim  f(w) (2.33)

wWER, w—oo
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exists and

’f(w)ff(oo)‘ < A (0<u§1), w € Q\{0} (the Hoélder condition at z:oo)

|w]#
(2.34)
where M is a constant, then we say that f satisfies the pointwise Holder
condition at the infinity in 2, denoted by f € Hf (c0), or also briefly f €

HT(OO)

Remark 2.2. Moreover, Hn (Rg“) class function f is a continuous bounded
function on the whole Rg“ and there exists the Chebyshev norm

HfHOOZ Hf‘ zmax{‘f(x)|, xeRg“}. (2.35)

Ry

Analogously, if f € H; (EH(R,OO))7 then it is also a continuous bounded
function and there exists the Chebyshev norm on B,, (R, c0)

I7] = max { |(x)

Lemma 2.2. If0 < v < un < 1, then H”(Q) C H*(Q).

B, (R, ) 2.36
_— (# € By(R,00) | (2:36)

Proof. Obviously, (2.20) and (2.21) result in, respectively,

1© = 10| <2mle—¢|" while & CeBunnN0,  (237)
and

£© - f0] <2fg - 7| white € ce\ B0 @39
By Remark 2.1, the proof is completed. O

To find out the relationship between the class H and H;, we shall in-
troduce the twisted inversion [1,27]

1 ~
E=tz)=2" = - @€ R = R U {00}, (2.39)
where we agree
0" = 00 and ool = 0. (2.40)
x' is called the twisted inversion point of 2. For  C R**+1,
Qf = {x*, T € Q} (2.41)
is called the twisted inversion set of 2. For example,
T T
(Ri\(0}) =Ri\fo}, (RE) =REFL (2.42)
Obviously
(mT)T =z, (QT)T =Q. (2.43)

Then, if f is defined in £ we introduce its associated twisted inversion
function

rre2r(e) =7 (—i) . geql. (2.44)
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It is easily seen, by (2.41), that

(' =1 (2.45)
Remark 2.3. (2.26) now may be improved as
£© = £ < MeT = ¢I|" while ¢ ¢eBa(Rx).  (246)

Lemma 2.3. (1) f € HY (R§T) if and only if fT € H* (Rg™Y); (2) f €

o» (Rg“) if and only if fT € Hf (Rg“); (3) fe HH (Rg“) if and only if

fteHr (Ry™1).

Proof. By using (2.45), we only need show (1 ) Necessity of (1):

71©-£10| = |7 € -7 (") ‘<M‘§t £, ¢ eRYHL.
(2.47)

CT

Sufficiency of (1):

I n+1

E ’ 57 C € RO \ {0}
(2.48)

2.47) and (2.48) show that the assert (1) holds. O

(2.47) (2.48) (1)

7€) -1 6H| =] - 1| < mle- o = | -

In general, we have the following result.

Lemma 2.4. (1) f € H{' (Q) if and only if fle H (QY); (2) f € H* () if
and only if ft € Hf (Qh); (3) fe HH () if and only if f1 € HH (Qf).

Let fm(z) = a2™f(x). When f, € H]f‘(Rngl)7 then we write f €
Hl, (RGHY), or briefly f € Hy(RG™). Similarly, if fu € H' (RG™, 00),
then we write f € H:;LL,Jr (Rg“,oo) or briefly f € Hp,:(0c0). In this way,
fe Hr‘fm (EH(R,OO)), fe Hm,T(EnH(R,oo)) and f € Hf,fw (RIH,OO) etc.
are clear. The following two lemmas will be used in the discussion on Riemann
boundary value problems below.

Lemma 2. 5 If f € Hyyt (Q,00) (m > 0), then f(oco) = 0, more precisely,
| f(w)| = O (Jw|=™) near w = oo on Q, which is denoted by f € O~™(c0).

Proof. The proof is easy by f(w) = w™" fm(w) (w*m = [wil]m) and Defi-
nition 2.5. 0

Lemma 2.6. Let 0 <m <k and R > 0. Then, we have
(1) Hng(Bn(R, x0)) C HZm(Bn(R, 00) ), where v =min {k —m, pu},
(2) Hi(00) C{f, fm(z) = O(z7") near oo} C Hp, i (00) where v >
0.
Proof. If f € H, (Bn(R,0),00), noting Remark 2.2 we have, for [¢], || >
R,

[ (©) = Fin(O)] < e [F€) = Q)|+

m—k m—k
— . (2.49



29 Page 10 of 60 P. Dang et al. Adv. Appl. Clifford Algebras

So, there exists constant M such that
fm(g)_fm(g)‘ SM‘ﬂ—gT‘ (V:min{k—m,y}), (2.50)

which results in (1).
The proof of (2) is simpler. In fact,

fm(o0) = Ilirgo [mm*k fx(z)] =0 near oo, (2.51)
and
fm(z) — fra(0)| = | fm(x SMnearoo, 2.52
|x|k—m
which results in (2). O
FEzxample 2.2. Let
1, [ <1,
g9(x) = o ] > 1, (2.53)

where s > 0. Then g € ﬁs,O <R8+1> but g & H, (Rg“) when £ > s+ 1,
where

H,g (R8+1> - H(RSH) () Het (Rgﬂ) N {9793(00) = 0}. (2.54)

2.3. Monogenic Functions

Let Q be a domain of R**!. Introduce the following Dirac operator

N0
= . (r) (r—1)

its action on functions from the left and from the right being governed by
the rules

DIf] :ZzekeA%7 [f]DZZZeAek%. (2.56)

k=0 A k=0 A

Definition 2.6. We say a function f € C) (Q,C (V,,)) (r > 1) to be left
(right) regular in Q if D[f] =0 ([f]D = 0) in Q. Sometimes we also say that
f is left (right) regular in Q. f is said to be biregular in Q if and only if it is
both left and right regular.

Remark 2.4. Generally speaking, if
@)=Y Fi@X (f5 € C@R) and A € C(V,)), (2.57)
j=1

then

n m

DIf] = Zzek)\jaixka [f1D = ZZA.jeka—xk. (2.58)

k=0j=1 k=0 j=1
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FEzample 2.3. Let

= -1
X T

Elz) — _ - R™ 1\ {0}. 2.59
@) = st = et = g TR0 @59

Then F is biregular [2,9], which is called the Cauchy kernel function.

Example 2.4. The hypercomplex variables
zj = zj(z) = xjeg —woe; (j=1,...,n) (2.60)
are biregular [2,4,5,31,32].
Example 2.5. All derivatives of E, i.e.,
ok E
O0xg, 0y, ... 0Ty,

Wit a0} (%) = (=1 (z), @ eR"\{0}, (2:61)

are biregular [2,4,5,31,32], and
W{ghg%“_gk}(l') = O(\xr("*k)) near oo, (2.62)

where ¢;’s are k elements out of the set N = {1, e ,n} repetition being
allowed, in other words, {El, e ,Ek} € Nk,

3. Cauchy Type Integrals and Singular Integrals

In this section, we first introduce the integrals of hypercomplex functions,
specially the Cauchy type integrals and singular integrals on the hyperplane
Rg“ which are the important tools for solving the boundary value problems.

3.1. Integrals of Hypercomplex Functions

To discuss integrals of functions with values in C'(V},), we first introduce the
differential space with basis {dxz,...,dz,} denoted by Tj,4+1. Let G (Th,41)
be the Grassmann algebra over T, ; with basis {dz4, A = (hy,..., h,) €P
No,0< hy < hy <...<h, <n}, where Ny is the set {0,1,...,n} and PNy
the family of all order-preserving subsets of Ny in the above fixed way. The
exterior product on G (T),41) is defined by

dzy ANdzp = (=1)PAB)dz . p, if A,BE PNy, ANB =0,

dza ANdzg =0, ifA,BEPN(),AﬂB?é@,
/ i ! /
nAv= Z Z navpdra ANdzpg, if n = Z nadza, v = Z vadz g,
A B A A

(3.1)
where 14 and v4 are real, Z/A is the sum for all A € PNy and P(A, B) is
as before. Obviously, as a rule,

deg =1,
dl‘hl A dxh2 RVAY dxhr e dl’hlhz_“hr, if 0<h;<hy...<h,<n,
dea Adap = (—1)#ND#EB)dzg Adxg, if A, B € PN.

(3.2)
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We construct the direct product algebra W = (C (V,,) ,G (T 41) ), then
consider the function £ : R{TH — W of the form

Z Z FAB eAda:B, (3.3)

A #(B

where all /' 4 p are of the class ctr (1" >1)on IR{"'H, p is fixed and 0 < p <
n+1. F is called a C (V,,)-valued p-differential form. Let furthermore I" be
a p-chain on R"™!, then we define

/FF(QU):Z Z_/ €A/FFA,B($)dl'B- (3.4)

In the sequel, we shall use the following C (V,,)-valued n-differential
form, which is exact, so written as

n n

do = Z(fl)kekdi\k = Z(fl)kekdxo/\. S Adxg_i Adxgyr .. Adzy,. (3.5)
k=0 k=0

Remark 3.1. Sometimes we write it as do, (x) in detail, then do,,_1 (<) is the
C(Vp—1)-valued (n — 1)-differential form for ¢ € R™, which will used below.

3.2. Cauchy Principal Value Integrals at the Infinity

In this paper, we will devote to discussing the Cauchy principal value integrals
at the infinity on the hyperplane Rg“.

Definition 3.1. Suppose that f,g € C (Rg“, C (V). If

/}R  g@)dof(@) = lm g(w) do f () (3.6)

exists, then we say that the left side integral is convergent and call it the
principal value integral on Rg“ at oo.

Remark 3.2. Obviously,
/ g(z)dof(z) = / g(x) (—ey) f(x)dS, (3.7)
Rg+1 Rg+1

where
dS = dxgdx; ...dz,—1 = e,do (3.8)
is the elementary surface measure on the hyperplane Rg“.

Ezample 3.1. (see[13]) Let E be the Cauchy kernel function given in (2.59),
then

1 %, w e Rﬁlfl,
E(x —w)do = (3.9)
Vn+1 Ryt —%7 w € R™,
and
1 -
/ do E(x —w) = (3.10)
Vi Jrgt —%, e R,
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where

op(n+1)/2
\/ = (3.11)
w1~ T((n+1)/2)
is the area of the unit sphere
S = {x lz| =1,z € R”“}. (3.12)

To show this example, we first prove some lemmas in [13] for easy ref-
erence and promotion.

Lemma 3.1. [[13]] Assume x is a fized point in Rg'“, then for a large enough
R, we have

_

mes<[Bn(x,R)}A[Bn(o,R)D <2y, [R” - (R : )n} for|z| < 2R,
3.1

where AAB represents the symmetric difference of set A and set B, mes(A)
denotes the measure of A, V,, is the volume of unit ball in Rg“.

Proof. From
{wly-3 <=l yery} e [men] N [B0.R)] o < R
(3.14)

(3.13) is obvious. O

]

Lemma 3.2. ( [13]) Let w be a fived point on RL™, f € C (RGT,C (Vy))
and HfHOO < M. Then

Rl—i»r-sr-loo [/Bn(o,R) E(x —w)dof(z) — /Bn(Re(w),R) E(z — w)daf(x)] =0,

(3.15)
where w € R
Proof. 1t is easily seen that, for R > |Re(w)|,
A
= / E(x —w)do f(x) —/ E(x —w)do f(x)
B, (0,R) B, (Re(w),R)
<M Jaf ] ‘E(x—w)‘dS
B, (0,R)|A |B,,(Re(w),R)
1 (3.16)
< =dS
(B0 A[BaRew).B)] [Re(z — w)[? + () 2]

n 1 "
A [R" — (R - §|Re(w)|)ﬂ] (by Lemma 3.1),

[(R = [Re(w)))? + [1m(w) ]
in which we used the following relationships

|Re(z — w)‘ = ’a: — Re(w)| > R > R — [Re(w)| whilez ¢ B, (Re(w), R)
(3.17)
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and
’Re(x —w)| = |z - Re(u))’ > R — |Re(w)| while z ¢ B,(0,R). (3.18)
Obviously, (3.16) results in (3.15). O
Proof of (3.9). Let
1
G= E(z — w)do. (3.19)
\/n,+1 B, (Re(w),R)
By Lemma 3.2, we just need prove
1
N 1 —, weE RT‘l,
lim G£ lim / E(z—w)do ={ 2 1
R—+o00 R—+oc0 \/n+1 By (Re(w),R) ——, we R71+1,
(3.20)
Let w = (wg,wy, ..., w,) € R We divide G into two parts.
1 n+-n
g = / Wn —do
Vi1 JB,(Re(w).B) [|[Re(x — w)[2 + w2] T
n 1 Re(z — w) —do (3.21)
Vo1 JBu(Re(w).B) [[Re(z — w)|2 +w2]F
£ G + Go.

Obviously, thf G1 is a Poisson integral in the m-dimensional Euclidean
——+o00
space [26], i.e.,

1 W,

1
lim g1 = po dSCO ‘e dl’n_l = :t*, (322)
At Vi Jne [[Re(a —w)? 4+ 3] F 2
where w € R
By the coordinate transformation r» = |[Re(z — w)|, £ = Re(z — w)/r in
Rg“, we easily get

G -
1 R —
- _ e(x u}) _ b
Vn+1 B, (Re(w),R) [|Re(x _ w)|2 + w%]T
R n
_ ~¢tn r "
- Vi1 Jo (2 + w2)(nt1)/2 /El—l &déy ... dE, o dr ({ € Ry )

e, [T o

= do,—1(s) dr(
Vigr Jo (72 +wp)nt0/2 -/§|—1,<€R"
:O’

by Remark 3. 1)

(3.23)
in which we use the fact that, by the Cauchy’s Theorem [2,9], the above inner
integral vanishes, i.e.,

/lgl_1 dop_1(s) =0 (g € R”). (3.24)

(3.21), (3.22) and (3.23) result in (3.20). O
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Example 3.2. If f,g € HH (Rg+1), then

(@17) (w) = \/11 [ B w)do [f@) = f(eo)], we R (3.25)
n+ 0
and
() w) = 77— [ (o) = s(e0)] do E(a — ). we R (3.:26)
n+1 0
exist.

In fact, by (2.8) and (2.32), we have, for example, when |z| > 2|w|

Be-w)-en) [10)-60)] | = B [(-en)| [ l10)-s00)| <

(3.27)
So, the integral (3.25) exists (absolutely converges) and it is an ordinary
(improper) integral. Similarly, the integral (3.26) exists as an ordinary (im-
proper) integral.
Theorem 3.1. If f € HH (Rg“), then
1

(S[f]) (w) = Vors Jess E(z —w)do f(z), weRE™ (3.28)
and

(1715 (w) = \/1+ [ @B ), weRrr  (329)
exist.

(3.28) and (3.29) are called, respectively, the left Cauchy type integral
and the right Cauchy type integral with the density f on the hyperplane
R+

Proof. Now, we see that, by Example 3.1 and Example 3.2,
(ng])(w)

= E(x —w)do f(oo) +
Vn+1 Ry Vn+1 Ry

= 42 f(00) + (Ul (), weRE

E(z —w)do(f(z) — f(o0)]

(3.30)
Similarly, (3.29) is also convergent. O
Remark 3.3. In fact, if
fec(Ricm)),
<M Mi tant (3.31)
‘f(sc)| < o near x = oo ( is a constan ),
denoted as
Jec(rgt) 07 (), (3.32)

then both (S[f])(w) and ([f]S)(w) given, respectively, in (3.28) and (3.29)
exist and they are just ordinary (improper) integrals.
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3.3. Cauchy Type Integrals on General Unbounded Domains

We also need the Cauchy type integral on general unbounded domains in the
discussion for Riemann boundary value problems hereinbelow.

Definition 3.2. Suppose that 2 is a unbounded subdomain of Rg“, fig €
C(Q,C (V). If

/ g(x)dof(z) = lim / g(z)do f(z), (3.33)
Q Bn(0,R)NQ

R— 400

exists, then we say that it is convergent and the principal value integral on
Q at oco.

For example, the Cauchy type integral on outside of a ball is an usual
one, i.e., for fixed t € Rg“ and r > 0,

1 n
(S‘f—ﬂzr[f]) (w) = Vi1 ‘/RnJrl\B ) E(x—w) dof(x), w e R:tJrlUBn(t?r)
’ ’ (3.34)
defined by
1
Sie_t|>r w) = lim / E(x — w)dof(x),
(S 1) ) = lim o oo T

w € R UB,(t,7).

In exactly the same way that we prove Lemma 3.2, we have the following
more general result.

Lemma 3.3. Let Q be a unbounded subdomain of RG™, f € C(Q,C (Vy))
and | f(z)| < M for x € Q. Then

lim [/JB,L(O,R)QQ E(x —w)dof(z) — / E(x —w)do f(x)

R—+oc0 B, (Re(w),R)NQ
=0, weREH (3.36)
Ezample 3.3. Let Q = RyT\ B, (Re(w),r). As before, we may prove that,

if f € C(Q,C(Vuy1)) and f satisfies the -Holder condition at co then the
Cauchy type integral Sq[f] on Q exists. In particular,

1
(S|I7Re(w)|2r[1]) (U}) = V / § E(.’E — U))dO', w e Rg‘;rl
n+1 R6L+ \ B, (Re(w),r)
(3.37)
exists and
1 n

In fact, in this case we still have, similar to (3.21),
i
Vi1 Jr<je-Re(w)|<r

G(R) = E(z —w)do 2 G1(R) + Go(R),  (3.39)
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where

1 / Re(z — w)
Vit1 Jr<o—Re(w)<R [[Re(z — w)[? + w2

Go(R) = do=0, (3.40)

]"T“

and since G (R) is monotonous for R there are the limits

1 / twn
Vas1 Jrgiz—Re(w)| [[Re(z — w)[? + w2] "2

N | =

lim [:i: gl(R)] =

R

dzg...dzn_1 <

(3.41)
by (3.22).
Thus, by Lemma 3.3 we get (3.38).

In (3.15) we improve R as a function R = R(w) and rewrite A in (3.16)
as

Aw) = / Bz — w)do f(z) — / E(z — w)dof(z),w € RUHL.
B, (0,R(w)) B, (Re(w),R(w))

(3.42)
Then another variant of Lemma 3.1 is more interesting.

Lemma 3.4. Let A(w) be given in (3.42) with R(w) > 2|w| and f € C (Rg™,
C (Vn)) with || f||gnss < M. Then

lim A(w) =0 (3.43)

wGRgfl, w——+00

and A(w) is bounded.

Proof. When R = R(w) > 2|w| > 2|Re(w)|, (3.13) and (3.16) still hold. So,
the proof of (3.43) is exactly the same as the proof of (3.15). And from (3.16)
with R = R(w) we get

R(w) !
A ’<2Mn— <oty A O 44
atw| < 2utv, |y | s ge o
where C' is a constant independent of w. O
Example 3.4. Both the integrals
1 n
(Seppwll)@ =g— [ Be-wde, weRrt (343
nt1 || 5wl
and
1 n
(Swcsml) @) = — [ Ba-wdo, weRy (3.0
Vst Jizi< sl

are bounded.
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(3.46) is easy to obtain. In fact,
‘(S\z|§%|w|[]‘]>(w)‘ (U’ € Riﬂ)
1 1
< / ———dzg...dx,1
|z

Iw] ! 1
< — dzg...dx,—1 (by |z —w| > |w| — |z| > =|w]
\/n+1 /z|<;|w { 2 ( 2 )
< L (Vnis the volume of unit ball inRg+1).
Vn+1
(3.47)
(3.47) and Example 3.1 result in
Vi 1
’(sz%m\[l])(w)‘ < ’(3|x|g§|w\[1])(w)‘ + ’(5[1])(10)‘ < Vour +3
(3.48)

3.4. Regularity of the Cauchy Type Integrals

Sometimes, (3.28) and (3.29) are treated as Cauchy principal value integrals
at oo with a parameter variable w. For this kind of integrals we need to
introduce the concept of uniform convergence below.

Definition 3.3. Let X be a domain in R™*!, f, g € C(Rg“ x X, C’(Vn)> and
we X If

lim g(z,<)dof(x,s) :/ g(x,q)do f(x,<), < € Byyi(w,r) C X
R—+oc0 |ZE\§R RS"H
(3.49)

is uniform for some r > 0, then we say this Cauchy type integral with the
parameter variable ¢ to be locally uniformly convergent at w. If it is locally
uniformly convergent at each point in ¥ then we say that it is locally uni-
formly convergent on X.

Remark 3.4. In other words, (3.49) is locally uniformly convergent at w if
and only if for any € > 0 there is R > 0 such that, for some r > 0 and any
S € Bn-‘rl(wﬂr)v

/ oz, )do f(z,)
|z|>R

= ’/Rg“ g(z,¢)do f(x,<) —/ g(x,s)do f(z,<)

|lz|<R
<e. (3.50)
Remark 3.5. F(x,w)do is convergent (locally uniformly convergent)
R
at w if and only if all integrals Fa(z,w)do are convergent (locally
R6L+1

uniformly convergent) at w, where F4 are the es-component of F.

Now we consider the regularity of the Cauchy type integral. As we know,
it has not been seriously treated, but many authors often give tacit consent
to it in their articles due to its fundamental nature. To prove the regularity,
we need the Leibniz rule for the Cauchy type integral at co. Firstly, we start
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to consider the Leibniz rule for the simplest case of R-valued hypercomplex
functions.

Let ¥ be an open set in R"*1 Q be its subdomain and Q C . ¢(x, w)
is an R-valued hypercomplex function defined on Rg“ X 2.

Lemma 3 5 (Leibniz rule for integrals of R-valued functions) Assume that
(1) ¢, (6_01 ;n) € C(Ry* x R);
(2) E(w) = /n+1 ¢(z,w)dS converges;

96

(3) (x w)dS (é = O,l,...,n) are locally uniformly convergent
rrtt Ow
on Q. Then
0 96
M/Rgﬂ ¢z, w)dS = o B 22 (z,w)dS € C(Q R) (E - 0,1,...,n).

(3.51)

Proof. Without any loss of generality, we suppose Q = B, 11 (w*,r). Firstly,
for any € > 0 there is R > 0 such that, by the uniform integrability in
Condition (3) and Remark 3.4,

/ 09 —(x,¢)dS

B <e for any ¢e€q. (3.52)
z|>R 4

Noting that if 0 < |A| < r then
E(w) — E(w + Aeg) / 0p
R}

)y o B (W OA)AS (0<0<1), (3.53)

where ¢ = (d0.¢,01,05---,0k.¢,- - -,0n¢) With the Kronecker symbol dj, ¢, thus

E(w) — E(w + Asp) / ¢
R}

A =
A nt1 Owy

—(z,w)dS

< /R 90 (z, w4+ OAre)dS — /R 0¢ —(x,w)dS

nt1 8wg n+1 Qwy (3.54)
< 2+ / %(m,w + 0Xeg)dS —/ 0¢ (x,w)dS
|z|<R OWe |z]<R Dwy

< 9+ Muw ( 99 |>\|)

0 0
where M is a constant and w —¢, |)\| is the modulus of continuity of 99
ng awg

on B,(0,R) x Q, i.e
99

<(Fue)
_ 99 _ 9
—sup{lawé (2,5)

T — t|7 |§7€| S h7£7t € BH(O7R)7§7£ € ﬁ}
(3.55)



29 Page 20 of 60 P. Dang et al. Adv. Appl. Clifford Algebras

By using a@i € C( .(0,R) x €, R) and (3.54), we get

limsup A < 2¢ (3.56)
A—0

which results in, by the arbitrariness of e,

lim A =0, (3.57)
A—0
i.e.,
IE 0¢
- = — =0,1,...,n. .
(1) /R (@ w)dS, (=01 (3.58)
By the same way, we have
oFE JE
0=|—()— — Q
8’[1)@ (g) a’LUg (w)’ (§,U}€ )
_ 9¢ 9¢
= /RH—1 Bus (:c g)dS /RM_1 9w —(z,w)dS (3.59)
< 2+ / —(bm,g)dS’—/ (bx,w)dS‘
|z|<R OWE |z|<R OWE
which implies
limsupd < 2¢, i.e., limd=0, (3.60)
c—w S—w
S0,
OE
—_— QR =0,1,...,n. .61
8/11)4 e C( ) )7 E O’ 7 7n (36 )
(3.58) and (3.61) result in (3.51). O

Theorem 3.2. (Leibniz’s rule for the Cauchy principal integrals) Let 3 be an
open set in R" Q) be its subdomain and Q C . If

(1) f e C(R"+1 oW, )) 65 09 (efo 1,. ) e C’(Rg“ X Q,C(Vn)),
(2) ®B(w) z/ o(z,w) deB(x) (B € PN) exist, where fp is the ep-
Ry
component of f,
o¢

@ 1w = [

convergent on Q. Then

(D [ . ¢(z,w)daf(x)]> (w) = /Rg“ (Dw[¢])(x7w)dgf(x)’ weQ,

——(z,w)do fp(x) (B € PN) are locally uniformly

(3.62)
and
(l/RgH f(a:)daf;b(ac,w)] D) (w) = /Rg“ f(x)da([gb]Dw)(x,w), w e Q,
(3.63)

where D,, is the Dirac operator acting to the second variable w of the
function ¢(z,w).
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Remark 3.6. Obviously, (1) is equivalent to that
0
fz e C(R(;“,R), b, ot 2 (e_ 0,1,...,n) c C(Rg“ x Q,R). (3.64)

Moreover, it is easy to see, by (2.1),

oo

where C = AAB. By Remark 3.5, we know that the condition (2) is equiva-
lent to that

ep =Y ec(-1)FANB(—1)PABIy,. (3.65)

da(z,w)fp(x)dS (A, B € PN) are convergent. (3.66)

n+1
RO

Finally, the condition (3) is equivalent to that

/R 004 A (z,w) fp(2)dS (4, B € PN) (3.67)

n+1 8we
are locally uniformly convergent on 2.

Proof of Theorem 3.2. We only prove (3.62). (3.63) may be similarly proved.
Without loss of generality, taking By, 11(w,r) = {s, [s —w| < r} C Q. we only
consider 2 = By, 11 (w,r) for (3.62). Denote

d(w) = /Rn+1 ¢z, w)do f(z), weQ, (3.68)

Y(w) = [ (Duld]) @ w)das @), w e (3.69)
We have, by Remark 2.4, i

w) = izz {eg‘ ea (_en)eB:| l/w“ a%@x(fﬂ w) fp(z )dS] - (3.70)

(=0 A B
By Remark 3.6 and Lemma 3.5, we know

0

(9wg n+1 811)[

/ ¢A(x,w)f3(x)d51 - / 8¢A(g; w) fp(x)ds. (3.71)
Ry Ry

Thus, by Remark 2.4,

D[®])(w) = Z > {ey ea(—en 63} 0 |:/]R"+1 pa(z,w)fp(z)dS| =T (w),
=0 A 0
’ ’ (3.72)
e, (3.62) holds. O

Remark 3.7. The Leibniz rule for integrals on finite smooth surfaces is first
proved in [8,10]. The proof for the Leibniz rule of the Cauchy principal inte-
gral on hyperplane Rg“ here is more difficult. With its help, we now state
the following main result, which has been used in many articles, for example,
n [13,30], but has not been proved.
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Theorem 3.3. (Regularity of the Cauchy type integral) If f € H* (Rg‘“),
then S[f] given in (3.28) is left reqular and [f]S given in (3.29) is right
regqular.

Proof. Obviously,

OF
fe C(RgH,C(vn)),ﬂ T (z —0,1,... n) e C(Rg“ X R1+1,C(Vn)),
(3.73)
where
OFE (n4+1) (@ —w) (xg —wp) (—1)%¢e
— = 0=0,1,...,n. (3.74
dwy (@ w) |z — w|"+3 RATERIESE OL.ome (374)
Noting fp € HH (Rg“) since f € HH (Rg“), SO
S[fB] (B € PN) areconvergent. (3.75)

By (2.8) and (3.74), we know

\;Zumw—%ﬁmm

= gfl(x»w)‘ ‘fB‘ < (

n+2)fllee o (0 +2)[flloo 1
R e e a
(3.76)

which results in

OF 20+ 2)f s . |
_ < - :
D, (z,w)( en)fB‘ < o while |w| < R < 2|917|, (3.77)

S0,

OFE
/ Dws (z,w)do fp(x) (BEPN)arelocally uniformly convergent on R
rp+1 Owy

(3.78)
By (3.71), (3.75), (3.78), Theorem 3.2 and Example 2.3, we get Theo-
rem 3.3. ]

3.5. Singular Integrals
To discuss the boundary behavior of the Cauchy type integral, we need in-
troduce another kind of Cauchy principal value integrals which has also the
unaided significance.

We consider the integrals

(S[f])(t): \/;1 o E(z,t)do f (z) .
z—t 3.79
- L xi_t of(x n+1l
- Vi R+ |z — t|ntt do f(x), teRg
and
1
([f]s) (t) = Vit /Rg“ f(z) do E(x,t) »
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It is evident that such integrals are divergent in general.
Nevertheless,

1
I S )= i / E(x—t)d
RHJFOIOI%HO*( 5’R[f])() Rﬂ+olor,naao+ Vi1 Jo<jo—t), 1a1<r (z=t)do f ()
(3.81)
and
1

tim (1f]Ssm)(®) 2

o m f(x)do E(x —t)

(3.82)

lim
R—t00.6-0% V1 Jo<jomt) |zl<R
maybe exist.

Definition 3.4. If (3.81) and (3.82) exist, we call, respectively, (3.79) and
(3.80) the left Cauchy principal value integral and the right Cauchy principal
value integral at points both oo and ¢, or simply singular integrals.

Ezample 3.5. If f(z) =1, then (S[1])(t) given in (3.79) and ([1]S)(t) given
in (3.80) exist. Specifically,

(S[))(t) = Vl Ble-ndo=0, teRyT,  (383)
n+1 JR{
and
_ 1 cBE(x—1t)= Ha
(1)) = /R LB =0 teRL @8

To show this example, we need the following lemma, which and its proof
are quite similar to Lemma 3.2.

Lemma 3.6. ( [13]) Let |f(z)] < M for z € B,(0,R)|JBy(t,R). Assume
te Rg"’l and the positive real R is large enough, then

REIEOO [/(;gz_t,mgza Bz —t)do f(z) = /6§\z—t|§R Bz —1) dgf(m)] (3.85)
=0,t e Ry

Proof. We see

/ E(z —t)dof(z) — / E(z —t)dof(z)
s<|e—t],|z|<R

5<|e—t|<R

| ‘E(zft) s

1

B.(0.R)| A[Bat,R)] |7 — |
_ 2MV, [R" — (R~ L1t
- (R — [¢])"

< |

B.(0,R)| A[B.(t.R)
<M

[

( by Lemma 3.1, (3.17) and (3.18)),

(3.86)
which results in (3.85). O
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Proof of Example 3.5. By (3.85) and the spherical transformation x —t = rw,
r = |z — t|, we have

(5[1])(t)1
= Vi 5ﬂ0+hglﬁ+oo/ /w » ?dwdr (w €R6L+1)

~ (387
_Vj+1 6*>O+1’1I]£1*>+OO/6 r [/g_l danl(@} dr <§ eR )
=0 (by (324)).

Similarly, we can obtain (3.84). O
Remark 3.8. In fact, we have proved in (3.87)
/ E(xr —t)do =0, tecRyT. (3.88)
<|lz—t|<R
So,
/ E(z —t)do £ lim E(z —t)do =0, t € RpT', (3.89)
le—t|<R =01 Js<|z—t|I<R
and
/ E(x —t)do & lim E(x —t)do =0, t e R{T
lz—t|>8 R—+oo J5<|o—t], |2|<R

(3.90)

Theorem 3.4. If f € H (Rg™), then the integrals (S[f])(w) and ([f]S)(w)
exist for w € R"HL,

Proof. The case of w € R’jfl is proved in Theorem 3.1. Now, we only consider
the case of w =t € R for (S[f])(w). Let

(L1f7)
1

= lim E(z —t)do [f(z) — f(c0)], teRITL
L SRTR VAR A )do [f(x) = f(o0)] 0
(3.91)
Taking r such that R > r > §, we have
1
lim E(x—t)do [f(z) — f(o0
P SHS vl A (z —t)do [f(x) = f(o0)]
1
— 1lim E(w—t)do [f(x) - f(0)]
R=t00 V4 Jr<ja—tl, ol<R
1
+ lim —— E(x—t)do [f(z) — f(t by (3.88
jim g— [ Be=0dolf@) = f0] (by (3:89))
£+ L. (3.92)

Since f € H (R”+1) when ¢ € R"+1 we have

’E(:r—t) ‘_ (|x|_"_“) as |z — oo, (3.93)
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and
B0 [f(@) 0] = Ole 1) as o=t —0.  (3.09
So, both
1
L = Vi /T<zt E(z —t)do [f(z) — f(00)] (3.95)
and
1
I = Vo /th E(z—t)do [f(z) — f(t)] (3.96)

are the ordinary improper integrals by (3.93) and (3.94). (3.92), (3.95) and
(3.96) show (U[f])(t) is meaningful for t € Rf*". Thus, by Example 3.5,

(S @) = (Uf)(@0), teRgH (3.97)

exists. O

In the below, we also write directly
1

(wn)o =y A;+1E0rft)¢fvﬁw—ff&nﬂ,t€2R8+3 (3.98)
n+1 0

The following remark will be used.

Remark 3.9. We point out that, if f € H* (Rg“) Nf € O #(co) then
(S[f])(t) and ([f]S)(t), respectively, given in (3.79) and (3.80) exist. In fact,
by (3.89)

(ng})(t) .
- m o E(x —t)do f(x) 4—1\/n+1

1
= FE(x —t)do —
\/n+1 n/Q (x t) f(x) * \/n+1 Rg+1\ﬂ

/ Bz — t)do [f(z) - f(2)]
le—t|<R

B(z —t)do f(z),

(3.99)
where all integrals are ordinary (improper) integrals at co or ¢ except the last
one is a Cauchy principle value integral at ¢. For the bounded closed domain
QC Rg“, we define the Cauchy principle value integral

1
\/n+1

E(x—t)dof(x), t€Q°
(3.100)

/E(x—t)dof(x): lim
Q

=0t Vi1 Jo(a, la—t1<6)

if the right side limits exists, where 2° is the interior of 2.

4. Boundary Behavior of Cauchy Type Integrals

In this section, we will discuss the boundary behavior of Cauchy type integrals
for both the hyperplane R{** and the infinity.
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4.1. Boundary Behavior of Cauchy Type Integrals for Rg'H

We consider the integrals

(D) (w) = vl  Blr—w)do [f()~f(Re(w)], weR™" (41)
n+1 JR{
and
(/D) (w) = Vl @ rRew))] do Ba—w), we R (42)
n+1 JR§

Then we have the important result stated as follows.

Theorem 4.1. (Holder continuity of ©[f) and [f]D) If f € HH (Rg“) then

Hr (R if 0<p<1,

[f19, D[f] € {Hu (R™1),if p=1 (where 0 <v <1). (43)

Some technical lemma are needed to prove Theorem 4.1. We first in-
troduce a symbol. Let ¥ C R**!, for an arbitrary point w € R"*!, we will
denote the point on ¥ nearest to w by wy (if such points are more than one
in number, wy, may be any one of them).

Obviously, we have

, xeXCR"! weR"L (4.4)

e nh
If f € H*(X), then we also have
\f(x) - f(wz)‘ < 2“M(f)‘x —w

where M(f) is the Holder coefficient of f. In particular, when ¥ = Rj*H
then

I
, x€XCR™ e R (4.5)

ng+1 = Re(w), (4.6)
‘f(ng“) - f(wR3+1)

In the sequel, notations C' and M will be used for some constants which
may vary from one occurrence to the next.

o
, v,w € RMHL (4.7)

< M(f)o-w

Lemma 4.1. Let f € H* (Rg"'l) and t be a fized point on Rg'H. Then

’/B . E(m—w)da[f(a:) —f(Re(w))} <M, weR™,  (48)

and
‘/ [f(x)—f(Re(w))]daE(x—w)’ <Mr#, weR™ (4.9)
§n(t,r)
where M is a constant independent of t and w.

Proof. We may prove the following stronger inequality.

/P () ‘E(x_w)HdUHf(x)_f(Re(w))‘ <Mt weR™. (4.10)
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By (4.5) and (4.6) we get

L’ﬂ (t7T)

where

E(z - w)|[do| [[£(2) = f(Re(w)) || < MiPw),  (@11)

1
Plw) = /E o S (4.12)

n—up :
| = w]
So, we just have to prove the following inequality

Plw) < Myr¥, w e R, (4.13)

By (4.4) with ¥ = B,,(t,r), it is easy to see (only for the case of n > 1
and n = 1 is simple) that

P(w)
on—p
< / _ 2 s
B(t,r) | — w2|

2r on—p T ™ 27
= / 1—p dp/ sin” p1der ... / Sin pp—2dpn—2 den-1
o P 0 0 0

"%
<=1 g, 4.14
ey .
(4.11) and (4.14) imply (4.8). O

Lemma 4.2. If ¥ = {2, z e R{*", |z —t| > r} = RyT\B, (t,7), then

1 M
Yw)= [ as <
RIHN\B, (t,r) [T — w["TF lw — wx |k

(k>0), weR"™\x%,

(4.15)
where M is some constant independent of 3.

Proof. Let

o 1 n+1
%(a,b, k) = -/Rg+1 m dS, a € RO 5 b, k> 0. (416)

It is easy to see that (only for n > 1, the case of n = 1 is simpler)

R(a,b, k)

o] 1 T o ™ . 27
/0 p—l—b]l"‘kdp/o sin galdgal.../o smgon_gdgon_g/o dpp—1

™

KD(Z)0F

INA IA
|3 Nl3—

(4.17)
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Thus, we have

Y (w)
3n+k
<Js B —w)[+E ds
377,+k
< fRn+1 — ds (by (4.4) sincewgexists)
[ — ws| + |w — ws]]
< gntk g (wg7 ’w wg’ k)
(4.18)

(4.15) follows from (4.17) and (4.18). O

Proof of Theorem 4.1. We just prove the case of D[f]. The proof will be
divided into two steps. We may assume p < 1 by Lemma 2.2.

Step 1: Let t € R{M w € R*! and n = |w — t|. Set ¥ = B, (t,2n), we have

Kmmym (o111) )

< \/n+1 E(x —w)do[f(a: (wRSH)H

/Ex—ﬂwh@>me

= n+1
1
4 Vo /Rg+1\z Bz —w) — Bz — t)]da [f(ac) - f(ng+1)] ‘ (by (4.6))
£ 51 + 62 + 6s.
(4.19)
By Lemma 4.1,
51,02 < Clw —t|". (4.20)
Invoking Hile’s Lemma [12]
lw—1| |z — wp*!
E(z—w)—Ex—1t)| < |:cfw|"+1 Z PTE (4.21)

and

1 Jz—t]—|t—w| |x—w|<|w—t\+|t—'w\

- < < < < 2 while 2|t — w| < |z — ¢t],
2 |z —t| |z — ¢t |z — ¢t
(4.22)
therefore, by Lemma 4.2,
1 I
83 < Ma|w — t| —dS < C’w . t‘ . (4.23)
rpti\x |z — w|r e

Combining (4.19), (4.20) and (4.23) we obtain
K@mymg(gmngc@fqﬁteRyﬁwekwa (4.24)

which is so called Privalov theorem.

Step 2: Let v,w € R"*!. Denote the distance from the segment [v, w] to Rg™!
by d, then there is K € [v,w] such that d = |IC — ’C]Rg“| = |IC — Re(IC)‘. In
fact, K € [v, w] such that t = Re(K) = min{|Re(§)], £ € [v,w]}, sod = |K—t|.
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Case 1: |v — w| > |IC - t|. Under this case, by the Privalov theorem in
Step 1, we get

|(o11) @) - (oUr1(w)|
< |(®u1) @ - (211) W] + | (21) 1) = (P1) (w)
< C[\v S - t|ﬂ] (by (4.24)
< 4Cl — w|" (by |v—t\§|U—K\+|K—t|§2|v—w\).

(4.25)

Case 2:
in R, or simultaneously in R”*!, and

v — w‘ < }IC — t’. Under this case, both v and w are simultaneously

lz—v| < lz—w|+|v—w| < [z —w|+[t—K| < 2|z —w|, zeRy"". (4.26)

By the same way, we have,

|z —w| < 2]z — |, r e Ryt (4.27)
Hence

Lozl oy perpn (4.28)

2 7 |z —w| T o '
Also,

|x7t| < |va|+}vflq+’l€ft| < |x7v|+2|let| < 3|:va|7 T GRQH.
(4.29)
In the same way,

|z —t| < 3|z — w|, r € Ryt (4.30)

Thus, we have, by Example 3.1,

(211) @) - (27]) () (say, v,w € RY*)

1
=V { [ B =)0 [£() - )]
1
+/Rg+1 E(z — w)do [f(t) - f(x)] } + 5 | f(Re(w)) = f(Re(v))
AN

(4.31)
From (4.7) we immediately have

N, < Mo —wl". (4.32)
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Note
Al
1
<o [ Be-odoffe - s ‘
Vi | JBo(to—wl)
1
+ L E(x — w)do {f(as) - f(t)}
Vn+1 By, (t,|lv—w|)
+ ! / [E(x—v)—E(m—w)]do[f(x)—f(t)}‘
Vit | SRyt Bt o))
£ o1+ o9 + 03.
(4.33)
We have, by Lemma 4.1,
01,02 S C|’U—’UJ|N. (434)
By Hile’s inequality (4.21) and (4.20), in a manner similar to (4.23) we get
o3 < Clv —w|*. (4.35)
Then (4.33), (4.34) and (4.35) together imply
I, < Clo—wl|". (4.36)
The relations (4.31), (4.32) and (4.36) imply
o
(2111) ) = (A1) )| < Clo—w|’, vwer,  (437)

which is so called Muskhelisvili theorem.
Now, the proof of D[f] € H" (R"+1) for 0 < p < 1 is complete. The

proof of the result for [f]D is similar. O

Introduce the following singular integral operators

[, wwem
(1.38) (S*11)(w) = { 2 7(6) + (SU1) 1) if w =t € RY

[ (1n8) @) ifw e RE™,
(4.39) ([f]Si)(w) = { ﬁ:%f(t) 4 (ms) (t),if w=te Ry

Now, we immediately get the following important theorem from Theorem 4.1,
Example 3.1 and Example 3.3.

Theorem 4.2. [Holder continuity of Cauchy type integrals] If f € H (Rg*l),
then

st st e (RET), sif) (s e (BT). a0

As usual, if the limits

(s11) W= tm  (siA)w), (s1A) 0= tm (1))

v~>t,v€R1+1 v—t, veR™ !
(4.41)
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exists, they are called the positive and negative boundary values of S[f],
respectively. Similarly, we call

(1) 0= 1m _ (1AS)w), (1) ()= 1m _ (i718))

1)—>1‘,,1;€R1+1 v—t, veR™"H!
(4.42)

the positive and negative boundary values of [f]S, respectively.

We note that the Plemelj—Sochocki formulae for the boundary values of
the Cauchy type integrals (S[f])(z) and ([f]S)(z) become immediate corol-
laries of Theorem 4.2.

Corollary 4.1. (Plemelj—Sochocki formulae) If f € H (Rg“), then
(5 )

)= (51 szgﬂw+@mym
(5711) ) = 5 + (8171) (0,
"0 = (18) 0 = 310+ (1018) ),
(1n1s7) 0 = —5 1)+ (1918) ),

te Ry, (4.43)

18

(in5)
(ins)

te RO (4.44)

hold.

Remark 4.1. Theorem 4.2 is called the Privalov-Muskhelishvili theorem, which
is a corollary of Theorem 4.1, and the Plemelj—Sochocki formula is a corol-
lary of it. Therefore, Theorem 4.1 unifies and improves the 2P Theorems. The
Plemelj—Sochocki formula plays an important role in the solution of boundary
value problems. For Cauchy type integrals on closed smooth surfaces, [8,10]
give a strict and simple proof for the Plemelj—Sochocki formula. We note that
although the proof in the paper is exactly the same as that in [8,10], we get a
better conclusion that D[f] is a function of H* in the whole plane. The intro-
duction of operator ® is the key technique. So, here we first give a rigorous
proof for the Plemelj-Sochocki formulae of Cauchy type integrals over Rg“,
instead of simulating from the corresponding result of the classical complex
analysis. The proof here is also valid for the classical case of n = 1. In the
classical case, (4.43) is based on the Plemelj-Sochocki formulae for an open
smooth curve [11,19,24], but there have many obstacles to overcome in the
case of n > 1.

4.2. Boundary Behavior of Cauchy Type Integrals at Infinity

To discuss the boundary behavior of the Cauchy singular integral operator

at the infinity, we shall consider the following twisted inversion functions of
(3.25) and (3.26).

1
Vn+1

(ﬂ[f])T(U) = /R”‘H E (;Z: — UT) do [f(z) — f(oo)} = RZL_'H U RV_L+17

(4.45)
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1
Vn+1

(mu)T(u) - /Rm [f(x) - f(oo)}daE (z — '), v e RTFLUR™L,

(4.46)

Lemma 4.3. If f € Hr (Rg“) (0 <p< 1) then

(1) @) = 7 [ B ol edo 51O - 510 v e BL,

(4.47)

\/+

and

(1) 0= [ [1'© - r'@)]as(@lrtome - vl e v e mE

. ]RO
(4.48)
Proof. Write, for R > § > 0,
- z —w)do|f(x) — f(c0)|,w ntl n+tl
(wsntn)w = [ e waolse — se]w e mr U
(4.49)
Then
(ua R[f]) () = — / E(gsfy’f)da[f(x) 7fT(O)],v € R R,
’ Vg1 Jo<izi<r + -
(4.50)
and
. T
o fim | (anlr]) @)
1
= lim E(z—o") do |f(x) — f(o0)
R—+o0 \/n+1 lz|<R ( ) [ :| (451)
ot _
+511’161+Tvn+1 o E(z—v")do {f(:c) f(oo)}
= (ﬂ[f]) (v), veRyFTURM! ((by (4.45))).
Let
r=¢&0 v=wl, (4.52)

we get the conformal invariance of the Cauchy kernel [18]
Bz —w)=[o[" v B —v) [¢]" e = ¢ EBE —v) [u]" M. (4.53)

In (4.49), using the variable substitution (2.39) on Ry, we obtain

— [l teBE -0l edo(©) 116 - 11 0)]detr, )
: (4.54)



Vol. 32 (2022) Riemann Boundary Value Problems for ... Page 33 of 60 29

where J; (€) is the Jacobian matrix of the restriction f, on R{™ of the
twisted inversion f, i.e., Ty = T’RnH. We may find
0

1 .
- — [2606 — 801€P), 5 =0,
Tio© = {ese} _ with =4 1 ) (4.55)
= —@[%jf@—%dﬂ ]aJ?éO-
It is proved in Remark 4.2 below that
1
det [JTO (5)} = (4.56)

Now (4.54) becomes

1
vn+l

(usaln)) @ =g [ m@.0dn©[f'©) - 1'0)], v e RIF URZ,
L<lgl<t

(4.57)
where

M(v,€) = " v EE —v) €77, veRTTTUR™M!, ¢ e RETL. (4.58)

Thus, letting d — 0% and R — +00 on the both sides of (4.57), noting (4.51),
we obtain

(u1s1) )

= [ B - 0l o © [ - 110, v e RE,

\/7l+1
(4.59)
in which the right side integral is an ordinary (improper) integral, since

—2n N
o[ - o) = { O B DT (1460)
In the same way, we may prove (4.48). O

Remark 4.2. This result (4.56) was used in many articles [13,18,25,34] with-
out a proof or reference. The author gives a proof for case n = 2 by the
specific calculation in [33], while in [34] he does not give any proof for gen-
eral case. For convenience, a simple proof will be given in the following, which
is based on discussion between Zhongxiang Zhang and Jinyuan Du. In fact,
by using the inductive method, we can prove

25— 266 ... 260én
In(C) _ 26051 251 — 62 - 2€1§n—1
260€n—1 26161 ... 282_ — (4.61)

n—1
— (_1)n—162(n—1) 2 Z 5]2 _ 02 ,
=0
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where ¢ is any constant. Taking ¢ = [¢| (£ € Rj™) in the above equality, we
get
(1t
det [, (6)] = gzt (€)): (4.62)

(4.56) then follows from (4.61) and (4.62).

Lemma 4.4. When f =1, we have

)
(St) @) =g Jol" 1B = o)iel " edo(e) =3, veRE™,

\/n+1 2
(4.63)
(1) )= — [ do@)ol"wE( - )l Te=+ 1 veRy
AV I+ 2’
(4.64)
Proof. By (3.9) and noting
v=w € RE™ if and only if w € R}, (4.65)
we have
t 1 .
(8[1]) (v) = %5, veRLH. (4.66)

Also, using the variable substitution f,, we obtain

: —of = ! n—1 _ —n—1
Vit /6§|ISRE<x U)da \/n+1/,§§|s|§§|v| vEE-uld §do ().
(4.67)

So, letting R — +o00, § — 07 in (4.67), and by (4.66), we have

\/i+1 /Rg“ lv|" Yo B(€ —v) || edo (€) = (5[1]>T(v) N j:%. (468)
The proof of (4.64) is similar. g

Remark 4.3. The integral in the left band side of (4.68) is an ordinary im-
proper integral at co and a principal value integral at 0.

Lemma 4.3 and Lemma 4.4 result in the following result.

Lemma 4.5. [Variable substitution formula for Cauchy type integrals] If f €
H* (RFT) (0 < p< 1), then

(517) ) = = [ oo )6 tedo(e) £, v e BE
T (4.69)
and
(15) 00 == [, S1@artntom — v te v R,

(4.70)
in which the right hand side integrals are the Cauchy principle value integrals
at both 0 and oco.
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Example 4.1. In the special case n = 1, we take e; = i and write R3 = Z.,
i.e., the upper half and the lower half complex planes. It is easy to see that,
from (4.69) and (4.70),

(st1) @ = (s[r]) @ - (s[r]) @ = (188) @) veze, @m)
Remark 4.4. By Lemma 2.3 and Theorem 4.2, we know S* [fﬂ € H“(E)

T - __
Also, noting (Si[f]) e H! (Zi). Thus, S[f] € H" (Zi). And we end up
with N

S*(fl € H*(Zy) while n=1. (4.72)

We guess that the result corresponding to (4.72) for n > 1 still holds.
We tried to prove it for sometime without success.

Conjecture. If f € H* (Rg“), then ST[f] € ITI”(RiH) for n > 1.

We will prove the following weaker result for further solving the Rie-
mann boundary value problems in §6.

Theorem 4.3. If f € H* (Rg+1), then S*[f] € HM(R;;H) NHY () for
any v € (0, ).

Proof. The conclusion S*(f) € H ”(R’frl) is just Theorem 4.2. We are

going to leave the proof for the conclusion S*[f] € HY (oo) in a more general
theorem in §6 (see Remark 6.8). O

Now we prove a weaker result as follows for the time begin, which is a
fundament of solving Riemann boundary value problems.

Lemma 4.6. [Vanishing of () at the infinity] If f € HH (Rg“), then
(i) ooy = - i (407]) @) =0, (4.73)

and
([ f]u) (c0)=  lim ([ f]u) (v) = 0. (4.74)
|v| =00, vERPFT
[19,24] proved the above lemma for the classical case n = 1 very simply
by a fractional linear transformations. However, the proof in [19,24] involves
a number of concrete calculations that are difficult to implement in Clifford
algebra when n > 2. In the following we will give an analytical proof, that
works for both n = 1 and n > 2. In order to work for n = 1, we assume that
0 < p < 1, which is always possible according to Lemma 2.2.

Proof of Lemma 4.6. We divide the proof into two steps and only show (4.73).
Step 1. We first estimate the result when ‘Im(v)’ > ¢ (¢ > 0). Obviously,

(1) )] =

/Rw E(z —v)do[f(x) - f(o0)]| < MB(v), v € RL,
| (4.75)
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where .
B(v) = - dS R 4.76
(v) / S veR (4.76)

To estimate it, we split it into two pieces.

51(v) = / L ds, ve R (4.77)
\

el<ipol 1T — 0| |2|*
and )
_ n+1
da(v) /z|2;|v o o[ [l dS, veRYT. (4.78)

Let us first point out an obvious fact. In order to compare the classical
case, which is n = 1, we can assume 0 < p < 1 according to Lemma 2.2, then
the following result is still true for the case n = 1. Therefore, the subsequent
conclusions, such as the following Theorem 4.4, are also valid for n = 1, so, a
new proof of the classical result for the boundary behavior at infinity of the
Cauchy type integral on the real axis in [11,19,24] is given here.

For 61 (v), We have,

61 (’U)
1

|z|< 3 vl |IJ’J - v|n|x|/_t
T

1 1 1
<oF —=2dS (Jo—ol 2 ol = fol 2 Jol = 5lo] = 5ol
|v] |z|< 3o |z

1
gn 5o T ™ 2
< ﬁ/ pr dp/ sin”™ 2 <P1d801-~-/ sin @, odpn 2 den—1
|%L 0 0 0 0
< W (just here, taking0 < p < 1whenn = 1),
v
(4.79)

where C' is a constant.
For d2(v), we also have

d2(v)

_ L s
|2|>Lv| |z — v|™|z["
QM€ / 1

<= ——— —dS (O <e< u)
lo|w—e || > Lo |z — o[ |z|€

B R

T vl Jipgz g 2= ot 3la))e

IN

2KTe3e 1
o prers o 48 <by [3z] = |22] + || = |v| + |2 > |& - vl)
[z| >3]0

ol EREE
207 €3¢ . v
= BIES 2 (v) ((4.15) withk =¢,t =0andr = %)
M
>~ W ( by Lemma, 42),
(4.80)
where M is a constant. In particular,
M
6 < ——— (0<e<p), [Im(v)]>c (4.81)

= ol
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(4.79) and (4.81) result in that there exists the banding limit
lim (u[ f]) (v) = 0. (4.82)

v—00, [Im(v)|>c>0, veR}T!

Step 2. The banding limit for |Im(v)| < 1. For concreteness, we take v in the
Poincaré upper halfspace, then, for any but fixed ¢ > 0

‘(u[ f]) (v)‘ (|Im(v)| < 1) (o < Im(v) < 1)

< |(417) (0) = (411) (v + cen)| + | (410) (0 + cen)
< Mct + ’(ﬂ[f]) (v+cen) (byTheorem 4.1).

<c>0>

(4.83)
By (4.82) and (4.83), noting ¢ < |Im(v + cey,)|,
lim sup ‘ <il[f]) (v)‘ < McH, (4.84)
v—00, 0<|Im(v)|<1
which results in
li = 4.
v—00, Oiﬁrllm(vﬂfl (u[f]) ('U) 0, ( 85)
by arbitrariness of c.
(4.82) and (4.84) imply (4.73). O

Remark 4.5. It is not hard to see that, if f € H* (Ry™!) () H}'(c0) then
(4.73) still holds.

Remark 4.6. Let

0(v) = (v, Rg™) € (0, 7] (4.86)

be the included angle between v and Ry ™. Take ¢ = . Then, by (4.79) and

(4.80),
M1

< = -
Bv) < sin” 0(v) |v|#’

Thus, by (4.79), (4.80) and Lemma 4.6, letting R{ ™' (#) denote the angular
domain {v, f(v) < 0} of R**1 then

|(401) () = (111) (00)| <

which is to say that U[f] satisfies the non tangential H; condition at oco.

v e RY (4.87)

M

sin® 6 [v]r’

v e RYTH), (4.88)

Theorem 4.4. ( Boundary behavior of the Cauchy type integrals at oco) If
f e HH(RyTY), then

(s*1) o=t (S*Uf)0) =5 f(),  (489)

y—»oo,vE]RiJrl 2
+ . + 1
(=)o) = tim  (I£18%) () =5 f(00).  (4.90)
’UHOO,’UGR;L:
Proof. By Lemma 4.6 and Example 3.1, we immediately get (4.89) and (4.90).
O
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Corollary 4.2. [Boundary behavior of singular integrals at infinity] If f €
H*H (R8+1), then

(81| gy lo0r =t (SlA1)0) =0, (4.91)
and
((18)] (e = tim _ (In1S)®) =0, (192)

Proof. By Lemma 4.6 and Example 3.5, we also immediately get (4.91) and
(4.92). O

Remark 4.7. By Remark 4.4, we know that if f € C (Rg“) and f € O7#(c0)
then Theorem 4.2, Theorem 4.3 and Corollary 4.2 are also true.

Theorem 4.5. If f € H" (Rg“) NO~#(0), then

(80#1)(00) = (2171)(00) =0, ([£18) (s0) = ([flt) (00) =0, (4.93)
where

(St1) o) = tim - (SIF])(w).

w—o00, weR"+1

(18) )= tim_ (If1S)(w).

w—o00, weR?+1

(4.94)

Remark 4.8. For clarity, we sometimes write oo in (4.73), (4.74), (4.89),
(4.90), (4.91) and (4.92) by oo(oo R,,L+1)7 00 oo‘Rn,H, respectively.
0

n+1ly
Ry

5. Sectionally Regular fFunctions with R8+1 as Jump Surface

To suitably present the interested Riemann boundary value problems, we in-
troduce sectionally regular (holomorphic) functions with Rg“ as their jump
surface, and discuss their principal parts as well as their orders at the infinity.

5.1. Sectionally Regular Functions

Firstly, we introduce sectionally regular functions with the hyperplane Rg“
as the jump surface.

Definition 5.1. A function F is said to be sectionally left (right) regular with
the hyperplane Rg“ as its jump surface, if it is left (right) monogenic in
R:L_H and R and has the positive boundary values F* () and the negative
boundary values F~(t) in Ry, where
Fr(t) = lim F(w), F~(t) = lim F(w)
w—t, weRY T tery w—t, weR" Tt terp !

(5.1)
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In the following, we only consider the sectionally left regular function
and simply call it the sectionally regular function. If F' is a sectionally regular
function with the hyperplane Rg“ as its jump surface, we write

F(w), we R},

+ —
r (w){F+(t),w_teRg+1,
. (5.2)
P (w) = F(w), weR"™",
T F (), w=teRyt

Remark 5.1. Tt is easy to prove that F* € C (R:’;H,C’(Vn)) and F~ €
C (R’l“, C(Vn)). This fact will be used in the sequel.

Ezample 5.1. By using the regularity and the Plemelj-Sochocki formulae for
the Cauchy type integrals established in, respectively, Theorem 3.3 and Corol-
lary 4.1, we immediately obtain that if f € HH (Rg“), then the Cauchy type
integral S[f] is a sectionally regular with the hyperplane Rg“ as its jump
surface.

5.2. Principal Part and Order at the Infinity

The infinity is not necessarily the isolated singularity of a sectionally regular
functions with the hyperplane Rg“ as the jump surfaces. We must generalize
the definition of their principal part at the infinity. More generally, for a
function F monogenic in the region where R"*! is cut off the hyperplane
Ry, denoted as F' € M(R"1 \ Ry*"), we introduce its principal part at
oo as following.

Definition 5.2. Let F' € M (R"! \Rg“). If there exists an entire function
& such that

lim F(w)—E&w)| =0, 5.3

w—>oo,w€Ri+1 [ ( ) ( )] ( )

then we call £ the (generalized ) principal part of F' at w = oo, denoted by
G.P[F, co](w).

Some symbols in [32] will be used below. Let Z(z) = (z1(z), ..., zn(x))
and o = [a,...,q,] where z;’s are the hypercomplex variables given in
Example 2.4 and «;’s are nonnegative integers, then the symmetry power Z
is a biregular function in R"*! defined as the sum of all possible z; products
each of which contains z; factor exactly «; times. For example, for n = 2,

(21, 2)00 =1, (21, 20) Y = 2020 + 2021, (21, 20)120 = 22, (5.4)
For a = [, g, ..., a] € N, we denote
al =alag! . ay!, o :i:ozj, (5.5)
j=1
and
oo o (5.6)

= «@ an
Ox{" ...0xn"
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Introduce the mapping
a:(él,ég,...,ﬁk)Hoz:[al,...an} (5.7)

where «; is the number of times j appearing in (ll, loy..., lk) € N*. Now we
may rewrite Wy 4, 0.y in Example 2.5 by

Wits o (w) = (<)) (9120 [B] ) )

= (=" (8°[E]) (w), @ € R™\{0},
So, z"*lel(9[E]) (z) is bounded by Example 2.5.

Remark 5.2. 1f F has the isolated singular point w = oo, then it has a Laurent
series expansion near the infinity [4]

400 +o0
F(w) = Z Z(w) A, + Z (GQ[E])(UJ)MQ near w = 0o, (5.9)

lo|=0 lo|=0

where F is the Cauchy kernel. We denote its principal part by

P.P[F,o0)(w) = io Z%(w) A, w € R™T (5.10)
|a|=0

In this case, we may prove the following result

G.P[F, 0] = P.P[F,o0]. (5.11)
In fact, by (5.3), (5.9) and (5.10) we have
lim [P.P[F, | (w) — G.P[F, oo](w)} —0. (5.12)

wE]Rl*l,w—wo

Noting that both P.P[F,c0] and G.P[F, o] are entire, we know that (5.12)
is equivalent to
lim  [P.PIF,oc](w) - G.P[F,od](w)] =0, (5.13)
weR L w—oo
and consequently we get (5.11) by Liouville’s theorem [2].

In general, w = oo may not be an isolated singular point of F', and
in the case, P.P[F, 0] is not defined. For example, in the classical complex
analysis the following example is easily given [28]. Let

In(—
Fl) = 29 0 210, (5.14)

wm

where the logarithm function Inw is the principal branch in the complex
plane cut along (—o0, 0], i.e.,

Inw =In|w| +iarg(w) (—7 < arg(w) < m),
w e C\ (—o0,+00) C C\ (—o0,0],
and we can see that F'(w) has no P.P(F, o), but
G.P[F, x](w) = 0. (5.16)

So, the concept of GG.P is more extensive than the concept of P.P in the
classical sense.

(5.15)
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Example 5.2. If f € HH (Rg“), by Lemma 4.6 and Theorem 4.4, then
G.P(U[f],00) = 0 and G.P(w~'S[f],00) = 0. Moreover, by Theorem 4.4,
G.P(U[f],00) = G.P(S[f],00) = 0 when f € H* (R{™") N O~ (o0).
Remark 5.3. The principal part G.P[F, o] is unique. For example, if both &;
and & are the principal parts G.P[F, o], we then have P.P [ — &2, 00] =
G.P[El — &, oo] = 0 by Remark 5.2. This results in & = & by Liouville’s
theorem.

For F defined on R"*+! \Rg“, we sometimes need the concept of the
order of F' at the infinity.

Definition 5.3. Let F' € M(R"" \ RG™). If
0<f= limsup |w ™F(w)| < -+oo, (5.17)

wGRiJrl L W—00

we say F' to be of order m at w = oo, denoted as Ord (F, c0) = m.

Definition 5.4. Let m > 0. We call

flw) = Z Z%(w) ¢q with Z lca] # 0 (5.18)

|or|=0 loe|=m
a hypercomplex symmetric polynomial of degree m, denoted by Deg(f) = m.

Lemma 5.1. ( see [22]) Let f be a hypercomplex symmetric polynomial. Then
Deg(f) = m if and only if Ord(f,o00) = m.

For the boundary behavior of function ® € M (R \Rg‘“) at the
infinity, there are three kinds of common statements for growth.
(A) G.P(w= ™) d, 00) = 0, namely &(w) = o (w™*!) near w = oo,
(5.19)
(B) limsup |w|™™|®(w)|=/, namely |®(w)|=0 (Jw|™) near w=oo0,
wE]RlJrl, w—00
(5.20)
(C) Ord(®,00) <m, namelyOrd (®,00) = kwithk < m. (5.21)
Remark 5.4. Obviously, (C) implies (B), while (B) implies (A). So the condi-
tion (A) is the weakest. We use the condition (A) in the Riemann boundary
value problems below, which is an innovation of [13].

In [22], we get the following Liouville type theorem.

Theorem 5.1. (Liouville type theorem [22]) If f is left entire with the growth
condition | f(w)| = O (|w|™) near w = oo, then it is a hypercomplex symmet-
ric polynomial of degree not exceeding m, that is,

m

1
Z 7 Z2%(w) ca, when m = 0,
0, when m < 0,

where ¢, are some hypercomplex constants.
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Remark 5.5. In [22], we assumed the condition (C). It is seen that the con-
dition (B) is used only in the proof of the Liouville type theorem in [12].

Sometimes it is more convenient that we write |F(w)] 4 |G(w)| when
w — 00, i.e., there are positive constants M and m (M > m > 0) such that

F
m < lim sup |GEZ; <M

The following is an obvious fact.

(5.23)

Lemma 5.2. |F(w)] ~ |w¥| near w = oo if and only if Ord (F,c0) = k.

Ezample 5.3. Z%(w) '~ wlel near w = oo, so Ord (Z%,00) = |a|. In fact, it
is not difficult to see that

o1 (- , 1z e!
] \/ﬁwhenwo #0,w; =R (] =1,... ,n) imply wlel = pial ol
(5.24)
and
121 - . 2] _ ef!
Tl <1(G=1,...,n) imply el < Tl (5.25)
(5.24) and (5.25) result in
! A !
1‘04 < lim sup 12°] < M. (5.26)
nzlel gl w—oo |wllel a!
Let
Qm(w) = Z [0“E](w)Aa, w € R™ 1\ {0}, (5.27)
|a]=m

where \,’s are some constants in C(V,,). We call it a hypercomplex Laurent
polynomial.
In [22], we also gave the following result.

Lemma 5.3. [sce [22]] Ord(Qm,0) = —n —m, or Qm(w) = w "™ near
w = 00, if and only if

> al #0. (5.28)

|a]=m
Lemma 5.4. Let Q(w) = w"™™Q,,(w) where Q., is a hypercomplex Laurent
polynomial given in (5.27). Then G.P(Q,00) = 0 if and only if all Ao, = 0.

Proof. Sufficiency. It is obvious. In fact, @(w) = 0 in this case. Necessity. By
Lemma 5.3 we know that (5.28) implies limsup Q(w) > 0, which is contra-

w—00

dictory with G.P(Q, ) = 0. O
Remark 5.6. Similarly, let
Q*(w) = 2" (w)Qm(w), w € R"\{0}, (5.29)
by Example 5.3,
P.P(Q*,00) =0 ifandonlyif A\, =0. (5.30)
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6. Riemann Boundary Value Problems

In this section the Riemann boundary value problems for the sectionally
regular functions with the hypercomplex plane as its jump surface will be
discussed. After formulation of the problems, explicit representations of the
solutions and the conditions of the solvability are given in detail.

6.1. Painlevé Problem

The simplest Riemann boundary value problem is so-called the Painlevé prob-
lem. Let us start our discussion from the Painlevé problem.
Painlevé problem Find a sectionally regular function ®, with RS‘H as
its jump surface, satisfying the boundary value condition
O (x) =0 (z), rec Ry (6.1)
Obviously, an entire function is a solution of the Painlevé problem. Con-
versely, whether a solution of the Painlevé problem is an entire function mo-
tivates the so-called Painlevé theorem. In [22], the Painlevé theorem with
the smooth jump surface has been proved. Here the jump surface is a hyper-

complex plane. For ease of reference, we would rather give a direct proof as
follows.

Theorem 6.1. ( Painlevé theorem) If f is left (right) regular in R and
f e C(R™™ . C(V,)), then f is left (right) entire in R™ 1.

We only need to prove the following local theorem.

Lemma 6.1. Let Q = (ag,bg) X (a1,b1) X ... X (an,b,) C R™™ with a,, <0 <
by, be a rectangular parallelepiped. If f is left (right) monogenic in Q\RS'H
and f € C(Q,C(V,))), then f is left (right) monogenic in (2.

Proof. Take ¢j,d; (j = 0,1,...,n) such that a; < ¢; < d; < b; with ¢, <
0 < d,, where

[] = (co.do) x (c1,d1) X ... X (cn,d). (6.2)

We split it into two pieces
|:|+ = (Co,do)X(Cl,dl) 0 dn g Co,do cl,d1)><...><(cn,0).
(6.3)

Then
(8+1/) (w) (weRE")
E(zx —w)do f(x)

—_

[]_ = (co,do) x (c1,dr) x...x (0,€), [], = (co,do) x (ex,dr) x ... x (e, dn)
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with the induced orientation by the exterior normal.
Then, by the Cauchy theorem [2],

fw), wells,
p={ 0wl (6:6)
and

‘pl‘ < C’[e”f”i—i— wg(f e)} (Cis some constant), (6.7)
where [] is the closure of [, ||f Hﬁ and wy are respectively the Chebyshev

norm and the modulus of continuity of f on the closure i, which implies

lim p; =0. (6.8)

e—0t

(6.6) and (6.8) result in
(st = { 40w €8 (6.9)

In exactly the same way, we may get

(5-171) (w)= viH / o Fle—wdrf@
[0,

From (6.9) and (6.10) we have

(sl = g | Pe-wars@ = s, wel] @1
n +

Noting the continuity of Spr[f] on [], we know that it has the representation
of the Cauchy type integral

1
fw) = (Sl))(w) = g— [ _Bla-w)dof@), wel] (@12

and thus it is regular on [] by the Cauchy type integral theorem in [8,10].
O

Conclusion 6.1. (Painlevé problem) The solutions of Painlevé problem (6.1)
are all entire functions.

Remark 6.1. The Painlevé problem is one of the foundations for solving the
Riemann boundary value problems. In some of the earlier work [13,30], it
was directly cited, without seriously proving it or pointing out the literature
from which it came.
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6.2. Liouville Problem
In the Painlevé problem, if the growth at w = oo is restricted, then it becomes
the Liouville problem.
Liouville problem Find a sectionally regular function ®, with Rg“ as
its jump plane, such that
ot (r) =0 (z), xRy,
G.P[w=mD® oo] =0 (mis an integer ).
To solve the above Liouville problem, we need to generalize the Liouville
type Theorem 5.1.

(6.13)

Theorem 6.2. ( Generalized Liouville type theorem) If f is a left (right) en-
tire function with the growth condition G.P(w_(m+1)f, oo) =0 at the infin-
ity, then it is a hypercomplex symmetric polynomial of degree not exceeding
m, namely,

—Za ) Cay when m > 0,
flw) = IQZOI ! : (6.14)
0, when m < 0,

where ¢, are CT" . hypercomplex constants.

n+m
Proof. By the Liouville type theorem (Theorem 5.1), we obtain
m+1

1
Z%(w) ¢, when m > 0,
) = { 2z Tal 27000 (6.15)
0, when m < 0.

If 3 0 mmtt |ca| # 0 then Deg(f) = m + 1. Thus, Ord(f) = m + 1 by
Remark 5.3, which contradicts with the growth condition (A4) in (5.19). O
Remark 6.2. This theorem generalizes the classical Liouville type theorem

[22]. Moreover, it shows that the conditions (A) in (5.19), (B) in (5.20) and
(C) in (5.21) are equivalent with each other when ® is an entire function.

Conclusion 6.2. (Liouville problem) The solution of the Liouville problem
(6.13) is just arbitrary hypercomplex symmetric polynomial P,, of degree
not exceeding m when m > 0 and ® = 0 when m < 0, i.e.,

P(w) = Z Ial' (w) (6.16)

la[=0
with the agreement P, = 0 while m < 0, where ¢,’s are C,
hypercomplex constants.

Proof. The desired result (6.16) follows from the solution of the Painlevé
problem and the generalized Liouville Theorem 6.2. 0

arbitrary

Remark 6.3. We see that the Liouville problem (6.13) and the corresponding
Liouville problem with a closed smooth surface as its jump discussed in [22]
are similar in the form, but they are distinct essentially by Remark 5.2.
The tool for the generalized principal part needs to be referred here and the
condition for growth at the infinity is less restrictive here.
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6.3. Jump Problem R,,

In this section, we discuss the following jump problem R,,.
Jump problem R,,. Find a sectionally regular function ®(w), with Rfj+
as its jump plane, such that

ot (z) — @ (2) = g(z), € R{™" (boundary value condition), (6.17)
G.P [w_(m+1)<1>, oo] =0 (growth condition a‘coo)7 '
where R
g€ HE (RGTY) with mo = max {0, —(m +1)}. (6.18)

When m > 0 we call it the jump problem with non-negative order. This
case is discussed in [13,30], but the theoretical basis of the results obtained is
insufficient (see Remark 6.4 below). When m < 0 we call it the jump problem
with negative order (in fact, its solution has zero point at co). The discussion
of this situation is rather technical and will be postponed to the later part of
this section.

We firstly discuss the jump problem with non-negative order, in this
case, mo = 0, i.e., we assume g € H (Rg“).

Conclusion 6.3. (Non-negative order) When m > 0 and g € H (Rg“), the
general solution of the jump problem (6.17) with the non-negative order is

O (w)
= (Slo]) (w) + P (w)

N (6.19)
1 / 1 )
= E(z —w)dog(z) + — Z%(w) co, w € RETH
\/n+1 Ry |QZO ]! *

where P, is arbitrary hypercomplex symmetric polynomial of degree not
exceeding m.

Proof. Firstly, (S [g]) (w) is a special solution of Ry problem by Example 5.1,
Example 5.2 and the Plemelj-Sochocki formulae in Corollary 4.1. Certainly,
it is also a solution of the jump problem with the non-negative orders.

Secondly, ® is the solution of R, problem (6.17), if and only if A =
® — S[g] is the solution of the Liouville problem

AT(z)=A" R+
(@)= A"(@), zeRy", 620
G.P [w (m+D A oo] =0.
Hence, A = P, by Conclusion 6.2, which results in (6.19). O

Remark 6.4. It should be pointed out that both the two steps in the above
proof have to be based on Theorem 4.4. The articles [14] , however, is based
on the insufficient Corollary 4.2 which is an oversight.

Due to extensive complications, there has been no study aware devoting
to this case, even for the classical context n = 1. This case will be discussed in
detail in the following part of this article. The generalized principal part tool
must be used here, even in the case n = 1, which should be one reason why in
the well known monograph books [19,24] R,,, are not thoroughly studied but
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restricted to the bounded solutions, i.e., m = 0. The results of the negative
order R, problem in this paper are also essentially generalized to the study
for the case of classical n = 1 in [19,24]. More interestingly, subsequent work
has found that these results have important applications in the asymptotic
analysis of polynomials [3,21].

An important jump problem with negative order is R_;, which is the
fundamental one of R,, jump problem with m < 0.

Jump problem R_;. Find a sectionally regular function ®(w), with R+
as its jump plane, such that

{ Ot () — @ (x) = g(x), * € R (boundary value condition),

G.P[®,00] =0 (growth condition at the infinity), (6.21)

where g € H" (RgHH).

Conclusion 6.4. (R_; problem) When g € H (Rg“) the jump problem R_;
(6.21) has the unique solution

D(w) = (8(9)) (w) = Vl [ Ba—wdog), weRL, (62)
n+1 0
if and only if
g() = lim g(xz) =0. (6.23)

chRngl, r—00

Proof. Condition of solvability. If the jump problem R_; has a solution ®,
then, by the growth condition at w = oo in (6.21),

D(c0) = lim O(w) = 0. (6.24)

weRi*l, w—00
This results in
®F(o0) = lim  ®F(z)=0. (6.25)
:J:ERS"H, r—00
So, taking the limit under the boundary value condition of (6.21), we get, by
the Plemelj-Sochocki formulae,
gloo)=  lim  g(x)= lim [q>+(x) - @-(x)] =0.  (6.26)
z€RPT!, z—o0 z€RPT!, o0

Solvability. In fact, by Example 5.1, Corollary 4.1 and Example 5.2, it
is obvious that if the condition of solvability (6.23) is fulfilled, then S[g] is a
solution of (6.21).

Uniqueness of the solution. Similarly, ® is the solution of R_; problem
(6.21), if and only if A = ® — SJg| is the solution of the Liouville problem
(6.20) with m = —1. Hence, A = 0 by Conclusion 6.2, that is to say that S[g]
is the unique solution of the jump problem R_;. O

Remark 6.5. (6.25) and (6.26) show that the boundary value condition in the
R_; problem also holds for the extended hypercomplex plane

Ry =Ry U {00 i}, (6.27)
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where oo|Rﬂ+1 given in Remark 4.8 represents the infinity at R"'H Likewise,
if ® is the solution of the j jump problem Ry, then

ot <OO|R3+1) - o (Oole“) = g(OO|]R8+1> (6.28)
holds.

Now we come to discuss the jump problem (6.17) with m < —1. Similar
0 (6.26), we have, from the growth condition at the infinity in (6.17),

gr(00) = lim 2"g(x) =0 where r=—(m+1). (6.29)

zERGT!, z—o00

Obviously, we have, for s > 0,

r‘ (x) (x e Rgﬂ\{()}) wheng € Hy o (Rg“).

(6.30)
So, in discussing for the jump problem (6.17) with m < —1 we will assume
directly

< M
‘ = Ja © ‘ = Jalte

ge f", (R;}H) (r = —(m+ 1)). (6.31)

Conclusion 6.5. (Case —n <m < —1) Let -n <m < -1l and r = —(m +1).
Ifg e fIr,o (Rg“), then the jump problem (6.17) has the unique solution

1

Voo Jon E(z —w)dog(z), weRE™.  (6.32)
n+1 JRGT!

D (w) = (Slg]) (w) =
Proof. Obviously, the solution ® of the R,, (m < —1) problem is also the
solution of the R_; problem. Thus, we only need to consider the growth
condition of ® at oo, that is, prove

G.P [w*(erl) (S[g]) (w), oo} —0, (6.33)
Or o Jm e (slg]) (w) =0 (6.34)

To show (6.34), we need to establish a series of lemmas. So, we shall give its
proof in Remark 6.9 later. O

We rewrite the following functions and explore them further.

(81(9)) (w) = -

—_— E(z,w)dog(z), weREH, (6.35)
Vst Jisi<iwl

and
1

—_— E(z,w)dog(z), weREH (6.36)
Vst Jjel> 3wl

(S2(9)) (w) =

For, g € C(Rg“) and p > 0, let

(Sﬁ(g)> (w) = Vj+1 /7 o) E(z,w)dog(z), weR"™\B,(0,p). (6.37)
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Lemma 6.2. The Cauchy type integral SP(g) has the Laurent series expansion
near the infinity

oo

(57191) (w) = =" Qutw),  [w| > . (6.3)
k=0
where
) — (-D)o*B(w) 1 o (e) do ol
Qk( )_alz_k |a‘| \/n+1 B..(0.0) Z ( )d g( ) (639)
Moreover,

k
Q)| mreli [14R] L [ Jg@las, ful > e (6.00)
‘w|n+ Bn(O,p)
where the constant M > 0 only depends upon the dimension n.

Proof. When B,,(0, p) in (6.39) is replaced by I' = 0B,,41(0, p), this lemma
will reduce to Lemma 12.1.1 in [2]. We can prove this lemma directly by the
method in [2]. O

Lemma 6.3. If g € fléfo (R§T) and 0 < s < n, then G.P(w*Si[g],00) = 0,
more precisely,

Sl[g](w)‘ < % near oo. (6.41)

o]

1
Proof. Taking p = §|w| in (6.39) and rewriting @y, in this case by Qy, i.e.,

w) = (1)l Bw) 1 N
A ( )—|§_:k la! Vi1 Bn(o,%\w\)Z (@)dog(a), (6.42)

1 2y 1 1’“/
Quw)| <ty (14 42) "M Bn(o,%)|g(x)|d5’

1 T11k (6.43)
A k+1 2 1
=M Cpl, (1 +k ) Ful {2] H1 + 112},
where

|z <1 00

%= |g(x)’dz0...dxn_1 (|w| > 1)

1<|z|< 5 |w]
< M L dy. . de, (by (6:31))
1< e|< d w] [2[*TH

w (6.45)
S M4/ pnflfsf;t dp
1

e (takingO <p< 1).
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Thus,
2] {fo " Tor

‘Qk(w)‘ < MeCptl | (1 + k2> Hk [ LI 1] . (6.46)

We get, for |w| > 1 and s < n,

S+ s+ e
| 7 |Sulgl ()| < Ml | Qu(uw)]|
k=1
- L7k (6.47)
<Msy Cifas (1 + k/’Z) [2} 2 M,
k=0
which is the result required. O

Remark 6.6. In fact, we have proved that, if £ = Ord(S;[g], 00) exists then
{ < —s.

Lemma 6.4. If g € ?Iﬁo Ry (s > 0), then G.P(w*Ss[g],00) = 0, more
precisely,

s M
Sz[g](w)‘ < Tl for [Im(w)| > ¢>0and 0 < v < p, (6.48)

where M is a constant.

[w

Proof. Firstly, by (4.78) and (4.80),

|gs ()]
< PR L S A —
‘82[9}(741)‘ > /IZ§|W| |2 — w|n|z|s+r ds

. N (6.49)
1
< = <t
>~ |’LU|862(w)_ CV|'[U|S+V <0<V</’(’)a
where M, is a constant. O
Divide @[f] into three pieces
(@1() (w) = — / Bz —w)do[f(x) ~ f(Re(w))], w € R™, (6.50)
Vg1 Jel<diwl

(Da2[f]) (w) =

E(z —w)do | f(z) — f(Re(w))|, w e R*T1, (6.51
Vit -/lwfRe(w)\g%hu\ ( ) [f() £ ())] € ( )

1
(Palrw) = /|z|z

E(x —w)do {f(m) — f(Re(w))}, w e R
3wl le—Re(w)|>§ lw]

(6.52)

Lemma 6.5. If g € ]?8“70 (Rg“) and 0 < s < n, then G.P(wsﬁl[g},oo) =0,
more precisely,

@ﬂg](w)’ < WJ\/‘(‘L nearw = oo and [Im(w)| < ¢ (w € Rl“). (6.53)

S
[l

Proof. Noting
(D1(9)) (w) = (Silg]) (w) + g(Re(w)) (S1[1]) (w), (6.54)
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and
9(Re(w))|
< 195 (Re(w))
~ |(Re(w)) | (6.55)
M 2M
= [(Re(w)) [T = fupre M (Itmw)] <)
by Lemma 6.3 and (3.47) in Example 3.4 we immediately get (6.53). O

Remark 6.7. It is easy to see that, if we substitute the condition Ord(S:[g],
oo) < —s for the condition 0 < s < n, then (6.41) automatically holds. Thus,
under this case, both Lemma 6.3 and Lemma 6.5 still hold.

Lemma 6.6. If g € ﬁs,O (RS'H) (s > 0), then G.P(wsi)g[g],oo) = 0, more
precisely,

s M
(@2[9])(10)‘ < Tl nearw = oo and [Im(w)| < ¢ (w € R"+1>, (6.56)
where M is a constant.

1
Proof. It is easily seen that, if |z — Re(w)| < §|w| and Im(w) < ¢, then

’ ‘ > ’w‘ ’x—w‘ > ‘w’ Pw' + [Tm( |] > % near w = oo, (6.57)
and
|w]

‘Re(w)‘ > ‘w‘ — ‘Im(w)‘ > nearw = oo. (6.58)

Divide D3]g] into two parts

(@2[9])1(10)
= \/n+11 /|$_Re(u})§é|w| E(x —w)doz™* [gs(x) - Js (Re(w))}
+W+1 [2—Re(w)|< 4 |w] B(@—w)ds [xis — (Re(w)) } {gs(Re(w))}
2Py + Py {gs (Re(w)) }.
(6.59)
Noting that by (2.8)
o7 = (Rew)) | = fo* [Re(w) — o] (Re(w) | (6.60)
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we have
" My _1|H
ST A B —w)||e" — (Re(w)) ™| "ds (by (6.57))
Ms

< — =
— s+2n
|w |o—Re(w)|< % w]

% | — w)|[Re(w) - x‘“ds (by (6.57), (6:58), (6.60))

< T (by (410)).

(6.61)
By induction, it is easy to prove that

k—1
’xkfyk‘ < k[max {|a:|, |y|}} ’xfy’ for anyz,y € R" andk € Ny. (6.62)

In fact, by using the inductive hypothesis, there follows

‘xk-&-l_yk-&-l
< ‘xk+1_l.ky‘+‘xk_kay‘
k k=1 (6.63)
< |x| ’xfy’+k[max{|x\,|y|}] ‘x—yHy’
< (k+ 1) [max {Jo]. l}] |z~ v]-
So,
Pl
< / E(z —w)||do||z7® — (Re(w)) ™ ?| (by (6.59)
< SMll/ B = w)|[e~! = (Re(w)) ~|ds
lwls = lz—Re(w)| <! |w]
x $y (6.57), (6.58), (6.62)>
< 2/ E(z — - (R dsS (by (6.60
< [t WWMSW‘ (= w)|[z — (Re(w))[ds (by (6.60))
M; 1
— — dxo...dzn_
Tl s —Re(uw) < 2w |2 —w|m FO Gt
_‘M|4 (by (4.13)).
wS
(6.64)
(6.59), (6.61), (6.64) and (6.55) imply (6.56). 0

Lemma 6.7. If g € ﬁs,o (Rg“) (s > 0), then G.P(ws©3[g],oo) = 0, more
precisely,
s M n+1
|w] ‘(333[9])(111)‘ < T e w =09 and |Im(w)| < c(w €R ),
(6.65)

where M is a constant.

Proof. Since the ball B,, (Re(w), $|w|) is disjoint from the ball B,, (0, 1|wl)
when |Im(w)| < ¢ and w is sufficiently large such that [Re(w)| > [§ + 3]w|,
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we have
(Dsg]) (w)
1
= E(x —w)dog(x) — | (S[1])(w
Vot /|w>;w|7xRe<w>>;,w| ( Jaoate) ( H)( 26.66)
(St 311011) (@) = (So—Re guy o [1) () | 9(Re(w))

= Pp1 +DP2 +P3s+ P4
We first have

o1
</ B — )] |ao] |g(x)|
Vi1 Jiel> 3wl lo—Re (w)[> 1wl
1
ng/ ‘E(x—w)‘ as (by (6.55)
21> ], lo—Re (w)>  w| | ( )

1
o i
o> L], [o—Re(w)[> L fw] |2+

(by4|x —w| > |z —w|+ 3|z — Re(w)| > |z — w| + |w| > |x|)

1
é M2 / —_— dl’od.’bl . dl’n,1
jol> 4| |2["TH

< Ms
= Jwlste

dl’odwl N dxn,1

(6.67)

By (6.55), (3.9) in Example 3.1, (3.47) in Example 3.4 and (3.38) in
Example 3.3, we have
My

< —. 6.68
P < o (6.68)

‘]pZa P3|,

(6.66), (6.67) and (6.68) imply (6.65). O

Auxiliary Theorem 6.1. If0 < s < n and g € PAIS,O (Rg“), then G.P
(wSS[g],oo) =0, more precisely,

’(S[g])(w)’ﬁm']\iy for 0<v<p (we@), (6.69)

Proof. By the Plemelj-Sochocki formulae, it is sufficient to prove (6.69) when
w e R’f‘l. To do so, we treat two cases separately.
Case 1. Im(w) > 1. In this case, we have

(Slg]) (w) = (Si[g]) (w) + (Sa[g]) (w), w € RE. (6.70)
By Lemma 6.3 and Lemma 6.4 we get (6.69) when w € R
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Case 2. Im(w) < 1. In this case, we have

(Slol) (w) = =% £ g(Re(w)) + (Drlo]) ) + (Dsg]) (w)
+ (93[9])(11}), w e RQLEH.

By (6.55), Lemma 6.5, Lemma 6.6 and Lemma 6.7, we also get (6.69) when
w e R O

(6.71)

Theorem 6.3. (Boundary behavior of the Cauchy type integrals—First Ver-
sion) Let 0 < s <mn and f € Hy (Rg“), then

‘(S[f])(w) - ;f(oo)‘ < |w]|\:[+” for 0<v<yp (w € R:’;H) (6.72)

and

A

(s17) ) + ;f(oo)‘ < |w]“f+y for 0<v<p (weRM™).  (673)

Proof. Let

N

g(t) = f(t) = f(o0), teRG™, (6.74)
by Auxiliary Theorem 6.1, the desired inequalities hold. 0

Remark 6.8. Taking s = 0, the conclusion about the boundary behavior of
the Cauchy type integrals S[f] in Theorem 4.3, i.e., ST[f] € Ht(c0), holds.

Remark 6.9. (The proof of the growth condition (6.34) in Conclusion 6.5)
By using Auxiliary Theorem 6.1, the growth condition (6.34) holds.

Remark 6.10. [22] points out that, the solution ® of the Riemann boundary
value problems R, (m < 0) on the closed smooth surfaces must satisfy
Ord(®, 00) < —n, even there is no regular function F' near the infinity that
satisfies Ord(F, c0) = m with —n < m < 0 when n > 1. In other words, the
solution of R_; is also the solution of the solution of R,, (—n < m < —1). In
the setting of this paper, this phenomenon does not occur, i.e., there exists ®
such that it is the solution of the R,, problem (6.17) (—n < m < —1) but not
the solution of the R,,;1 problem. For example, we take the input function
g given by (2.53) in Example 2.2. Then, S[g| is the solution of R_; but not
the solution of R_s1, otherwise Ord(g,c0) < —(s + 1) by (6.29).

To discuss the R,, problems with m < —n we need to establish the
improved version of Auxiliary Theorem 6.1. The Remark 6.5 suggests that
we can improve Auxiliary Theorem 6.1 into a stronger version.

Auxiliary Theorem 6.2. If s > 0 and [ € ﬁs,o (Rg“), then we have the
following claims.

(1) G.P(|w|*S1[f], 00) = 0 is equivalent to G.P(Jw|*S[f],o0) =0,

(2) Si[f] = O(Jw|=C+M) near oo is equivalent to S[f] = O (Jw|~(+#)

near 0.

Proof. In exactly the same way to Auxiliary Theorem 6.1, through (6.70),
(6.71), (6.54), (6.55), Lemma 6.4, Lemma 6.5, Lemma 6.6 and Lemma 6.7,
we get the two claims. O
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When Auxiliary Theorem 6.2 is applied to discern the growth condition
in the R,, problem (6.17), we must give a measurement for the behavior S;[g]
at the infinity which is similar to Lemma 6.3. To do so, we first introduce a
result in [22].

Let

Qr(z) = Y [0"E](z) Ao (6.75)
lov|=k
be a hypercomplex Laurent polynomial where \,’s are some hypercomplex
constants.

Lemma 6.8. (see [22]) Let Qi be a hypercomplex Laurent polynomial given
in (6.75). Then Ord(Qy,00) = —n — k if and only if

> Pl #0, (6.76)

|a|=k
in other words, there is a such that |a| = k but Ay # 0.

Obviously, if g € I/i\}?o (Rg“), then g = O(:E*T’“) near x = oo. Thus,
by Example 5.3 we have Z%(z)g(z) = O(|z[l*I="=#), so, all integrals

3&248+1 ( )dag ’ a‘_O,l,...,r—n (TZ?’L) <677)
are well defined. Let
5:{\04,3&7&0, |ay:0,1,...,r—n}. (6.78)

Lemma 6.9. If g € ﬁff,o (Rg"’l) and r > n, then

(1) Ord(Sl,oo) = —n—N, where N = min {(, IS E} when = is not empty,
(2) (Silg])(w) = O(|w|=""*) near w = oo when E is empty.

Proof. We need to estimate (6.46) more finely. In fact [2,6],
‘Qk(w)‘ (if |w| > 2 and er—n—i—l)
1
< MOy} 1+k‘27/ Fg(z)|d
= M1 k+n—1( ) |w|n+k B,,,(0,§|w|) |ﬂ,‘ g(ac)| $

k41 2 1 / k / k
<okt (146 )¢ i o ol [ s

<otti (1) 2 o]

1
+/ — dazo...dzn_1]| (by (6.55)
B (1,1 w]) [tk :| ( )

k1 2 1 N
< MsCRL (14K >(w|"+k 1+{—}

2

1 " 1
W[ FF T Pl

<anctt(1447) |
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1 1 1
k+1 2
§M4C,§+n_1(1+k){m+?}w(|ﬂ>2,k2r—n+l)

< MOt (14 42) Lﬂ Iw\iﬂ" (6.79)
Let
(31,2[91)(w) = > Qw), w>2, (6.80)
k=r—m+1

then we have

ru +oo 1 k
‘(sl,z[g})(w)\ <M Y [1 +k2} crt M < 400, (6.81)
k=r—m+1

w

where the constant M is independent on w.

Rewrite
(Sualo)) ) = 3 [0°F)()3e — Y. [0°E](w)Za(w) £ Aw) - V(w)
[a]=0 |a]=0
(6.82)
where 3,’s are given in (6.77) and
2, (w) = / 79 (2)dog(x). (6.83)
3lw|<z<4o0
When = # @, by Lemma 6.8, we have
n+N
lim ‘w Z [8O‘E}(w)3a =0for0 <k <r—nandk # N,
wE]RiJrl,w—wo lal=k
(6.84)

since Q = 0 when k < N by the definition for N and w”** Qp(w) is bounded
when N < k < r —n by Example 2.5 and (5.8). Thus, by Lemma 6.8,

n+N n+N
lim sup ’w ’A(w)) = limsup )w Z [0“E](w)3a| = a,
wERl"’l,w—)oo wER1+17w—>oo la|=N
(6.85)
where 0 < a < oo . Thus,
Ord(A, oo) =-n—N. (6.86)
From (6.83), Example 5.3 and (6.55), we also have
‘Za(w)’ < Ml/ ’:c||a\7r7#dxo...dmn,1
< M, <
< o (el s =n),
which results in, by (2.62) in Example 2.5,
M.
’[80‘E] (w)Za(w)‘ < 3 (6.88)

jw[r e
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This implies

‘V(w)’ < | ]|\:[+/ near oo (w e RYM Mis a constant),
w L
6.89
lim ’w‘n+N‘V(w)‘ =0 when Z#0 (byrEn). (6.89)
wGRZIH,w—»oo
Now, noting
S1alg]) (w) + (S12lg] ) (w), when =50,
(S1l91) (w) = (St )+ (S120]) , (6.90)
V(w)+ (Sizlg])(w),  when =0,
by (6.81), (6.82), (6.86) and (6.89) we finally get the assertions (1) and (2)
in this lemma. O

Theorem 6.4. Ifs > mn andg € ﬁgo (Rg“), then G.P(wsS[g], oo) =0, more
precisely,

‘(S(g))(w)’ < |w]|\f+” for O<v<u (w € @) (6.91)

Combining Theorem 6.4 and Theorem 6.3 we get the following theorem.

Theorem 6.5. (Boundary behavior of the Cauchy type integrals-Second Ver-
sion) If s>0 and f € Hy (Rg"’l), then

‘(S[f])(w) . %f(oo)’ < # for 0<v<p (w e Ri“) (6.92)
and

(811 w) + 3 f(o0)] <

- |w|s+u

for 0<v<p (w = Ri‘“). (6.93)

Conclusion 6.6. (Order m < —n ) Let m < —n and g € ﬁ—(mﬂ),o (Rg“),

then the jump problem (6.17) has unique solution (6.32) when the C™,,
conditions of solvability

/ Z%(2)dog(x) = 0, |a| = 0,1,...,—(n+1+m) (6.94)
Ry

are fulfilled.

Proof. Uniqueness of the solution. The solution of the R,,, (m < —n) problem
must be the solution of the R_; problem, so it is (6.32).

Sufficiency of condition of solvability. The growth condition holds by
Theorem 6.4.

Necessity of condition of solvability. By Auxiliary Theorem 6.2 and
Lemma 6.9, the growth condition holds only when = = (). O

Summing up the above Conclusion 6.3, Conclusion 6.4, Conclusion 6.5
and Conclusion 6.6, we get the main result below.
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Theorem 6.6. For the Riemann boundary value problem Ry, (6.17), four
cases will happen.

(1) Let m >0, g € H* (Rg"'l), then its general solution is (6.19) with

ChYy. free hypercomplex constants.

(2) Letm=—1. Ifg € H (Rg“), then it has the unique solution (6.22)
if and only if (6.23) holds.

(3) Let -n<m < —1andr = —(m+1). If g € Hyq (Rg“), then it
has the unique solution (6.32).

(4) Letm < —n andr=—(m+1). If g € ﬁr’(] (Rg“), then it has the
unique solution (6.32) when the C™,, _, conditions (6.94) are fulfilled.
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