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and to monogenic functions. Using the Cauchy formula of slice monogenic functions
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for n odd, holds also in the case we consider the fractional powers of the Laplace
operator A, 41 in dimension n + 1, i.e., for n even. Moreover, this relation is proven
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of the Poisson kernel. Similar results hold for the right kernels Sg' and of FJ*.
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1. Introduction

The Fueter-Sce-Qian (FSQ for short) mapping theorem is one of the deepest results in complex and
hypercomplex analysis because it shows how to extend holomorphic functions of one complex variable to
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high dimensions for vector-valued functions. This theorem is due to R. Fueter [30] for the quaternionic
setting, it was generalized by M. Sce [47], to Clifford algebra R,, for n odd while the case of even dimension
was proved by T. Qian in [43] (see also the recent monograph [45]). The method of T. Qian requires the use
of the Fourier transform in the space of distributions and is deeply different from the method of R. Fueter
and M. Sce. In the literature it is less known that the results of M. Sce, in [47], are written in a setting
that contains, as particular case, the Clifford algebra R,, of odd dimension, but, for example it also works
for the octonions. For more details see the recent translation of the work of M. Sce with commentaries [23,
chapter 5].

Consider holomorphic functions of one complex variable f : Q C C — C (denoted the set by O(Q2)). It is
well known that the way to extend the function theory of one complex variable to several complex variables
is to consider the systems of Cauchy-Riemann equations, for

f:ICC"”—C,

where II is an open set. To explain the FSQ mapping theorem we need some preliminary notation for the
Clifford algebra setting.

Let R,, be the real Clifford algebra over n imaginary units es,...,e, satisfying the relations ege,, +
emee = 0, £ # m, e? = —1. An element in the Clifford algebra will be denoted by >, eaza where
A={l... 0.} e P{1,2,...,n}, {3 <...</{.is amulti-index and e4 = ey, €y, ...€s., g = 1. An element
(r0,1,...,2,) € R will be identified with the element x = x¢ + z = zo + Sor_ixeer € Ry, called
paravector and the real part zg of x will also be denoted by Re(x). The norm of x € R"*! is defined as
|z|? = 2% + 2} + ... + 22. The conjugate of z is defined by T = zg — 2 = z9 — Y_,_, zee¢. We denote by S
the sphere

S={z=em1+...+epxy |23 +.. . +22 =1}

for I € S we obviously have I? = —1. Given an element x = zg + 2 € R"*! let us set I, = x/|z| if z # 0,
and given an element € R"*!, the set

[z] ;= {y € R"™! . y=wo+I|z|, T €S}

is an (n — 1)-dimensional sphere in R"*1. The vector space R + IR passing through 1 and I € S will be
denoted by C; and an element belonging to C; will be indicated by u + Iv, for u, v € R. With an abuse of
notation we will write z € R**1. Thus, if U € R™*! is an open set, a function f: U C R"*! — R,, can be
interpreted as a function of the paravector x.

We can now summarize the FSQ mapping theorem highlighting the two steps of the extension procedure
as follows. In the first step we obtain slice monogenic functions [15,22,6,20,9,11,12,3,46], see the book [14],
while in the second step we get the classical monogenic functions [2,8,24,31,34]. Let f(2) = fo(u, v)+if1(u,v),
where i = 4/—1, be a holomorphic function defined in a symmetric domain with respect to the real axis
D C C and let

Qp={z=xz0+2 : (x0,|z|]) € D}
be the open set, induced by D, in R**!. Moreover, we assume that
Jo(u,—v) = fo(u,v) and fi(u,—v) = —fi(u,v)

namely fy and f; are, respectively, even and odd functions in the variable v. Additionally the pair (fo, f1)
satisfies the Cauchy-Riemann system. Then the FSQ extension procedure is as follows.
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Step (I). The linear operator Trgg1 defined as

T

Trso1(f(2)) = fo(zo, |z|) + E_‘h(ffo, |z]) on Qp

extends the holomorphic function f(z) to the slice monogenic function

T

f(@) = folwo, |z]) + = fr(@o, z]).

|z

n—1

Step (II). Consider the linear operator Trsqg2 := A, where A, is the Laplace operator in n + 1
dimensions, i.e., Ay = 02 + Z?zl 8§j. Then, Trsge maps the slice monogenic function f(z) in the
monogenic function

f(@) = Trsqa (fowo, lal) + e ),

ie., f(a:) is in the kernel of the Dirac operator D, i.e.

Df(x) == 04y f(x) + Zeiawif(x) =0 on Qp.
i=1

We point out that in the extension procedure the operator Trsg1 maps holomorphic functions into the set of
intrinsic slice monogenic functions, denoted by A (Q2p), that is strictly contained in the set of slice monogenic
functions SM(U). Similarly, when we apply the operator Trsg2 to the set of slice monogenic functions,
not necessarily intrinsic, we obtain a subclass of the monogenic functions that are called axially monogenic
functions and are denoted by AM(Qp), so we can visualize the FSQ construction by the diagram:

TFSszﬁiﬁfll)/z

O(D) 1295 A(Qp) AM(Qp),
where Trgg:1 denotes the first linear operator and Trgg2 the second one. As it is clear A;ﬁ is a fractional
operator for n even.

The FSQ-mapping theorem and its generalizations can be found in [29,28,27,36,41,42,48], more recently
there has been an intensive research in the direction of the inverse FSQ-mapping theorem, which has been
investigated in the papers [17,13,16,18,26,25]. Using the Radon and dual Radon transform, see [19], it is
possible to find a different method, with respect to the FSQ-theorem, to relate slice monogenic functions
and the monogenic functions.

The FSQ mapping theorem in integral form, introduced in [10], is associated with the second step of the
FSQ extension procedure. In fact, the main idea is to apply the linear operator

n—1

Trsqz = Ani4
to the Cauchy kernel
St (s, x) i= (s — &) (s* — 2Re(z)s + |2[*) 71,

of left slice monogenic functions when n is odd, similarly we proceed for right slice monogenic functions.

n—1
For odd dimension applying the operator A %, in the variables in , to the function S;'(s,z) we have
obtained a very simple expression given by
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n—1

A5 (5,2) = yals = )(s” — 2Re(x)s + |2]*)

_ntl
2
)

where 7, are

o = (—1) "9 {r (" ; 1)}2 (1)

which can be used to obtain the Fueter-Sce mapping theorem in integral form. Precisely, let f be a slice
monogenic function defined in an open set that contains U, where U is a bounded axially symmetric open
set. Suppose that the boundary of U N C; consists of a finite number of rectifiable Jordan curves for any
I € S. Then, if z € U, the monogenic function f(:c), given by

o n—1

fl@) =A,5,f(2) (2)

admits the integral representation

) = — / Fu(s,a)dsif(s), dsy = ds/I. 3)

where
Fi(5,2) := yn(s — Z)(s* — 2Re(x)s + |z[2) ">
is called the left F-kernel, and the integral depends neither on U nor on the imaginary unit I € S.
The main problems studied in this paper can be formulated as follows.

Problem 1.1. (A) Determine the type of hyperholomorphicity of the map
(s,x) — (s — Z)(s® — 2Re(z)s + |z]?) 7",

for h € R, with respect to s and x for s ¢ [x].

(B) Compute explicitly the Fourier transform of the slice monogenic Cauchy kernels and of the F,, -kernels
as functions of the Poisson kernel.

(C) Show that the relation A:T_ll S (s,2) = Yu(s—2)(s? —2Re(w)s + |2|2)="%" is true for all dimensions
n replacing suitably the constants y,.

The main results of this paper can now be summarized in the following steps.
(I) It is a remarkable fact that the function

(5,2) — (s — Z)(s® — 2Re(z)s + |z|*) ™"

is slice monogenic in s for any h € N but is monogenic in z if and only if h = (n + 1)/2, namely if and
only if h is related with the Sce’s exponent also for n odd. In Theorem 2.15 we have shown that this result
remains true also in the case of even dimension, that is when we have the fractional powers.

(IT) The Fourier transform, denoted by the symbol F, of S '(s,z) is

_ 13 i
FSl 5 " =Cn — o o ntl ZSEO, = 07
7600 = o0 (e ¢ €= 6 E7

where
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Cp = 2T <n—2|— 1) .

(ITT) A second fundamental result is the Fourier transform of the F,-kernels. We proved that

L . — 5 —1is€o
F[]:n (Sa )](f) kn £g+|§|2 € ’ 50 +§7é07

where

pt mi 1
kn 1= i(—1)"z 2"7"2 T ("; ) .

(IV) We show that the relation

n—l _ntl
2

AL TS (5,2) = (s = 7)(s” — 2Re(x)s + |2]*)

holds true also when n is an even number, using the Fourier transform of the kernels S;* and FrL.

The plan of the paper. The paper contains three sections including the introduction. In Section 2 we show
the monogenicity of the Fueter-Sce kernel in even dimension. Section 3 we compute the Fourier transform
of the slice monogenic Cauchy kernels. In Section 4 we compute the Fourier transform of the Fj,-kernels.
Finally in Section 5 we show that the relation

ALES  (s,2) = Fl(s,2), for s ¢ [a]
also holds for the even dimension of the Clifford algebra R,,. The proof is based on the Fourier transform.
2. Monogenicity of the Fueter-Sce kernel in even dimension

In this paper we use the definition of slice monogenic functions that is the generalization of slice monogenic
functions in the spirit of the FSQ mapping theorem and it is slightly different from the one in [14]. This
definition is the most appropriate for operator theory and the reason is widely explained in several papers
and in the books [5,21]. Keeping in mind the notations previously given for the Clifford algebra R,, we recall
some definitions. For the missing proofs of the results that we recall see for example [4,10].

Definition 2.1. Let U C R™*!. We say that U is axially symmetric if [x] € U for every z € U.

Definition 2.2 (Slice monogenic functions). Let U C R™*! be an axially symmetric open set and let U =
{(u,v) € R?:u+ Sv C U}. A function f: U — R, is called a left slice function, if it is of the form

f(z) = folu,v) + I f1(u,v) fore=u+IvelU
with the two functions fy, fi1 : Y — R,, that satisfy the compatibility conditions
folu, —v) = fo(u,v),  filu, —v) = =fi(u,v). (4)
If in addition fy and f; are C' and satisfy the Cauchy-Riemann equations

auf()(uav) - avfl(uﬂv) =0
8vf0(“7 U) + 8uf1(u7v) =0
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then f is called left slice monogenic. A function f : U — R,, is called a right slice function if it is of the
form

f(z) = folu,v) + fr(u,v)I forz=u+IvelU
with the two functions fo, f1 : U — R,, that satisfy (4). If fo and f; are C! and satisfy the Cauchy-Riemann
equations (5) then f is called right slice monogenic.
If fis a left (or right) slice function such that fy and f; are real-valued, then f is called intrinsic.

We denote the sets of left, right and intrinsic slice monogenic functions on U by SMp(U), SMg(U) and
N(U), respectively.

For slice monogenic functions we have two equivalent ways to write the Cauchy kernels.
Proposition 2.3. If z,s € R™"" with = ¢ [s], then
—(2? — 2zRe(s) + |s|*) "Mz —3) = (s — 2)(s* — 2Re(x)s + |z|*) ! (6)
and
(s — 2Re(x)s + |z|*) (s — ) = —(x — 5)(x* — 2Re(s)z + |s]*) L. (7)
So we can give the following definition to distinguish the two representations of the Cauchy kernels.
Definition 2.4. Let 7, s € R"™! with = ¢ [s].
« We say that S} !(s,z) is written in the form T if
S; (s, x) = —(2? — 2Re(s)z + |s]*) " H(x — 3).
o We say that S} '(s,z) is written in the form IT if
St (s, x) i= (s — #)(s* — 2Re(z)s + |z[*) 7L
« We say that S;'(s,z) is written in the form T if
Spl(s,z) == —(x — 3)(2* — 2Re(s)z + |s[*) 1.
« We say that S;'(s,z) is written in the form IT if
Sp'(s,z) = (s — 2Re(z)s + |z|*) (s — 7).

Lemma 2.5. Let 2,5 € R with s ¢ [2]. The left slice monogenic Cauchy kernel S;*(s,x) is left slice
monogenic in x and right slice monogenic in s. The right slice monogenic Cauchy kernel Sgl(s,ac) is left
slice monogenic in s and right slice monogenic in x.

Definition 2.6 (Slice Cauchy domain). An axially symmetric open set U C R"*! is called a slice Cauchy
domain, if U N Cy is a Cauchy domain in C; for any I € S. More precisely, U is a slice Cauchy domain if,
for any I € S, the boundary 9(U N Cy) of U NCy is the union a finite number of non-intersecting piecewise
continuously differentiable Jordan curves in Cj.
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Theorem 2.7 (Cauchy formulas). Let U C R™"*! be a slice Cauchy domain, let I € S and set ds; = ds(—1I).
If f is a (left) slice monogenic function on a set that contains U then

flx) = — / Sy (s, x)dsy f(s), for any z € U. (8)
a(UNCy)

If f is a right slice monogenic function on a set that contains U, then

/ f(s)dsy Si'(s, ), forany xeU. (9)

UﬂC[

These integrals depend neither on U nor on the imaginary unit I € S.

Even though Sgl(s, x) written in the form I is more suitable for several applications, for example for
the definition of a functional calculus, see [14], it does not allow easy computations of the powers of the
Laplacian

n
Apyr =02+ 02,
j=1

with respect to the variable = applied to it. The form II is the one that allows, by iteration, the computation

of A7, S; (s, ). In the sequel we will write A instead of A, 1.

n+1

Theorem 2.8. Let x, s € R"*! be such that x ¢ [s]. Let S;'(s,z) = (s — 2)(s> — 2Re(z)s + |z[>)~! be the
slice-monogenic Cauchy kernel and let A = Z?:o 8‘9—; be the Laplace operator in the variable x. Then, for
h > 1, we have: '

h
AhSL_l(s,x) = (-1)" H(% H (20 —1))(s — z)(s* — 2Re(x)s + |w|2)_(h+1) (10)

=1

~

—_
o~

and

h
AMSEY(s,2) = ) H (20 — 1))(s* — 2Re(x)s + |z|?) "+ (s — ). (11)

Ew

14

I
-

We recal the definition of Monogenic functions.

Definition 2.9 (Monogenic functions). Let U be an open set in R"1. A real differentiable function f : U —
R,, is left monogenic if

Df(x) == 0y, f(2) + Z €0y, f(x) =

It is right monogenic if

@)D 1= Oa f(2) + 3 O, f(@)ei =
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In the sequel, we will also need the property of slice monogenicity of the functions Ahsgl(s,m) and
A"S (s, 2) as shown in the following result:

Proposition 2.10. Let z, s € R™™! be such that x ¢ [s]. Then we have.

(I) The function A"S;'(s,z) is a right slice monogenic function in the variable s for all h > 0 and for
all x ¢ [s].

(II) The function Athl(s,x) is a left slice monogenic function in the variable s for all h > 0 and for

all x ¢ [s].

Proposition 2.11. Let n be an odd number and let x, s € R™™! be such that x ¢ [s]. Then the function

A"S (s, 2) is a left monogenic function in the variable z, and the function A"Sy' (s, z) is a right monogenic

function in the variable x, if and only if h = 5.

Definition 2.12 (The F,-kernels). Let n be an odd number. Let z, s € R"*1. We define, for s ¢ [z], the left
FL kernel as

FE(s,2) = A" S7(s8,2) = Yu(s — 2)(s® — 2Re(x)s + ||?) "2,
and the right F%-kernel as
Fh(s,z) = A%Sgl(s,x) = (5% — 2Re(z)s + |x|2)_nT+1(s - 1I),
where 7, are given by (1).
Theorem 2.13 (The Fueter-Sce mapping theorem in integral form, see [10]). Let n be an odd number. Let

U C R be a slice Cauchy domain, let I € S and set ds; = ds(—1I).
(I) Let f is a left slice monogenic function on a set that contains U, then the monogenic function

flz) = A"T_lf(x) admits the integral representation
fo =5 [ Frsodsf). aeu (12)
a(UNCr)

(II) Let f is a right slice monogenic function on a set that contains U, then the monogenic function
f(z) = A"2" f(x) admits the integral representation

flx) = S / f(s)ds;ff(s,x), xzeU. (13)
a(UNCy)

Moreover, the integrals in (12) and (13) depend neither on U nor on the imaginary unit I € S.

We now consider the F,-kernels in Definition 2.12 also for the case of the fractional powers. We recall
that given a paravector y = u + [,v € R"T!\ (=00, 0], for @ € R, we can define the fractional powers as

ya — ealogy — eoz(ln|y\-‘,—1'a»1rg(y))7 (14)

where arg(y) = arccos ‘%‘ The definition is analogue for the quaternions and the fractional powers so defined
are slice monogenic functions. The first natural question that arise is formulated in the following problem.
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Problem 2.14. Proposition 2.11 claims that for n odd number the functions

(s,2) = (s — z)(s> — 2Re(x)s + |z[>)~(+D
and

(s,2) > (8% — 2Re(x)s + |2[*) """V (s — ),
for x & [s], are monogenic in the variable x if and only if h = ”Tfl Is it still true in the case n even?

The answer is positive and is formulated in the following theorem.
Theorem 2.15. Let A be a real number and x,s € R"* be such that x ¢ [s]. Let us define:
kr(s,x) := (s — z)(s? — 2xos + |2[*) ™, A ER,

and

kr(s,x) := (5% — 2x0s + |2]?) " (s — ), AeR,

s% — 2x9s + |z|> € R"\ (=00, 0].

Then, the function ki, (s,x) is left monogenic function in the variable x and kg (s,x) right monogenic in the

variable x if and only if A = "T'H

Proof. We give the details for kr(s,x), similarly we proceed for kr(s,z). For simplicity, in the proof, we
n

write k(s,z) for kp(s,z). We have to compute (0z, + 02)k(s,x), where 0, = 37, €;0,;. First, we put
s =u + Iv, thus

s% = 2xos + |z)* = (u® —v? — 2zou + |2|?) + I(2uv — 2x0v).
Using the formula of fractional powers, in (14), we get
k(s,z) = (s — z)e®®?) (15)
where

A
au,v) == 3 In[(u? — v? — 2z0u + |2|?)? + (2uv — 220v)?] +
u? —v? — 2zu + |z|?

V(W =02 = 2zou + [22)2 + (2uv — 220v)2

— M1 arccos

Let us denote

u? —v? — 2zu + |z|?

V(@2 =02 = 2z0u+ [22)? + (2uv — 2z00)2

Blu,v) =

So we have
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]{1(8 LI}) _ (8 _ 3_7)6_% In[(u?—v? —2z0ut|z|?) 2+ (2uv—2x0v) %] = A1 arccos B(u,v)
s = .

To compute 0,,k(s,x) we calculate the derivative of §(u,v) with respect to z

OB(u,v)  (—2u+ 2x0)(2uv — 2x00)* + (u? — v? — 2wou + |z]?)(2uv — 2x0)2v

0z [(u? —v2 = 2xqu + |7|2)2 + (2uv — 23v)2]3/2
Thus
darccos B(u,v) 9z B(u,v)
31‘0 1- B2(uvv)
 (=2u + 220) (2uv — 220v) + (u? —v? = 2zu + |z|?)2v
B (u2 —v2 — 2zu + |z]2)2 + (2uv — 2x0V)2 '
So we have
Ak (s, x) () (u+Iv—:E)2)\[(u2—v2 —2zou + |z|?)(u — 20 + V)
org - * (u? —v? = 2z0u + |2]2)2 + (2uv — 220v)?

I2uv — 2zgv)({v + u — $0)}

(w2 — 02 = 2zou + |2[2)? + (2uv — 220v)?

e (), (16)

Now, we compute the derivative of k(s,z) with respect to z;, 1 < j < n. As before we start from the
derivative of §(u,v)

2B(u,v) 22 (2uv — 2zov)?
Ox;  [(u2 —v2 = 2zou + |2[2)2 + (2uv — 22v)?2]3/2"
Thus
darccos f(u,v) 22 (2uv — 2z9v)
Oz C (=0 = 2zou + [2[2)2 + (2uv — 2x0v)?
Therefore
8k(57 x) a(u,v) (u +1Iv — ‘f)2)‘ (u2 —v? - 2rou + |$|2) o I(qu B 233011) a(u,v)
— eie(uwv) _ xjet),
Ox; ! (u? —v? = 2zou + [2]?)? + (2uv — 279V)? ’

Now, we are ready to compute 9,k (s, x)

Ogk(s,z) = Z ejM
j=1

8xj

(u+ Tv — )2\ | (u? — v? — 2z0u + |2]?) — I(2uv — 21}0’1})}

(u? —v? = 2zqu + |z|2)? 4+ (2uv — 229v)?

n
S ey | e
€Jl‘] €
j=1

a(u,v)

= —ne

This implies that
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(u+ Tv—2)2A [(u2 —v? = 2zu + |x]?) — I(2uv — 23;011)}

owr) (17
(u? —v? = 2zqu + |z]2)? 4+ (2uv — 22v)? Le (17)

0:k(s,x) = —newv) _

Hence form (16) and (17) we get

22 (u+Tv—Z)(u+ Tv — x) {(uz —v? = 2z0u + |2]?)

a a k' - 1 a(u,v)
(Ozy + 0r)k(s, ) (n+1)e + (u2 —v2 — 2zu + |7|2)2 + (2uv — 220V)2
I1(2uv — 2

(0 2030 e

(W2 — 02 — 2zou+ |z[2)2 + (2uv — 2x0v)2€ '

Now, we observe that
(u+Tv—z)(u+Tv—x) = (u* —v* = 2uxo + |2]*) + I(2uv — 220V).
Setting
Y(u,v) == (u? —v* — 2uxo + |2|?) + I(2uv — 2200)

we therefore obtain

(amo + 8£)k(8’ x) = |—(n+ 1) + 2)\% e () — [_(n 4 1) + 2/\] et)z(u7,l;)7

so we finally get
(Og + Ox)k(s,2) =0
if and only if A = "TH m|
3. The Fourier transform of the slice monogenic Cauchy kernels
The main result of this section is the explicit computation of the Fourier transform of the slice monogenic
Cauchy kernels Szl(s, x) and Sgl(s, x) with respect to  when s is a real number. Then by extension we

get the Fourier transform when s is a paravector. Firstly, let us introduce the definition of Fourier transform
that we will use.

Definition 3.1. Let f € S(R™*!). The Fourier transform of the function f is
f©) =Fl@le) = [ s@e e Oaa,
where
(2,8) = 2": ;&5
§=0

Definition 3.2. We define the inverse Fourier transform of the function f in the following way

R[f@)](x):(%)%ﬂ / ()9,

Rn+1
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In this paper we will use the following important result

Theorem 3.3 (Plancherel’s Theorem). If f,g € S(R™Y) then

1

| @@ = g [ PUOTG@E (18)
R7+1 Rn+1

Remark 3.4. Using the Plancherel’s theorem it is possible to obtain
. 1 N
| ROERGEE = o [ e (19)
Rn+1 Rn+1

In the sequel we will need this result.

Theorem 3.5. [33, Sect. B.5] Let f(|z|) be a radial function in S(R™) with n > 2. Then the Fourier transform
of [ is also radial and has the form

oo

677 [ Janallgiort ) o

0

e = (2m)%

where r = |z| and Ju_2 are the Bessel functions.
Remark 3.6. (See [40]) The formula in Theorem 3.5 is also valid for all functions
f e L*R™) N L*R").
Now, we start our computations.

Theorem 3.7. Let us assume sg € R and x € R, If we consider the slice monogenic Cauchy kernels
Sy (s0,2) and Sp'(so,x) written in form II (see Definition 2./) then their Fourier transforms with respect
to x are equal and given by

F[SL " (s0,))(€) = F[Sz" (0, )](€) = cnmem&o’ So+E#0
0 S

where

n n+1
Cp = 2T ( + > .
2
Moreover, if s = so+s € R™" is a paravector the term e =950 extends to the intrinsic entire slice monogenic
function e~ and we have the Fourier transforms of the Cauchy kernels:

_ 3 L
FIST (s, (€)= en —5————zx € %, 0 20
[Sp (s.)1(§) = ¢ @ ¢ fo+&# (20)

and

< s S+ E#0. (21)

F[S5 (s, - =cpe B0 >
S (5,](6) arT
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The extension F[S; ' (s,)](€) is right slice monogenic in s, while F[Sy"'(s,-)](€) is left slice monogenic in s.
Proof. In the following proof we always work with s = sy € R since we have

S; (s, x) = (s — 2)(s* — 2Re(x)s + |z]*) 7! = (s? — 2Re(z)s + |z]?) " (s — z) = Sz (s, 2).
The extension from s = sy to s = sg + s is immediate. So in our computations, we set

_ _ _ S—x9+ T
S 1(5793) = SLl(s,x):SRl(s,x):m, s € R.

We put = z¢ + z and we recall the identification of the paravectors with (xo, ..., z,). Since the function
S~1(s,x) is not in L'(R™*!) we have to perform the computations in the distributional sense. Firstly, we
consider the following function

S — X
(s —20)? + [z|*

fa(@o) =

Let ¢ € S(R™"1). Then we have

fo(0)F(@) @)de = / Jo(z0)Fo (Frpa) (z0)dirodz

Rn+1 Rn+1

- / / (Fof.) (€0) (Frpa) (G déoda, (22)
R» R

where dx = dxy...dx,, Fg is the Fourier transform with respect to the variable zy and F,, is the Fourier
transform with respect to the other variables. Now, we compute Fo f;(&). First of all we make the following
change of variables s + y = x(, thus by basic properties of the Fourier transform we have

Foful€o) = ~Fylu(s” + 1) Neo)e ™ =~ F, (ot ) @)
d

_ T <_e£|§o) o—iséo _ ﬂg_foﬁmnsmeisso. (23)
0

Since (o) = @(x) and by Fubini’s theorem we have

/ fu(z0)F(@)@)da = / / F,, (Fof.) (€0)(€)dédgo
Rn+1 R Rn

— [ Fu(Fof) (60pTEe
Rnr+1
We finish this first part by computing F,, (Fof.) (£0). By Theorem 3.5 with r = |z| we have
oo

F, (Fofl) (50) — (271)% |§|—nTzi7T€_ije—is£o /J%ﬂgr)r%e_r'g[)ldr-
0

Now, we make another change of variables ¢ = [£|r.
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)

W _ tlgol
g ;0 st / Juoa (¥ e 1 dt.
0

Fu (Fof) (60) = (2m) 3¢ i ze

From [32, formula 6.623(2)] we know that

oo

2a(20)'T 2
/e‘“tt”“,],,(bt)dt = a(2)'T (v + 23), >-1, a>0, b>0
) ﬁ(a2 + b2)u+§
In our case a ;= 18l .= n _ 1, b := 1. Since n > 2 all conditions on the parameters are satisfied. Thus,
H
we have
. T (ntl
o (Fof,) (6) = Lo 301 D jgneiogliolysa L)
N 2 ol € & EN
NG (ﬁ + 1)
on, ndl —n— 72’5 n n
a2t GolE| T e solgm D ()
- n+1
(€3 +1¢1)3
B i2mr —F(nJrl)g 6—1950
(& + 1)+
Hence
£ —18
| teF @@ =, [ s (21)
Rn+1 R7+1 (50 + IE' )
where ¢, := 12 i (%) Now, we compute the Fourier transform of

hz(-fo) = m Zejxjuz l‘o
where we have set
1
Uy (z9) = m.
Let ¢ € S(R™H1)
hy (20)F(p)(z)dx = Z ejxjug(mo)mdzodg (25)
Rn+1 Rr+1 J=1
//ZeJxJFO Uz)(fo) n‘Pw(&O)ddeﬂf (26)
Rn R =

Now, we compute Fo(uz)(&o) using the following change of variable s +y = xg

1
y? + |zf?

> (50)6—1‘350 - |16_@||50\e—1's§0.

z|

Fo(u)(&) =

By Fubini’s theorem and the fact that ¢, (x0) = ¢(x) we have
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[ et FD@e = [ [ 3 o5bow) (€0 p@ddso.

Rn+1 R R» J=1

From the following basic property of the Fourier transform

Flaf (2)](€) = z‘d%wf(:c»(s), rEER

we get

[ et T =i [ [ ei5 B (Fo(w) ()@t

Rn+1 R R» j=1

We complete the proof of this theorem by computing F,, (Fo(uz)) (§0). By Theorem 3.5, with r = |z|, we
get

Fa (Fo(us)) (60) = (2m) e 1g] "5 [ s (glr)rd e lar
0

Now we put t = r[{]

oo

1 n ; n_q —tléol
Fu(Fo(un))(60) = 52m)E el [ et -t #ar
0
From [32, formula 6.623 (1)] we know that
oo
20)'T (v + 3
(/EMHL@Wﬁzl—L—Q—Q%, v>—=, a>0, b>0.
) V(a2 4+ b2)r T2 2
Thus by putting b:=1,v:= 35 —1and a := % we obtain

€12 (25

Fr (Fo(uz)) () = %(QW) zFlg—isto

— 2n—lﬂ_nT+1€—iS§01“ (n — 1) ( |§‘1_n‘§|n:jl >
2 & +1g)=

(@)
@ +le =)

0 - . 27
9 \(@+1ep) = (@ +1ePT @+ )T @7)

= 2"*171-”7“6*1'550F (n ; 1

We compute the derivative

Now, by using the following property of the Gamma function I'(z + 1) = 2I'(z), for = > 0, we obtain
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2t e (M) T (M) 25 e
n (Fo(ug = - = j
Zeﬂ 0(uz)) (o) (€2 + 1€12) =

__retr(e)

NGRS

Hence we get

[ el e = e [ e 29
41 0 TS

Rn-f—l

where ¢, :=i2"7"2 T (%1). Finally from (24) and (28) we get

[ s caF@d = [ feoF@Ed - [ b
Rn+1 Rn+1 Rn+1
=cp 75 e~ s dg.
/(Mﬂ)m EGLE

This proves (20) and (21), respectively.
We are now in the position to observe that the term e~ for s = sy extends to the entire intrinsic slice
monogenic function e~*0+)% S0 the function

g —180&
Cn o S eg L © o=
(& + 1622

has the right slice monogenic extension in s € R**+!

- § i
FIST1(s, )](€) = ¢ ——> =%k
57500 = (g €

while the left slice monogenic extension in s € R"*+! is

§

FISs=1 - =c, —1s€o —_—
75, = en e e

and this concludes the proof. 0O
4. The Fourier transform of the F,,-kernels

Thanks to Theorem 2.15 the F),-kernels are meaningful also with n odd where we interpret the fractional
powers of paravectors are slice monogenic functions.
As we have shown when n be an odd number and z, s € R for s ¢ [z], the relations

n—1 71+

AT S H(s,2) = yals = 2)(s” = 2Re(x)s + [2) 777,

and

n—1

A" S5 (s,) = (s = 2Re(@)s + [2]*) "7 (s — ),
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where 7, are given by (1) are obtained by a long, but direct computation. We now let n be any natural
number and when n is even we interpret the terms (s2 — 2Re(x)s + |z|2)~ "3 as fractional power for x,
s € R"T1. We define, for s ¢ [z], the left F-kernel as

Fl(s,2) 1= qu(s — 7)(s* — 2Re(w)s + |2|?)~*%,
and the right F*-kernel as

ff(s,x) = ’)/n(SQ — 2Re(x)s + |x\2)_nT+l(s - Z),

where v, are given by (1), are now interpreted in terms of the Euler’s Gamma function

e (]

We will compute the Fourier transforms of Fr,(s,x) and Fr(s,z) with respect to .

Remark 4.1. Observe that when s = sg € R, for s ¢ [z], then we have

n+1

}'f;‘(so,x) = Yn(so — :E)(sg — 2Re(x)sp + |;U|2)_T

_n+1

= Yn(sg — 2Re(x)so + [2[*) 7% (s0 — )

= .7:7?(50, CC)
So for simplicity in the following when s = s € R we use the notation
Fnlso,x) := FE(sg,z) = FE(s9, ).

Theorem 4.2. Let us assume © € R™™! and s a real number. The Fourier transform of F,(s,x) with respect
to x is

T — L —1is&o
Fu(s,€) —kn£g+|§|26 )

where

n— n ].
k= i(—1)" T 2" T ("; ) .

Moreover, if s = so+s € R™" is a paravector the term e~*$9% extends to the intrinsic entire slice monogenic
function e=%*% and we have the Fourier transforms of the kernels FX and FI:

L . _ § —1i5&p
FFHGE) = o g © 0 o +E40

and

FIFR 6 =k e o G+ ££0.

The extension F[FL(s,-)](€) is right slice monogenic in s, while F[FE(s,-)](€) is right slice monogenic in s.
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Proof. We observe that the Fourier transform of the kernel F,(s, ) is meaningful and from similar compu-
tations at the beginning of Theorem 3.7 we obtain

Fn(s,6) :’yns/ ~izoo (27 %é / s2 — 2208 + 22 + 2 )*7Jn z(|§|r)r2d7"da:0
0

R
o0
—fyn/xoe oo (27r) % /s —2xos + a2+ )7nT+1JnT72(|§|T)7’%deCCO
R 0

; 0
+mt ) e e”OEO—< 2m)z

— /\

= Yn (.Fn’l(s,«f)+fn2(3 5) "3

)

- /(s2 — 2708 + 75 +r2)TJ¥(|§|T)7‘;d7‘d$o>
0
(,6))

Now, we focus on the first two members

(8% — 2205 + 22 + 7’2)_#Jn7—2(|§‘7")7'%drdx0

Il
w
®
S
)
[=}
ey
[=}
—
[\)
3
N—
03
[
|
o1
M
<)
\8

R
f/xoe*iwoio(%)%gr%” /(52f2zos+z3+r2)*"T“JnT4(|§\r)r%drdxo
R 0

= (277)% |§|_% /(3 - xo)e_m“go /[(S — :CO)Q + TQ]_nTHJanzHQT)T%del‘Q.
0

R

Firstly, we solve the integral in the variable r. From [32, formula 6.565 (3)] we know that

z/+1 2\ —v—32 o byﬁ o
/:r (® +a?®) V"2 ], (bx)dx = 2 [alelelT (v + 3) b>0, v>-1 (29)
0

In our case b:= [{], v = 5 — 1 and @ = s — 2. Then

—I&lls=aol gy

R VAR [ )
f7z,1(sa§)+-7:n,2(5a§)_ ]_—\(nT—i-l) /6 |S—{E0|

n+1
2

_ T —ixogo(s—fCO) —[€]|s—o]
= — e —e = dxo.
JCoT R =

Now, we put s + y = x¢. Thus we have

n+1
— — T 2 . _ _
fn,l(&&) + «7:7172(5?5) = _F (n+1) e isto / lyio |y| |§||y|dy
2 R

From [39, formula 3.2 pag 11] we know that
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7 e log(a? + u?)
d = -

/cos(zu) ——dz 5

0

Thus by the Euler’s formula we get

F (éeﬁ”?ﬂ) (&) = QO/COS(yfo)y |§|ydy — log(fg + |§|2) (30)

Using basic properties of the Fourier transform we obtain

/ —iygo Y z eléllvl gy — F(%'e—mm) (50)—Zi1«“(|y "5'y)(£o)
R

2io

= —i-L (loa(e2 + ¢%)) = g ER

d&o

Therefore

—_— —_— 2" En

("*1)(£2+|§| )

1

Finally, we multiply by v, := (—1)"z 2"~ [T’ (HTH)]Q

— = (=17 2na e D (nEL)
Tn ]:n 1S f n 2 f = 2 foe—zsfo- 31
(B (5,) + Fua(s,) T (1)
Now we compute fn\g(s, £).
= n i 8 n— . T n
Fuals,6) =i2m* 3 ei50 (|s|-22 / et / (5 —20)” +7%] "% e z<|s|r>r2drdxo)
j=1 J R 0
As before we compute the integral in the variable 7 using (29) with b:= [{|, v = § —1 and a = s — xo. Thus
we have
Pt ) = PSS 0 5150 [ ettt
F( 2 & \ = B
R
in"T zn: o w0t 1o lells—ol
r (Tl) j=1 6§j R

We put s +y = zo.

nt1

— Tz e —1is&o » L

fn,B(&f) = n+1 26]85 /6 zyﬁo‘y| 1e |§||y\dy
R

From (30) we know that
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[yt Iy = og(é5 + ).

R

Therefore

—

i e—isko
Faals:8) = =gy Zeaag (log(lg]* + &)
J

2ir"s it O
- <n+1><§2+|£|>Z i

n+1

2T

T () (& +1EP)

gefisfo .

Finally, multiplying by v, = (—1)"2" r (”TH)]Q we have

. (—1)"z 2nx"5 T
’Yn]:n,3(57€) = _Z( ) (

) —1is&p
o i Ee . (32)

Putting together (31) and (32) we get

al — 5 —is€o
fn(sag)*kn€2+|§|26 )

where ky, :=i(—1)"z"
the case of the Cauchy kernel. 0O

("T“) Finally, the slice monogenic extensions are obtained reasoning as in

5. The relation of the kernels S~ and F,, via the Fourier transform

Before to prove a fundamental result we recall that when n is even the operator A"7" is defined by the
Fourier multipliers

n—1

AT f(z) = R[GEN"TF(f(2))(©)](@), (33)

where F and R, are respectively, the Fourier and the inverse Fourier transformations, given, respectively in
Definition 3.1 and Definition 3.2.

Theorem 5.1. For x € R™™! and s € R we have that

n—1 n+1

AT S7s, ) = yu(s — Z)(s* — 2zps + |2]?) " 2 (34)

Proof. If n is odd, this can be proved through pointwise differential computation, see [10, Thm. 3.3]. While
for the case n even the result will be showed for any ¢ € S(R"*1). Firstly we prove the equality for s € R.
The formula (19) and Theorem 3.3 imply that we can pass the factional Laplacian to the test function, so
we have

A%Sfl(s,m)mdz: / Sil(ﬂﬂmw'

Rn+1 Rn+1

Using another time Theorem 3.3 we get
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/ A" S~ (s, z)p(w)dx = @ﬂ%ﬂ / F(57(s,) (©F (AHTASO(I)) (€)s

Rn+1 Rn+1
From Theorem 3.7 and Theorem 4.2 we obtain

n—1

A"z SV (s, x)p(z)da

R'n+1

1 . n—1 nt1 n+1 5_6_“50 n—1=x
=—— (=12 2 _— d
i1 T (1 )/(mm)w G

o580 _
) /£o+|f|2*” §)de

1 n—1 n+41

= Wi(—l)TfLﬂ'if <

1 —

- Gy | Fats e
Rn+1

Finally by applying another time the Theorem 3.3 we get

n—1

AT 57 (s,x)p(x)de = /fn(s,x)mdx. a

Rn+1 Rn+1

Corollary 5.2. The relation (34) extends to s € R™"* L, considering the left and the right slice monogenic
extensions.

Proof. The extension of the equation (34) to s € R™"*! follows from the Identity principle, because the
function e~**% is trivially intrinsic slice monogenic. O

We conclude with some remarks.

Remark 5.3. Both classes of hyperholomorphic functions have a Cauchy formula that can be used to define
functions of quaternionic operators or of n-tuples of operators that do not necessarily commute.

Remark 5.4. The Cauchy formula of slice hyperholomorphic functions generates the S-functional calculus
for quaternionic linear operators or for n-tuples of not necessarily commuting operators, this calculus is
based on the notion of S-spectrum. The spectral theorem for quaternionic operators is also based on the
S-spectrum. The S-spectrum is used in quaternionic and in Clifford operators theory, see [1,5,21,14].

Remark 5.5. The Cauchy formula of monogenic functions generates the monogenic functional calculus that is
based on the monogenic spectrum. For monogenic operator theory and related topics see [35,37,38,45,44] and
the references therein. The F-functional calculus is a bridge between the spectral theory on the S-spectrum
and the monogenic spectral theory and it is studied in [4,7,10].
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