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Abstract

Rational orthogonal systems in approximating analytic functions have attracted con-
siderable interest. Among which adaptive Fourier decomposition, abbreviated as AFD,
was recently established. An AFD is a sparse representation using a Takenaka—
Malmquist (TM) system whose parameters are optimally selected according to the
given signal. TM systems have been proved to be Schauder systems in the corre-
sponding Banach spaces H?, 1 < p < oo. In the present paper, from the methodology
point of view we give an alternative definition of the Hardy spaces by using the peri-
odic Lusin area function. We extend the Botchkariev—Meyer—Wojtaszcyk Theorem to
rational function systems. By using Meyer’s bimodal wavelet and the Fefferman—Stein
vector valued maximum operator we prove that under certain conditions the rational
systems become unconditional bases in the Banach space H” (D), 1 < p < oco.
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1 Motivations and Main Theorem

As a notion of physics frequency possesses non-negativity. While in mathematics,
the characteristic that frequencies are positive corresponds to analytic functions. As
a consequence, study of analytic functions has considerable significance. Orthogonal
rational systems, or Takenaka—Malmquist (TM) system [19], contains the Laguerre
basis and the two-parameter Kautz basis [ 1] as two particular cases. They are all rational
orthonormal systems and natural generalizations of the half-Fourier system. Further,
Pereverzyev [10] used reproducing kernel methods to deal with learning algorithms,
and systematically developed reproducing kernel Hilbert spaces (RKHS). Since we
often meet with Banach spaces in the learning algorithms, we need to consider repro-
ducing Banach space (RKBS) as well.

Schauder basis was introduced in 1927. Banach and Orlicz considered uncondi-
tional basis in Banach spaces. The differences between the above two types of bases
can be seen by the following definitions. See [6, 23].

Definition 1.1 (i) Let X be a Banach space. A sequence of vectors {ex};2, in X is
called a Schauder basis of X, if for any element f € X, there exists correspond-
ingly a unique sequence of complex numbers {ay}7>, such that

oo
f=> ae,
k=1

where the convergence is in the X-norm sense, that is

N
f= lim Sn(f), Sw(f)= ,;akek.

(i) A sequence of vectors {e}7, is called an unconditional basis in Banach space
X, if whenever series Z,j:“f ayey converges, then the series ZZ‘;’? byey also con-
verges for all {b}72 | satisfying |by| < |a|.

Qian and Wang developed Core AFD in 2011 [15]. Their group further generalized
the theory to include a number of variations [11-14, 17, 24]. The contexts that they
study range from the unit disk to lately the irreducible bounded symmetric domain.
They use matching pursuit methodology to the kernel functions and their derivatives.
Then Gram-Schmidt orthogonalization processes are used to construct orthogonal
systems. They worked on attainability of adaptively optimal parameters of Takenaka—
Malmquist (TM) systems. A general term of a TM system is the product of a Szegd
kernel and a finite Blaschke product in which the involved parameters can have multi-
plicity. TM system was introduced in 1925. Qian-Chen-Tan [14] and Wang-Qian [21]
proved that in H”, 1 < p < oo, TM systems are Schauder systems of the closures of
their spans.

To our best knowledge, for p # 2, there have been no results connecting TM system
with unconditional basis in H”(1 < p < oo). In data processing, unconditional
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bases have remarkable convenience and advantages. In this paper, we show that under
suitable arrangement of locations of the parameters of a TM system and replacement of
the Blaschke products by differences of certain rational functions, unconditional bases
can be constructed in H” (D)(1 < p < 00). As an application, our rational systems
can extend Pereverzyev’s reproducing kernel Hilbert spaces (RKHS) to reproducing
kernel Banach spaces (RKBS).

Botchkariev [2] and Wojtaszcyk [22] applied Franklin system to analyze H” (D).
Afterwards, Meyer [9] used bimodal wavelets to restudy HP? (D) where the basis
is unconditional. But Meyer’s bimodal wavelets have a very complicated structure.
Rational functions, which come from the Cauchy formula, have a simple and intuitive
expression. In this paper, we hope to find a compromise method combining TM system
and wavelets. Our main idea is to use the discrete form of Lusin’s periodized area
integral. We prove that there exists quasi-orthogonality between our basis and Meyer’s
wavelet basis. The constructed rational basis is eventually an unconditional basis for
H? (D).

Adopting the idea used in [7, 16, 25], an index m > 2 may be expressed by two
indices j and k satisfying m = 271 41 4k, where j > 1,0 <k < 27=1 When
m, j, k satisfy the above relation we write m ~ (j, k). The index j represents the
approximate range of frequency and the index k represents the approximate location.
These two indices coincide with the characteristics of an unconditional basis.

Let x;(x) be the characteristic function of the set /. When I = [0, 1], we abbre-
viate x7(x) as x (x). Hence x(2/x — k) is the characteristic function of the interval
277k, 27/ (k + 1)] and x(2/x — x;,i) is the characteristic function of the interval
Iy = 277x), 277 + x/;)]. In Sect.4, we will construct { H, } >0, which is com-
posed by certain analytic rational functions in the upper half disc. In Sect. 6.1, we
will construct {[:Im}mzo which is the dual basis of {Hy, };,>0. Our main theorem is as
follows:

Theorem 1.2 (i) For1 < p < oo, there exist two basis { Hy, } >0 and {I:Im}mz() where
{Hy }m>0 is composed by certain analytic rational functions in the upper half disc
and {gm}mz() is its dual basis, such that, for all analytic function f € H” (D) on
the disc D, the following equality holds in HP (D):

f=_{f Hu)Hp.
m
Further, {Hp, }m>0 is an unconditional basis and the absolute value of the coeffi-
cients can reflect the norm property
1
2

Iflme ~ 1 fol + 1fil + ( > |<f,F1m>221'x[2jk,zj-(km]) . (LD

2=m~(j.k) I

where fo = (f, Hy) and fi={(f, H,). For each m in equation (1.1), there holds

1(fs H)| < Cm?p ™3| f 1. (1.2)



84  Page4of27 C.Honetal.

(ii) The unconditional basis {H,,;}m>0 allows us to make a maximal selection for
1+2/ V<m<2 at each j 2_1. Given f € HP (D). In fact, for 0 < m < 2,
we take H,f; = H,,; and for m > 3, take x,£ to be a maximal choice referred to
the analysis in Sect. 6.1. We get a rearrangement {H,f: Ym=>3 of {Hp }m>3 located at
L, which provide a fast converging expansion in the sense of HP (5)

=Y (f B Hi. (13)

In order to highlight typicality of the method, this paper considers only the unit
disc D case with its Szego kernels, and for the special Banach spaces H” (D). The
methods and results can, in fact, be generalized to more general function spaces (like
Besov spaces, Hausdorff spaces and Q spaces etc). The unit disk D may be generalized
to bounded symmetric fields [24], as well as to several real variables (under Clifford
algebra setting) and several complex variables and even matrix-valued functions.

Remark 1.3 For Banch spaces such as analytic H? (D) spaces, we establish the uncon-
ditional basis in (i). Skezypczak [18] used spline functions to construct unconditional
basis on real H” (D). Calderon-Zygmund operators have relation to unconditional
basis. See also Garca-Cuerva and Kazarian [6] for Calderon-Zygmund operators. We
have established a partial greedy algorithm in (ii) for analytic H” (D) spaces which are
Banach spaces. For non-analytic Hilbert space, Mallat et al. [4, 8] used time-frequency
method to make adaptive greedy approximation to signals.

Remark 1.4 (i) In this paper, as a crucial technical method the unconditional basis
is constructed and proved via certain quasi-orthogonality. We do not know now
whether the systems generated by the Blaschke products in the work [11-13] of
Qian et al. have quasi-orthogonality with our basis. Hence we cannot prove so far
whether there is an unconditional basis for H?” (D)(p # 2) formed by Blaschke
products.

(ii) According to the maximum choice principle, |{ f, ﬁ,ﬁ )| is bigger than |(f, Hy)l.
Therefore, the convergence rate of algorithm (1.3) is faster than which in the
equation (1.2).

The rest of this article is structured as follows:

In Sect.2, we present some preliminaries on H?” (D) and the Cauchy formula. In
Sect. 3, we present preliminaries on discretization via wavelets. In Sect. 4, we establish
BMW Theorem for rational function system. We introduce first some rational function
system, and then establish the pseudo-orthogonality among those rational functions.
Then we establish also the pseudo-orthogonality between the rational system and
Meyer bimodal wavelets. Further, we apply Fefferman-Stein vector value maximum
operator theorem to establish the relation between Hardy spaces defined by rational
system and those defined by wavelets. In Sect. 5, we prove completeness of our rational
function system. In Sect. 6, firstly, we present an AFD analogue and then prove Main
Theorem 1.2.
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2 Preliminaries on HP (D) and Cauchy Formula

In the half-plane case, H” (R ) is the space formed by the analytic function F(z) =
F(x + iy) satisfying the condition

sup/ |F(x +iy)|Pdx < oo.
y>0

In the half plane, the Cauchy formula is written as:

L[ fO)

F
@ = 2mi o0 Y —2Z

dy, Imz > 0.

The real and imaginary parts of the Cauchy kernel correspond to the following kernel
functions: P;(x) = At +x2) and Q;(x) = Let I be the unit operator. Let H
be the Hilbert transform, it can be shown

X
w(x2412)"

Hf (&) = —isgné £ (£).

Then
F(x) = —1 f(x)+ —lH X

is an analytic function. P = %(I + i H) is the orthogonal projection from L2(R) to
H2(R). The derivative of the Cauchy kernel }%Z can be approximated by an analytical
function formed by a special sequence of points in the region. Since the derivative
reflects the vanishing moment property of the boundary function, the distance from
the point to the boundary reflects that the analytical function is concentrated near the
corresponding frequency. The H” (R%L) norm can be described by using Lusin area
function by appropriately selecting the distances between sampling points and the
boundary and between sampling points themselves. See Meyer’s Wavelets and Oper-
ators in Volume 1, Chapter 1, Section 5. The reason why the analytic function space
can be characterized is that the matrix corresponding to the inner product between
the corresponding function and the wavelets satisfies the estimation of Eq. (3.1) of
Proposition 1 in Section 3, Chapter 8, Volume 2 of Meyer’s book [9].

Now we turn to analytic functions on the unit disk that have power series expansions
F(z) = Zgo Ci7, |z] < 1. Their boundary values may be written f(¢) = F(e27ity,

Definition 2.1 Wecall f(x) € H2[0, 1],if thereexists { Ck }ren suchthat Y . 1Ck|? <
0o and, in the L2 convergence sense,

(x) ch€27[1kx

keN
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The space of analytic functions HZ” (D) is a Banach space composed of analytic
functions defined by

1
H”(D) = {F(z) analytic, sup / |F(re”™ ™ |Pdt < 0o} .
0

0<r<l1

Proposition2.2 For 1 < p < oo, let % + L = 1. The dual space of Hardy space

P
HP (D) is Hardy space HP' (D).

In the case of the unit disk, the analytic function is limited to the boundary and
can be treated as a function on the interval. We use the method of periodizing the
function on the real axis. For the unit disc, the above Cauchy formula corresponds to
the following:

F(Z) = — dy.
2ni Jop y — 2
Denote
1—r2 2r sin 27 x
plo-11 = and Q[0-11 = .21
Y 1 —2rcos2mwx + r2 Y 1 —2rcos2mx +r? 2.1
We have

. 1 r! )
F(em) = 2 / (PO — y) +i Q0N (x — )] f (@ )dy, YO <r < 1.
0

The Cauchy formula tells us that the characteristic of the analytic function on the
region can be obtained by the characteristic of the analytic function on the boundary.
In the case of the disk, although it should be similar to the case of the half-plane, there
is a periodization process that induces considerable complications.

3 Preliminaries on Discretization via Wavelets

Garca-Cuerva and Kazarian [6] considered Calderon-Zygmund operators and uncon-
ditional basis of weighted Hardy spaces. Skrzypczak [18] considered some remarks
on spline unconditional basis in real Hardy space H' (D). In this section, we introduce
some preliminaries on Meyer wavelets and analytic H” (D).

3.1 Non Analytic Cases

We introduce first the necessary knowledge of the usual Meyer wavelets. See mainly
Meyer [9], Qian-Yang [16], Yang [26, 27] and Yang—Cheng—Peng [28].
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3.1.1 Wavelets on the Real Line
Let W (&) be an even function belonging to C§°[— 71, 37r] satisfying

0=<Ww(E) <1, VE € R;
w(E) =1, VIE| < 3
W2(E) + V2027 —&) =1, V0 < £ < 27.

Then w(§) = ‘/‘112(%) — W2(£) is an even function belonging to C(‘)’O[—grr, %n]

satisfying

0<w@) =<1, vseR
(&) =0, vIg| < 3
() + 0 (25) = () + 0?2 —§) = 1, V3w <§ < 3.

Let §0(6) = W(E), ¥ (§) = e T (&) and Y; 4 (x) = 23y (2ix — k). V). k € Z.
We have

Lemma3.1 (i) Y, ¥v'(x —k) = 1.
(it) ¥ (x) is a real valueﬂmctlon belonging to S(R).
(iii) Suppyr(€) C {€ : ¥ < |&] < %)
(iv) y(1 —x) =)
) (WO —k)}kez W)k (X)) jen ez and (¥} k(X)) j kez are two orthogonal basis
of L*(R).

3.1.2 Wavelets on the Interval

For j € N, define

gjix) = (271)_12—% > U (lw2 ) )eHmix
leZ

= (27‘[)_12_% Z a)(zln—z—j)eZZni(x—z—.i—l)'
leZ

Since w has compact support, the above sum is a finite sum for % 2 < I < % .2J,
Define go(x) = 1 and for j € N,0 < k < 2/, and

. +oo
gia) =27 > y@x+201—k) = gj(x —k27).

[=—00

The function g; x(x) is real-valued gmd symmetric about x = 277k + 27771 Let
={0}U{(j.k),j e N0 <k <2/}

Lemma3.2 (i) g, (x)(A € A) are functions of period 1.
(ii) g.(x)(x € A) is an orthonormal basis in L*[0, 1].
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3.2 Analytic Wavelets

We present then the necessary knowledge of the Meyer bimodal wavelets. See mainly
Meyer [9] and Qian-Yang [16].

3.2.1 Holomorphic Wavelets on the Real Line

We introduce first Meyer’s holomorphic wavelets {S; «} jez ren. Denote

| -1, 8 <0 _J0,if&E <0
Sgn@)—{l, if£ > 0. X+(E)_{1,if530.

Let
H'(R) = (f € L*(R), f(§) =0,V <0).
Let I be the unit operator. Let H be the Hilbert transformation. It can be written as:

Hf (&) = —isgn(&) f(£).

Then P = %(I + i H) is the orthogonal projection operator from L?(R) to H*(R).
Let

2E) = e HwE)y (€), T(x) = Qm) 7! fo D8 0 (£ dE.

For j,k € Z, denote 7 1 (x) = Z%I(ij — k). For j € Z,k € N, it is easy to see
that §; x(x) = 7jx(x) + 7j,—x—1(x) are boundary limits of holomorphic functions.
Recalling Paley-Wiener Theorem for bandlimited functions we know that S; ; are
restrictions of entire functions of the Paley-Wiener type. We will call S;  as holomor-
phic functions without ambiguity.

Lemma 3.3 The set of holomorphic functions {S; i} jez keN forms an orthonormal
basis of H(R).

3.2.2 Holomorphic Wavelets on Interval

We will study % (x) and their integrals, and then present a Lemma. w(0) = 0. For
Jj =1, denote

j oo . . . .
hi(x) =23 Y {tQix —2/1)+1(2Ix +2/1 + 1)}
f=ee J oo . . —j—1
Qr)"1272 Y w(lw2 I )eAlmi =27
=1

i) = Lo—¥ 3 w@in2T) oipi(e-277")
hj(x) = 72 Z 2Un277



Unconditional Basis Constructed from Parameterised Szego... Page9of27 84

By the construction of 4 (x) and h j(x), we have

(hj(x) = hj(x). 3.1)

From Meyer [9] and Qian-Yang [16], by wavelet property, we have

Lemma3.4 VN >4, |x| < % and j > 1, we have

Ihj (o) < Cn25 (14 12757,

N ; , 3.2
|hj(x)] < Cn272(1 + [27x])7N. 42

Further, we note that in the case

F(2) =) G,

keN

F(z) is an analytic function in the unit disc. For z = re?™i*

F(e2™™*). For j > 1, let

, we may write f(x) =
i & . . e
hi(x) = Qm)~1271 Y w (w2 i )edmit=27"h,
I=1

Let Go(x) = 1,G1(x) = Goo(x) = ™. Vj > 1,0 < k < 277! and m =
20V 4 k41, k* = —k — 1, define

Gu(x) =Gjx(x) = P(gjr+gjx)x)=hj(x —k27/)
. Oo . . )
%2—% ; w2277y cosm (k + §)277)emix.

Let A, denote the set {0} | {(j,k),j € N,0 < k < 271}, We note that A, is
different from the index set A in Sect.3.1.2 and A, & A. The holomorphic wavelets
{Gn(x)}m>0 on the interval is different from the traditional wavelets on the interval
in the real analysis. The following result is well-known. See [9].

Lemma 3.5 {G,,(x)}meN is an orthonormal basis osz([O, 1.

3.3 Bimodal Wavelets for HP (D)

For H”(D)(p # 2), [14] shows that TM systems are Schauder systems. To better
understand the structure of the functions, we are to get some unconditional bases.
Botchkariev [2] and Wojtaszcyk [22] applied Franklin system to analyze H” (D).
Afterwards, Meyer [9] used bimodal wavelets to restudy H” (D). Bimodal wavelets
are constructed using complex wavelet techniques, periodization of wavelets on lines
and orthogonal projection. See Meyer [9] and Qian-Yang [16]. Let Go(z) = 1| and
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G1(z) = z. By the Cauchy formula, form > 2,m ~ (j, k),

. o0 ) )
Gm(z) = 1277 3" w@In27) cos@Un (k + 1)277)7.
=0

{Gn(2)} >0 1s an orthonormal basis of H2(D). Let fo=(F,Gop)and f1 = (F, Gy)
Form > 2,let fi, = fjx = (F, G ) = (F, Gp). In combination with [2, 9, 22],
the following result is known in [16]:

Lemma 3.6 Botchkariev-Meyer-Wojtaszcyk Theorem. For 1 < p < oo,

F= Z fmGm(z) € HP(D)

m=>0

1 . .
Slfl+1fil+ 21 Y 20fPx@ix — b))% dx < 0.
j=1,0<k<2i-1

Our idea is to generalize this result to the case of rational approximation in the disc.
Later we will analyze the effect of our algorithm by comparison between the rational
system and the Meyer wavelets.

4 Rational System

Liu-Yang-Yang and Yang-Chen have considered the boundary values of harmonic
functions in [7, 25] which have some differences from analytic functions. Botchkariev
[2] and Wojtaszcyk [22] applied Franklin system to analyze H” (D). Meyer [9] used
bimodal wavelets to restudy H” (D). But rational functions are simple and intuitive,
we extend their results to rational system.

4.1 Rational Functions {Hn}m>0 and Pseudo-orthogonality
4.1.1 Rational Functions

Let us first study the properties of rational functions. For a = re*™ " denote the

N 1-]al?

1—az

V1 —r2 _ (I=rcos2n(x —h))v1 —r2 L rsin 2w (x — h)a/1 —r?

1 — re2mi=h) = 1 —2rcos2m(x — h) + r2 T2 cos 2w (x — h) + r?

a-parameterized Szego kernel by e, (z) = . The boundary value of e, (z) is

The rational function is of unit L?-norm on the circle which has no vanishing moment:

Lemma4.1 (i) fol eqdx = /1 —r2.
(ii) {eq,eq) = 1.

The conclusion (i) is essentially by the Cauchy formula; and (ii) by reducing to the
integral of the Poisson kernel. We provide some useful computation.
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Proof We prove (i) firstly.

1 _ /T 72 rly_(I—rcos2m(x—h)) ;_ rsin2w(x—h))
fo eqdx =~1—r f0{1—2r00s2n(x—h)+r2+ll—2rc052ﬂ(x—h)+r2}dx

—J1-72 f()l 1(l—rcosZn(x—h)) dx.

—2r cos 2 (x—h)+r?

By substitution y = 27 (x — h),

1 _ J1=rZ p27—h (1—rcosy)
fO eadx = 27 h 172rcosy+r2dy
_ J1=r% 2m (1—rcosy) d

- 2n 0 1-2r cosy—i—r22 y
—r2 r2 1—
= }1 r -/Oﬂ[l + (—r)rz]dy

U 1—2r cos y+
_ AM=r?p 27 27 1—r?
=% o &+l s =il

= Y=g 4 2n] = V1 - 12,

As for (ii), we have

1 1 1
(ea, ea) = Jo Tz Toazdx
_ 2 1 1
={1~-r )fo 1y 2T =) |—ye=271G—h) dx

_rl 1—r2
- fO 1—2rcos2n(x—h)+r2dx'

By substitution y = 27 (x — h),

_rl 1—r2
{ea, €a) = fO 1—2r cos 2 (x—h)+

sdx

;

_ 1 2w 1—r _

T 2m fo 172rcosy+r2dy =1L

(]

Denote z = e2"* then dz = 2mizdx. For the analytic Hardy space functions, by
the Cauchy formula (or see page 18 of Qian’s book [11]),

Lemma 4.2

— 2 2 ix 1 2mwix
<f,ea>=‘/12ﬂi'“'f G BN et B R A G
0

1 —ae—ix o 1 —ae 2mix

_ 2
_yl-la F@ s a2 f(a). (4.1)

2mi ap Z2—a

Through taking differences between elements of the Szego dictionary we create a
system with zero moment. For x € R, let [x] denote the maximum integer part. For
j>1,0 <k <?2/,denote

ri=v1-=2771hj;= 277k and ajk = rjeQ”ihf'k.
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Hence 1 — r? = 27/. We introduce to a minimum dictionary. The integral of the
rational function is not zero, so we use the difference of th¢ rational functipns. Denote
Ho(z) =1, H(z) = Hoo(z) =z.For j > 1,0 <k <2/~landm =2/"1 41 +k,

1 1
denote Hy(z) = Hi0(z) = 272 — eq, H3(z) = Ha0(2) = 27 2eq,y — €qyy>

Hi(z) = Hy1(2) = 2*%@”70 — eayy, - - Generally, for j > 2,0 < k < 271

1 .
denote Hyj-1,1,4(2) = Hj 1 (z) = Z’ZeaH)[%] — ;- That is

o 1 _ 5 1 1
Hn(@) = Hja @) = 272¢,, 14y~ €aj = /1 _rj{l a2 | —ﬂz}
J 7[2] Js
((l-_l 3] _aj,k)z
Sy T~ T ; “2)
- aj_l,[%]z)(l —ajrz)

It is easy to see

Proposition4.3 VI < p < oco,m > 0, H,(z) € H? (D).

4.1.2 Pseudo-orthogonality of Rational System

The above set of rational functions {H,,},>0 have quasi-orthogonality. We know
{Hp}m>1 all have zero vanishing moment. So we need only to consider {Hy, };n>1 =
{Hj i} j>0,0<k<2i-1- Let Tj k j x» = (Hj x, Hp ). Similar to the Eq. (3.1) of Propo-
sition 1 in Chapter 8, Section 3, Volume 2 of Meyer’s book [9], we have the following
estimation:

Proposition 4.4 For j, j' > 0,0 <k <2/71,0 <k’ <2/, we have

, y 2

v 277 427
. < 2 2li=T : _ i _ . 4.3
ITj k. jrk] < <2]+2] +|k21—k/21|> 4.3)

Proof We consider only j, j’ > 2,0 < k < 2/71,0 < k' < 2/, By the inner
product relation in equation (4.1), we have

~ _1
Tjk,j k' = 272 /1 — |aj/_1’[%/]|2H/',k(aj/_1,[%’]) RV 1 - |aj/,k/|2Hj,k(aj/,k’)
= /1- rjz-/{Hj,k(aj/,],[%]) — Hj r(aj i)}

If j = j’, then, by similarity, we may restrict to the case j > 2 and k = 0 and
k" = 21. We have

- 2
.02 = J 1 =rilHjolaj—11) = Hjolaj )l
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We estimate then |H; o(aj—1,)| and |H; o(a; 21)|. The absolute value of >7127'2 is

I,rj—1 ~1landr; ~ 1, we have
2mi2 =21

i ) _ 2 (rj—1=rjrj-1e
|Hjoaj—1.0]=,/1 rJ"(1_r1271e2m‘2’j21)(1—r]-,lr,-ezﬂﬂ”'?’)|

1
< J1—=r3(rj_1—rj - ;
=y 7 (rj—1 J)|1_,}27162711-2*/21‘_|1_,j71,jeznizﬂzz"

1
|1_r/.71rj6271i2’f2l|,|1_r12€2ﬂi2*121|

|Hjoajon)| < J1=r}(rj—1 —r))

We first estimate the term rj_1 — r;:

I
rj—1—rj= <L~ 27/,
rj,]—l—rj 2

We now compute the fractional terms _in [Hjo(aj—1,)] and |H; o(a; )| that have
absolute values. Beause 1 — cos(2727721) ~ 872272712, we have

1 1
- <
[1=rf 22702 = J(1—r2 | cos@n27720)2+ (2 sin(@x27i20))2
1

\/(1 7’_/2‘—1 )2+2r,2~_1 (1—cos(2m2-721))
1

=< . .
(2277241672272 12
1
2.2=i/1+4n212"

Similarly,
1 1 _ 1
‘1_r12_6271i2*]21‘ — \/2_2j+167122_2j12 2.2_./\/%4»4”212
Since (1 —r;_1r;)? = (ﬂ)2 ~ (3277 —2727)2 ~ 9272 we have
/_1 J - 1+rj,1rj 2 4 4

1 1 1

< = .
[1—rj_yrje?mi2 /2 = \/%2—2.i+]6n22—2./12 2274 [ & +4n212

Applying the above estimations to |7} o, .2, we get

IA

1-— r?(IHj,o(aj—l,l)| + [Hj.o(a;200)
(1—r}2.)(rj2,‘1—rj) 1 ( 1 + 1 )
= 4.0-2] \/1%+4n'212 V1447212 \/%4»4712[2

C
< &
— 1+16722"

17j.0,j,21
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If j > j/, by similarity, we may restrict to the case k = 0, X’ = 2. In this case,

- 2
1Tj.0.0201 = /1 =r5|Hjolaj—11) — Hjolaj )l

Then we consider the estimations of |H; o(a;—1,)| and [H; o(a;s 2;)|. We note that

!
the absolute value of ¢27i2 7 2 ig 1,rj—1 ~landrj ~ 1. Hence,

-/
2mi2 =) 21
P (rji—1—rj)rj_ie
|Hjolaj—1.)| = ﬁ' 2 2, 'z*i’jzl y 2wmiz=i"21 |
(lfrj_le”’ TAYA=rjoyrjerm )

1
7 T
o —J
|1*rj71r.,v/_162”12 21|-\1*Vj/_]rj£’2mz 21|

200, g
=< l_rj(rj—l r])

1
im— ! A i .
|1_rj_lrj,82n12 J 21|-|1—rjrj/ez’”2 J 21‘

|Hjolajonl < \J1=ri(rj—1 —r))

We estimate first the fractional parts in the above inequalities.

1 - 1
cn— ! f— .
[Lmrjoirj_ye2mi2 ™ 2| \/(lfrj_lrj/_l)2+2r./~_1rj/_|(lfcos(ZnZ_-//Zl))

27’ .
V16722 (1427'=0)2

IA

Similarly,
1 . ! S 21/ l H i ’
|1 —rjry_e2727 2 V1622 + (1 +27-7-1)2
! <2/ 1 ’
- .
1= rjmarye™ 2 20 7 622 4 (L 200y
and

Ly 1 .
1=y 22 7 1622 4 () 4 27-i-1)2

Applying then the above estimations to |7} g /2|, we have

%0021 < /1= r5(Hj0@j—1.01 + 1 Hjolaj o))

IA
(S]]

Ly—3 (=i 1 1 + 1
V16r22+ (1427 =12 | /167212 +(1+27-i)2 \/16n212+(%+2j’—j)2

3,
*j(j*J )__C
=2 1+167212"
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4.1.3 Pseudo-orthogonality Between {Hp,} and Meyer Wavelets {Gp,}

Let H; j be the functions defined in Sect. 4.1 which is based on TM system. Let G ; 4 be
the orthogonal bimodal wavelets induced by Meyer’s algorithm. Functions {H,,}u>0
are comparable to bimodal wavelets {Gp }m>0. Let Tj ¢ jy v = (Gj ik, Hjr p). Similar
to the Eq. (3.1) of Proposition 1 in Section 3, Chapter 8, Volume 2 of Meyer’s book
[9], we have the following estimation:

Proposition 4.5 For j, j' > 0,0 <k <2/71, 0 <k’ < 271 e have

. :! 2
s, 277 427
Ti | < C272l7T] ; 7 j i) 4
Tk k ] = (2—1 + 277 + k277 — k27 |> o

Proof Let’s first rewrite the expression for 7; ¢ j/ . We use substitution to turn x —
27/k into x and get

Tk =Gk Hyp ) = (hj(x), Hy g (x +277k)). 4.5)
Denote Dy (x) = (Hjr pr (x)) and by using integration by parts, we have
1Tk | = 1 (x), Djr g (x + 277 k). (4.6)

Next, we estimate Hj ;/(x) and D (x). By similarity, we consider only k' =
2a, o € N. We have

~.

v

1 ’
_1 _ 1 1
H x)=2"2¢,. — €q. =2 - — - .
J ,20{( ) aj/_leot aj/_za 1 rj/,1€2”l()£7hj/’2a) 1 rj/eZm(x—hjf’za)

Hence

I 1 1
. <277
|Hjr 2o ()] <277 e |

1— rj/_lezm'("_hf’la) 1

3 ./ ./ i’ ./
<27 =2 ap <27 + 127 x — 2072,
35 v
D2 (X)) < C275 (1 +127'x — 2a) 2. .7
Below, we estimate |} ¢, j/ x| in two cases. (I) For j < j’, by similarity, we may

restrict to the case j, j/ > 2 and k' = 2a. By Lemma 3.4, equations (4.5) and (4.7),
we have

1 .
Tk 20l < fo Vi OIH 20 (6 +277k)ldx
< €25 14+ 120N (A + 27 x 427k - 2a)) 2.
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We distinguish two cases: (i) [2/'x| < 12"~k —2«| and (i) [2/'x| > 12/~ /k—2a|.

We get

v

3G=i)
2

|Tj k. jr2al < C277 (14 |k — 222777 )72,
(I) For j > j', by similarity, we may restrict to the case j, j/ > 2 and k' = 2a.
Similarly, by Lemma 3.4, equations (4.6) and (4.7), we have

1 ~ .
ITj k. jr 20| < fo 1hjOIIDjr g (x +277k)|dx
—i+3)’

< 275 [ A4 iy N+ 27 x + 27Tk = 2a)) 2,

We distinguish two cases: (i) [2/ x| < 127" ~/k—2a| and (ii) [2/'x| > 112/~ k—2a.
We get

C
(14 k20— —2a|)2

3. .
1T k. 2l < 273217/

4.2 Maximum Operator and Hardy Spaces

By the above rational system, we can define H” (D) by the following Lusin area
integral. In this subsection, we prove that HP(D) C H” (D). In the next section, we
prove the completeness of our rational system { H,,, },,>0 in Hardy space H” (D). Hence
H” (D) is just Hardy space H” (D).

Definition 4.6 Denote formally by F ~ fo + f1 + 2/31,051«2/*1 fixHj k. We say
that the form F € HP(D), if

SS]

1 . .
|f0|‘|‘|fl|'|‘f02 |: > 2]|fj,k|2)((2]x—k)i| dx < oo.

j>1,0<k<2i-1

For j > 1, denote

fi =3 2 fulx@ix k). 4.8)

0<k<2i-1

We use Hardy-Littlewood maximum operator to consider Hardy spaces H” (D). See
[3, 20, 26]. Hardy-Littlewood maximum operator in R is defined as follows:

1
M f(x) = sup — / () ldx.
AT
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Hardy Littlewood maximum operator on the interval is denoted

1
Mf(x)= sup —/If(x)ldx-
xeo,0l<1 191 Jo

The HP” type space is the space of type L”(I?), see [3, 20]. Further, the norm
comparison between them is realized by the following Fefferman-Stein vector value
maximum operator theorem. See [5].

Lemma4.7 Forl < p,q < o0, then
M fitlliLraey < Cl{SfitlLraay, YV = {fi}-

Now we conclude that the relative H” induced in [21] in is a subspace of the H?”
induced by Meyer’s algorithm. According to Fefferman-Stein vector value maximum
operator theorem and the results in section 2 and section 11 in chapetr 6 of Meyer [9],
we have the following Botchkariev-Meyer-Wojtaszcyk Theorem for rational system:

Proposition 4.8 If F ~ 3", _o fuHn € HP (D), then F € HP (D).

Proof Since {G,,};>0 is an unconditional basis in H” (D) (see [9, 16]), hence

F= Z Z fm(Hmv Gn)Gy = Z Z fmrm,m’Gm’

m’ m>0 m' m>0

is true in the sense of distribution. We write them with double indices,

F = foGo + > > fiktikjwGik

j/>0,0<k’<2J'=1 j>0,0<k <271
By Lemma 3.6, we get

. 2 i 1
| Fllmr < 1f0l + CIII > 27( ) FiaTie jrk) x2 x = kD12 Lo
j/>0,0<k' <2/ -1 j=0,0<k<2i-1

For f; defined in the equation (4.8), by the definition of Hardy Littlewood maximum
operator on the interval, we have

Mfj(x) = sup o Jo 1fi()ldx

= sup )y 2701 £kl

x,|r|<1 —r—2"J<2 Jk—x<r
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. y _ Lj AL ‘
For j = j" = Oand T = 1, denote g% = 27 3 yni—j _poya FikTjkjk-

Forr>2g =

-
I .
ik 22 er—lgkzj’—jfk/kzr fikTjk jw- Hence we can write

7.J _ T,J
X:Osk<2f—l fj,ktj,k,j’,k’ = Zrzl gj/,k" Denote 8j.j = thl gj’,k’ and

T=1 Y 20 Y it @ =01 =301 g7

j'>0,0<k/<2/'=1  j=0,0<k<2/-! J'=0 j=0

We first consider the estimate of Ig Iy k’|

lg; ,k,I < C2427i=ip-22 > | fj .l
[2=ik—2-i"k'|<27=i
< C27 V=27 2 M ().

Then, we have

Ylgjil=2 X lgiil = X 297 Mf ).

j>0 j>01>1 j>0
Thus,
1
./ 2
T=iZ | X G2 imMpolP
>0 j=0
1
2 . . 2
< { > C=Ih (Y 2V M E (01
O j>0 j>0
%
=51 > 3ol M ()2

j’=0,j=0

. ./ - Lji J
For 0 < j < j’ and t = 1, denote 8y = 272 Z‘kik/zj_j/ld FikTjk ik

i .
For = > 2, g ’k’ = 272 sz—1<|k K2i-i | <27 fjkrjk K Hence we can write

D 0<k<2i-t JikTjk jr ik = ZT>1 g ¥ k’ We first consider the estimate of |g - k’|

|g /k/|<C222 2‘] j|2 -2 Z |fj’k|
[2-ik—2-3'k'|<27=i
< 273l T > 272207 ful

[2=Jk—2=J"k'|<27 =
< C27 =TT M ().

Then, we have

Yl =Y Y Igihl < X c2li T Mf; o).

j=0 j>01>1 j=0
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Thus,

1 1

=12 Zg, il } {Z | Zczf—f"le,(xW}
j’>0 j=0 j’=0 j=0
2

{ (3 €227y 2'ff’|ij(x>I2>l}
=C

>0 j=0 j=0

D=

{ >3 2~’—f"|M.fj(x>|2}

Jj'=0j=0
By psedo-orthogonality or by the estimation of the decay of t; x 7/,
1 1
2

2
I Fllme < |fol + I (Z 22—'f-f"|Mf,-|2> e < I fol + I (Z |ij|2> 72
Jj'=0 j j=0

By applying Fefferman-Stein vector value maximum operator Lemma 4.7, we get
the desired conclusion. O

The above Proposition implies the independence of linearity of {H,,},,>0:

Corollary 4.9

<z'", > hm/Hm/> =0,Ym > 0= Vm' >0, h, =0.

m'>0

5 Completeness of Basis

It is well known that a sufficient and necessary condition for TM system to become a
basis is that the TM system satisfies the hyperbolic non-separability condition:

+00
D (= lax) = o0
k=1

See [11-15, 17, 24]. In Proposition 5.2, we use properties of the matrices to prove that
our rational system is a basis and get the completeness of our rational system. The
completeness of the basis {H,, }»>0 has relation to the following matrix

ri rl2 rl3
r r22 r23
r3 r32 r33 ] 5.1
r4 vy Ty -

—_—
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The above matrix is related to the following Vandermonde determinant D,,:

Vo rdord !

2 .3 n—1

1 rp r22 r23~-~r2 1

i
D, — L r3ry ry --or3 (5.2)
" 1org r2 r oo to '

4 Ty Ty 4

1, ry, r,f r2~-~r;}’1

The following Lemma is well-known:

Lemma5.1 D, = T Gw—rw).

1<m<m’'<n

Now we consider the completeness of the basis { Hy, },>0-

Proposition 5.2

<th,z >_0Vm>0:>‘v’m >0, hyy = 0.
>0
Proof Form =2/~! 41+ = 3, by the definition H, = H,x =2 7¢, | 1|=¢a;,

in equation (4.2), we have

m'>2 m'>2

For j > 1, we first consider the expression for the inner product ", k) by the
odd-even property of k.
If k = 21, by definition, the above quantity is

"2mih
m’ _ A1 2 oom " j-niky _ g2 M 2mih;,
(", Hy)=2"2/1 ri_rise 2 1 riry

e
, m'2mih, k P
1— rJZ_(r;n_le J=LIz1 _ ' gm ZJ'Hh,,k)'

If k = 2] + 1, by definition, the above quantity is

, 1 ;o m'2mwih .
m —5 _ 2 m j=LIz1 _ _ 2 m’ m2mh
(zZ"™, Hy)=2"2/1 ri_grisie 2 /1 rirt

) k ,
- /1— rz(rmile J=LIz1 _ rm’em/27nhj,k).

(i) For H,, = Hj = 2’2e — eq;, in equation (4.2), we prove then

a 71;[2]

<Zh " ,k>_0v]>1 0<k<2/~

m'>0
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is equivalent to the following equation:

> hwe™ . aj)=0.¥j 21,0 <k <270,

m'>0

It is easy to see that hg = 0 and h; = 0. Hence, we consider the case of m’ > 2
and we proved it by mathematical induction. For j = 1 and k = 0, we have

/ / ’ . / ’ .
( Z hm/Zm , Hm) — Z hm/ 1 _r12(r6n P 2mwihgo _ rin M 2n1h1,o)

m'>2 m'>2
! ’
= 3 huJ1 —rPG8 =)
m'>2
— 2..m'
=— ) hyl—rirl".
m'>2

’

Because (), hp2™ , Hi0) = 0, we get

2 !
Zm’22 hpwy/1 =rir" =0.

For j = 2 and k = 0, we have

/ i / . ’ ’ .
Z hm/Zm , H2’0 — Z hm’ /1 _ r22(rin e 2mwihyo _ r;n e Znthzo)

m'>2 m'>2

3 a1 — r%(r{”/ — ré"/).

m'>2

Since ( 3 2™, Hyg) =0and Y hyy/1 — r? ri"/ =0, we get

m'>2 m'>2

Z B/ 1 =13 ' =0.

m'>2

By induction and similarity, we get the following equation

Dl J1 =B e = 0¥ > 1,0 <k <207

m'>2

Thatis tosay,Vj > 1,0 <k < 271 we have

/ / 2 cp
> hw™ajk )= > hw /1 - rjgr;” em2mihjk = 0,

m'>2 m'>2
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The above equality implies

D e =0,V > 1,0 <k <2771 (5.3)

m'>2

(i1) Then we can write the above equation (5.3) as a system of equations:

j=1, Y hyr" =0;

m'>2
. ’
J=2, > hpr] =0;
m'>2
’ b ’
Y hpyryert™ =0;
m'>2
’
J=3, > hyri" =0;
m'>2
’ e /
> et eFim = ; (54)
m'>2
— m'  Zim'
Y hyritert™ =0;
m'>2
~ m' 3 im'
Y hprited™ =0;
m'>2
. ’
=4 3 hyr]’ =0;
m'>2

In the above equations (5.4), we consider the first equation for each j > 1, we get

Z hm/r{"l = 0;

m'>2

> hprdt =0;

m'>2

> I =0; (5.5)
m'>2

> hpr)t =0;

m'>2

Denote the transpose vector of (h2, h3, ha, ---) be (ha, h3, ha, - - - ). We divide by
rjz in the above (5.5), we get the matrix M in the equation (5.1) and

M - (ha, h3, ha, - )T =0.
Combine Vandermonde determinant (5.2) with above equation, we get

Vm' > 2, hyy = 0.
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6 Rearrangement of Partial Sum Order and Adaptive Expansion

There is an ample amount of literature studying matching pursuit algorithms including
the type based on dictionary and basis in which the branch in relation to TM systems is
called adaptive Fourier decomposition (AFD). See [11-15, 17, 24]. The present study
is also based on TM system and can be viewed as a variation of the AFD methods. What
we do is we replace the orthogonal basis with the bi-orthogonal basis, and we replace
the optimal matching pursuit with the partial maximum choice principle. Finally, we
prove our main Theorem in the second subsection.

6.1 Maximal Partial Sum Re-ordering

First, we construct a dual basis to replace the orthogonal basis in the traditional AFD
algorithm. For m,m’ > 0, let 8, ,y = 1,if m = m’ and §,, ,,y = 0, if m # m’.
Definition 6.1 Given 1 < p < oo and p/ = %. For m > 0, we assume that
Hy, € HP(D) and H, € H”/(D). Let {Hp}m>0 be a basis of H” (D). We say that
{Hm}m>0 is a dual basis of {H, } >0, if

<Hm’ Hm/> = Sm,m/, Vm, m' Z 0

For a given {H,,,};u>0 in H” (D), we can look for a dual basis {I:Im }m=>0 in the sense
of functional way where H, € ]HIP/(D). That is,

(1) Take 1‘:10 = 1= Hy, Hy = Hyo = ¥ = Hy o = Hj.
(2) Take H, € H? (D) such that

(Hy, Hp) = 82
(3) Take H; € H”/(D) such that
(H3, Hy) = 8m,3.
(4) Analogously, for m’ > 4, we construct H, € ]HIP/(D) such that
(Hyr, Hy) = St
For 1 < p < oo, the fact that {H,,}m>0 is a basis in H” (D) implies that, for

m' >0, H, € ]HI”/(D) defines a linear continuous functional on H” (D). By
construction and Proposition 2.2, we have

Proposition 6.2 For 1 < p < ocoand f € H”(D),

f=Y (f Hn)Hp.

m=>0
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Then we can form maximal partial sum re-ordering algorithm, being a variation of

AFD algorithm as follows. Our greedy AFD here is:

ey
2

3

“)

®)

(6)

)

Take fy and f; as the (f, Ho) and (f, H1) = (f, fl()o xo _Oandx1 =0.
For m = 2, we can write m = 2/~ 1—i—l—}—kwhere] =1,k=0<2/"! There
exists only one k satisfying that 0 < k < 2/~ for j = 1. We take f» = (f, Hp) =
(f, Hi o) and x] =0.

For3 < m < 4, for j = 2, we have 277! + 1 < m < 2/. We can write
m = 271414k where j > 2,0 < k < 2/~ There are two possibilities
for k, we adopt greedy algorlthm for J= 2. That is to say, we choose f3 to be
one of the quantltles (f, H3) = (f, Hyp) and (f, H4)) = (f, H2 1) such that
| f3] = max(|(f ), |{ f, H,)|). Then there exists kg = 0 or ko = 1 such that
i, = HZk0 We denote f3 = (f. H{) = (f. H],) and x{ = k. We take
fa=(f, H2’1) to be the rest of the quantities ( f, Hs) and ( (f, H,) where H{ | is
one of Ao and A1 such that A7 | is different to A;. We take x] = {0, 1}\ko.
For m > 5, there exists j > 3 such that 2/=1 + 1 < m < 2/. We can write
m =271 414k where j >2,0 <k < 2/~! For each j > 3, there exist at
least 2/ =1 possible of k satisfying that 0 < k < 2/~!. For each j fixed, we adopt
greedy algorithm for 0 < k < 2/~

That is to say, there exists 0 < kg < 271 such that
(f. Hix)l = sup [(f. Hjx)l
0<k<2/-1

Wetake foi-1 41 = fj.0 = (f. Hjsy) By = Hjxp. Hf y = Hj 4y and x|

2J= 1+1
ko. _
Then there exists 0 < k; < 2/~ ! and k; # ko such that
(f+ Hjko)l = SUPo<p it ko |(f+ Hjk)l.

Wetake fyj-1.0 = fj1 = (f, Hix ) H | = Hix,,H | = Hj j, andx!_| =

2i-l42 = Jj = Bk B = Hjk i = 2k Xyj-140 =
ki.
In turn, we find fi, = f; ,,_1_j-1 such that Hf 1 = Hjk ;. and
H]{mflfzf—l =Hjr - Wedenote X = km_l_zjfl.

Remark 6.3 (i) Note that the above optimal term ordering arrangement does not

(i)

require unconditional basis property proved in Theorem 1.2. By invoking 1.2,
however, we can also take the global maximum choice, but label x£ with both j f
and k7. Such global approach is indeed faster for sparse data (wide sense), but a
data sparsity condition must be added to analyze quantitatively.

Since our algorithm yields an unconditional basis (see Theorem 1.2), we can
also approximate the function with a maximum H” norm. In fact, assum-
ing the first m functions {Hmf,}OSm/Sm_l are selected and we get F,, =

> 0<m'<m—1$[> I:I,f:,)H,f:,, we can always find another H,£ such that the following
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quantity is biggest possible

ol +1AI+I| Y 271 B Px@x —xl) | e

2<m’<m

unless the decomposition of f has only a finite sum less than m term.

6.2 Proof of Main Theorem 1.2

We first prove (i). Let {H,,},>0 be the rational functions defined in the Sect. 4.1.1.
According to Proposition 4.8, the coefficients are combined according to Lusin’s law
of area integration, and the analytic space formed by {H,,},,>0 is contained in Hardy
space H” (D). According to Proposition 5.2, all functions in H” (D) can be represented
to be the linear combination of {H,,},»>0. Hence { H;, };m>0 is an unconditional basis
of H? (D).

We next prove (ii). Let {Flm}mzo be the dual functions defined in the Sect. 4.1.1.
Since {H,, }m>0 is an unconditional basis of H” (D), the new algorithm through rear-
ranging term order defined in Sect. 6.1 satisfies all the conditions in (ii) of Main
Theorem 1.2.
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