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1. Introduction

In this paper we will study three reproducing Kernel Hilbert spaces (RKHS)
in the framework of Clifford algebra. They are the Paley—Wiener space

(PW (m,Cly,m(C))), the Hardy space on a strip S, (H?(S4, Cly 1, (C))), and
the Bergman space on a strip S, (A2(S., Cly.m(C))), where S, = {z =
zo+z € R™ 2 € R™,|x9] < a} € R™T! (see §2 for their detailed
definitions). The three spaces are closely related to the well-known classical
Paley-Wiener theorems referred to the Hardy H? space in the upper-half
complex plane and entire functions with certain exponential increasing at
the infinity on the whole complex plane [18]. The upper-half complex plane
Hardy space version is stated as follows: f € L?(R) is the nontangential
boundary limit (NTBL) function of some function in the Hardy H? space
of the upper-half plane (denoted by H?(C.)) if and only if f= X[O,oo)fv
where f is the Fourier transform of f, which is phrased as the non-compact
type Paley—Wiener theorem in this paper. The entire function version is that
f € L*(R) is the restriction of an entire function f(z) with the bounds
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Cexp(r|z|) if and only if f = X[—w,n]f- This will be phrased as the compact
type Paley—Wiener theorem in this paper.

There exist analogous results of the Paley—Wiener theorems in higher
dimensions, that are formulated with, respectively, the several complex vari-
ables and the Clifford algebra settings.

In the several complex variables setting the Paley-Wiener theorem is
for the Hardy spaces on tubes over regular cones, H2(1r), where I' C R™ is
any regular cone and Tr = {x + iy € C™;x € R™,y € T'} (see [24]), as a
generalization of the non- compact case. The Paley—Wiener Theorem states
that f € H?(1Tr) if and only if f = xr~ f, where I'* is the dual cone of I'. We
cite also analogous results for Bergman spaces on tubes over regular cones
(see e.g. [1,2,8]). As an analogue of the compact case, the Paley—Wiener
theorem is generalized to entire functions of several complex variables with
the exponential type bounds (see e.g. [24]). This type of holomorphic func-
tions corresponding to those whose Fourier transforms R™ are supported in
compact convex sets.

In the Clifford algebra setting a compact type Paley—Wiener theorem
is obtained in [12]. Recently, the authors in [15,16] established several com-
pact type Paley—Wiener theorems for the Clifford—Fourier transform and the
radially deformed Fourier transform in Clifford analysis (see [15,16] and the
references therein for more information). A standard non-compact version is
as follows. Denote by H2(R'['", Cy m(C)) the Cly ,, (C)-valued Hardy space
on the upper-half space, RTH ={z=x0+z € RTH cxg > 0,2 € R™}
. Then f € HQ(RTH7 Cly,m(C)) if and only if the nontangential boundary
limit f satisfies f = v f, where v, © =301+ Zlél) Moreover, the last

relation holds if and only if f = %(I + H)f, where H = — Z;nzl Rje; and
R;’s are the Riesz transformations. This result is an alternative version of the
result on the conjugate harmonic systems [23,24]. So far the Paley—Wiener
type theorems have been extensively studied that include generalizations in
the distribution sense to the LP cases, 1 < p < oo, as well as analogues in the
Bergman and Dirichlet spaces (see e.g. [3,5-7,9,10,14,20-22]).

The aim of the present paper is two-fold. One is to obtain the Fourier
transform characterizations of the mentioned Clifford monogenic spaces; and
the other is to show that they are reproducing kernel Hilbert spaces (RKHSs).
Their reproducing kernels are computed and estimated.

Denote by P(w,T), S(w,Z) and B(w,Z) the reproducing kernels of, re-
spectively,

PW (mr,Cly,m(C)), H*(Sq, Clym(C)) and A%(Sa, Cly 1 (C)).

We will show

P(w,7) = g [ e+ . Oxm0m (€

S(w,7) = ﬁ/ e(w +7,&)e2Eldg,
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and

N 2l¢
BT) = (g [, 040 g g

where e(z,§) is the monogenic exponential function (see §2 for details). In
the essence of the Paley-Wiener theorem of H?(S,, Cly ,(C)) we give

H?*(S,,Clym(C)) = HXRT,, Clym(C)) & HA(R™!, Cly 1 (C)),

where H? (RI?M Cly.m(C)) are, respectively, the Hardy spaces on Rl”;a =
{x =290 +2z € R £20 > —a,z € R™}. Some estimates of P(w,7),
S(w,Z) and B(w,Z) are deduced.

The writing of the paper is organized as follows. In Sect. 2 notations
and terminologies that will be used, as well as an account of the known
and relevant results are provided. In Sect. 3 the spectrum characterizations,
representation formulas through the reproducing kernels, are deduced.

2. Preliminaries

Denote by Cly m(R) (Cly m(C)) the algebra over the real (complex) number
field generated by the basis eq,...,e,, of R™ = {z = z1e1 + -+ + znep, :
z; € R,1 < j < m}, where the e;’s satisfy the relations

eje, +epe; = =205, jJ,k=1,...,m,

where 6, is the Kronecker delta function. We note that C/y ,,,(R) (Cly mm (C))
is a particular Clifford algebra with the unit element eg = 1.

The elements of Cly,m(R) (Cly,m(C)) are of the form x = >, zrer,
where T'= {1 < j1 < j2 < -+ < j; < m} runs over all ordered subsets
of {1,...,m}, zpr € R (C) with zyp = x¢, and er = e, €;, ---€;, with the
unit element ey = eg = 1. Sc{z} := z9 and NSc{z} := x — Sc {z} are
respectively called the scalar part and the non-scalar part of . In this paper,
we denote the conjugate of x € Cly.,(R)(Clym(C)) by T = > ,Trer,
where e = €, - €;,€ej, with €y = eg and €; = —ej for j # 0. The norm
of & € Clym(R)(Clym(C))) is defined as |z := (Sc {zx})z = (X |zr[?)2.
r=xo+z € R ={z=120+2:20 € R,z € R™} is called a para-vector,
and the conjugate of a para-vector x is T = x¢ — z. If = is a para-vector then

1= rarz - For more information about Clifford algebra, we refer to [4].

Let € be an open subset of R™t!. A Cl,1m (C)-valued function F on
is left-monogenic (resp. right-monogenic) if

DF = ZekﬁkF =0 (resp. FD = Z@kFek = 0) , in Q,
k=0 k=0

where 9, = 5%~ 0 < k < m, and D is the Dirac operator. Note that D(DF') =

AF =0 if F is left -monogenic, which means that each component of a left-

monogenic function F' is harmonic. A function that is both left- and right-

monogenic is called a monogenic function. Para-vector-valued left-monogenic
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functions are simultaneously right-monogenic functions, and vice-versa, and
thus they are monogenic.
The Fourier transform of a function in L!(R™) is defined as

fO=F(Q = [ e e

where { = §1e; + -+ + §pe, € R™, and the inverse Fourier transform is
formally defined as

1 .
Vig) = -1 — i(z,¢) de.
0'(2) = F @) = Gy [ a6
The Fourier transformation is linear and thus it, together with some of
its properties, can be extended to C¥ ,,,(C)-valued functions. In particular,
the Plancherel theorem holds for C¥y ,,, (C)-valued functions: For C¥y ,,(C)-

valued functions f,g € L?*(R™, C/p,,(C)) there holds

F@o@dz = [ F(©)a(€)de. (2.1)

Rm™ Rm™ - -
Define, for z = ¢ + z,

e('rag) = 6+(l‘,§) + 67(3%6)

with
e*(2,) = €O Tl ),

where y+(§) = 3 <1 + z%) (see e.g. [13]). x+(§) enjoy the projection prop-

erties:

X-(Ox+() = x4+ (©x-(©) =0, xL(&) =x=(9), x+(§)+x7(§)=(1- |
2.2

In the following we first state two existing Paley—Wiener theorems in
the Clifford algebra setting. In [12] the following Paley—Wiener theorem is
proved.

Proposition 2.1. [12] Let f € L*(R™,Cly.n(C)), and R a positive number.
Then the following two conditions are equivalent:

(i) f may be left-monogenically extended to the whole R™*L, and there
exists a constant C such that |f(z)| < Ce®l®l for all v = zo+x € R™*L;

(ii) suppF(f) C B(0, R), where B(0,R) is the ball centered at the origin
with radius R. Moreover, if these conditions hold, then

fa) = / e, ) F(f)(E)de, x e R™.
B(0,R)

(2m)™

By Proposition 2.1, we can define the Paley—~Wiener space PW (7, Cly ,,,(C))
with A > 0 as follows. We say f € PW(7,Cly,,(C)) if f satisfies one of the
conditions (i) and (ii) with R = ¥ in Proposition 2.1.

PW(7,Clym(C)) is equipped with the inner product

g)ew = [ g@)f@iz, fg € PW(E,Clon(O)).
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and

||f||%’W = Sc((f, f)pw)

Without loss of generality, we let h = 1. Furthermore, the sinc function, which
is closely related to the reproducing kernel of PW (w,Cl ,,,(C)), is defined
in [11], as

1

sinco(z) = W/m ez, )X [mmm (§)dE, weR™, (23)

with the estimation given in the following Lemma.
Lemma 2.2. [12] There holds

P(|x0‘)e\/m7f|wo|
[T (L + fay])

where P(|xg]) is a polynomial of |zo|.

[since(x)] < r e R™M

The other Paley—Wiener theorem concerns the Hardy space. Denote the
Hardy space on S, by H2(R'}'*", C¥y ,,(C)), where

H*RT, Clym (C))
= {f :Df =0in R, ||fHH2(RT“) = supo/ |f (zo + z)|2dz < oo}
To> m
and R7™' = {z = 29 + 2 € R™! : 75 > 0}. The statement is as follows.

Proposition 2.3. (see e.g. [9,17]) f € H2(R™',Cly.n(C)) if and only if
there exists a measurable function g in R™ such that

9(§) € L*(R™, Clo,m(C))

and

flz) = (271)7”/m €+(Z,§)g(§)d§, x € RT'H,

showing that g(&) = F(f)(£).

Furthermore, the LP version of Proposition 2.3, 1 < p < oo, is stated as
follows. Let U (R™, C¢.,,(C)) be the Clifford algebra-valued Schwartz space,
whose elements are given by

$(&) = vr(er,
T

where 17 are in the Schwartz space S(R™). Denote by W*(R™, C¥y ,(C))
the subclasses of ¥(R™, CYy ,(C)) consisting of the Clifford algebra-valued
Schwartz functions of, respectively, the forms

() = Y(E)x+(9),

where 1)(£) takes the zero value in some neighborhood of the origin.
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Proposition 2.4. (see [5]) For f € HP(R],Cly,(C)), 1 < p < oo, there
holds

(o) = (f:4) = - b(z) f(z)dz =0,
where 1 € U~ (R™, Cly ,,»n(C)).
Conversely, if f € LP(R™,Clym(C)),1 < p < oo, satisfies (f, ) = 0 for
all v € U(R™,Clym(C)), then f(x) is the NTBL function of some [ €
HP (R, Cly 1 (C)).

In this paper we will mainly concern the monogenic Hardy and Bergman
spaces on strips. Denote by HP(S,, C¥y.,(C)),1 < p < co,a > 0, the mono-
genic Hardy space on the strip S, = {z € R™"! : |2g] < a,z € R™}, where

HP(S,,Cly m(C))

{f Df_OIHSmeHHps)—lSUP / |f(x0+x)|1’dx<oo}.
T()|<(l m

Similarly, we denote by Hp(Rm T4, Clo,m (C)) the Hardy space consisting of

the left-monogenic functions in Rmtla ={r e R"" 29y > —a,z € R™}

satisfying

P _ P
gy = s [ 1 +2)dz < .

and by H”(R"H'1 Cl.m(C)) the Hardy space consisting of left-monogenic

—,a

functions in RTII ={xr e R™"!: 19 < a,z € R™} satisfying

11y gy = 500 [ |0+ )P < oc,

ro<a

7n+1

Let o0, = . For f € HP(R],CYy,,,(C)), one has the Cauchy

integral formula i. e

Proposition 2.5. (see e.g. [9,17]) For f € HP(RTH,C'E(),m(CJ))7 1 <p<oo,
we have

flz) = E(z —y)f(y)dy,

R™

where E(x) = ﬁ\rl% is the Cauchy kernel, and f(y) is the NTBL function
of f.

Denote by AP(S,, Cly.m(C)),1 < p < oo, the Bergman spaces on S,, where

Ap(Sm Céo,m(c))

:{f:Df:OinSa:Hinp(S / / f(xo + 2)|Pdxdry < 0o}
(2.4)
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Similarly, we denote by AP(R7"t! . C¥y,,(C)) the Bergman spaces consisting

,—arl
of the left-monogenic functions in R’ftla satisfying

1y = [ [ 1o+ DlPdedao < oc,

and by AP(R™11 C/y ,,,(C)) the Bergman spaces consisting of left-monogenic

—a
Rm+1

functions in R™7 " satisfying

1y = | [ \flao + 2)Pdzdan < oc.

3. Monogenic RKHSs and Estimations of their Reproducing
Kernels

3.1. PW(m,C¥,,(C)) as a RKHS
It is noted that PW(7,Cly.m(C)) is a RKHS admitting the reproducing
kernel given by

1

P(w,z) = (ZT)’”

/ elw+ x5 ().

In fact, by the Plancherel theorem, Proposition 2.1 implies that, for f €
PW(m,Cly.m(C)),

<f7P('a§>>PW = R P(y»f)f(y)dy

T - e Oxmon F U

= f(x)a

which shows that P(w,7) is the reproducing kernel for PW (w, Cly n,(C)).
Next we induce another sinc function in PW (w, Cl ,,(C)) by

(3.1)

sincg(x) = P(z,0) = ; /Rm e(z, ) xpo,n(§)dE, xe R (3.2)

(2m)m
The following estimation of sincp is analogous to that of sincg given in
Lemma 2.2. Moreover, the sinc function sincg has more significance due to
its relation with the reproducing kernel of PW (m, C¥y ., (C)) through (3.1)
and (3.2).

Lemma 3.1.

(1+ faoell
T m+ttr

|sincg(z)] < M
E

z e R™HL, lz| > 1,

where M is a constant.
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Proof. Observing that

sincg(z) = @ /Rm e(z, &) xB(o,m) (€)dE

1 1 _
= @om /Rm e (@, €)xp(0,m (£)dE + @ /Rm e (z,xB(0,m(§)d
= sincp (x) + sinc ().

We are thus reduced to estimate sincf(z) and sincy () separately.
Let do(€') be the area element of the (m — 1)-sphere S™~!. For =
o +2z € R™! we have

3 1 ’L Z xr
sinc () = (2 /B(o ) (8 e O‘g‘Xi(f)dg

Y8
27r / /5m 1 et e:F””"T(l :I:zf) m= 1d0(§/)dr
( / / (@£') gForpm— Ydo (&) dr+ (3.3)
Sm 1

/ /Sn 1 i 6:Fa:07“(25/)7,,m1d0_(£/)dr>

(I £ ).

N 2(27r)

First consider I;. We have

™
Il _ / eqiajorrmfl
0

™ 1
— / eTzor,m—1 / eir\@n(l _ 772)%73(177(17“,
0 -1

where U € O(m) = {A € GL(m); (Az, Af) = (z,§),z,§ € R™} is a rotation
fixing the origin and making Uz = |z|e;. In the change of variable we used
do(¢') = do(UE"). We recall that

1
[ ) = s (k)5 s o),

1

where w2 = [D(™)0(2), and Ji(t) is the Bessel function given by
k

Jp(t) =

L ) 9\ 2k—1 1
/ e (1—s%)"2 ds, k> ~3

W J-1

We also need the following properties of Jy(¢) (see [24]):

jt(thk(at)) = at*J_1(at) (3.5)
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and

Since

™
[1:Wm72/ e¢zorrm71(r|§|)fm7_2J%(T@Ddr
0

Wm—2 a m
= | et lalay atrlalyar
xZ|z 0

Wm—2

s
_ : (TZLJ? (T|£|)e$rgr‘g _ :FxO/O eImUTT%J% (Txl)d’l“> )

)

<

5
l

by (3.6), there exists a constant Cy > 0 such that

(1-+ foo )elel™

m+1
|2

[ < Cy
|z

Next we consider I5. As in (3.4), we have

1> :i/ e]Fxorr”Hl/ eir<Ui’U§>f,dU(€/)dr
0 Sm—1 B -

:i/ e:FZUTrmfl/ eir(U£’£1>UC1dU(CI)d7‘
0 Sgm—1 - -

™ 27 ™ T
— 2/ e¥z()7”r'm—1 / / / ew‘\g\ COSGIU(/(sin&)m_Q~~~sin0m_2d01
0 0 0 0 -
. d¢9m_2d0m_1dr,

(3.7)

where we write do(¢’) in spherical coordinates, and U € O(m) fixes the origin
such that Uz = |z|e;. For g e S land U = (Ujk)mxm € O(m), we have

Ugl :(u11 COs 01 + V1(02, PN ,Hm,l) sin 91,
ey U1 €08 01 + Vi (02, ... 0y —1) sin )T,

where Vj(0s,...,0,_1) depends on (62, ...,6,,), and

V(2. ) <D Juji| < m.
k=2

Therefore, to estimate Is, it suffices to estimate I3; and Iso, where
i .
Iy = / eirlzl cos 01 g 61 (sin 91)’”_2d91
0
and

™
IQQ = / e"@l cos 0 sin 91 (sin 91)m72d91.
0
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Similarly, we have that

1
: m—3
Iy =/ elzlny (1 —n?) " dy

-1
1
m—1

—1

2\ ] 1
(1 =)z e 4

m—1

, 1
ir|z| = dn

ir|z|n 1 — 2
m-1) ¢ (1—=n%)
twm

L (rlal) %1 (72,

and

1
o = [ M1 )Ty = s () s vl
—1

For I1, we have that

T
e elal) 4 rlalyar

1 4 m
=7 [, Ty Claar
1 ™ eFzor ™ d(e¥$07') -
s (M“Jw(rlxl) — |, - / —— = E Ty (rlaf)dr
= 0
_ 7% Jm g (m|z|)eFro
|z|
1 s
I:z:l’:’f'/ (FaoeT*0 r — €T )r s =V m 4y (r|z])dr,
L 0

and then have

s
[l E g laar

.G
TlzfEA O zfEH

s
m—1 m—3
/ (JzoleT*o r™2" 4 T2 )dr.
0
Note that
& m—3
/ ety dr < oo, m >3,
0
and for m = 2, the same conclusion can be given by integration by parts, i.e.,
i 1 1 i 1
— 1 L U L
/ eTTET 2 dr = 2r2e TN — (ZFQxO)/ eT™Tr2dr < co.
0 0

Thus

< CQ(]. + |€E0|)€|$O|ﬂ'
- |z|2+! ’

™
[l e
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where C5 is a constant. For Iso, we first consider the case m = 2, and have

/77 eimor7"122d’l“ _ m /7r e$xor,’qelr@| — e—lr|£| dr
0 2 Jo ir|z|
el@olm
>~ T .1
el (23 + [z]?) 2
lzo|m
€
< (C5——-.

For m > 3, using integration by parts, we have

T
[ emmmm el s (ra)ar
0

TeFwor
/ < || glJmfl(rg)dr
o T 2

m1 etror o

™ m Fxor, __ ,FxoT
, ;1 JLH (’I‘|£D Fxpe r—e dr
0 2 r?

(14 JaolJel=l

m—+2
2

< Cy

|z
Therefore, when |z| > 1,

(1 + Jaol)elol

m+1
2

|Iz] < C5
||

We thus obtain the desired result. O

3.2. H2(S,,Clo.m(C)) as a RKHS

The space H%(S,, Cly.m(C)) is also a Paley-Wiener type RKHS. In this part
we will first prove the Paley~Wiener theorem for H?(S,, C¢y m(C)), and then
construct its Szego kernel.

It is well-known that (see e.g. [5,9])

L*(R™,Cly,m(C)) = H*(R}, Cly ,,(C)) & H*(R™, Cly 1 (C)).
There exists a similar decomposition for H?(S,, Cly m(C)). In the following

we give

Theorem 3.2. Let f € L2(R™,C¥yn(C)). Then f is the restriction to R™
of a function in H?(S,,Cly,(C)) if and only if there exists a measurable
function g in R™ such that

eltlg(¢) € L2AR™, Cly 1 (C)) (3.8)
and
1
@) = rym / e(r, (i, €5, (3.9)

showing that g(€) = F f(£). Moreover, there exist f1 € H* (R, Cly ,,(C))

7_0’7
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and f_ € HQ(RT_”Zl,CZO,m(C)) such that
F@)= Fr@) 4 I (), €S (310)

where the above decomposition is unique, and implies

H?(Sa,Clom(C)) = H*(RTL, Cly 1 (C)) & H*(R™E, Cly 1 (C)).

,7047

To prove Theorem 3.2, we first recall the Paley—Wiener theorem for
H2(RT¢1¢I,C£0,m(C)) and H2(R™}', 0y, (C)). We can only consider the

—,a

case for HQ(RT,tla, Cly,m(C)), as the case for HQ(RT_”j;l, Cly,m(C)) is simi-

lar. As a consequence of the Paley~Wiener theorem for H2(R, C¥ ,,(C))
(see e.g. [9,17], and see also Proposition 2.3), we have

Lemma 3.3. [ € HQ(RT*'1 Cly,m(C)) if and only if there exists a measur-

770’7

able function g in R™ such that
eltlg(¢) € L2AR™, Cly 1 (C))

and
1

@) = Grm / @ 09©ds, weRIT, (3.11)

showing that g(&) = F(f)(£).

Proof. For f € HQ(RT’tla,Cﬁom(C)), we set F(x) = f(—a+ zo + z) with
2o > 0, and then F(x) € HQ(RTH, Cl .m(C)). Applying Proposition 2.3 to
F(zx), we can get the desired relation. O

In the following we prove Theorem 3.2.

Proof. We first assume that (3.8) holds. The monogenicity of f(z) defined
through (3.9) follows from (3.11). Then, by Plancherel’s theorem we have,
for x € S,,

| ot nPdr= o |

= (Qi)m / (€_z°‘§‘X+(§))9(§)‘2d§+/ (™€ _(£))g(€)
< %9, (3.12)

(e ) + eIy _(©)o(o)” de

dg

’ 2

m

where the second equality is a consequence of the orthogonality (2.2), and
the last inequality follows from the assumption (3.8).

Next we assume that f € H?(S,,Cl,»(C)). Let ¢ € S(R™) be a scalar-
valued Schwarz function with [, ¢(§)dé = 1, where F(¢) has compact sup-
port and is equal to 1 in the unit ball B(0,1). Set ¢c(z) = Lo(£),e >
0, and then F(¢c)(§) = F(¢)(€f). Since ¢ € S(R™), we have ¢(z) =
essSup|¢ (>4 ([P(€)| € LT (R™). Thus ¢, is an approximation to the identity

[24, page 13]. We define
ge(zo +z) = (f(20 + ) * ¢c) ().
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Taking Fourier transform to the both sides, we have F(g.(xzo + -)) = F(f (o
+ ))F(¢.), showing that for each fixed z( the set suppF(g.) in R™ is com-
pact. The function g.(x) is left-monogenic and satisfies

sup ||ge(wo + )||L2@mmy < C sup || f(zo + )l|2@m)l|@el| L1 mm) < 0.

|zo|<a |zo|<a

Hence
1

Ge(z) = W / B e(z,§)F(ge)(&)ds, = € Sa, (3.13)

is well-defined due to compactness of suppF(g.). In particular, F(G.) =
F(ge), and G. and g, are both left-monogenic in S,. Note that the two left-
monogenic functions, G, and g, defined in S,, have common values on R™,
and thus have to be identical (see e.g. [4,19]). Therefore,

F(f (o + ) F(0e)(§) = F(ge(zo +))(E)

Thus
F(f(zo+)) (&) = (7™ x4 () + e™EIx () F(f)(€) (3.14)

for £ € B(0,1). Since € > 0 is arbitrary, we see that (3.14) holds for all
£ € R™. Replacing z¢ by —x0 in (3.14), we have

F(f(=z0 +))(€) = ("B (&) + e ™ EIx () F()(©). (3.15)

Consequently, we have

F(f(xo+ &) + F(f(—zo + () = (e ™ + ™ F(£)(€).  (3.16)

By Plancherel’s theorem and f € H?(S,, Clym(C)), we have

1
(2m)™

| leiel s emehz () pag
1

= —— x . —1‘ . 2
= G o a9 + U + DO P

= [ Mot )+ f-mo+ o)l

< O\l fzr2(s,)
< 00,

which gives e“‘é‘]—'(f)(g) € L*(R™,C¥ym(C)). By applying the Lebesgue
dominated convergence theorem to (3.13), we can obtain

1

@) = G [ e ORI
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The conditions for using the Lebesgue dominated convergence theorem are
verified as follows. By the definition of g., we have

lim e(z, §) F(g¢)(§) = lim e(z, §) F(f)(€)F(6c)(§)

e—0 e—0

=e(x, ) F(f)E), ae €R™,
le(z,§) F(ge)(E)] < le(x, )F(f)E)F(9)(e€)] < le(x, ) F(F)EPlLr mm)

| e 9@l

1

- (/ 6—2a|5||e(x,§)|2d§>; (/ e2aff(f)(€)|2d€>2

< 00.

To complete the proof we need to show uniqueness of the decompo-
sition (3.10). In fact, if there exist hy € H2(RT_’JQIG,C€0,m(C)) and h_ €
H*(R™t', Cly,n(C)) such that f = hy + h_, then we have h = f, —
hy = h_ — f- € H* R}, Clom(C)) N HX (R, Cly 1, (C)). This in-

deed implies h = 0 since H*(R}'*,,, Cly,,(C)) N H*(R™ Cly.(C)) C

a —,a

H2 R}, Cly 1 (C)) N HAR™, Cly 1 (C)) = {0}. O

Remark 1. We can identify H?(S,,Clo.n(C)) with the closed subspace of
L*(R™,Cly.m(C)) :

HZ2R™,Clym(C)) = {g € L*(R™,Cly,»,(C)) :

e"llg(¢) € L*(R™, Clo,m(C))}.

Let s,(§) = e ez, ). It is obvious that s, € H2(R™,Cl,,(C)). By
Theorem 3.2, we have

f(l‘) = <fa75x>L2(Rm)a for f € H2(Saaceo,m(c))7

where f, is one associated with f in H2(R™, ¥, (C)). Then we have an
induced inner product on H?(S,, Cly..m(C)) defined by

(f,h)m2(s.) = (fas ha)r2mmy, for f,g € H*(Sa, Clo,m(C)),

where f, and h,, respectively, correspond to f and h in HZ2(R™,C/lp ,,(C)).
Accordingly, the reproducing kernel S(w,Z) for H?(Sq,Clym(C)) in the
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above induced norm is given by

S(w,T) =(82, Sw) L2(R™,Cto.m (C))

67204@6(“) + 7, é)dé

efza‘é‘cﬁ(w +,§)d{+

o Joon e 2Kl (w + 7, £)d¢
1 w~+ T+ 2a 1 w+T— 2a
T 20, w4 T + 2a[" 200, |w + T — 20|
=54 —a(w,T) + 5_a(w,7),

/_\H
5.
\N\\

—~

where S; _,(w,7) and S_ ,(w,T) are the Szegd kernels for H2(Rmt1a,
Clo,m(C)) and H*(R™ 1", Cly 1 (C)), respectively.

Remark 2. We mnote that Theorem 3.2 can be generalized to HP(S,,
Cly.m(C)), 1 <p <2, stated as

Theorem 3.4. Suppose that 1 < p < 2. If g(§) € LY(R™,Clym(C)),q = p"%l,
and ea‘é‘X+(§)g(§) and ealé‘x_(g)g(g) are the Fourier transforms of some

functions in LP(R™), then

1
f(l’) - (Zﬂ-)m
is in HP(S,,Clym(C)). Moreover, there exist fi € H”(R"H;la7
and f_ € H”(Rerl Cly.m(C)) such that

—.a

flx) = fr(o) + f-(z), = €S, (3.18)

where the above decomposition is unique.
Conversely, if f € HP(Sq, Clom(C)),1 < p <2, then g(§) = F(f)(§)
such that

/m e(x,§)g(§)dE, x € Sq, (3.17)

CEO,m(C))

e?l€lg(€) € LYR™, Cly, (C))
and (3.17) holds.

Proof. For p = 2 the result follows from Theorem 3.2. In the following we
only need to consider 1 < p < 2.

We first assume that g(§) € LY(R™, Cly ., (C)) such that there exist g4 (z), g
_(z) € LP(R™, Clo 1, (C)) satistying e*Slxy (€)g(§) = F(g4)(£) and ey
(©)g(§) = F(g-)(§). We define

1) = Gy [ el Do)

)™

1
)"

+(2)

.
1 _
| e w0+ o [ e @t
@

+f-

2

\/—\
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For 1 < p < 2, we have

£1l0) = i [ 0 ©g(0)dg

= e [ O (O (g2 e

- / Si—al—w,2 — a)gs (w)duw,

where the last equality is the Szegd projection of H”(RTJrl Cly,m(C)). The

fact fy € H p(RTfa, C?y,m(C)) then follows from the LP-boundedness of the
Sezgo projection (see e.g. [9]). Similarly, one can show f_(z) € HP(RTzl,
Clym(C)). Thus f € HP(S,,Clym(C)),1 <p < 2.

For p =1, q = co we define

Gy (2o +2) = / Py (e — w, 20 — a)g. (),

m

where Py _o(z,z0) =
We then have

felw) = —(2;),” / elefen ey () F (g1 ) (€)de

201 zot2a____ 5 the Poisson kernel on RTtla
™ ((zo+2a)?+|z|?) 2 ’

= / Py oz —w,zo — a)g4(w)dw

We note that Gy (zg + z) € LY(R™, Cly m(C)) since

|G +(zo + 2)||Lr (Rm) < Cllg+l|pr@®m) || Py, —a (s w0 — a)l[L1(mm)
= Cllg+|lLr®mm)
< 00,

where C' is a positive constant.

The order of taking derivative and taking integral may be exchanged,
due to use of the Lebesgue dominated convergence theorem, and thus f;
is left-monogenic on RTtla Thus f € H 1(RT’t1a, Cly,1m (C)). Similarly, we
also have f_ € Hl(RT_”"gl, Clo,m(C)). Therefore, f € H'(S,, Cly ,m(C)). The
uniqueness of (3.18), in fact, is given by Lemma 3.5.

Next we will prove the necessity condition of f € HP(S,,Cly ,(C)) in
the theorem. Assume that f € HP(S,, Cly.m(C)),1 < p < 2. The proof of
this part is similar to that of the proof of Theorem 3.2. As in Theorem 3.2,

we define

ge(zo +z) = (f(zo +-) * de) (@),

and have F(gc(xo+-)) = F(f(xo + -))F(¢pe), which means that suppF(g.) is
compact. By Young’s inequality, we have

sup ||ge(wo + )lLe@mm) < C sup |[f(xo + )|[Lr@®m)l|@el L1 @m) < 00,

|zol<a |zo|<a
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which amounts that g. € H?(S,, Cly m(C)). Define

1
G.la) = Gy /R e OF (0O 7€ S (3.19)
By the argument used in Theorem 3.2, we have
F(f(xo+))(€) = (e Elx (&) + eIy _(9)F(1)(©)- (3.20)

Then, by Hausdorff-Young’s inequality, from (3.20) we can show that
(8l — e KN F(f) (&) € LUR™,Clo,m(C)) and (e 4 e F(f)(€) €
LI(R™, Clym(C)), which give eS\F(f)(&) € LI(R™, Cly . (C)). Finally, as

in the proof of Theorem 3.2, applying the Lebesgue dominated convergence
theorem to (3.19), we have

@) = Gy [ @ OO 0
Lemma 3.5. Fora,b> 0,1 <p < oo,
HP(RE,, Clom(C)) N HP(R™HY, Clo m(C)) = {0}

a

Proof. For f € HP(R'T! CEOM(C))HH”(RTjgl, Cly,m(C)), using the sub-

harmonicity of | f|P, we can show that |f ()| is bounded, and lim ;| o0 | f (z0+
z)| = 0. Then by Liouville’s theorem for monogenic functions (see [4]), f(z)
has to be a constant, and then f(z) = 0. O

3.3. A%(S,,C¥,, (C)) as a RKHS
In this section we study the Paley~Wiener theorem of A%(S,, Cly . (C)). The
technique used in the following proof is adapted from [1] (see also [5]).

Theorem 3.6. f € A*(S,,Cly ., (C)) if and only if
@) = Gy [ e(@. 009t a €S,
where g(£) = F(f)(€) € L*>(R™, Cly,m(C)) such that

2

Moreover, the Bergman kernel of A%(Sa,Clym(C)) is

2
B(w,T) = L/ e(w+7,§) |§|—2a|§| de

(2m)m o20lE _ S

Proof. For a fixed 0 < 6§ < a let f°(x) be the restriction of f to {x € S, :
|zg| < @ — §}. By the subharmonicity of | f|?, we have

(3.21)

1
|f(zo +2)]? < V/ | f(yo + y)|*dydyo
o Jly—z|<d
1
< V/ / | (yo + y) [ dydyo (3.22)
6 Jlyol<a—$§ Jly—z|<$

IN

1 a
?/ / |f(yo + y) [P dydyo.
6 J—aJly—z|<§
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where V5 = C3™*! is the volume of the ball {y € R™;|y — 2| < $}. Then,
by Fubini’s theorem, we have

1 a
/ |f(xo+£)\2d£§f/ / Xjy—aj<2 (@)dz| f(yo + y)[*dyody
- Vs | Jrm Nlu—al<s

C/ a
Sf// |f(yo + y) | dydyo.

Thus f°(z) € H?(S(a—s), Clo,m(C)). Hence, by Theorem 3.2, there exists gs
such that

(3.23)

F@) = g [ el Oan(©)de

where g5(&) = F(f)(£) satisfies e(@=IElg5(¢) € L2(R™, Cly,n(C)). For any

|zo| < a, we let § = % Then, by the above discussion, we have

1
fao+2) = o [ el OF(Oe

and g(§) = F(f)(§). Furthermore, by Plancherel’s theorem, we have

(2m)m /m |(67I0|§|X+ (g€ + ewo\E\X 2d€ / flzo+2) de
(3.24)

Then by using Fubini’s Theorem, we have

ﬁ / m /_a (e—Zxolé\‘XJr(é)g(é)‘Z + e%o‘é‘|X7(§)g(f)|2)dx0d§

— [ [ 6o+ 2)Pdzdas

which gives

(;)m/m(eza@ —2a|§|)|92|§| d¢ = /_ /m (20 + z)|*dzdz, < .

Conversely, if there holds
1
@) = Gy [ @ ©a()de. 7€ 5.,

where g(£) = F(f)(§) € L*(R™, Cly,m(C)) such that
1 2ale| _ —2alg] |g(§)|2
G /m(e e )72@' d§ < oo,

then we can conclude that f € A?(S,,Cl,,(C)) by the above discussion.
In the following we will show (3.21). First, we show that the point-
evaluation functional T is a linear bounded functional. In fact, (3.22) implies

T ()] = [f (@) < Callflla2(s.)-
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By the Riesz representation theorem, there exists a reproducing kernel func-
tion B(w,Z) € A%(S,, Cly.m(C)) as a function with respect to w. Then we
have

5271') R
- / a / B(w,7)f(w)duwduy

= o [ F e el
T 2mm /_a e T DN e
+ 2lEl () F(f)(€)dédw,

where we have used (2.1) and the fact that F(f(wo+-))(€) = (el x, (&) +

ew0|§|x_(§))}"(f)(§), and F(f)(£) is the Fourier transform of the restriction
of f to R™.
Applying (3.25) to B(xz,7) (see Remark 3 for its definition) and using

the uniqueness of the Fourier transform, we can show that

f@) = e [ elw. OF (DO

(3.25)

’ F(B)(&,7)(e7 20l (&) + >l _(&))dwo = e(x, §). (3.26)

—a
Thus

_ 2[¢] _
F(B)(&:7) = M@(ﬂhf),

and then

- N 2[¢]
B(w,T) = R /me(w+x7§)md§.

O

Remark 3. Combining the arguments used in Theorem 3.6 and in Lemma 3.3,
we can prove

Theorem 3.7. f € AQ(R;”;{” Cly,m (C)) if and only if

1@) = Gy [ @ Oole)ds e R,

where g(£) = F(f)(€) € L*(R™, Cly,m(C)) such that

L 20jet X (9O
(27r)m /m e 2|§| dé < Q.

By Theorem 3.6 and Theorem 3.7, we have

AQ(RT+1 Cgo,m(c)) S3) AQ(Rm-H Céo,m(c)) C AQ(S(M Céo,m(c))'

)_a‘7 _7a’ ?
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m+1

Moreover, the Bergman kernels of A*(RY',, Cl,n(C)) are, respec-

tively, given by
_ 1 —2a _
Biro(103) = g [ 2lele et (w4 7. 0)dg

_, 0 1 —2alg] (L
_231’0 (2ﬂ)m/me sle* (w47, §)dE

0

= :FQaixosﬂ:,ia(wvf)a

where S; _,(w,Z) and S_ ,(w,T) are the Szegd kernels given in the previous

section. Then we can define A%(S,, ¥y, (C)) > B(w,T) = By _o(w,T) +
B_ ,(w,T).

Remark 4. Unlike the Hardy space case, we can only give a necessary condi-
tion for functions in AP(S,, Cl ,»(C)),1 <p < 2.
Theorem 3.8. If f € AP(S,,Cly n(C)),1 < p < 2, then there exists a func-
tion g such that
1
1) = Gy [ el 09O
7T) m

where g(§) = F(f)(§) € LYR™,Cly,m(C)), satisfies for 1 <p <2,q = ﬁ,

L[ e peley s D OO+ e (©g(©) d>5< e
< /m(e ‘ ) (lé]) S < Cpllfllarcs.);

(3.27)
and forp=1,q = oo,

1 sup (6“|§| — 6*“|§|) |X+(§)g(§)| i |X—(§)g(§)| < C’1|\f||A1(Sa)- (3-28)

§€R7n ‘§|

Proof. The proof is similar to that of Theorem 3.6. For 1 < p < 2, |f|P is
subharmonic, that makes the argument in the proof of Theorem 3.6 appli-
cable to the present case. In fact, we let f € AP(S,, Cly . (C)), and f7 the
restriction of f to {z € S, : |zo| < a —d}. By the subharmonicity of |f|? and
the argument used Theorem 3.6, we have f° € HP(S(4—s), Clo,m(C)). Then,
by Theorem 3.4, we have

0 = ! e\r = ; elxr
1@ = g [ @ OFD©E = o [ el 0ol

and

F(fo(zo + ))(€) =(e ™Iy (&) + e™Ex_())F(£)(©)

=(e7 ™l (&) + e™EIx_(£)g(8)

Since the above equalities holds for all 0 < § < a, we have

1 1
1) = Gy [ @ OFD©E = o [ el ol
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and
F(f (o + ))(&) =(e ™ Ix 1 (&) + e™EIx_()F(£)(©)
=(e ™kl (€) + e™Ex_(€)9(£).

Next we will prove (3.27) and (3.28). We first consider the case 1 < p <
. By Hausdorff-Young’s inequality, there holds

(/m| —molely (©)9g(§) ‘*‘@%lglx(f)g(ﬁﬂqd@“)

<G, </m |f(xo+x)|pdx>;.

Consequently, using the fact x4+ x—- = x—x+ = 0, we have

(e @ute )%ls)é <G, (/m|f(:co+x)|z)dm);

2,0=35

Qe

and

([ e @uoira) <, ([ 1feo-+ )

Then by Minkowski’s inequality,

</ (e @otgreras, dé)
S/a (/ Ix+©g(©)le” qwo|§|d£> "

< C’p/ / (zo + 2)|Pdzdxg,
which gives

(/ m(epa@ —@7Pa|§\)%m g) § CP||fHAP(Sa)~

Q=

WlED?

Similarly, there holds

Q=

I

paley 2 X=(§g ()
epa\g pa\g\ AT AT ) '

Therefore, for 1 <p < 2,q = #
44 |y q %
—palely X+ ©g O + x-(©g(©)l df) < Gyl fllar(sa)-

L[ palel _ g—palglys X+15)9(8
<2/m( (pl)?

For the case p = 1,q = oo, by the definition of the Fourier transform, there

":H»a‘

holds
OO + e (©9(©)] < 1 [ |f(ao+ )lda

sup |e~0l¢l
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which gives

sup e (©al©) < Cr [ Ifan + o)l

¢ERM

and

wpwwxgwgsa/ (o + 2)lde

{ER™ m

Consequently, taking integration to the both sides with respect to xg, we
have

1 +
= sup (ea|§| _e_a@)‘X+( ) ( )‘ |X / / 330 s |d$d3;‘0
_aJmrm

ceR™ €]

= C1|[f]lar(s.)-

O
Next we give some pointwise estimates of the Bergman kenel B(w, T).

Lemma 3.9. For the Bergman kernel B(w,T), we have

c C
— < Blz,7) < —m————— 3.29
(@ — a1 = P00 = e (329
and for |w + x| > 1,
_ M
|B(w7x>‘ S ‘m 1 m+3 (3'30)
|lw+Z| = (2a — |wo + x0|) 2
form=20+1,1=1,2,..., and
_ M
|B(w,T)| < —T T (3.31)
(2a — [wo + wol) 2
form=2l,1=1,2,..., where M is a constant that is independent of w and

x.

Proof. We first consider (3.29). Note that

HB(UE)H?ﬁl?(Sa) :B(J:7E)

! —4Zo 2|§|
:(27r)m/me 2 |§| (§)md§+
1 Zo|§ 2|£‘
T o O e
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Thus we must have

2
Baa) = o ([ (9 L g

- N
+/ e2rolely (¢) 2a|§|_62a5d5>
2

m e

oo 1 +£/)”’m
= —2(1o+a)r(; ,
(2m)m /SW1 (/0 e [ o—dar drdo(£')+
(oo} 1 _ ! m
. / ()ﬂ“d> do (&)
0

_ 2 / dO’(gl) ‘/OQ <6_2(;E0+a)r + e?(wo—a)r) T dr
(27{')"7’ gm—1 - 0 1-— e—4L‘L7’

(3.32)

> 40’m71 /OO 672(a7|m0|)r7ﬂmdr
= (2m)m Jo
_ 4mlo,,—1 1
2m)™ (2(a — [zol)) ™+
C

where we have used the fact fsmﬂ §'da(§’) =0.
For the left-hand side of (3.29), by the third equality of (3.32), we have

= 80’7774* Oofafx rmoofar
B(z,7) < (Qﬂ)ml (/ e~ 2a=lzolrym §7 4k>

0 k=0
_ 80m_1 (/00 62(a|x0)rrm€4akr)
(2m)m =\ Jo
_ 8mloy, 1 > 1
(2m)m2mtl £ (2K + L)a — |ao|)
8Mlom—_1 1
>~ (27r)m2m+1 = (2]{1@ +a— ‘I0|)m+1
1 AmC,, 1
=~ (CL — |Z‘0|)m+1 (27T)7n2m+1 P (ag/‘c';lol + 1)m+1
_ 1 o — 1
> (a . |$0|)m+1 (27T>m2m+1 pord (2k + 1)m+1
C

 (a— |zt

In the following we will prove (3.30) and (3.31) by using the argument
similar to Lemma 3.1. First we recall that wm_> = D(2-)0(3), and Ji () is
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the Bessel function given by

Note that

_ 1 |§| —(wo+x0) €] 1 é
B(w7x) B (27_[_)771 /m €2a|§| — €_2a|§| <€ . (1 + Z@)

wo -+ 5 (W,
selvor(1 - i |)> (w28 g

1 |§‘ —(w, (w+zx.
~ e / o G2ATEl _ o 2al€] (e Cuorrollel 4. eluotan)lel) gitutme) ge
1 £l (e—<wo+xo>|§| _ e(wo+xo)|§\) iéei@J@@dg
(27T)m Rm e2a|§| o 6720,\5\ ‘§| S
=1 + Is.

As in Lemma 3.1, we have

—(wo+zo)r + e(woJrzo)r) P
eiwtzg’) g d
27.[- / Lm 1 62ar _ 6—2ar U(é) r

2 /oo (6 (wo+x0)r+e(wo+zg)r) m
0

|| =

(27T)m e2ar _ e—2ar
M, ) (67(2a+w0+zg)r + ef(2a7(wg+x0))r) rm2+1
= m—1 / —4dar dr
|Q+Z 2 0 1—e
2M1 0o e—(2a—|wo+zo\)rrm;1
/ —4ar dr
|w _|_ ;(;| p) 0 ]. — €
lw+z| = 5o
When m =20+ 1,1 > 1,
> 1
|Il| — m+3
2a 2k‘—|—1) |’LUO+£L‘0|) 2
2M1 >
T w4z (20 — |wo + wo]) ™ o (2k+1) g
Ms

m—1

B (2a_|w0+$0 mE3 *

)'2

Cw+z
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When m = 2[,1 > 1,

1]
M > >
< 2 1 _ Z 1 _ / e—(2a(2k+l)—\w0+wo\)’l‘r%dr
T w4z o (2a(2k+ 1) )2 Jo
2M1 > 1
> mi2 +
|lw+Z i—o \ (2a(2k +1) — |wo + zo|) 2

—_

X m+4
(2a(2k + 1) — |wo + zo|) 2 >

- 2M, i 2a—|wo+xo\+ 1
Tl E 20— Jwo+ao) T S\ (k1) 2k 1)

M/
< e
= (2a — wo + xol) 2

For Iy, we note that

—(wotwo)r e(wo+fco)7") m
(wtz.g') ¢/ !
L= (2m)m / /sm 1 e2ar — e—2ar TR Edo(E)dr

Using exactly the same argument as in Lemma 3.1, we introduce [, and Iss,
where

™

I :/ elrlutElcosti o5 0, (sin 0;) ™ 2db,
0

== rlw+2)) " Ty (rlw + )
and

™ . —

1o :/ erhutzlcos i gin g, (sin 01)™ 2 db,
0

s (rlal) s (vl + 7).

As in Lemma 3.1 again, to estimate I, it suffices to estimate

( |w+x|) 77L+1J%(T‘Q+E|)d1"

o] —(wo+zo)T (wo+xo)r) ,.m
e +e r
/ ( ) (3.33)
0

62117' _ 6—2117'

and

7 (rlw +Z)) ™% T (| + Z[)dr

/00 (e—(wo+zo)T + e(wo-i-zo)r) rm
0

(3.34)
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For (3.33), we have

(3.33)

1

1 _ /00(6—(2a(2k+1)+w0+z0)r+e—(2a(2k+1)—(wo+zo)))
lw+7Z|=2 Jo
w

wf3

<

w + 3T (rlw + Z|)dr|

[ee]

IN

_ym=1
lw+2Z| 2 5
oo

2M3

ST
|lw+z| 2 k=0

R m41
/ o~ (2a(Zh+1)—|wotao ), mEL 4
0

Similar to the discussion for I7, we have that
My
m—1

(3.33) <
= (2a — |wo + xo

m—+3

) 2

lw+Z
form=2l+1,1=1,2,..., and
M;
lw + Z| ™7 (2a — |wo + zo|) 2

(3.33) <

+4

form=2,1=1,2,....
For (3.34), we have

(3.34)

oo

=2

O|w+x|

JJm1UM+@mr

| - I Z/ —(2a 2k+1)—|wo+zo|)r ’/‘2d’/‘
w xz

Consequently,

(3.34) <

form=2l+1,1=1,2,..., and

(3.34) <

form=2,1=1,2,....
Therefore, we have for |w + Z| > 1,

M

B(w,7)| < — —
1Bw,7) TS

form=2l+1,1=1,2,..., and
M

= (2a — |wo + xo

|B(w,T)| < e

m-+4

) 2

|lw+Z

Ms /00 (e—(2a(2k+1)+w0+zo)r+e—(2a(2k+1)—(wo+m(])))rmT+l
0

/oo (e—(2a(2k+1)+w0+w0)r +e—(2a(2k+1)—(wo+xo))r)

dr
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form=2l,l =1,2,..., where M is a constant that is independent of w and
x. 0
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